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In this paper we complete the proof of the following.

Main Theorem. Let m : X — A be a smooth and projective morphism from a complex
manifold X to the unit disc A. Suppose for any t € A — {0}, the fiber Xy := 7 L(t) is
biholomorphic to a rational homogeneous space S of Picard number 1. Then the central fiber

X, is also biholomorphic to S.

A rational homogeneous space S of Picard number 1 can be written as S = G/P for a
complex simple Lie group G and a maximal parabolic subgroup P. There are examples of
homogeneous spaces G/P of a complex simple Lie group G with a non-maximal parabolic
subgroup P such that the analogue of Main Theorem for G /P does not hold. For example, the
tangent bundle Tp,,, ., of an odd-dimensional projective space is a non-trivial extension of a
line bundle L by the null-correlation bundle D and the rational homogenous space P(Tpyntr)
can be deformed to P(D @ L). Thus the condition on the Picard number in the statement of
the Main Theorem is necessary.

For the background and the history of the Main Theorem, we refer the readers to the
introduction in [HM2] and the references therein. In [HM2] the authors established the case of
irreducible Hermitian symmetric spaces. Our method consisted of studying the deformation of
minimal rational curves and their associated varieties of minimal rational tangents (VMRTs).
We developed a method for proving the integrability of distributions spanned by minimal
rational tangents using projective-geometric properties of the VMRTsS, and used this to prove
the linear non-degeneracy of VMRTs at general points of the central fiber, in order to recover
on it the structure of the Hermitian symmetric space S on the central fiber. Along this line
of approach [Hw1] established the case of contact homogeneous spaces of Picard number 1,
and [HMS5] established the same for non-symmetric and non-contact rational homogeneous
spaces S of Picard number 1, provided that S is associated to a long simple root. A feature
common to all the rational homogeneous spaces S = G/P treated in [HM2,5] and [Hw1] is the
fact VMRTs span the minimal G-invariant holomorphic distribution, a feature which allows
us to study distributions in the central fiber from the full space of minimal rational curves
on it. The analogue is not true for S associated to a short simple root. Discounting those
that are isomorphic to one defined by a long root in a different way (e.g. the underlying
complex structure of (Ga,az2), in standard notations, is isomorphic to the 5-dimensional
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hyperquadric), S is one of the following (see (3.1), (4.1) and (7.1) below for the definitions of
these homogeneous spaces).

(1) symplectic Grassmannians

(2) homogeneous space of type (Fy, 1)

(3) homogeneous space of type (Fy, a2).
Among these, (3) can still be treated by modifying the above method ([HM6]). The method
fails drastically for the cases (1) and (2). In this article we develop a new method, by
studying the structure of limiting holomorphic vector fields on the central fiber, and settles

the remaining two cases, thereby completing the proof of Main Theorem.

Of independent interest are our results on the vanishing order of holomorphic vector
fields at a given general point on some Fano manifolds of Picard number 1 (Theorem 1.3.1,
Theorem 1.3.2). For Fano manifolds X of Picard number 1, the first author considers in
[Hw2] the question of bounding at a general point € X the vanishing order ord;(Z) of
any nonzero holomorphic vector field Z. In this case he showed that ord;(Z) < n := dim X,
yielding thus a bound on the dimension d of the automorphism group of the order n™. On
the other hand, for p = 0 he showed that ord,(Z) < 0, thus yielding d < n, with equality
if and only if X is almost homogeneous. For p > 1 we expect that the projective geometry
of the variety of minimal rational tangents C, imposes serious constraints on holomorphic
vector fields vanishing at z. In general, we have the following conjecture.

Conjecture 1. Let X be a Fano manifold of Picard number 1. Then, at a general point x
on X, there does not exist any nonzero holomorphic vector field vanishing at = to the order
> 3.

Conjecture 1 yields the bound on d of the order n® by counting the number of coefficients
of Taylor expansions of holomorphic vector fields at . There are many examples where p > 0
and the bound ord,(Z) < 2 is realized. In fact, this is the case for any rational homogeneous
space S of Picard number 1. On the other hand in those cases the dimensions of automorphism
groups are usually much smaller than those given by a simple counting of Taylor coefficients.
This can be explained in part on a common basis, as follows. Let di(z) denote the dimension
of holomorphic vector fields vanishing at = to the order > k. Then, d2(z) < n for any z on
the n-dimensional rational homogeneous space S. Furthermore, this bound is sharp, and is
realized if and only if S is Hermitian symmetric. Consideration of these examples leads to

the following conjecture on dimensions of automorphism groups.

Conjecture 2. Let X be an n-dimensional Fano manifold of Picard number 1. Then,
dim(Aut(X)) < n? + 2n, with equality if and only if X is biholomorphic to the projective

space P,.

We prove Conjecture 1 in the present article under the assumption that the VMRT at

a general point is nonsingular, irreducible and linearly non-degenerate, assumptions which
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are always satisfied whenever the positive generator of the Picard group of X is very ample,
provided that ¢;(X) > 2t2. Furthermore we prove Conjecture 2 under the additional as-
sumption that C; is linearly normal. Under such assumptions, we establish a bound on the
dimension dz(z) of holomorphic vector fields vanishing to the order > 2 at a given general
point z, which gives the sharp bound dx(z) < n.

Our approach for bounds on vanishing orders consists of studying induced families of
holomorphic vector fields on the VMRT C, with extra symmetry properties. We consider
then the orbits on C; under the flow defined by some of these vector fields, and proved for
instance that the existence of a single nonzero holomorphic vector field vanishing at z to the
order > 3 implies that C, is uniruled by lines. This leads to a contradiction by an inductive

argument consisting of passing to the VMRT Cfa] at a general point [a] on C,. A crucial

ingredient for the inductive argument is a proof of the linear non-degeneracy of Cfa], which is
obtained from a projective-geometric criterion on the integrability of distributions spanned

by VMRTs developed in [HM2].

The result on the vanishing order of vector fields is interwoven with another result of
ours on the prolongation of infinitesimal linear automorphisms of projective varieties. By
the above argument, we will show that the Lie algebra of a smooth linearly non-degenerate
subvariety of the projective space has no second order prolongation unless it is the whole
projective space (Theorem 1.1.2). Moreover, to have first order prolongation, the projective
subvariety must satisfy very special geometric conditions (Theorem 1.1.3). As a by-product,
we get a new geometric proof of the classification of irreducible linear Lie algebras of infinite
type over C (Corollary 1.1.4). This classification was first stated with a sketch of proof by
E. Cartan ([Ca]). Complete proofs appeared half a century later by the theory of filtered
Lie algebras ([SS], [KN2], [GQS], see also [De| for a survey). All these works are essentially

algebraic. Our proof is completely different from these and more geometric.

In [HM2,5] and [Hw1], using results on the theory of geometric structures due to Ochiai
[Oc] and Yamaguchi [Ya] the problem on deformation rigidity is essentially solved whenever
the VMRT at a general point of the central fiber is shown to be isomorphic as a projective
subvariety to that of the model space S. For the deformation of symplectic Grassmannians
or the homogeneous space of type (Fjy, ), the latter fact can likewise be established. Here
the problem on deformation rigidity is however much deeper, since there is an additional
property, viz. the non-degeneracy of the Frobenius form on the minimal distribution D, which
determines the complex structure of the homogenous space. We overcome the difficulty by
studying the structure of the Lie algebra of limiting holomorphic vector fields on the central
fiber, by using our results on prolongations and vanishing orders of vector fields. Since the
VMRT at a general point of the central fiber is isomorphic to that of the model, we know
enough about the Lie algebra of limiting holomorphic vector fields to recover C*-actions on

the central fiber. On the central fiber one can define a meromorphic distribution Dy which
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is the limit of the minimal invariant holomorphic distributions of general fibers. For the
deformation of symplectic Grassmannians, when the Frobenius form on Dy fails to be non-
degenerate at general points, using C*-actions we can recover on some smooth modification
W X, — Xo the structure of a holomorphic fiber bundle whose fiber is a Grassmannian and
whose base is a symplectic Grassmannian. For the deformation of the homogeneous space of
type (Fy, ), we can recover the structure of a holomorphic fiber bundle whose fiber is 8-
dimensional hyperquadric and whose base is a 7-dimensional hyperquadric. This description
of the central fiber leads to extra symmetry on the central fiber which gives a contradiction
when one considers the isotropy representation at a distinguished point on Xy associated to

the modification pu.

