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ABSTRACT 

In this paper, a simple nonlinear constitutive model for piezoelectric ceramics is devised. The model 

is implemented in a research finite element code and used to study the effect of domain switching 

and electric nonlinearity on the cracking behaviour. J-integrals are computed along contours close 

to and well away from the crack tip. For linear materials, the computed J-integrals are essentially 

path independent. With the material non-linearity considered, the integrals computed at the crack tip 

vicinity is higher than the ones computed well away from the crack tip. Using the former as the 

fracture criterion, it is found that crack propagation can be promoted by the electric field.  
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1.  INTRODUCTION 

Piezoelectric ceramics are widely used in smart structure, actuator and transducer technologies. For 

control effectiveness and high strain output, large electric fields are often applied to the materials. It 

is noteworthy that piezoelectric ceramics exhibit a strong non-linearity associated with domain wall 

motion which is also known as domain or polarization switching [1]. When operated under strong 

electric fields, piezoelectric ceramics may be depolarized and fractured. Thus, their actuating 

function will be seriously degraded. Consequently, fatigue and fracture behaviors of the materials 

under strong electric fields have attracted considerable interest [2-21].  

In theoretical analyses of cracks in piezoelectric ceramics, solutions based on linear fracture 

mechanics have been obtained [6-10,18-19]. However, the influence of strong electric fields on the 

fracture behavior remains to be an outstanding issue. For the poling direction parallel to the applied 

remote electric field and tensile stress but perpendicular to crack face, experimental results reveal 

that positive (along the poling direction) and negative electric fields foster and inhibit crack 

propagation, respectively [11]. On the other hand, the energy release rate derived from linear 

piezoelectric fracture mechanics indicates that crack propagation is always impeded by the electric 

field no matter the latter is positive or negative. Researchers have attempted to explain the 

experimental observation by changing the boundary conditions at the crack surface. McMeeking [4], 

Dunn [10] and Zhang, Qian & Tong [19] employed a permeable condition on the surface instead of 

the impermeable condition. With the permeable condition, the electric displacement singularity 

arising from the impermeable condition disappears and the energy release rate becomes independent 

of the applied electric field. Meanwhile, Kumar & Singh [17] found by finite element analysis that 

the traction-free boundary condition on the crack surfaces can be invalid for two combinations of 

electric and mechanical loads : (i) negative electric field and negative applied stress; (ii) positive 

electric field and positive applied strain. To account for the non-traction-free boundary conditions, a 

contact model was proposed. However, the computed energy release rate still cannot explain the 

experimental observation. Park & Sun [11] argued that crack propagation is a mechanical process 

and the strain (mechanical) energy release rate instead of the total (electromechanical) energy 

release rate should be used as the fracture criterion. Their finite element results are in reasonably 

agreement with the experimental results. However, the correctness of their finite element results 

was questioned by Kumar & Singh recently [15,16]. 

Gao and his coworkers [13,14] pointed out that electric ductility should not be ignored in 

formulating a fracture criterion. An electric saturation strip model analogous to Dugdale’s model in 

conventional elastoplastic fracture [12-14] was proposed. The local and global energy release rates 

were derived by considering paths that pass and do not pass through the saturation strip, 



respectively. Under the small-scale yielding condition, the global energy release rate is equal to 

that evaluated by linear fracture mechanics. It was also shown that the local energy release rate is 

independent of the electric saturation strength and the length of the saturation strip. The local 

energy release rate indicates that the fracture stress is essentially a linear function of the applied 

electric field. Yang and his coworkers [20,21] also proposed a model that considers the effect of 

90° and 180° polarization switchings in ferroelectric materials. The model can also yield predictions 

that match the aforementioned experimental cracking behavior.  

On the other hand, many researchers have been working on nonlinear constitutive modeling of 

piezoelectric materials [22-33]. At least three categories of models have been proposed. The first 

category is the micro-mechanics approach in which the domain wall motions of the crystals,  90° 

or/and 180° switching, are considered but only the macroscopic effect of materials is modelled [22-

26]. The second category is the phenomenological hysteresis approach in which the electric 

displacement-electric field hysteresis loop and the strain-electric field butterfly loop are modelled 

by various phenomenological parameters [27-31]. The third category is based on thermodynamics 

approach [32-37]. It should be remarked that not many of the above models can be applied to or 

implemented in finite element analysis. Owing to the practical importance of finite element analysis, 

ad hoc nonlinear constitutive models have also been proposed recently [25,26,31,35,38].  

