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Abstract

In this paper we investigate some properties of a class of Cy semigroups on Banach spaces.
Suppose that the spectrum of the infinitesimal generator is discrete and there is only finitely many
eigenvalues in each vertical strip, we show that such semigroups can be expanded by their general-
ized eigenvectors under certain conditions. As a consequence, we assert that the semigroups with
these conditions is eventually differentiable provided that the system of generalized eigenvectors is

complete. As an example, we apply our results to a one-dimensional wave control system.
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1 Introduction

Let {T'(t)}+>0 be a Cp semigroup on a Banach space X and A be its generator. In practice, there
are many problems in which we need to discuss properties of the semigroups, such as differentiability,
compactness and generalized eigenvectors expansion. Since very frequently we merely have information
about the infinitesimal generator A, so it is important to know how to deduce these properties from
those of A. One of the successful ones is the Hille-Yosida Theorem, which makes use of the information
from the resolvent R(\; A) of A. Others such as those in [2], [3], [4], [5] and [6], which tried to provide
an answer to the statement put up by Pazy in [1]: “so far there are no known necessary and sufficient
conditions, in terms of A or the resolvent R(\;.A), which assure the continuous for ¢ > 0 of T'(¢) in the
uniform operator topology”. Again, these answers more or less rely on information of R(\;.A). For

example, in the case that X is a Hilbert space, You in [2] showed that a semigroup is norm continuous
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if and only if lim ||R(w + i7;.A)|| = 0 for sufficiently large w. Indeed, in a lot of cases, proving
some propertie;?g; the resolvents is not hard, for instance proving that the k-power of the resolvent,
RF(\, A), is compact for some integer k is possible for transport operators ( see [7]). However, finding
an explicit expression for the resolvents is usually not easy. So using other type of information in the
investigation become viable. It is along this line of thoughts that we try to use spectral information
of A to investigate properties of the semigroups.

Now suppose that the spectrum o(A) of A consists of all isolated eigenvalues of finite algebraic

multiplicity, i.e., 0(A) = 0,(A) = {A\r}}_1,7 < 00. Then the operator A has the form

A [ME(A, A) + Dy + Ao (1.1)
k=1

where E()\g, A) is the Riesz projection and Dy, is a nilpotent operator, and for each x € X,

,
T(t)x~ Y e Py(t,x) + R(t, x), (1.2)
k=1
where Py(t,z) is a X-valued polynomial in ¢t and R(t,z) is the remainder term. Clearly, if (1.2)
holds as an equality, then we can deduce the desirable properties of the semigroups from the spectral
information. However, in the case that r = oo, the series in (1.2) could diverge. Therefore, for such
class of semigroups, it is important to study the summability of the Riesz projections of A. That is
we need to know whether the sequence i E(\;; A) of Riesz projections of A is uniformly bounded in
a Banach space. It is the topic that we ls:hlall study in this paper.

In fact, many researchers have worked on this problem, for instance see Lang and Locker [8] [9],
Verduyn Lunel [10], Guo [11], Rao [12], Shubov [13] and Xu [14], etc. In [8], [9], [11]-[14], the partial
sum Zn: E(\i; A) is shown to be uniformly bounded and unconditionally convergent in the strong
topolzc:g;f. However, we observe that the case that sup |[|[E(\,;A)|| = oo is not included there and we
shall address this in this paper. "

Assume that A has a discrete spectrum. When A is a generator, its spectra are located in a left-
half plane and fall into one the two cases: (1) there exists a vertical strip in which there are infinite
many eigenvalues of A; (2) there are only finitely many number of eigenvalues of A in any vertical
strip. The first case (1) has been studied in [15]. In this paper, we are going to address the second
case (2). We shall make use of the information of A from three different portions: distribution of the
eigenvalues, Riesz projections and their actions on each root subspace E(\g, A)X. Our results will
include the case that sup ||E(A\y;A)|| = co. Under these information, we shall deduce summability of
Riesz projections, comgactness and differentiability of the semigroups.

The organization of this paper is as follows. In section 2, we shall prove our main theorem and its
corollary. In section 3, we shall illustrate our result by an example that comes from a controlled one

dimensional wave equation.



