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A double inequality involving the constant e is proved by using an inequality between the
logarithmic mean and arithmetic mean. As an application, we generalize the weighted
Carleman-type inequality.

1. Introduction
Let p >1anda, = 0with 0 < >, ah < co. Then

i(al+a2+m+a”)p<<p)piaﬁ. (1.1)
n=1

n

The constant (p/(p — 1))? is the best possible.
Inequality (1.1) is due to Hardy [6, page 239].
Replacing a, in (1.1) by an” for n € N, we obtain

oo 1/p 1/p 1/p P P

+ + -+
Z(m a, an ) <<L) Z“w (1.2)
n=1

n p_l n=1

In (1.2), letting p — oo, then the following Carleman inequality [6, page 249] is de-
duced:

Z(alag---aﬂ) n<eZan, (1.3)
n=1 n=1

where a, >0forneNand0< > _ a, < c. The constant e is the best possible.
Carleman’s inequality (1.3) was generalized in [6, page 256] by Hardy as follows. Let
a,>0,1,>0,A, =30 _AnforneN,and 0< >, A,a, < oo, then

[

Zln(aﬁlaéz . -aﬁ“)lm” <e> luan. (1.4)

n=1 n=1
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Note that inequality (1.4) is usually referred to as a Carleman-type inequality or weighted
Carleman-type inequality. In his original paper [5], Hardy himself said that it was Polya
who pointed out this inequality to him.

In several recent papers [2, 4, 11, 12, 13, 14, 15], some strengthened and generalized
results of (1.3) and (1.4) have been given by estimating the weight coefficient (1 + 1/n)".

For information about the history of both Hardy’s inequality and Carleman-type in-
equalities, please refer to [7, 9].

In this note, we will give a generalization of (1.4) as follows.

THEOREM 1.1. Let0< Ay < A, with Ay =3 _ A = 1 andlim, . A, = o, and let a, >
0 for n € N satisfying 0 < " | Aya, < 0. Then for0< p <1,

(=9

/A,
> Awer(a'ay - ajy)

li“ NI i , (1-p)/p (1.5)
<= 1+ ) Anan Ay ( Ak (cka) ) ],
p n=1 A”//\“ k=1
in particular,
S hvs (e -at)
n=1
N . (=p)/p (1.6)
eP 1-2/e pap-1 P
<=> [(1— ) AnanAn <zlk(6kak) ) ],
P o An/ A k=1
where
Ak
A
Cik _ (Aks1) ' (1.7)

(M)

Remark 1.2. In particular, taking in (1.6) p = 1, we obtain the following strengthened
Hardy’s inequality:

S et (@a - a) ' <o S (1 - IA_/%\/E)Anan. (1.8)
n=1 nssin

n=1

Taking in (1.8) A,, = 1, we obtain the following strengthened Carleman’s inequality:

Z(ulaZ---ay,)l/n<eZ(l— 1_n2/6>aﬂ. (1.9)

n=1 n=1
2. Lemma

The well-known arithmetic mean A(a,b) and logarithmic mean L(a,b) of two positive
numbers a and b are defined, respectively, for a = b by A(a,b) = L(a,b) =aand fora # b
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by
a+b b—a
A(a,b) = T, L(a,b) = m (21)
For a # b, we have
L(a,b) < A(a,b). (2.2)

See [1] and the references therein.

LemMA 2.1. Let x > 1 be a real number. Then

(122 < (10 Y o1 122, o

The constants 1/2 and 1 — 2/e are best possible.