There are three chapters. In the first chapter we prove results on prolongations of
infinitesimal linear automorphisms of projective varieties and holomorphic vector fields for
a general uniruled projective manifold admitting nonsingular, irreducible and linearly non-
degenerate VMRTs. The second chapter is the proof of the rigidity for symplectic Grassman-
nians. In the third section we examine the structure of VMRTSs on symplectic Grassmannians
and prove that the VMRT at a general point of the central fiber is isomorphic to that of the
model space as projective subvarieties. In the fourth section, we recall several geometric facts
about the Lie algebra of holomorphic vector fields on symplectic Grassmannians. In the fifth
section, we apply our general results on holomorphic vector fields to the central fiber Xo.
Using the explicit structure of VMRTSs on Xg, we obtain sharp bounds on dp (z) at a general
point z of the central fiber which goes beyond the general result in the first section. This
allows us to prove the existence of standard vector fields on the central fiber whose integrals
give C*-actions. In the sixth section, we consider the meromorphic distribution D on the cen-
tral fiber which is the limit of minimal invariant distributions on general fibers. We prove that
degeneracy of the Frobenius form of D at general points leads to a contradiction by studying
the structure of X arising from the C*-actions and completes the proof of the rigidity of
symplectic Grassmannians under Kéahler deformation. The third chapter, consisting of the
seventh and the eighth sections, is the proof of the rigidity for the homogeneous space of type
(Fy,01). The proof is quite parallel to that of chapter two and in many places the arguments

in chapter 2 work verbatim.
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Chapter I. Prolongation of infinitesimal linear automorphisms of projective varieties

§1 Prolongation of infinitesimal linear automorphisms of projective varieties and

vector fields on uniruled manifolds

(1.1) Let V be a complex vector space of dimension n. Given a Lie subalgebra g C End(V),
let g*) be the space of symmetric multi-linear mappings o : S¥*1V — V such that for any

fixed vy,... ,vx € V, the endomorphism
veV »o(v,v,...,05) EV

belongs to g. The space g(¥) is called the k-th prolongation of g. The following properties
are immediate.

(i) 8@ =g

(ii) If g*) = 0 for some k > 0, then g(¥+1) = 0.

(iii) If h C g C End(V) is a Lie subalgebra, then h*) c g*) for each k > 0.

Let Y C PV be a projective subvariety. Denote by Y C V the affine cone of Y. By a

slight abuse of terminology, the space of endomorphisms
aut(Y) :={g € End(V) : exp(tg)(Y) CY,t e C}

where exp(tg) denotes the 1-parameter group of linear automorphisms of V, will be called
the Lie algebra of infinitesimal linear automorphisms of Y. This is an algebraic Lie
subalgebra of End(V) in the sense that it is the tangent algebra of an algebraic subgroup of

GL(V) (cf. [OV] p.123). Elements of aut(Y') induces vector fields on Y. In this regard, the

following elementary fact will be used frequently.

Lemma 1.1.1. For A € End(V) and a subvariety Y C PV, A € aut(Y) if and only if at
every smooth point y € Y the vector A(y) is contained in the affine tangent space T, (Y).

The main results of Chapter I are the following two theorems. Recall that Y C PV is
non-degenerate if it is not contained in any hyperplane and is linearly normal if H °0(Y,0(1)) =

V* where O(1) is the hyperplane line bundle.
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Theorem 1.1.2. Let Y C PV be an irreducible, smooth, non-degenerate subvariety. Then
aut(Y)® =0, unless Y = PV.

Theorem 1.1.3. LetY C PV be an irreducible, smooth, non-degenerate, and linearly normal
subvariety different from PV. Then the following holds.

(i) There ezists a natural injection aut(Y)®) C V*, implying dim aut(Y)®D < n =dimV.

(i) If aut(f/)(l) # 0, then there ezists a point y, € Y such that Y is covered by conics
passing through y,.

(iii) Suppose g C aut(Y) is an algebraic subalgebra with g) # 0. Then for a general
point y € Y, there exists an element E, € g which generates a C*-action on Y with an
isolated fized point at y such that the isotropy action on Ty(Y') is the scalar multiplication by
C*.

The proofs of Theorem 1.1.2 and Theorem 1.1.3 will be given in Section 2. Let us state
two immediate corollaries. The first one is the classification of irreducible linear Lie algebras
of infinite type over C ([Ca], [De], [GQS], [KN2], [SS]).

Corollary 1.1.4. Let g C gl(n) be a Lie subalgebra which acts irreducibly on C*. Then
g® = 0 unless g acts transitively on P,_1, i.e., unless g = gl(n),sl(n), csp(m) or sp(m),

where in the last two cases n = 2m.

Proof. In this case, g is reductive. Let Y C P,_; be the highest weight variety of the
irreducible representation. Then g acts transitively on Y and g C aut(f’). If g(® £ 0, then
aut(?)@) # 0. Thus by Theorem 1.1.2, Y = P,,_; and g acts transitively on P,_;. It is

well-known that only the four listed Lie algebras act transitively on P,_;. 0O

The next corollary is a weak form of a result of S. Kobayashi and T. Nagano ([KN1]).

Corollary 1.1.5. Let g C gl(n) be a Lie subalgebra which acts irreducibly on C™. Suppose
g = 0. Then g = 0 unless the image of g in sl(n) is isomorphic to the semi-simple part
of the isotropy representation of an irreducible Hermitian symmetric space of compact type
of rank > 2.

Proof. As in Corollary 1.1.4, g is reductive and g C aut(?) for the highest weight
variety Y. Moreover, g is an algebraic Lie subalgebra. The highest weight variety ¥ C
P"~! is a homogeneous variety satisfying the assumptions in Theorem 1.1.3. By Theorem
1.1.3 (iii), Y is a symmetric complex manifold in the sense of A. Borel ([Bol]). Thus Y
is a Hermitian symmetric space because a homogeneous symmetric complex manifold is a
Hermitian symmetric space ([Bol] Theorem 2.4.). By Theorem 1.1.3 (ii), Y must be either a
Hermitian symmetric space of rank 2 or a second Veronese embedding of the projective space.
By the polydisc theorem as in Section 3 of [HM1], this implies that Y is the highest weight
variety associated with the isotropy representation of an irreducible Hermitian symmetric

space of rank > 2. Since exp(g) contains all the symmetric involutions of the Hermitian
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with T*(X). Note that j%(Z’) is sent to zero when composed with the natural projection
dr : To(PT(X)) — T(X) because it comes from Z which vanishes to the order > k+1 at z.
Thus the k-jet j%(Z’) of Z' along PT,(X) defines an element of

HO(PT. (X), §57° T2 (X) ® T(PT. (X)) = S*T: (X) ® Bnd(Ty(X)).
By a direct calculation, one can check that for vq,... ,vx € T;(X),
j;:c_}_l(z)(vvvly s ,’Uk) = jk(Z,)(vl, cee ,'Uk)(’U) € Tz‘(X)

Now by the assumption that Z preserves C, the induced vector field Z’' on PT(X) must be
tangent to C. Thus j*(Z') restricted to C, defines an element of H°(C,, S*7* T (X)®T(Cy;)).
It follows that

F(Z) (1, ... ve) @) € Ty(Cy) forve Cy
which implies j5+1(Z) € aut(C;)*®). O

(1.3) An important example of the subvariety C C PT'(X) in Proposition 1.2.1 arises in
the study of rational curves on uniruled varieties in the following manner. Let X be an
n-dimensional uniruled projective manifold. Let X be an irreducible component of the nor-
malized Chow space of minimal rational curves with respect to a choice of polarization on
X, in the sense of [HM3]. We call £ a minimal rational component. A general element
[C] € K corresponds to an immersed standard minimal rational curve, i.e., for the normal-
ization f : P* — C we have f*Tx 2 02)®O(1)?® 0%, 1+p+g=nforsome0<p<n-1.
For a general point z € X, the normalized Chow space K, of members of K passing through
z is a smooth projective variety. Let 7, : Kz --+ PT;(X) be the rational map sending a
member of K, to its tangent direction at x. This rational map is in fact a finite morphism
([Ke, Theorem 3.4]) over its image C;. We call 7, the tangent morphism at z and C; the
variety of minimal rational tangents ([HM3]). Consider the variety C C PT(X) obtained
by taking the union of C;’s. Then any vector field on X must preserve C. Thus by Proposition
1.2.1, Theorem 1.1.2 immediately gives the following result.

Theorem 1.3.1. Let X be an n-dimensional uniruled projective manifold admitting a min-
imal rational component whose associated variety of minimal rational tangents C; C PT,(X)
at a general point T is p-dimensional; 0 < p < n — 1; irreducible, nonsingular and non-
degenerate. Then, there does not exist any nonzero holomorphic vector field vanishing at the

general point x to the order > 3.

This is a special case of Conjecture 1 in the introduction. The next Theorem is a special

case of Conjecture 2.




symmetric space Y by Theorem 1.1.3 (iii), the image of g in sl(n) agrees with the image of
the full Lie algebra aut(Y) in sl(n), which is exactly the semi-simple part of the isotropy
representation associated to an irreducible Hermitian symmetric space of rank > 2. O

(1.2) Now let us see how prolongations of infinitesimal linear automorphisms of projective
varieties arise in geometric problems. Let X be an n-dimensional complex manifold and
C C PT(X) be a subvariety in the projectivized tangent space of X which is projective and
flat over X. For a point x € X, let C, be the fiber of C over z. For simplicity, let us assume
that C, is irreducible and reduced. Let f be the Lie algebra of all germs of holomorphic
vector fields at  which preserves C in the sense that the germ of the 1-parameter subgroup of
biholomorphisms at = generated by an element of f preserves C. The Lie algebra f is naturally
filtered by the vanishing orders of vector fields at . More precisely, let f* be the subspace
of f consisting of vector fields which vanishes at x to the order > [ 4+ 1 where [ is an integer
> —1. Then f' is a Lie subalgebra of f and [f*,§™] C f+™. By definition, f~! = f.

Proposition 1.2.1. For each k > 0, regard the quotient space f*/f**! as a subspace of

SHHITH(X) ® To(X) = Hom(S*H'1T,(X),Tx(X)) by taking the leading terms of the Taylor

expansion of the vector fields at x. Then
£/ C aut(Co)®,

the k-th prolongation of the Lie algebra of infinitesimal linear automorphisms of the affine

cone of the projective variety C,.