In this paper, a simple constitutive model for piezoelectric ceramics is devised that takes electric 

nonlinearity and polarization switching into account. Based on the model, nonlinear finite element 

procedure is devised and implemented in a research code. The latter is then employed for nonlinear 

fracture analysis of mode I crack in piezoelectric panels. Both the local energy release rate based 

upon the saturation strip model [13,14] and the local J-integral computed in the crack tip vicinity 

predict that the fracture stress decreases as the positive electric field increases. Compared to the 

former, the latter is qualitatively more consistent with the experimental results obtained by Park & 

Sun [11] in the sense that the fracture load drops more gently and does not drop to zero even for 

very large electric field.  

 

2.  ELECTRIC NONLINEARITY 

With the positive x3-direction being the poling direction, the plane strain constitutive relation of 

linear piezoelectric material can be expressed as :  
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where  is the vector of stress components, �  is the vector of 

strain components, E  is the electric field, D  is the electric displacement, 

 is the remnant polarization, c  is the elasticity matrix measured at constant electric field, e  

is the piezoelectric matrix measured at constant strain, �  is the dielectric matrix measured at 

constant strain. Moreover, 
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For the nonlinear material behaviour, Fig.1 shows the responses of a typical piezoelectric ceramics  

poled along the x3-direction. Under zero stress and electric field, the electric displacement is the same 

as the remnant polarization, i.e. , as given at b in the figures. When the electric field 

 is varied, the crystal stays along a-b-c-d unless the electric field is strong enough to drive 

a 180° switching which starts at a and completes at f. After the switching, the remnant polarization 

changes to {0 . Similarly, the crystal stays along e-f-g-h unless the electric field is strong 

enough to drive another 180° switching which starts at h and completes at c. After the second 

switching, the remnant polarization changes back to {0 . The arrows in the figure indicate that the 

switching paths from a to f and h to c are irreversible. Furthermore, electric saturation [12-14,34,35,38] 

occurs between c and d as well as f and e in which the tangential dielectric constants are smaller than 

that given by the linear rule in (1). It should be remarked that the more complicated 90° switching 

which also involves remnant strain is not considered.  
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 Assuming that the criteria for domain switching and electric saturation are functions of the electric 

displacement only [22,26] and can be expressed in a single function as : 

F( , )D κ = 0,              (3) 

we have  
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in which κ  is a parameter governing the electric saturation behaviour between c and d and between f 

and e. Similar to the strain in associated flow rule in elastoplastic materials, the electric field can be 



partitioned into “elastic” electric field  and “plastic” electric field , i.e.  eE pE
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The linear piezoelectric relations still hold for , i.e.  eE

( )e
o

⎧ ⎫
p

⎧ ⎫ ⎧⎡ ⎤ ⎡ ⎤
= =

⎫
⎨ ⎬ ⎨ ⎬ ⎨⎢ ⎥ ⎢ ⎥− − − − − −⎩ ⎭ ⎩⎩ ⎭ ⎣ ⎦ ⎣ ⎦

c e c e
D D -e E -e E E

� �

� �
⎬
⎭

�
     (6) 

Adopting F as the flow potential,  
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By merging the last two equations, we have the following incremental relations : 
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After pre-multiplying with (∂ ∂F TD)  and invoking Eqn.(4), the last expression in Eqn.(8) becomes : 
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Back substituting Eqn.(10) into Eqn.(8) results in   
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are the “elastoplastic” material matrices for incremental computation. 

 

3.  A MODEL FOR POLARIZATION SWITCHING & ELECTRIC SATURATION 

Constitutive models for domain switching and electric saturation are still under extensive research 

[22,26,34,38]. For a preliminary study on the effect of domain switching and electric yielding on 

piezoceramic fracture, a simply constitutive model accounting for domain switching and electric 



saturation is here postulated after consulting the following works. Chan & Hagood [22] and 

Fotinich & Carman [26] consider the material as a collection of single crystals with a certain 

orientation. Domain switching is determined in a single cell of material. The lattice structure of 

piezoelectric crystals is treated to be tetragonal. In general, a cell can undergo 180° or 90° 

polarization switchings. On the other hand, the experimental results of Park, Carman & Park [39-41] 

showed that domain switching appears to be predominately 180° without any 90° switching at the 

mesoscopic level in the stress concentration regions of a notched piezoelectric ceramics panel 

subjected to large electric fields. For the present preliminary study, only the 180° switching is 

considered.  