2 Main result and its proof

In this section we shall prove the main result of this paper as well as its corollary. We begin with
some basic notations.

Let {T'(t) }+>0 be a Cy semigroup on a Banach space X and A be its generator. Assume that A has
a discrete spectrum, that is, o(A) = op(A) = {\n;n € N} For each A, € 0(A), denote by E(A\,;.A)
its Riesz projection on X. We define the T'(t)—invariant spectral-subspace of X by

Sp(A) := span ZE()\j,A)x ‘ reX;VmeN 3,
J=1

and another 7T'(¢)—invariant subspace by
Mo ={z e X | EN;A)z =0,VA € o(A)}.

Clearly. Sp(A) N Ms = {0}, and Sp(A) + Mo, C X.

For each A\, € o(A), we denote the algebraic multiplicity of A, by m,,, and define operators

Dy = (A= \)EMn, A)  and DY = E(\,,A).
Then for each n € N, D,, is a bounded linear operator with the property that
DE = (A= M\)*E(n, A and D™ =0.

Now we state our main result of this paper.

Theorem 2.1 Let T(t) be a Cy semigroup on a Banach space X and A be its generator. Suppose

that A satisfies the following conditions:

(c1). there exist positive constants M , p1 and ps such that

<~ DL

I < Mle_plw‘"epi’t, YneN, t>0. (2.1)

k=0
[e.e]
(c2). there exists a 7o > 0 such that the series > ¢"*n™ converges.

n=1
Then we can define two family of operators parametrized on |19 + p1,00),

Ti(t) : X — Sp(A) and Tr(t) : X — Moo,

such that
1). Ti(t) is a compact operator, Ti(t) and To(t) are strongly continuous;
2). T;(t)T'(s) =T (s)Tj(t) =Tj(t+s), for t>m9+p1, s>0,5=12;
3). T(t) has a decomposition
T(t) :Tl(t)+T2(t), t> 710+ p1-

In addition, if the following condition on the spectrum of A holds:
(¢3). there exist constants My > 0 and p2 > 0 such that

1SN, | < MaeP2RAn

then, for each x € X, Ti(t)x is differentiable in (1o + p1 + p2,00).



Remark 2.1 In theorem 2.1, condition (c1) is a condition on the action of A on each root subspace.

If we take t = 0, then we condition (c1) is just
IEAn, Al < Myem P,

Therefore, condition (c1) includes the case that sup ||E (A, A)|| = co. Also, it requires that ||E(Ay; A)||

grows not faster than e P1%An g5 R\, — —oc0.
Conditions (c2) and (¢3) are requirements on the spectral distribution of A. Condition (c3) is also

a spectral condition for the differentiable semigroup (see, [1] and [6]). It is equivalent to the condition
An| < Mae™P2%  vp e N,

The proof of Theorem 2.1 Let T'(t) be a Cy semigroup on a Banach space X and A be its
generator. Suppose that conditions (c1) and (c2) are fulfilled. For each )\, € 0(A) and any x € X, we

have
mMn t
T(t)E()\n,A)x:e)‘"tZ (A = X) E(A, A A“Z k;Dk
k:O
Since

% t'“HD [

k=0

so condition (cl) ensures that there exist positive constants Mj, p; and p3 such that
IT(#)E (A, A)|| < MyeRnlt=rilerst yp e N, ¢ > 0.

Then, as t > 19 + p1, it holds that

N ITWER, A < Myerst 3 Pnle=e),
n=1 n=1

[e.@]
Since X is a Banach space, the series > T'(t)E(\,, . A) converges in the operator norm. Note that for

n=1

o0

each n, T(t)E(\,,A) is compact, so Y. T(t)E(\,,.A) is also compact. Now we define the operator
n=1

T, (t) for each t > 19 + p1 by

Z T(t)E(\,, A) = i E(\,, A)T(t). (2.2)
n=1

Evidently, Ty (t) is compact for t > 79 + p1 and T3 (t)x € Sp(A).
For each x € X and t > 19 + p1,5s > 0, we have

T(s)T1(t)z = ZT E\, Az = ZT E(\y, AT (s)z = T1(t)T(s)z

= ZTert Ay Az = Ty (t + ).
Hence

”Tl(t-f—h)x—Tl(t):L’H = ”[T(t—l—h—(Tg—i—pﬂ)—T(t—(T0+p1))]T1(7'0+,01)CU||, t+h > 9+p1,t > T0+p1-



So,
}llin% Ty (t + h)x — Ty (t)z| = 0.