Proof. For a vector field Z on X vanishing to order > k + 1 at z, its (k + 1)-jet
defines an element j¥*t1(Z) of S**1T*(X) ® T,(X). This defines the inclusion f*/f*+! C
SHIT*(X) ® Ty (X). For vy,... ,vx € Ty(X), the endomorphism

v € Tp(X) = 551 Z) (v, 01, .. ,vk) € Te(X)

can be defined using the lift of Z to PT(X) as follows. The vector field Z € f* induces a
vector field Z’ on PT'(X) which vanishes along PT,(X) to the order > k. The k-th order
term of the Taylor expansion of Z’ at a point a of PT,(X) defines j%(Z’), the k-jet of Z' at

a, which is an element of
SET*(PT (X)) ® T (PT(X)).

Since Z' vanishes to the order > k along PT,(X), the k-jet j*(Z’) belongs to
S*N;(PT:(X) C PT(X)) ® Ta(PT(X))

where N*(PT,(X) C PT(X)) denotes the conormal bundle of PT,(X) in PT(X). Under the

projection 7 : PT'(X) — X, any fiber of this conormal bundle can be canonically identified
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Theorem 1.3.2. If in Theorem 1.3.1 we impose the further hypothesis that C, C PT,(X) is
linearly normal, then dim(Aut(X)) < n? + 2n.

Proof. Since C; # PT,(X) by p <n —1, dim(aut(é;)) < n?. Thus
dim(Aut(X)) < dim(X) 4 dim(aut(Cz)) + dim(aut(Cz)) < n? + 2n

where we used dim(aut(C;)™) < n in Theorem 1.1.3. O

Theorems 1.3.1 and 1.3.2 are meant to give an indication that the geometry of the variety
of minimal rational tangents at a general point is relevant to the Conjectures 1 and 2. Their
statements and proofs are formulated with the aim to have an immediate link to the question
of deformation rigidity on symplectic Grassmannians and the homogeneous space of type
(Fy, 1) to be explained in Section 5 and Section 8. There are nonetheless interesting classes
of Fano manifolds of Picard number 1 satisfying the hypothesis of the theorems, leading to

Corollary 1.3.3. Let X be an n-dimensional Fano manifold of Picard number 1, and denote
by O(1) the positive generator of the Picard group. Suppose O(1) is very ample and ¢;(X) >
Mzﬁ. Then, at a general point of X there does not exist any holomorphic vector field vanishing
to the order > 3. When the assumption on the first Chern class is strengthened to c¢;(X) >
2—(-"3—“2, then we have dim(Aut(X)) < n?+2n, with equality if and only if X is biholomorphic

to the projective space P,,.

Proof. If X is biholomorphic to the projective space P,, then any holomorphic vector field
Z vanishing at some point x € X to the order > 3 must vanish identically on any line
passing through z, i.e., Z must vanish identically. Furthermore, we have dim(Aut(P,)) =
dim(sl(n + 1)) = n? + 2n. It suffices therefore to consider X with ¢;(X) < n + 1. There
exists a minimal rational component K whose members [C] satisfy K3' -C < n+1 ([HM3]).
Identify X as a projective submanifold by means of the projective embedding defined by
O(1). Whenever c;(X) > 241, C is of degree 1 and hence a line. At a general point = € X,
any line passing through z is standard, and since a line through z is completely determined
by its tangent at z, the tangent morphism 7, : K, — C, C PT, at z is an embedding.
We have p := dim(C;) = ¢1(X) — 2 > 252, Any two irreducible components of C; must
intersect whenever 2p > dimlPT, = n — 1. This is the case if we impose the slightly stronger
hypothesis that ¢, (X) > "—“2*—2, as we do in the first half of Corollary 1.3.3, so that p > -"5—2
and 2p > n — 1. From the smoothness of C, it follows that C; is irreducible. By [HM3, 1.3.2],
C, C PT, must be linearly non-degenerate, otherwise the meromorphic distribution W on X
spanned at general points of X must be integrable, contradicting with the assumption that
X is of Picard number 1. Thus, the hypothesis of Theorem 1.3.1 is satisfied and we conclude
the first half of Corollary 1.3.3.

For the second half under the stronger hypothesis ¢; (X) > —21"3—”2, we have p = dim(C;) >

—2—@3_—11. By Zak’s solution to the Hartshorne Conjecture on linear normality [Za, Corollary
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2.17, p.48], C, C PT; is linearly normal, so that dim(Aut(X)) < n? + 2n, by Theorem 1.3.2,
as desired. O

Before stating next Corollary, let us recall a few facts. A rational curve C on a projective
manifold Y is said to be free if the restriction of the tangent bundle T'(Y") to C is semi-positive.
For any family of rational curves sweeping out an open subset of Y, a general member of
the family is a free rational curve. Deformations of a free rational curve C cover an open
neighborhood of C. Here and throughout the paper, an open set refers to the complex
topology, unless mentioned otherwise.

Associated with a minimal rational component X, we have the universal family mor-
phisms p: Y — K and g : Y — X. A ruling on X by members of K is a subvariety K’
of dimension n — 1 in K with the associated universal family morphisms p’ : Y’ — K’ and
' U — X, such that y’ is birational.

Lemma 1.3.4. If there exists a ruling on X by members of K, then C, at a general point x

18 irreducible.

Proof. Let U’ — K’ be a ruling by members of K. The image of U’ in C gives a section
of the projection C — X over a Zariski open subset of X. Thus C, is irreducible for a general

point z. [J

The following Corollary will be used in Section 2.

Corollary 1.3.5. Let X C Py be a projective submanifold of dimension n. Assume that X
has a minimal rational component KC consisting of lines of Py lying on X such that

(i) X is rationally 2-connected by members of IC, in other words, any two points of X
can be joined by a connected union of two lines belonging to K.

(i) X has a ruling by lines belonging to K.

Then at a general point x € X, the variety of minimal rational tangents C, defined by K
is smooth irreducible and non-degenerate. In particular, there does not ezist any holomorphic

vector field vanishing at x to the order > 3.

Proof. On a submanifold of the projective space uniruled by lines, the variety of minimal
rational tangents at a general point is always nonsingular because the tangent morphism 7,
is an embedding as already noticed in the proof of Corollary 1.3.3. By the assumption (ii)
and Lemma 1.3.4., C, at general z is irreducible. It suffices to prove the non-degeneracy of
C. C PT,(X).

We will first establish the estimate dim(C;) > Z232. For z € X general, any point
y € X can be joined to z by no more than two lines belonging to X. We may assume that
dim(Cy) = dim(C;) := p for any y € X sufficiently close to . Let V; C X be the union of
all lines belonging to K passing through z. By assumption on X, there exists a subvariety

S C V; such that the union of lines issuing from points on S cover X. A general choice Cy of
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a line issuing from § is then free and deformations of Cy sweep out an open subset in X ([KI,
I1.3]). Let VY C V: be any Zariski-dense open subset and V3 be the union of lines issuing
from V{. From the freeness of Cy there are deformations of Cy arbitrarily close to Cy, which
intersect VY. It follows that Cj is contained in the closure V; of V3. Since Cj is a general line
issuing from S,V = X. We have dim(V;) = p+ 1 and dim(V;) < 2(p+1). From V; = X it
follows that 2(p + 1) > dim(X) = n, i.e., p > 252

Suppose C, is degenerate for z general. Let W be the proper meromorphic distribution
of rank < n on X defined by

W, := the linear span of C, in T,(X)

at general z. If W is integrable the varieties V; and V; constructed by adjoining members of
starting with € X will have open subsets lying inside the leaf of the integrable distribution
through z, provided that we start with x outside the singularity set of W. But this violates
the fact that V5, = X. We have thus proven that W is not integrable.

On the other hand, since C, C PW, is a nonsingular subvariety of dimension p in the
projective space PW, of dimension < n — 2. By the estimate p > "T_z, noting that C,
is nonsingular and irreducible, [HM3, 1.3.2] applies to show that W is integrable, a plain
contradiction. In other words, W cannot be a proper distribution, i.e., C, is linearly non-

degenerate, as desired. [

§2. Proofs of Theorem 1.1.2 and Theorem 1.1.3

(2.1) For the proof of Theorem 1.1.2. and Theorem 1.1.3, we need to relate the prolongation
of aut(?) to the geometry of Y. The following observation is crucial. For A € S?V*®V, the
evaluation of A at two vectors «, 8 € V will be denoted by A,z € V.

Proposition 2.1.1. Let Y C PV,Y # PV, be an irreducible smooth non-degenerate proper
subvariety. For any A € aut(?)(l) and any a € )N’, Aua € Ca.

For the proof of Proposition 2.1.1, we will make use of Zak’s Tangency Theorem for

nonsingular projective subvarieties, as follows.

Lemma 2.1.2 [Za]. Let Y C PV be a nonsingular and nonlinear projective subvariety.
Then the Gauss map on 'Y is a birational map onto its image. In particular, the kernel of the
projective second fundamental form @ on'Y is zero at a general point of Y and the intersection

of all projective tangent spaces of Y is empty.