Without losing generosity, the material is assumed to be poled along the positive x3-direction. 

Analogous to the elastic-perfect plastic model, electric saturation is taken to be “perfect”. Hence, c-d 

and e-f in Fig.2a are horizontal. Meanwhile, polarization switching is taken to be an instantaneous 

process with respect to the driving electric field. Thus, a-f and h-c in Fig.2a are vertical. Along a-b-c-d 

and e-f-g-h, the remnant polarizations are respectively  and  which are 

the only alternatives in the present model. The criteria for electric saturation and domain switching are 

respectively :  
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where  is positive and  is the unit vector along . The above criteria for polarization switching 

are the same as the one suggested by Fotinich and Carman [26]. In the present model, domain 

switching is immediately followed by electric saturation for monotonic loadings. Hence,  
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c c e eep T= +
∈
L
NM
O
QP

1 0 0
0 133

 e e eep = −
∈
L
NM
O
QP

1 0 0
0 133

�  ,  
33

0 01
0 1

ep ⎡ ⎤
= − ⎢ ⎥∈ ⎣ ⎦

� � � � .                (15) , 

 



4.  NONLINEAR FINITE ELEMENT FOMULATION 

For finite element formulation, the “virtual work” principle for piezoelectricity can be employed 

[42], namely  
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where Ω denotes the piezoelectric domain, δ is variational symbol, b  is the prescribed body force, 

t  is the surface traction prescribed over the boundary portion S  and t ω  is the surface charge 

density prescribed over . With displacement and electric potential taken to be the nodal d.o.f.s,  Sω

u N q= m m   ,  φ = N qe e   ,    ,  ( )m m m m= =B q LN q� ( )e e e e= − ∇ = −E N q B q        (17) 

in which N’s are the interpolation matrices, B’s are self-defined, q  and  are respectively the 

vectors containing the nodal displacements and nodal electric potential. Substituting Eqn.(17) into 

Eqn.(16), we have 
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To solve the nonlinear equation in Eqn.(22) by iterative methods, the following generalized residual 

force vector is defined : 
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By virtue of Eqn.(11) and Eqn.(17), the generalized tangential stiffness matrix becomes 
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Based on the linear solution obtained for the total generalized load f f , polarization 

switching is checked by Eqn.(12) at each element centroid. The signs of the remnant polarization 
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e
T T



and the piezoelectric matrix of the element are changed accordingly.  

The total generalized load f is then applied incrementally. Let the loads at the n-th and (n+1)-th 

steps be f  and , respectively. With q  be the converged solution at f  and the first iterative 

solution for the solution  at load  be , i.e. q , successive iterative solution of q  

is : 
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For the purpose of computing the internal generalized forces, the following generalized strain 

increment is computed : 
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Let  and D  be the converged stress and electric displacement at the n-th load step. To compute 

the stress and electric displacement increments, the following cases have to be considered : 
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  The generalized internal and residual forces required for the next iterative are : 
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  The convergence criterion is taken to be the simultaneous satisfaction of : 

�m < tolerance (if fm = 0 ) , �m mf < tolerance (if fm ≠ 0 )            (28) 

and 

      �e <tolerance (if fe = 0 ) ,  � e ef < tolerance (if fe ≠ 0 ).    (29) 

Polarization switching is first checked due to the inherent difficulty of handling the instantaneous 

polarization switching in incremental method. As c ,  and  are constant matrices,  and 

 can be obtained by Eqn.(26) without partitioning  and  into smaller increments.  
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5.  NUMERICAL INVESTIGTION 

The above constitutive model has been implemented using the standard four-node quadrilateral 

element. The element contains four nodes and the nodal d.o.f.s include the electric potential as well 

as the displacements along the x1- and x3-axes. The material being considered is PZT-4 whose 

material coefficients are given in Table 1. The reported coercive electric field is 1 MV/m [39-41] 

from which and from the traction-free conditions, the critical electric displacement Dc is calculated 

to be 0.010 C/m2. The remnant polarization Do is taken to be 0.2 C/m2 [6]. However, the computed 

J-integrals are independent of Do unless polarization switching occurs. 