Now we define Ty (t) for t € [19 + p1,00) by
To(t) :=T(t) — T1(t).

Clearly, {T5(t)}¢>7y+p, are bounded linear operators on X and strongly continuous with respect to t.

Furthermore,
Tt)T(s) =TT (s) —Th(t)T(s) =T(t+s)—Ti(t+s)=Ta(t+s), t>10+p1, s>0,

and

E(n, A)To(t) = E(An, A)T(t) — E(An, A)T1(t) = 0.

So Tr(t)xr € Meo.
We now further suppose that the (¢3) holds. For z € X, t > 79 + p1 + p2, we have

e)\tz Dk <Z|)\’mtthDkHH I
n %l

o0
< Mlepstz |)\n’e%>\n(t*ﬁ’1)HxH < Mi(1/ps _|_Mz)epstZeﬂ?%n(tfmfm)nx”'

n=1 n=1

SO the series
n—1
m tka—i-l

Z;AT(t (A, Az z_: [Anekntitkg et Z

converges absolutely for ¢ > 79 4+ p1 + p2. Since A is a closed linear operator, it holds that

AZT E(\, A)z = ZAT E(An, Az,

n=1

Therefore for t > 79 4+ p1 + p2, T1(t)x is differentiable and

dT1 ZAT E(An, A)z = AT} (t)z.

The proof is then complete. g

Corollary 2.1 Let T(t) be a Cy semigroup on a Banach space X and A be its generator. Suppose that
conditions (c1)—(c3) in Theorem 2.1 hold. In addition, if one of the following conditions is fulfilled:
1) the generalized eigenvectors of A are complete in X ;
2) the restriction of the resolvent of A to My is an entire function with values in X of finite
exponential type h;

then T'(t) is a differentiable semigroup for t > 71, where

71 := max{71y + p1 + p2,70 + p1 + h}. (2.3)



Proof Let A be the generator of T'(t). We can assume without loss of generality that T'(t) is
exponential stable.

If the system of generalized eigenvectors of A is complete in X, ie., Sp(A) = X, the desired
result follows immediately from Theorem 2.1. Now we suppose instead that the second condition 2)

is verified. From Theorem 2.1, we have a decomposition
Tt)x =Ti(t)r + Ta(t)z, t>T70+ p1,

with T1(t)x € Sp(A) and Ta(t)r € Ms. If My, = {0}, then T5(t) = 0, so the desired result follows.
If Moo # {0}, for each z € My, we have T(t)x € Moo, and R(A, A)z is an entire function of finite
exponential type h, which is independent of x. From the theory of semigroups of linear bounded

operators, we have

RN\ A)z = / e MT(t)zdt, z€ X, RA>0>wo(A).
0

R\ Az = / e*)‘tT(t):cdt, € Moo, RA>0>wo(A).
0

Therefore, for each f € X*, (R(\, A)z, f) is in H?(C, ). Note that (R()\, A)z, f) is an entire function of
exponential type at most h. The Wiener-Paley Theorem says that there is a function T}, ¢(t) € L?[0, h]

such that N
(RN, Az, f) = / e MT, ¢(t)dt, VA €C.
0

The uniqueness theorem on the Fourier transform ensures that T}, ¢(t) = (T'(t)x, f). Therefore,
Tt)x =0, VreMe, t>h
Now for any z € X, we have
T(m0 + pr)z = Ti(70 + p1)x + Ta(10 + p1)z,
and for t > 1 ;= max{79 + p1 + p2, 70+ p1 + h}, 0<e <t—T,
Tt)x=Tt—h—c—10—p1)T(h+e)T(t0+p1)x=T({t—h—e)Ti(h+e)x =Ti(t)z.
This together with Theorem 2.1 asserts that T'(t)z is differentiable for ¢ € (71,00). The proof is then
complete. n
3 Application