Proof of Proposition 2.1.1. By Lemma 1.1.1, in the notations of Proposition 2.1.1 for the
linear homomorphism A : S?V — V, for any 8 € V and any nonzero a € Y we have
Aap € Ta(?) =: P,. In particular if 3 is itself a nonzero vector in }7, we have from the
symmetry of A the property that A,s € P, N Pg. Fixing o, consider the endomorphism

A, € End(V) defined by Aya(B) = Aap. Aq corresponds to a linear holomorphic vector
11



field on V' to be denoted by the same symbol. Denote by V covariant differentiation on
Euclidean space V' with respect to the flat connection. From the property that A,, € P,
for any n € V, the vector field A, has value in P, at every point of V. It follows that the
covariant derivative V¢ A, of the vector field A, with respect to any tangent vector £ € P,
gives an element in P,. Since the restriction of A, to ¥ — {0} gives a holomorphic vector
field on Y — {0} it follows that o(£; Ag(c)) = 0 for the Euclidean second fundamental form
o, for any £ € P,. In particular, Ay, = A, () lies in the kernel of the second fundamental
form. For a general point [a] € Y from Lemma 2.1.2 we must have Ao € Co. The same is
true for any [a] € Y by taking limits, as desired. 0O

Proposition 2.1.3. Let Y C PV,Y # PV, be an irreducible smooth non-degenerate subvari-
ety. Suppose for an A € aut(?)(l), Ape =0 for any o € Y. Then A=0.

The proofs of Theorem 1.1.2 and Proposition 2.1.3 will be given simultaneously by in-

duction on the dimension n in the following two steps.

Step 1: Proposition 2.1.3 for dim V' < n and Corollary 1.3.5 for dim X < n implies Proposi-
tion 2.1.3 for dimV = n.
Step 2: Proposition 2.1.3. for dim V' = n implies Theorem 1.1.2 for dimension dim V' =n

Note that both Theorem 1.1.2 and Proposition 2.1.3 are obvious when dim V' < 2. Since
Corollary 1.3.5 for dim X = n was proved using Theorem 1.1.2 for dim V' = n, establishing

these two steps completes the proof.

(2.2) To establish the two steps explained in (2.1), we need two lemmas.

Lemma 2.2.1. Under the hypothesis of Proposition 2.1.3, suppose there ezists a non-zero
A € aut(Y)D such that Agq = 0 for any a € Y. Then, Y has a minimal rational component
K consisting of lines such that Y is rationally 2-connected by members of K and Y has a

ruling by members of K.

Proof. For any n € V consider the linear endomorphism A, : V — V given by 4,(¢) = An¢.
We sometimes identify A, as equivalently a linear holomorphic vector field on V. For any
~v € Y we have A, = 0. For a nonzero o € Y and any holomorphic arc {a(t) € Y : a(0) = o},
we have by expansion and symmetry Aqe = 0, where £ = o/(0). It follows that Aye = 0 for
any £ € Py := To(Y); ie., Ag|p, = 0. On the other hand, since Aq(n) = A,(a) € Py, we
have Im(Ag) C Py, so that Im(A,) C P, C Ker(Ay). In particular, A2 = 0. Consider the
1-parameter group of linear transformations {®,+ := exp(tAq),t € C} on V. From A% =0
we deduce that
Do t(n) =1+ tAa(n) =0+ tAgm.

Thus the closures of the orbits of the vector field on Y induced by A, are lines. Let K° be
the lines on Y defined by general orbits of A, as « varies over general points of Y. Clearly

K° is an irreducible family. Let K be a minimal rational component containing X°.
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For a general o, the orbits of A, defines a ruling on X by curves belonging to K. Let us
show that X is rationally 2-connected by members of K. Since A # 0 and Y C PV is non-
degenerate we may now pick a pair of distinct points [a], [3] € Y such that 8 ¢ Py, ¢ P
and Aupg # 0. Then, ®,+(8) = B+tAsp and ®p¢(a) = a+tAga; Aga = Aap- Since a ¢ Pg,
B ¢ P, and Ang € P, N Pg, Aqag is neither proportional to o nor to 8, and P(CB + CAqp) is
a line on Y joining [8] to [v]; 7 := Aqp. Likewise P(Ca + CAg,) is a line on Y joining [a] to
[v]. Since the preceding procedure applies to any general pair of distinct points [a], [0] € Y,
we have proven that Y is rationally 2-connected by lines belonging to K. [

In order to do induction we need to examine varieties of minimal rational tangents on
Y for the Chow space K of lines lying on Y. This choice of X will be implicit in the sequel.
Under the assumption of Lemma 2.2.1 for the induction argument we need to produce, at
a general point [a] € Y, a holomorphic vector field on Y vanishing at [a] to the order > 2

whose 2-jet enjoys similar properties as in Lemma 2.2.1. We have

Lemma 2.2.2. Under the hypothesis of Lemma 2.2.1, let K be a minimal rational component
with the properties mentioned in Lemma 2.2.1 and Cjq) be the variety of minimal rational
tangents with respect to K at general [a] € Y. Consider the linear endomorphism Aq : V — V
defined by Aq(n) = Aan. Denote by Z the holomorphic vector field on PV induced by A,
and write Zy for the restriction Z|y, which is a holomorphic vector field on Y. Then, Z
vanishes at [a] to the order > 2. Moreover, if we denote by B : S*Tio)(Y) — Tj(Y) the
homomorphism corresponding to the second order term in the Taylor expansion of Zy at [,
then By, = 0 whenever [u] € Cy).

Proof. The holomorphic vector field Z vanishes at [a] since Ag(@) = Apga = 0. 2o = Zly
vanishes to the order > 2 at [a] because Ay(§) = Aqe = 0 for each { € P, as in the proof of
Lemma 2.2.1. Finally, for B : $2T(4j(Y') — Tjo)(Y) corresponding to the second order term
of Zy at [a], for p € Tj)(Y'), By = 0 if there exists a local holomorphic curve I on Y passing
through [a], tangent to u, such that Zo|r vanishes at [a] to the order > 3. If [u] € C|q), then
there is a line L := P(Ca+ C¢), p = £ mod « such that L C Y. In this case we have Agg =0
for any [3] € L, so that we can take I' to be the germ of L at [@] to have even Zg|r = 0. The
proof of Lemma 2.2.2 is complete. [

We are ready for the proof of Theorem 1.1.2 by establishing Step 1 and Step 2 stated in
(2.1).

Proof of Step 1. Let us prove Proposition 2.1.3 for dimV = n. Under the assumption
of Lemma 2.2.1, C|) for K at general point o € Y is smooth irreducible and non-degenerate
by using Corollary 1.3.5 for dimension dimY < dim V = n. On the other hand, A gives rise
to a holomorphic vector field Zy on Y such that, in the notation of the lemma, B, = 0 for
any p € Clq)- Since B belongs to aut(g[a])(l), by Proposition 2.1.3 for dimension < n, B = 0.

This means that Z; vanishes to the order > 3 at [a]. By Corollary 1.3.5 for dimension < n,
13



2o = 0. Recall that Zy = Z|y for a global vector field Z € T'(PV, Tpy) defined by A. 2, =
if and only if Aa, = 0 for n such that [n] € Y. Since Y C PV is linearly non-degenerate,
we have A,, = 0 for any n € V. Varying o and using linear non-degeneracy once more we

conclude that A = 0, a contradiction to the assumption that A is non-zero. O

Proof of Step 2. Let A : S3V — V be an element of aut(?)(Z). Fixing y € Y — {0} the
linear homomorphism B : SV — V defined by By, := Auuy, i, v € V belongs to aut(?)(l).
It follows from Proposition 2.1.1 that for each a € 17, we have By, € Ca. Thus, for any
nonzero y € 17, we have Ayqy € Can P,. Given a nonzero a € }7, if Agay # 0 for some
7, then [Agay] = [@] must belong to P, for any nonzero v € Y, violating Zak’s Theorem
applied to the nonsingular projective subvariety Y C PV. We conclude therefore that for any
o,y € }~’, we have Ayqy = 0. Fixing now again v we conclude that By, = 0 for any o € Y.
By Proposition 2.1.3, B = 0. As the choice of vy € Y is arbitrary, A =0 too. [

(2.3) We now turn to the proof of Theorem 1.1.3. A direct consequence of Proposition 2.1.1
and Proposition 2.1.3 is the following.

Proposition 2.3.1. Suppose Y C PV is irreducible smooth non-degenerate and linearly
normal. For any non-zero A € aut(f’)(l), there exists a unique non-zero linear functional
Aa € V* such that Aqgq =< Aa,a > a for any a € Y.

We start the proof of Theorem 1.1.3 with two Lemmas.

Lemma 2.3.2. Let Y C PV,Y # PV, be a Veronese embedding of a projective space. If
aut(}N’)(l) # 0, then Y is the second Veronese embedding.

Proof If A € aut(Y)V, Ay € Py N Pg for o, € Y. Thus Lemma 2.3.2 follows
from the fact that the tangent spaces at two distinct points on the Veronese embedding have
nonempty intersection only for the second Veronese embedding. In fact, when V = S*W for
a (p+ 1)-dimensional vector space W and Y C PV is the Veronese variety of pure symmetric
tensors, a tangent line at [w*] € Y for w € W is of the form [Cw* +Cw*~1u] for some u € W.

If tangent lines at two different points [w¥] # [w§] have a common point,

k-1 k k—1
w'f +w] Ul = awg + wy U2

wf“l(wl +u) = wf“l(awz + ug)

for some a € C and uy,up € W. This is possible only when k =2. 0O

Lemma 2.3.3. Suppose that Y C PV,Y # PV, is a smooth irreducible non-degenerate lin-
early normal subvariety different from the second Veronese embedding of a projective space.
Let A € aut(f/)(l). Suppose for some o € V, there exists an ample hypersurface H C'Y such

that the endomorphism A, € End(V) annihilates vectors contained in H,ie.,

Ag(e) =0 for any e € E.
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Then Ay = 0.