 
Table 1.  Material properties for PZT-4 [11]. c ’s, e ’s, ij ij ∈ij ’s and  are expressed in terms of  Dc

GPa, C/m2, 10-9C/Vm and C/m2, respectively. 
 c11 c12 c13 c33 c44 e31 e33 e15 ∈11 ∈33 Dc *  

PZT-4 13.9 7.78 7.743 11.3 2.56 -6.98 13.84 13.44 6.00 5.47 0.010 
* Dc’s are obtained under the coercive electric field of 1MV/m 
 
5.1  J-Integral for Piezoelectric Materials - The J-integral for piezoelectric materials was derived 

by Pak [5] as : 
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Γ
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where  

h is the electric enthalpy that satisfies ij ijh∂ ∂γ = τ  and i ih E D∂ ∂ = − ,  



ni is the unit outward normal component along path Γ. 

Provided that the end points of Γ are taken at the two crack faces, the crack faces are traction-free 

and the crack is impermeable, the integral is path-independent and equivalent to the energy release 

rate for linear piezoelectric materials [5].  

 For the present “elastoplastic” piezoelectric material model, the electric enthalpy under 

monotonic loading can be taken as :  
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where initial and current refer to the initial configuration ( 0e p= = =E E� ) and the current 

configuration. By invoking the linear piezoelectric relation in Eqn.(6), 
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For non-zero Ep, the first component of Ep is always zero and D3 is equal to Do+Dc and -Do-Dc 

when the poling direction is respectively parallel and anti-parallel to x3. Thus,  
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5.2  Linear Fracture Analysis - The centrally cracked plane strain square panel in Fig.3 is 

considered and w/a is taken to be 20 which aims at simulating the crack-in-infinite-plate 

configuration. The poling direction is the positive x3-direction. Owing to symmetry, a quarter of the 

panel is modelled. Fig.4 shows the finite element mesh which includes 1424 elements and 1515 

nodes. To capture the stress and electric displacement concentrations at the crack tip, a very high 

mesh density is employed as seen in Fig.5. The side length of the elements at the crack tip is around 

10-5a. The crack surfaces are taken to be impermeable and traction-free. The present study aims at 

checking whether the mesh is dense enough to obtain consistent and path independent J-integrals. 

For different combinations of electric and mechanical loads, J-integrals are computed along the six 

contours depicted in Fig.5 and listed in Table 2. All the contours pass through the second order 

Gaussian points of the elements. Γ1 to Γ4 are approximately at a distance 10-4a from the crack tip 

whereas Γ5 and Γ6 are approximately at a distance a from the crack tip. The J-integrals along the 

contours closer to and farther away from the crack tip are respectively marginally higher and lower 

than the exact energy release rate [14,19] whereas the largest difference is around 3% only. As a 



matter of fact, J-integrals have been computed along more than ten different paths between Γ1 and 

Γ6. For the same electromechanical loading, all paths yield close results. Previous investigations 

have obtained the following energy release rate for centrally cracked infini P

9 2 2

re fit, the expression below is obtained for the average integrals computed along 

Γ5 and Γ6 :  

−9 2 2    (35) 

hich agrees closely with . The mesh density is considered to be adequate.  

Tab grals for linear PZT-4, see Fig.6a 
ad C

te ZT-4 plate [14,19] :  

G a E Elinear = + −∞ ∞ ∞ ∞10 0 0363 0 0373 1383( . . . )σ σ .      (34) 

Using the least squa

−

J a E Eli + −∞ ∞ ∞ ∞10 0 0360 0 0370 1378( . . . )σ σ        near =

 Glinearw

 
le 2. Co

Lo
mparison of J-inte

ase 
σ∞  (MPa)  (100 kV/m) E∞

Γ1 Γ2 Γ3 Γ4 Γ5 Γ6 Exact 
[14] 