In this section we shall give an example that comes from control theory to illustrate our result.
In control theory, to show that a system satisfies the spectrum determined growth condition is an
interesting but difficult problem. If the system operator generates an eventually norm continuous
semigroup, then the spectrum determined growth condition holds. However, verifying this condition

is difficult because the semigroup usually may not have a workable expression. So using the spectrum



of the system operator to verify this property becomes an attractive alternative. The authors in
literatures [11]-[14] achieved this aim by proving the Riesz basis property of the eigenvectors of the
system operator. In our example below, the eigenvectors of the system operator fail to form a basis.

Consider a controlled wave equation:

wy(z,t) = weg(x,t), 0<ax<l, t>0

wz(0,t) = k1w (0,t) + aw(0,t), (3.1)
wy(1,1) = —kowy(1,t) — Bw(l, )
w(z,0) = wo(z), wi(r,0)=w(x).
where
a>0,>0k >0,k >0 and ki +ky#0, a+f3#0. (3.2)

Let the state space be
H = H'Y0,1) x L*(0,1),

where H*(0,1) is the usual Sobolev space order k and H'(0,1) is equipped with the inner product

1
(u,v) g == /0 o' (z)v' (z)dz + au(0)v(0) + Bu(1)v(1).

In H, for any F = (f1, f2), G = (91, 92) € H, the inner product is defined by

1 - 1
< F.G>pm /0 (@)@ dz + 0 f1(0)g1(0) + B (1)gr (1) + /O fol@)ga(@)de.

du

9= = ug(z) for the sake of convenience. Clearly, H is a Hilbert

Here we use the notation u/(z) =
space.

Define the operator A in H by
D(A) := {(u,v) € H*(0,1) x H(0,1) | 2/(0) = au(0) + kv(0), /(1) = —Bu(l) — kyv(1)} (3.3)
A(u,v) :== (v,u"), (u,v) € D(A). (3.4)
With the help of these notations, we can rewrite the system (3.1) into an evolutionary equation in H:

%W@:Awm,t>m
W(0) = Wo.

(3.5)

where W(t) := (w(x,t), w(z,t)) and Wy := (wp(z), w1(x)).

It is easy to prove the following result.

Theorem 3.1 Let A be defined by (3.3) and (3.4). Then A has compact resolvents and generates a

Coy semigroup of contractions on H.

In [16], the author has discussed the case that k1 # 1 and ko # 1. Here we shall discuss the case
that k1 = 1 and ks > 0.



Theorem 3.2 Let A be defined by (3.3) and (3.4). For ki =1 and ky > 0, we have
o(A)={AeC|T'(\) =0}

where

T(A) := [(1+ k)X + B][2A + alet + (1 — ko)A — Ble™.

The proof is a direct verification and we omit the details.

From theorem 3.2 we can see that each eigenvalue of A is a zero of I'(\):
T'(\) = [(1+k)A+BI2A+ ale* + af(1 — ko)A — Ble ™
= [2X(1+ k2) + ((1 + k2) + 20)A + afle* — [a(ky — A+ afle™.

So I'(\) = 0 implies
o alks — DA+ af
T 2X2(1 + ko) + [a(1 + ko) + 26]A + af’

(3.6)

which means that R\ — —oo as |A\| — oco. Thus, we see that there exist positive constants Dj,j = 1,2,

such that as kg # 1,
|>\| < D16—2§)‘E)\7

and as ko = 1,
|)\2| < D26_2§R)\.

(3.7)

(3.8)

Let o(A) = {\,,n € N}. For each )\, € 0(A), we now find its Riesz projection E(\,;.A). It is

easy to see that the adjoint operator of A, A*, is given by
A*(u,v) = —(v, u//)’ (u,v) € D(A*)

where

D(A*) = {(u,v) € H*(0,1) x H'(0,1) | 2/ (0) = —v(0) + au(0); /(1) = kav(1) — Bu(1)}.