Proof. Otherwise the vector field on Y generated by A, vanishes on an ample divisor.
This implies Y is a projective space by [MS] or [Wa], and must be the second Veronese
embedding by Lemma 2.3.2. O

Proof of Theorem 1.1.8. (i) This is immediate from Proposition 2.3.1.

(ii) For A € aut(f’)(l), we have A\ € V* such that A, =< \,a > « for any a € Y by
Proposition 2.3.1. Let H C Y be the zero divisor of A on Y so that A,, = 0 for any a € H.
When «a is a smooth point of H, we have Ayy =0 for any v € T, (]?I ) because for any curve

a4ty +--- on H through a where (---) stands for terms involving ¢2 or higher factor,
0= Aa+t'y+--- Jotty4e = 2tAa.7 + .-

We may assume that there exists a smooth point « of H such that A, # 0. In fact, if Aqr, =0
for all & € H and all n € Y, then for a general n € Y with A, # 0, the endomorphism A4,
annihilates the vectors contained in H. Thus Y must be the second Veronese embedding of
a projective space by Lemma 2.3.3. The second Veronese embedding of a projective space
clearly satisfies (ii).

Regarding A, as an endomorphism of V' preserving Y, we know A,(V) C P, and
Ao (fa(I:T )) = 0. We claim that A, is a nilpotent endomorphism of V. Assuming this claim
for the time being, let us finish the proof of (ii). By the assumption A, cannot have an
eigenvector in the 1-dimensional space P,/To(H) and so Aq(Py) C To(H). The subspace
I, := A%(V) = A,(P,) is contained in T, (fI) and dim I, < 1. Thus for any general n € Y,
A2 (n) € I, and A3 (n) = 0. It follows that

t2
exp(tAa)(n) =1+ tAay + 5 A%(1).

So the orbit of n € Y under the C-action induced by A, is a conic curve whose limit is the
point [I,] €Y.

It remains to prove that A, is nilpotent. Assuming the contrary, let s # 0 be the semi-
simple part of the Jordan decomposition of A,. Then s € aut(Y) because aut(Y) is the
Lie algebra of an algebraic subgroup of GL(V) (e.g. [OV] p.127). Moreover s(V) C P, and
s(fa (I~I )) = 0. Thus there must be an (n — 1)-dimensional eigenspace of s with eigenvalue
0 and a 1-dimensional eigenspace B of s with non-zero eigenvalue. Then the orbits of the
1-parameter subgroup {exp(As),A € C} on PV must be lines passing through the point
[B] € PV and an invariant subvariety must be a cone with vertex at [B]. But Y is an

invariant subvariety which is smooth and non-degenerate, a contradiction.

(iii) Given A € gV, let A € V* be as in Proposition 2.3.1. For o’ € P,

<ha+td +--->(a+ta' + ) = Agttar s attar+ = Aaa + 2tAcar + -
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where (- - -) stands for terms containing ¢2-factor. It follows that
<ha>d+<had >a=24,u.

This equation, together with the fact that « is an eigenvector of A, with the eigenvalue
< A,a >, implies that if we choose a outside the zero locus of A, A, acts on the tangent
space

Tio)(Y) = Hom(Ca, Py /Ca)

as the scalar multiplication by % In particular, the semi-simple part s of A, under the Jordan
decomposition is non-zero and s acts on T, (Y) as the scalar multiplication by % Since g is
an algebraic Lie subalgebra, s € g. The C*-action {exp(2ts),t € C*} on Y has an isolated
fixed point [a] and the isotropy representation on Tj,)(Y") is the scalar multiplication by t.
Putting y = [ and E, = 2s, we have (iii) O

Chapter II. Rigidity of symplectic Grassmannians

§3. Varieties of minimal rational tangents on symplectic Grassmannians and the

central fiber

(3.1) Let V be a 2¢/-dimensional complex vector space with a symplectic form w. Fix an integer
k,1 < k < £ and write S = Sk for the variety of all k-dimensional isotropic subspaces of V.
The aim of Chapter II is the proof of the following rigidity theorem.

Theorem 3.1.1. Let # : X — A be a smooth and projective morphism from a complex
manifold X to the unit disc A. Suppose for any t € A — {0}, the fiber X; = n~1(t) is
biholomorphic to Sie. Then the central fiber X is also biholomorphic to Sk..

In Section 3, we will study the variety of minimal rational tangents of S and X, at a

general point.

(3.2) We can view S as a subvariety of the Grassmannian G(k,V') of k-dimensional sub-
spaces of V. Fix a k-dimensional isotropic subspace W C V and denote by [W] € S the
corresponding point of S. The tangent space of G(k,V) at [W] is naturally isomorphic to
Hom(W,V/W). By the inclusion S C G(k,V), we can see that the tangent space of S at
(W] is

Tiw)(S) = {h € Hom(W,V/W) : Yw;,w; € W,w(h(w1),w2) + w(w1, h(we)) = 0}

Let
Wt.={veV: www)=0foral we W}

which is a subspace of dimension 2¢ — k containing W. Let

YW Q(V/W) - W W
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be the projection defined by the composition of V/W — V/W+< with the isomorphism
V/W+ = W* induced by w. Then under the identification Hom (W, V/W) = W* ® (V/W),

Tiw) (S) = ¢_1(52W*) CW*® (V/W).
There is a natural subspace Dy of the tangent space ¥ ~!(S2W*) defined by
D) == W* @ (WL /W) = Ker(y).

This defines a natural distribution D on S of rank k(2¢—2k). The quotient space Tjw(S)/Djw)
can be naturally identified with S?W*. It follows that the dimension of S is

dim Dyy) + dim S?W* = %k(M ~ 3k +1).

Minimal rational curves of S are precisely lines of G(k, V) lying on S. Recall that the
variety of minimal rational tangents of G(k, V') at [W] consists of decomposable tensors in
Tiw)(G(k,V)) = W* ® (V/W). Thus the variety of minimal rational tangents of Sy, C
G(k, V) corresponds to the set of decomposable tensors in Tjy(S) C W* ® (V/W). From
Tiw)(S) = ¢~1(S*W*), a simple calculation shows that the affine cone of the variety of
minimal rational tangents of S is

Cw={D@ueW* e (V/W): u° € CA}

where v* € W* for v € V is defined by v*(w) := w(v,w) for all w € V. The intersection
Ciw) NPDw) will be denoted by Ew). Its affine cone is

Ew)={AOue W e (W/w)}.

Thus &) is isomorphic to PW* x P(W+/W).

Proposition 3.2.1. The variety of minimal rational tangents Ciw at [W] € S = Sk, is
isomorphic to the projectivization of the vector bundle O(—1)3~2k0O(—-2) on PW* embedded
by the complete linear system associated to the dual tautological bundle of the projectivization.

In particular, Ciw) C ]P’T[W](S ) is non-degenerate and linearly normal.

Proof. Under the projection of A® u to A, £w) is a trivial Py;_ox—1-bundle over Px_; =
PW™* and C[W] is a Py;_ok-bundle over Py,_; = PW*. Let F be the vector bundle on PW™* such
that PF = Cjw) and F has a trivial subbundle isomorphic to (W+/W) x PW* corresponding
to Eqw). From the above description of Cjyw, the vector bundle modulo the trivial subbundle
is isomorphic to the tautological line bundle of PW*. Hence F = 0%-2¢k ¢ O(-1). The
embedding Cyw) C PTjw)(S) restricts to the Segre embedding on £w). In other words the

line bundle O(1) on PTjw(S) restricted to ) is the dual tautological line bundle when we
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view &) as the projectivization of the bundle O(—1)*~2* on PW*. Thus the line bundle
O(1) of PTjw)(S) restricted to Cjw| corresponds to the dual tautological line bundle when we
view Cpw| as the projectivization of O(—1)*~2* @ O(~2) on PW*. This finishes the proof
because h?(PW*,0(2) ® O(1)*~%) = dim Tjw(S). O

(3.3) In this and the next subsection, we will study some geometric features of the projective
variety Crw) C PTjw)(S), forgetting that it is the variety of minimal rational tangents for S.

To emphasize this, we will use the letter Z in place of Cjw;.

Let Z be the projectivization of the vector bundle O(—1)?™ & O(—2) on the projective
space P;_;. Here we will study some properties of Z as a complex manifold. Let ¥ : Z — P_,
be the natural projection and £ be the dual tautological line bundle of the projectivization
so that 9,& = O(1)>™ © O(2). Then £ is very ample and the complete linear system [¢|
gives an embedding k : Z C PH?(Z,£)*. Let R C Z be the hypersurface corresponding to
P(O(—1)?™). As a complex manifold, R is the product Pgp,—1 X Px—1 and the line bundle £
restricted to R is the Segre line bundle. A choice of the O(—2)-factor gives a section ¥ C Z
of ¥ disjoint from R. The restriction of £ to ¥ = Py_; is O(2).

Lemma 3.3.1. In Pic(Z), £ = [R] + 9*O(2) where [R] is the line bundle corresponding to
the divisor R.

Proof. Clearly, £ = [R] 4+ 9*O(b) for some integers b. Restriction to X, which is disjoint from
[R], shows that b=2. O

The next lemma is obvious.