0.0  1.0 -142.1 -142.0 -142.0 -142.0 -137.7 -137.8 -138.3
0.0 -1.0 -142.1 -142.0 -142.1 -142.0 -137.7 -137.8 -138.3
1.0   0.0 37.33 37.34 37.34 37.35 36.12 35.93 36.30 
1.0  1.0 -100.9 -100.9 -100.8 -100.8 -97.89 -98.10 -98.27
1.0 -1.0 -108.6 -108.6 -108.6 -108.6 -105.3 -105.6 -105.7
1.0 0  .05 37.17 37.17 37.18 37.19 35.96 35.77 36.14 
1.0 -0.05 36.79 36.79 36.80 36.80 35.59 35.40 35.77 
1.0 0.1 36.30 36.30 36.31 36.32 35.11 34.93 35.29 
1.0 -0.1 35.53 35.53 35.54 35.54 34.37 34.18 34.54 
0.1 1.0 -141.3 -141.3 -141.3 -141.3 -137.0 -137.0 -137.6
0.1 -1.0 -142.1 -142.1 -142.0 -142.0 -137.8 -137.7 -138.3
0.5 1.0 -130.8 -130.8 -130.8 -130.7 -126.8 -126.9 -127.4
0.5 -1.0 -134.6 -134.6 -134.6 -134.6 -130.5 -130.6 -131.1

 

5.3  Nonlinear Fracture Analysis : Crack Perpendicular to the Poling Axis - In the present and 

nex u

2  

m2

to Γ6 which are 

t s bsections, the following nonlinear models are considered :  

• switching model in which Do = 0.2 C/m2  and  Dc = 0.010 C/m

• non-switching model in which Do = 0  and  Dc = 0.010 C/  

For the setup in Fig.3a, switching can be triggered by negative E∞  and negative σ∞ . In the present 

study, it will first be assumed that a mode I crack with a = 1 cm starts to propagate at σ∞  = 2 MPa 

and E∞  = 0 [14]. The computed J-integrals along the six contours in Fig.5 are listed in Table 3. As 

switching is not triggered, both the switching and non-switching models yield the same J-integral. 

The four local J-integrals computed along Γ  to Γ  which are very close to the crack tip and cross 

the electric saturation zone are essentially consistent and their mean is 1.521 N/m. Unlike the linear 

predictions in the last subsection, the two global J-integrals computed along  Γ  

1 4

5



well away from the electric saturation zone are different from the local J-integrals.  

Table 3.  J lease rates (

 

-integrals and energy re in N/m) at σ∞  = 2 MPa and

loca integral /m) global J-integral /m) energy release rate (N/m) 

 E∞  = 0, see Fig.6a 

l J-  (N  (N

Γ1 Γ2 Γ3 Γ4 Γ5 Γ6 local global 

1.519 1.522 1.522 1.521 1.444 1.437 1.880 1.452 

 

lease rate derived by Gao et al 

based on their electric saturation strip model [13,14]. The latter is : 

rate can readily be understood as the electric 

con

tur lied

fra

nse that crack propagation must be assisted by tensile stress even if the electric 

Table 3 also lists the global (or apparent) and local energy re

G a E Elocal = + +−
∞ ∞ ∞ ∞10 0 047 0 910 4 439 2 2( . . . )σ σ .                               (36) 

The global energy release rate and the global J-integral are obtained by considering integration 

paths not crossing the saturation strip and saturation zone, respectively. Along these paths, the field 

variables are not sensitive to the electric ductility. Hence, the global energy release rate, the global 

J-integral rate and the linear energy release rate are close to each other. Zhang et al [19] and Han et 

al [43] argued that the electric saturation zone size or strip length in the saturation strip model 

remains unchanged during crack propagation and thus only the mechanical energy is taking into 

account in the local energy release rate. The local energy release rate provides a physical basis for 

the mechanical energy release rate. In this context, the observation that the computed local J-

integrals are smaller than the local energy release 

tribution in the J-integrals are always negative.  

By adopting the local J-integral as the fracture criterion and taking 1.521 N/m as its critical 

value for cracking, the relation between the fracture stress and the electric field is obtained by trial 

and error. Fig.6 shows the variations of the frac e stress with respect to the  app  electric field 

when the linear or global energy release rate Glinear , the local energy release rate Glocal , the local J-

integral using the switching model Jlocal (switching) and the local J-integral using the non-

switching model Jlocal (non-switching) are used as the fracture criteria. It can be seen that the 

fracture stresses predicted by Glocal  and Jlocal (non-switching) drop monotonically as the electric 

field increases. This agrees with the experimental observation that positive and negative electric 

fields promote and impede crack propagat , respectively. Within the E∞  range shown, the 

cture stress based upon Glocal  varies with E∞  roughly in a linear manner and intercepts with the 

E∞ -axis whereas the fracture stress based upon the Jlocal  does not. Qualitatively, the latter stress 

agrees better with the experimental data measured by Park and Sun [11] using compact tension 

specimens in the se

ion



field is very large.  