Proof. Inequality (2.3) is equivalent to

e »
e e x 2
Define a function f for x >0 by
1 1\*
f(x):x[l_—(u—) ] (2.5)
e X

In order to prove (2.4), it is sufficient to show that the function f is strictly increasing on
[1,00) and with

Fy=1- % lim f(x) = 3. (2.6)

The following proof shows that in fact f’(x) > 0 holds on (0, o).
Easy computation yields

ef'(x)=e—[1+xg(x)](1+;1€) , (2.7)
where
1 1 1 1
g(x)=1n<1+;>—x+1 :L(x,x+1)_x+1' (2.8)

Now we are in a position to prove f’(x) > 0, which is equivalent to

h(x) = [1+xg(x)]<l+3l—c)x<e. (2.9)
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Differentiation yields
W) = |xgt00 2 (x)—L]<1+1)x (2.10)
% s (x+1)2 x/) ’
In the following we show h'(x) > 0. Clearly, the equation
2 — =
xt=+2t G+l 0 (2.11)
has two roots
—(x+1) £ /(x+1)2+x
o= . (2.12)
x(x+1)
To prove h'(x) > 0, it is sufficient to show that
—(x+1)+/(x+1)2+x _ 1 1
x(x+1) =t <glx) = Li,x+1) x+1° (2.13)
which is equivalent to
Tix—
JorDTEx-1 1 (2.14)
x(x+1) L(x,x+1)
Inequality (2.14) holds based on the following fact:
T
Jx+1)2+x-1 - 2 _ 1 < 1 . (2.15)
x(x+1) 2x+1  A(xx+1)  Lix,x+1)

Hence, the function h is increasing on (0,c), and then h(x) < lim,_. h(x) = e. This
means f'(x) >0, and then

1—§=f(1)<mf(x). (2.16)
Using Maclaurin formula
(10" =e=t+olt), (2.17)
we have
lim fn) = lim f() = lim £ (1) = lim @2EA 2 g4
The proof of Lemma 2.1 is complete. O

Remark 2.2. There are other very sharp estimates of the crucial factor (1+ 1/x)" in [8]
and the references therein.
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3. Proof of Theorem 1.1

By the power mean inequality, we have

n 1/p
l—[ ' < ( > qmocfn> , (3.1)
m=1

where p >0, a; > 0, and g, >0 form e Nwith >, g = 1.
Let ¢y > 0, & = Cmm, and g = A/ Ay, then we obtain

1/p
M/Ay Aa/Ay A e
(cra1)™""" (craz)™ " - - - (cnan) ( Z A (Cmam) ) ) (3.2)

"ml

Further, we have
[o+]

/A,
> A (a'ay’ - ajy)

a ))tz//\n L (Cnan))tn//\n

M/Ay
_ i/\ 1(515’1) T (ca
- n+

T 1/A, (3.3)
] (' -ar)
0 1 1/p
n+l
sz pA 1/A< zA Cm@m) ) .
oo (')t - Sy An 2

By the following inequality (see [3, 10])

-1

<mizm> = tmzlz’”<zz">t ’ (3.4)

where t > 1 is constant and z,,, > 0 for m € N, it is easy to see that

(k)= & (te)”

"ml

(3.5)

Lo . (1-p)/p
< oA > )Lm(cmam)P<Z/\k(Ckak)p> )

k=1

where A, > 1 and 0 < p < 1. Thus, we obtain from (3.3) and (3.5) that

Shalabal i)

© 2 n m (1-p)/p
Z M A = Loy VA, Z Am(cmam)p ( z Ak(Ckak)p) (3.6)
m=1

1
P An(c ) - - cn) k=1

1 m (1-p)/p
)I/An)(zwkak)l’) |

M oA An
szl n m(A (C11C22 rrCn k=1
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Choosing ci“c%z e cﬁ” = (Ap+1)™ for n € N and setting Ay = 0, we get from 0 < 1,11 <

A, that

Ap VA An/d An/d
A n/An n/An
= [%] = (1 + Aj’;“) Ay < (1 + /AT") Ay (3.7)

This implies that

[}

S hw(abal - af)

" = , o Aoy m , (1-p)/p
5 2wl 2 25 (S
= 0 1 1 m (=p)/p
-3 St 2 (350 ) (Enenr) 09
(I=p)/p

Hence, we obtain from the above inequality and Lemma 2.1 that

S (el ab)

(3.9)

el & 1-2/e\’ 1 < e
25 e ()

n=1 k=1

The last inequality holds strictly since the right-hand inequality of (2.3) is valid if and
only if n = 1. The proof is complete.
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