Lemma 3.3.2. Let W be a vector bundle on a complex manifold. The affine bundle P(W &
O) —PW has a vector bundle structure by choosing PO as the zero section. This vector bundle

is isomorphic to W itself.

Lemma 3.3.3. Let P,_; C P, be a hyperplane. Consider a vector bundle V on P, iso-
morphic to O(1)>™ ® O. Let V' be the subbundle corresponding to O(1)*™. A choice of

O-complement to V' in V over P,,_1 can be extended to a choice of O-complement on P,.

Proof. Fix a complement of V' in V over P, and identify PV — PV’ with V' by Lemma 3.3.2.
Under this identification, a choice of O-complement to V' in V corresponds to a section of
the vector bundle V’'. Thus Lemma 3.3.3 follows from the fact that any section of V' on P,,_;

can be extended to a section on P,. [

Using these lemmas, we have the following result about curves of {-degree 2 on Z.

Proposition 3.3.4. Let C be a rational curve on Z disjoint from R and of degree 2 with
respect to £&. Then C lies on some section ¥ of ¥ disjoint from R and deformations of C

fizing a point span an open set in Z.
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Proof. By Lemma 3.3.1, ¥(C) is a line on Px_;. Regarding Z as the projectivization of
0O(1)>™ @ O and R as the projectivization of O(1)>™ on Px_;, C gives a complement to R
over the line 9(C). By successive use of Lemma 3.3.3, we can extend this to a complement
of R over Px_1, which is X. Different choices of ¥ passing through a fixed point correspond
to sections of O(1)?™ on Pi_; vanishing at a given point. Since such sections generate the
bundle at a general point, deformations of ¥ fixing a point span an open set in Z. On the
other hand, it is clear that deformations of the conic C' inside the Veronese variety ¥ fixing

a point cover X. [

As a consequence, we have the following rigidity result.

Proposition 3.3.5. Let u: M — A be a smooth projective morphism with a line bundle  on
M such that My := w~1(t) is biholomorphic to Z for each t € A — {0} with {|p, isomorphic
to €. Suppose for any flat family of curves Cy C M; the following holds:

(i) if C; is of degree 1 with respect to ¢ then Cy is irreducible;

(i) if Cy is of degree 2 with respect to ( then either Cy is irreducible or Cy has ezactly
two irreducible components of degree 1 with respect to .

Then My is also btholomorphic to Z.

Before going into the proof of Proposition 3.3.5, we need two lemmas. Let C C Y
be a free rational curve on a projective manifold Y. By Kodaira’s stability ([Kd]), for any
deformation {Y;,t € A} of Y, C C Y can be deformed to free rational curves C; C Y; for
sufficiently small ¢.

Lemma 3.3.6. In the situation of Proposition 3.3.5, let R C M be the irreducible hyper-
surface corresponding to R C Z on M;,t # 0. For a general point z € My and any section
v:A —> M of u with v(0) = z, there exists a family of irreducible curves {Ci,t € A} such
that v(t) € Cy, CtN'R = 0 and C; is of degree 2 for each t € A.

Proof. Let {Cy C My,t € A} be a family of degree-2 curves through v(A) such that they are
disjoint from R and C; is irreducible for ¢ # 0. If Cy is reducible, it has two components of
degree 1 with respect to ¢ by (ii). Let Cy, Cy be two irreducible components of Cy and assume
v(0) € Cy. Since vy is general, we can assume that C; is free. Suppose that deformations
of C fixing v(0) span an open set in My. By Kodaira’s stability, we can deform C; out of
My to get a degree-1 curve in M, whose deformations fixing a point span an open set, a
contradiction from Lemma 3.3.1. It follows that deformations of C; fixing v(0) cannot sweep
out an open subset in My. By Proposition 3.3.4, deformations of C; fixing v(t) sweep out an
open subset in M;. Thus deformations of C; UC5 fixing one point sweep out an open subset in
My. This means that we can choose C; such that both C; and C; are free. But then C;UCq
can be deformed to an irreducible free rational curve of degree 2 whose deformations fixing

one point sweep out an open subset of Xy by the smoothing argument of [Kl, I.6]. This
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irreducible degree 2 curve must be a limit of degree-2 curves disjoint from R in M;, ¢ # 0, by
Kodaira’s stability again. Thus we can choose C; so that Cj is irreducible. O

A holomorphic vector field v on a projective manifold M is called a C*-vector field
if the 1-parameter subgroup {exp(Av),\ € C} has a period so that its image in Aut(M) is
isomorphic to the multiplicative group C*. Orbits of C*-vector fields can be compactified
to rational curves by adding two limit points. These curves will be called orbital curves.
Conversely, if the orbits of a vector field can be compactified to rational curves by adding
two distinct points, the vector field is a C*-vector field. We need the following result of

Bialynicki-Birula on the structure of the zero set and the orbital curves of a C*-vector field.

Lemma 3.3.7 [BB]. The fized point set of a C*-action on a projective manifold M is
smooth. There is a unique component M+ (resp. M~ ) of the fized point set where all the
weights of the isotropy action on the tangent space are mon-negative (resp. non-positive).
The codimension of M+ (resp. M~ ) is equal to the number of strictly positive weights (resp.
strictly negative weights) of the isotropy action. Generic orbital curves join M+ and M~ .
There ezists an invariant Zariski open subset Mt (resp. M=) of M containing M* (resp.
M~ ) such that M*t (resp. M~ ) has the structure of a vector bundle over M+ (resp. M~)

and the C*-action corresponds to the scalar multiplication on the vector bundle.

Proof of Proposition 3.3.5 Choose a general section v : A — M disjoint from R. For
each t # 0, we can find a section Y; of the projection ¥, : M; — Pk_; corresponding to
¥ : Z — Pr_1 such that Y; "R = 0 and v(t) € Y;. We can choose the varieties Y; so that the
limit Yp exists. We know that conics on Y; through v(t) cover Y; for all ¢ # 0. By Lemma
3.3.6, the limit of a general choice of these conics will remain irreducible and cover the limit
Yy. This implies that Y} is irreducible.

Regarding M; as the projectivization of O(1)?™ @ O on Py_, for t # 0, the hypersurface
R; := RN M; and the section Y; define a splitting of the vector bundle O(1)?™ @ O. Consider
the C*-action on the vector bundle given by the action of A € C* as

v v for v € O(1)*™

v — \v for v € O, the factor determined by Y;.

This action induces a vector field F; on M;,t # 0, such that F; is a C*-vector field whose
orbital curves are lines joining Y; to R;. After multiplying by a suitable power of ¢, we can
assume that the limit Ej is a non-trivial vector field on M, vanishing on Ry and Y, whose
orbital curves are irreducible degree-1 curves joining Ry and Yj. Since Yj is irreducible and
contains v(0) € Ry, Yp is not contained in Ry. Note that through each point of Y;,t # 0, there
exists an orbital curve of E; which is not contained in Y;. By the condition (i), a family of
orbital curves of E; converges to an irreducible orbital curve of Ey. We see that through each

general point of Yy, an orbital curve exists which is not contained in Y. These are general
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orbital curves and they intersect Ry because they are limit of orbital curves of F;,t # 0, which
intersect Y;. Since Yy ¢ Ry, general orbital curves of Ey have two distinct limit points. This
means Fy is a C*-vector field on X. It follows that R and ) are smooth families. By the same
argument as in [HM2, Section 3], R and Y are trivial families of Py, —1 X Px—; and Px_;. By
changing the sign, we can say Yo = M and Ry = M{ in the notation of Lemma 3.3.7. Since
all the orbital curves intersect both M(}L and M, MJ = Moy — My and ]\;IO_ = M, — M0+.
Since Ry is a hypersurface in My, the C*-action on My — Yy is the scalar multiplication on
the line bundle ]\;Io_ over Ry and there exists a unique orbital curve through each point of Ry.
Thus the collection of all orbital curves passing through two distinct points on Y, define two
disjoint projective subvarieties in My. This induces a morphism My — Yy = Pi_1, which is
the limit of the P,,,-bundle structure on M,;,t # 0. It follows that Mj is a P3,,-bundle over
Yo, and it is easy to check that this bundle is biholomorphic to Z. O

(3.4) Let us continue to use the notation of (3.3). Fix a k-dimensional vector space U and
a 2m-dimensional vector space Q. Let t be the tautological line bundle on PU. The vector
bundle (Q®t)®t®2? on PU is isomorphic to O(—1)*™ @ O(—2). Let us make an identification
of Z with the projective bundle ¥ : P((Q ® t) ® t®2) — PU and then £, the dual tautological
line bundle on Z, satisfies 9.£ = (Q* ® h) ® h®? where h is the hyperplane line bundle on
PU, namely, the dual bundle of t. So

H(Z,¢) = H°(PU,9,£) = H°(PU, (Q* ® h) © h®?) = (U* @ Q*) @ S*U*.

Let T := H°(Z,£)*. The line bundle £ is very ample defining an embedding « : Z C PT.
The hypersurface R C Z is naturally identified with P(Q ® t). Let D C T be the subspace
spanned by x(R). Then D = U® Q and T/D = S2U. In terms of the decomposition
T = (U® Q) ® S?U, the affine cone over Z is

Z={A®u+CX: xeU,ueQ}.

The next lemma follows directly from this expression.