 In comparing the fracture stresses predicted by J l (switching)  and Jlocal (non-switching), three 

ranges of the electric field can be considered. For E∞ > -75 kV/m, the electric displacement along 

the x

loca

3-direction inside the panel is predominately positive and switching does not occur. The two 

fracture stresses are identical. For -75 kV/m > E∞ > -174 kV/m, elements at the crack tip vicinity are 

switched and the two fracture stresses deviate. For E∞ < -174 kV/m, a considerable portion of the 

elements at the crack tip vicinity are switched and become poled in the negative x3-direction. It is 

therefore natural that the fracture stress drops when a strong negative E∞  is applied as the latter is 

along the current poling direction of most ele ents at the crack tip region. The observation is 

physically the same as

m

 the one when positive  

pos

s 6a

 p

e is

tion zones is considered different from that of the saturation strip 

ssumed by Gao et al [13,14]. 

ive on

ls

E∞  is applied to the panel which is poled along the

itive x3-direction.  

To supplement the above paragraph, Fig.7a to Fig.7f are prepared to portray the predicted 

electric saturation zones by the switching model at the thresholds of cracking for E∞  equal to -175, 

-174, -100, 0, 10 and 200 kV/m, the lengths of the saturation zones are re ctively 0.005 , 

0.0033a, 0.0009a, 0.0025a, 0.021a and 0.06a. By realizing that both positive σ∞  and ositive E∞  

induce a positive saturated zone within which D

pe

3 equals Do+Dc whereas negative E∞  induces a 

negative saturated zone within which D3 equals -Do-Dc, the aforementioned lengths can be readily 

understood. The saturation zone is positive and increases monotonically from E∞  = 0 to 200 kV/m. 

From E∞  = 0  to –75 kV/m, the saturation zon  still positive but diminishes in size. Fig.7c shows 

the small and negative saturation zone at E∞ = -100 kV/m. Stronger negative E∞  results in 

progressively larger negative saturation zone as noted in Fig.7e ad Fig.7g. It can also be noted that 

geometry of the present satura

a

 

5.4  Nonlinear Fracture Analysis : Crack Parallel to the Poling Axis - This study is depicted in 

Fig.3b. The panel is poled and the far-field electric field is applied along the posit  x1-directi . 

The crack tip stress and electric displacement concentrations are induced solely by σ∞  whereas E  

does not contribute to the concentrations. The global and local J-integra  are dominated by 

∞

σ∞  

and insensitive to E Table 4 lists the computed J-integrals for different E∞  along the six contours 

in Fig.5 by fixing σ∞  at 2.302 MPa. The global and local J-integrals are different as electric 

saturation is induced by the applied σ∞ . There is no practical difference between e predictions 

yielded by the switching and non-switching models as the applied negative E∞  is far from 

∞ . 

 th



sufficient to trigger switching whereas the applied σ∞  may induce 90O switching but not the 180O 

switching. The former, however, is not considered in the present constitutive model. Table 4 shows 

that all the local J-integrals computed at σ∞  = 2.302 MPa are very close to 1.521 N/m. If the value 

is adopted as the critical one for crack propagation, one can see that the fracture stresses are 

insensitive to the electric field and close to 2.302 MPa. The conclusion agrees with that in reference 

3] which does not take into account of the electric saturation.  

Table 4. Different J-integrals com

[1

 

puted at σ∞  = 2.302 MPa and different

cal J ral global J-integral ) 

 E∞ , see Fig.5b. 

lo -integ  (N/m)  (N/mE∞  (100 kV/m) 

Γ1 Γ2 Γ3 Γ4 mean Γ5 Γ6

-2 1.520 1.519 1.518 1.518 1.519 1.468 1.458 

-1 1.521 1.520 1.519 1.518 1.520 1.468 1.458 

0 1.523 1.522 1.521 1.520 1.522 1.468 1.458 

1 1.525 1.524 1.523 1.522 1.524 1.468 1.458 

2 1.525 1.525 1.523 1.522 1.524 1.468 1.458 

 

 

ental iterative 

haviour of a 

6.  CLOSURE 

A simple nonlinear constitutive model for piezoelectric ceramics that accounts for electric 

saturation and 180O domain switching is devised. Compared to others, the present model can be 

conveniently implemented in finite element computation. The pertinent increm

procedures are formulated and used to study the fracture behaviour of mode I crack.  