For each A\, € o(A), the corresponding eigenvector of A is

P >\n — Afl AnT & —AnZ An® « —AnT
(An) <” [6 Tomrat T Tewra©

and the eigenvector of A* corresponding to A, is

\II(TH) =& <)\El |:€/\"x + a)e_)\"x:| y T |:€>\"$ + (ae_)\nw:|> :

(2, + 2\, + @)
where
g_1__470z+g 1+L2+ﬁ eAn+Le—An2
mT T @wta) R @nta)] X (A + ) |
Evidently,
_ 1 — 2R a 272 _q
2 _ e -2 2 _
(R = [&n] (A" = “oRN, +'(2/\n+a) —2R\,
and

<®N),Y(\p) >u=1, <®\n),¥(\,) >x=0, m#n.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)



These imply that each eigenvalue of A is simple.
For any F' € H, we have
EQ, A)F =< F,¥(3,) >3 ()

and
IEus; Al = [T @) = [€al @A) (3.14)
Since
li b 4 72/\»,1 4
Jm A, | = Gaz-
o2
lm A2 R\, e[| B (A, )| = 5
we have
. 1
Jim 6] [9(0) AR = 5 (3.15)

This implies that sup,, |[|E(An, A)|| = co and so the eigenvectors fail to be a basis for H when a > 0
and § > 0.
Combining (3.14), (3.15) and (3.7) (or (3.8)) yield

[1E(An; A)|| ~

A2 Mye 4 An, ke # 1,
A <{ 1e as ky # (3.16)

2IRM[B T | Mye 2R as kg =1,

where M; > 0 is a positive constant.
Note that I'()\) is an entire function of finite exponential type 1 and \,,n € N, are zeros of T'()).

So we have

o
Z|/\ ‘1+E<oo, Ve > 0.

Obviously, when ko # 1 and 19 > 2, we have

o0 o 1
d e <Dy < oo, (3.17)
n=1 n=1 ’)\n‘TO/

and when ko = 1 and 79 > 1, the series

Zemnm < DQZ T ‘TO (3.18)

converges.

Therefore, we have the following result.

Theorem 3.3 Let A be defined as (3.3) and (3.4) and T'(t) be the semigroups generated by A. Then
forky =1, ko >0 and af > 0, T(t) is differentiable for t > 8.

Proof Let A be defined as (3.3) and (3.4) and T'(t) be the semigroup generated by A. From (3.16)

we see that condition (cl) is satisfied with

4, if ke #£1
p1 =
2, if ko =1.



Equations (3.7) and (3.8) lead to

2, if ko #£1
p2 = ,
1, if ky=1.

Also, (3.17) and (3.18) show that for any small € > 0, we can take

2+4¢e, if ky#1
T0 —
1+e, if ky=1.

For A € p(A), we can get from the resolvent equation (A — A)(f,g) = (u,v) that

R | | = f(z)
T Af(x) — u(z)

with
f(z) = e u(0) — [(QZ”\)e}‘z — eA‘f”} b(\) — i\/o sinh A(z — s)[Au(s) + v(s)]ds,
and
TNDA) = [B+ A1+ k2)]e*u(0) — akou(l) — a(ﬂ—;)\l@) /01 sinh A(1 — s)[Au(s) + v(s)]ds

—a/o cosh A(1 — s)[Au(s) + v(s)]ds.

Note that I'(A)b()) is an entire function of finite exponential type 1 and
2
@< Mo+ [ ] oMo 255 [ vt + o5

So R(\, A)(u,v)T is a meromorphic function of finite exponential type at most h = 2. According to
Corollary 2.1, the semigroup 7'(t¢) is differentiable for ¢ > 71 = 8 + €. So the proof is complete because
€ > 0 is arbitrary. O

As a consequence of the spectral mapping theorem for differential semigroups, we have the following

result.
Corollary 3.1 System (3.5) satisfies the spectrum determined growth assumption.

Remark 3.1 In this example, we have only used the distribution information of the spectrum of A

which is determined by the equation T'(A\) = 0. More detailed description can be found in the recent
paper [17].
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