Lemma 3.4.1. For the point o = \? € S?U, the affine tangent space to Z at a is
P, = Span{A @ u, A0 ¢: pe Q,( €U}
For the point B = A ® u + A2, the tangent space to Z at 0 is
Ps = Span{A®0,(Qu+220(: §€Q,( €U}
For the point v = A ® u of the affine cone R over R C Z, the tangent space to R at vy is

P, = Span{A®0,(®u: § € Q,{ € U}
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Proposition 3.4.2. Let T C PA2T be the variety of tangential lines to Z C PT under the
Pliicker embedding G(2,T) C PA*T. Then T is non-degenerate in PA2T.

Proof. Let T C A2T be the linear span of the tangential lines to Z. Note that Z is
invariant under the natural action of GL(U) X GL(Q) on T = (U ® Q) ® S?U. So T is also
GL(U) x GL(Q)-invariant. As GL(U) x GL(Q)-modules

AT = A2(U ® Q) ® A%(S?U) & (U® Q ® S°U).
From the expression of P, in Lemma 3.4.1, we see that vectors of the form
A®WANA®E), A@uA(®H

are in Y. Thus A2(U® Q) C Y. From the expression of P, in Lemma 3.4.1, we see
that T contains non-zero vectors in A2(S%U), which is an irreducible GL(U)-module. Thus
A2(S?U) C T. Now recall the irreducible GL(U) x GL(Q)-module decomposition (e.g. [OV],
p.300 table 5)

UQeS?U=(S*UalRQ

where T is the irreducible GL(U)-module defined as the kernel of the product map URS?*U —
S3U. Again from the expression of P, we see that S3U C Y. Finally, the expression of Pg
in Lemma 3.4.1 gives the element of T of the form

()\®,LL+/\2)/\(C®,M+2)\®C)E)\Z/\(C@)M)—?()\@C)/\(A@ﬂ) mod Y.

The left hand side cannot be contained in A2(U®Q), A%($?U) or S3U®Q. Thus T contains
'®Q, too. O

(3.5) Let us consider the situation of Theorem 3.1.1. Using the results from (3.3) and (3.4),
we will show that the variety of minimal rational tangents at a general point z € Xo is
isomorphic to C, at a base point o € S.

Proposition 3.5.1. In the notation of Theorem 8.1.1, choose a section o : A — X of ™ such
that ¢ := 0(0) is a general point of Xo. Let ju: M — A be the family where M; := p=i(t)
is the normalized Chow space of minimal rational curves through x; := o(t). Then My = C,
for each t € A.

Proof. We know that M, = C, for eacht € A~ {0}. We want to show that My = Co. By
the same proof as in [HM2, Proposition 4], p is smooth and projective. We can find a line
bundle on M whose restriction to My,t # 0, corresponds to the line bundle £ on C,. Let us
denote this line bundle by the same symbol £. By the same argument as in [HM5, Lemma
1 and Lemma 2], the limits of lines on M, remain to be irreducible curves of £-degree 1 on
Mp. Similarly, limits of degree 2 curves are either irreducible, or have two components. Thus

Proposition 3.5.1 follows from Proposition 3.35. O
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Proposition 3.5.2. The tangent morphism 75, : My — Cz, C PT,,(Xo) is the embedding
defined by the complete linear system of the line bundle £. In particular, the variety of minimal
rational tangents C, C PT;(Xo) at a general point x € X is isomorphic to C, C PT,(S) at a
base point o € S.

Proof. By Proposition 3.5.1, My = Cy. The tangent morphism 7, : M; = C, — PT,,(X})
is the one defined by the complete linear system associated to & for ¢ # 0. Thus 7, must
be defined by a subsystem of ¢ and it suffices to show that the image of the tangent map
is linearly non-degenerate. But this follows from the same argument as in the Hermitian
symmetric case as given in [HM2, (5.1), Proposition 16 and proof of Theorem 1 in (5.2)],
together with the linear non-degeneracy of 7, C PA2T,(S) as given by Proposition 3.4.2. O

§4. Lie algebra of vector fields on symplectic Grassmannians

(4.1) In this section, we study the Lie algebra of holomorphic vector fields on the symplectic
Grassmannian. It will be useful to start the discussion with general rational homogenous
spaces and their associated graded Lie algebras, cf. Yamaguchi [Ya]. Let g be a simple Lie
algebra. Choose a Cartan subalgebra ) C g and denote by ® the set of roots of g with respect
to h. Any p € ® can be expressed uniquely as an integral linear combination of the simple
roots a;,1 < ¢ < £. Fix a simple root ax. For m € Z, denote by ®,, the set of roots whose
coefficient in ay, is equal to m. Let u be the maximal integer such that ®,, # 0. We call p

the depth of (g, ax). We have a decomposition of g as a complex graded Lie algebra
0=9-,D Bg-109900Dg D - DYy,

where for m # 0, g, is the direct sum of root spaces g,, p € ®,, and gy is the direct sum of
h and root spaces g,,p € ®o. This decomposition of g is said to be associated to the simple
root a. The subalgebra

=0, D - ©g-190 90

is called the parabolic subalgebra associated to ax. The nilradical of pis g_, @ - @ g—1.
Let G be a simple Lie group associated to g and P C G be the subgroup associated to p. We
say that the homogeneous space S := G/P is of type (g, ax).

Consider the case of depth 2, g = g_2 D g_1 D go ® g1 D g2. The decomposition of g
has a geometric interpretation in terms of holomorphic vector fields on S = G/P. Let o € S
be the base point fixed by P. When g is regarded as the Lie algebra of holomorphic vector
fields on S, the parabolic subalgebra p C g is the Lie subalgebra of holomorphic vector fields
vanishing at o. For any element v € p, let p,(v) be the linear transformation of the tangent
space T,(S) given by the isotropy representation. The tangent space T,(S) can be naturally
identified with g; ® g2 and g; defines a G-invariant subbundle D of the tangent bundle T'(S).
By the G-invariance of the distribution D on S, p,(v) preserves D,.
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Proposition 4.1.1. Let g = g_2 ® g—1 D go ® g1 ® g2 be a decomposition of a simple Lie
algebra g as a graded Lie algebra of depth 2 as described above, p = g_2 @ g_1 D go C g the
parabolic subalgebra, and o € S be the unique fized point of the parabolic subgroup P = exp(p).
Define

J:={vep: p,(v)|p, =\ id for some e C},

I:={vep: po(v)lp, =0},
H:={vep: p,(v) =0}

Then, H agrees with g_o, I agrees with g_o®g_1, and J agrees with g_o®Dg_1D3(go), where

3(g0) stands for the 1-dimensional center of go.

Proof. As is well-known (cf. Yamaguchi [Ya]), g;,¢ # 0, is irreducible as a go-module. g is
reductive with 1-dimensional center 3(go). Furthermore, [g_1, g2] = g1. Under the identifica-
tion T,(S) = g/p, for v € p, we have

po(v) = ad(v)|g,@g, mod p € End(g1 & g2) = End(T,(S5)).

Thus v = g_s+9g_1+go € J if and only if go € J, which is the case if and only if [go, h1] = Ahq
for some XA € C and for any h; € g;. By the irreducibility of g; as a go-module and Schur’s
Lemma, v € J if and only if go € 3(go), so that J =g_2 ® g_1 ® 3(go). Likewise v € I if and
only if g = 0, i.e., I = g_o ® g_1. Finally, v € H if and only if [g_1,g2] = 0. This forces
g—1 = 0 by the irreducibility of g_; and the fact that [g_1,g2] = g1, so that H =g_,. O

For v € H, let g,(v) € S2T*(S) ® T,(S) be the element defined by the 2-jet of v at o as
in Proposition 2.2.1. For v € g, let €,(v) € T,(S) be the value of v at o.

Proposition 4.1.2. In the situation of Proposition 4.1.1, the adjoint representation gives
injections

g-1 C Hom(gz2,91)

g—2 C Hom(gz, go)-

For a vector field v € g_1 and a vector field w € g2, €,([v,w]) is determined by p,(v) and
€o(w). For a vector field v € g_o and a vector field w € g2, po([v,w]) is determined by 0,(v)
and €,(w).

Proof. The injections follow from the irreducibility of g_; and g_; as go-modules as in
the proof of Proposition 4.1.1.

The second and the third statements are essentially local. For local vector fields v, w in
a neighborhood of o with €,(v) = 0, p,(v)(w) is defined by the derivative of v with respect
to the vector field w at o and agrees with €,([w,v]). Similarly, for local vector fields u, v, w
with €,(v) = po(v), 0o(v)(w,u) is defined by the derivative of [w,v] with respect to u at o,
which agrees with p,([w,v])(u) because p,(v) =0. O
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Proposition 4.1.3. Let g be as in Proposition 4.1.1 and assume that dimgs > 1. A graded
vector space automorphism of g preserving the graded Lie algebra structure of ®:=3g; and the
adjoint actions of g_1 C Hom(gz,91) and g—2 C Hom(gz, go) is a Lie algebra automorphism.

Proof. By [Ya, Theorem 5.2] the graded Lie algebra g with dim g2 > 1, is the prolongation
of the graded Lie algebra @i=2g; in the sense of [Ya, p. 429-430], i.e., it is the maximal graded
Lie algebra extending ©!=2g; by adding terms with negative degrees so that the action of g;

on ®;=2, ,9: is faithful ([Ya, p.433]). Thus any graded Lie algebra extending ®}=3g by adding

terms with negative degrees has a natural graded Lie algebra injection into g. This implies
Proposition 4.1.3. O

We will also need corresponding results for Hermitian symmetric space. Let g = g_; @
go @ g1 be the gradation with G/P isomorphic to an irreducible Hermitian symmetric space
of rank > 2. In this case, g_; is the set of vector fields v with p,(v) = 0. The following two

propositions can be proved in a similar way as the above two propositions.