 The global J-integrals which are computed along the contours well away from the electric 

saturation zone remain virtually unchanged with respect to the linear solution. Nevertheless, the 

local J-integrals which are computed along the contours close to the crack-tip and within the 

electric saturation zone are sensitive to the constitutive non-linearity. Analogous to the local energy 

release rate in the saturation strip model proposed by Gao and his coworkers [12-14], the local J-

integral is here postulated as the fracture criterion and used to study the propagation be

crack with half-length equal to 1 cm inside a PTZ-4 panel. Two setups are considered.  

 In the first setup, the poling direction, remote stress and remote electric field are perpendicular 

to the crack. When the electric field is positive (along the poling direction), crack propagation is 

promoted and the fracture stress becomes smaller. This is in qualitative agreement with the 

experimental results, the predictions based on the mechanical energy release rate [11] and the local 



energy release rate in the electric saturation strip model [12-14]. The present finite element 

computation provides a more realistic account of the electric saturation compared to the electric 

saturation strip model whose saturation zone is a geometric line (zero thickness). For the predicted 

fracture stresses, the present one is qualitatively more consistent to experimental results obtained by 

Park and Sun using compact tension specimens [11] in the sense that the fracture stress decreases 

gradually as the positive electric field increases but does not drop to zero even for a very strong 

electric field. When the electric field is negative, polarization switching can occur around the crack 

tip. For strong and negative electric fields, a considerable amount of the material will be switched at 

the crack tip region. The negative electric field is then parallel to and along the new poling direction 

of the switched material. This again leads to a smaller fracture stress and promotes crack 

cted by the 

lectric field. This is in agreement with the conclusion by Gao and his coworkers [13].  
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propagation. Unfortunately, there has not been any experimental evidence to support this point.  

 In the second setup, the far-field stress are perpendicular to the poling direction, far-field electric 

field and the crack. Electric saturation is induced by the stress concentration effect of the crack and 

electromechanical coupling effect of the material. For the considered range of electric field, the 

fracture stress predicted by the local J-integral is practically constant and is not affe
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(a)                (b) 

 

Fig.1  Typical (a) electric displacement-electric field and (b) strain-electric field relations for a 

piezoelectric crystal poled along the y-direction and under zero stress. The arrows indicate 

that the associated switching paths are irreversible.   

 

 

 

 

     (a)            (b) 

 

Fig.2  The electric displacement-electric field and (b) strain-electric field relations of the present 

material model for domain switching and electric saturation 

 



 

 

       (a)            (b) 

 

Fig.3.  Centrally cracked panels with (a) the poling direction and electric field perpendicular to  

the crack and (b) the poling direction and electric field parallel to the crack. w a/  = 20 

 

 

  

 

Fig.4. Finite element mesh for the first quadrant of the panel in Fig.5 
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Fig.5.  (a) Contours for global J-integral and (b) contours for local J-integral 
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Fig.6.   Relations between the fracture stress and the applied electric field 

by using Glinear, Glocal and Jlocal as the fracture criteria 



 

 

 

 

 
(a) E∞ = -175 kV/m and σ∞ = 3.906 MPa 

 

 

 

 
(b) E∞ = -174 kV/m and σ∞ = 4.569 MPa 

 

 

 

 
(c) E∞ = -100 kV/m and σ∞ = 2.935 MPa 

 

 



 

 
(d) E∞  = 0 kV/m and σ∞ = 2.000 MPa 

 

 

 
(e) E∞ = 100 kV/m and σ∞ = 1.874 MPa 

 

 

 

 
(f) E∞ = 200 kV/m and σ∞ = 1.675 MPa 

 

 

Fig.7.  Electric saturation zones predicted by using the switching model at different 

thresholds of cracking, see Fig.3a.  
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