Proposition 4.1.4. When g = g_1 @ go @ g1 is the gradation associated to an irreducible
Hermitian symmetric space of rank > 2, the adjoint representation gives injections g—; C
Hom(g1,80). For a vector field v € g_1 and a vector field w € g1, po([v,w]) is determined by

00(v) and €,(w).

Proposition 4.1.5. For g = g_1 @ go @ g1 as in Proposition 4.1.4, a graded vector space
automorphism of g preserving the graded Lie algebra structure of go © g1 and the adjoint

actions of g—1 C Hom(g1, go) is a Lie algebra automorphism.

(4.2) The symplectic Grassmannian S = Sk, is the rational homogeneous space of type
(g,ak) = (spy, o) where 1 < k < ¢ under the usual numeration of simple roots of the
symplectic Lie algebra sp, (cf. [Ya] p. 454). The depth is 4 = 2 and dimgy, > 1. So
Propositions 4.1.1, 4.1.2 and 4.1.3 can be applied. The distribution D defined using g; is a
unique G-invariant distribution on Sk ¢. So it is exactly the distribution D defined in (3.2)
by the uniqueness. In particular, dim g; = k(2 — 2k) and dim g = Zk(k +1).

Now let us see what the variety of minimal rational tangents tells us about the vector
fields on S. We start with examining its infinitesimal linear automorphisms aut(C~o). For
simplicity, let us use the notation of (3.4), identifying C, with Z = P((Q ® t) ® t®?). Since
any endomorphism of T preserving Z must preserve E, we have the restriction homomorphism

~ ~ ~

X : aut(Z) — aut(R) where aut(R) denotes the endomorphisms of D preserving R.

~ ~

Proposition 4.2.1. The homomorphism x : aut(Z) — aut(R) is surjective. Let n be the
nil-radical of Ker(x). Then Ker(x)/n is 1-dimensional and represented by homotheties on
T/D = S2U. Furthermore '

~

aut(R) = 3 @ sl(U) & s1(Q)

n=U"®Q
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where @ is a Lie algebra direct sum and 3 denotes the 1-dimensional center consisting o8

homotheties on D.

Proof. Recalling T = H°(PU, (Q* ® h) ® h®?)* there is a natural injective homomor-
phism
H°(PU,End((Q ® t) ® t®%)) — End(T).

The image of this injection is precisely aut(Z). The surjectivity of x follows from the fact
that any endomorphism of Q ® t can be extended to an endomorphism of (Q ® t) @ t92,
Ker(x) consists of elements of H*(PU, End((Q ® t) ® t®%)) which annihilates Q ® t and
n C Ker(x) corresponds to those elements with zero trace. Thus n is the abelian Lie algebra

H°(PU,Hom(t®%2,Q®1t)) = H*(PU,Q®h) =U*® Q

and the statement about Ker(x)/n is obvious. Finally, for the Segre variety R C P(U ® Q),
the isomorphism aut(R) = 3 @ sl(U) @ sl(Q) is well-known. O

Proposition 4.2.2. For the linear Lie algebra aut(Z) C End(T), aut(Z)® = 0 and there

is a natural inclusion aut(Z)®) c S2U*.

Proof. The vanishing of the second prolongation is a direct consequence of Theorem
1.1.2. Let A € aut(Z)M c S2T* ® T. We will denote by A,p the value of A on o, €
= (U® Q) ® S?U. Recall that when «,f € Z , the vector A,p is in the intersection
P, N P where P, C T (resp. Pg) denotes the affine tangent space to Z at o (resp. ). Fix
a€ZNS?U,say a=XA,AeU. Let 8=(®pu+ (2 for some ¢ € U, € Q, be a general
point of Z. Using Lemma 3.4.1, we see

PaNPs=CA®pu+2X0¢).

Replacing p by tu with t — oo, we get 8 = t{ ® p+ ¢* with [B;] — [( ® p]. Write § = (® p.
We have tlim % B: = 6. Then A,p € Py N Pg implies

2
Aap, e«:(zmuc@m)=<c(7mc+c®u) . so that

1
Aas = tll.lg, _t'Aaﬁt €eC¢®p) .

We conclude that A,s € C§ for any d € ZND = R and a € ZN S2U. In particular, if
Ags # 0 then § € P,. Since we can choose the factor 52U so that it contains any point
of Z — R, this means that § is contained in the tangent space P, for any choice of & € Z.
This is impossible by Lemma 2.1.2. Thus Ays = 0 for all a € Z and & € R. By linearity,
Ays = 0if 6 € D. Thus the value of A is determined by its values on S2U. Since for

a,B € Zn S?U, P, N Ps C S?U, we see that A induces an element A’ of S?(8*U*) ® S?U
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and A is determined by A’. Moreover A’ is an element of aut(Z N S2U)1). In other words
we have a natural injection

aut(Z)V C aut(Z N S2U)D,
But Z NPS?U is the second Veronese embedding of the projective space PU. Thus
aut(Z N $2U)Y ¢ dim S*U*

by Theorem 1.1.3 (i). This completes the proof of Proposition 4.2.2. O

Recall that for any vector field v vanishing at o, p,(v) € End(T,(S)) is the endomorphism
induced by the first jet of v at 0. If p,(v) = 0, g,(v) € S*T(S)®T,(S) is the element induced

by the 2-jet of v at 0. Denote by X, the surjective homomorphism aut(C,) — aut(€,) and by
n, the nil-radical of Ker(x,).

Proposition 4.2.3. Let us choose identification of C, with Z = P((Q ® t) ® t®2), inducing
identifications D, = U ® Q and T,(S)/D, = S*U in the notation of (3.4). Denoting by
€o(v) the value of a vector field v on S at the base point o € S and by <, the projection
To(S) — T,(S)/D,, we have isomorphisms

So0€: g2 — T,(S)/D, = S?U

6:91— D, =U®Q.

By taking 1-jets at o of vector fields vanishing at o, we have homomorphism p, : go ® g—1 —

aut(C,). It gives an injection
Xo © Po : @0 — aut(&,) = aut(R) = 3 ® sl(U) @ sl(Q)

and an isomorphism
Po:g—l_’nozU*®Q-

By taking 2-jets at o of vector fields vanishing to order > 2 at o, we get an isomorphism

Oo:g_2 — aut(ao)(l) = S?U"*.

Proof. From aut(go)(z) = 0 in Proposition 4.2.2, g, must be injective. Since dimg_2 =
dim g, by [Ya] and dim g; = dimT/D, g, : g—2 — aut(C,)V = qut(Z)®) and the inclusion
aut(Z)(l) C S?U* in Proposition 4.2.2 must be isomorphisms. This implies that po : go @
g_1 — aut(C~o) is injective and its image is isomorphic to the Lie algebra go ® g—1 mod g2,

which has nil-radical g_;.
27




By Proposition 4.1.1, po(g_1) lies in the kernel of x, : aut(C,) — aut(E,). Since
dimg_; = dimg, by [Ya] and dimg; = dimn, by Proposition 4.2.1, po|s_, gives the iso-
morphism to n,. This implies that p,(go) intersects n, at 0. By Proposition 4.1.1 and the
description of Ker(x,) in Proposition 4.2.1, p(go) intersects Ker(x,) at 0. So the homomor-
phism x,0p, : go — aut(go) is injective. The statements about €, and ¢, o€, are obvious. O

(4.3) Let us consider the situation of Proposition 4.1.1, i.e., a gradation of a simple Lie
algebra g with depth 2. Under the decomposition g = g_2 ® g—1 ® go ® g1 ® g2, there is a
unique element E € 3(go), called the characteristic element, such that [E, g] = ig if and only
if g € g;. A holomorphic vector field on S = G/P will be called a characteristic vector
field if it corresponds to the characteristic element under a choice of the Cartan subalgebra
and simple roots when we regard g as a Lie algebra of holomorphic vector fields on S. From
Proposition 4.1.1, E belongs to the subspace J. We observe that a general element of J gives
a characteristic vector field on S. More precisely, we have

Proposition 4.3.1. Let I C J C p C g be the subalgebras defined by a choice of the base
point o € S as in Proposition 4.1.1. Let E' be any element of J — I with p,(E')|p, = id.
Then E' is a characteristic element of a decomposition g = g’ , ® g, ® gy ® g1 D g5 with

respect to some choice of a Cartan subalgebra ' C g and a system of roots.

Proof. We have the characteristic vector field E € J — I associated to a Cartan subalgebra
h C p C g. It suffices to show that any element E’ as in the statement of Proposition 4.3.1
is conjugate to E by the adjoint action of P on p. This is equivalent to showing that the
P-orbit of [E] in the projective space PJ is the affine space PJ — IPI. In fact, we can show
that the orbit of [E] under the unipotent subgroup exp([) is PJ — PI as follows. Since

dim[g_; + g_2, E] = dim(g_1 + g_2) = dim(PJ — PI),

the exp(I)-orbit of [E] in PJ is open. But the orbit of a unipotent group acting on an affine
space must be closed ([Bo2] Proposition 4.10, p.88). Thus the orbit must be the whole affine
space. [J

Corollary 4.3.2. A holomorphic vector field v on S is a characteristic vector field if it

vanishes at a point o € S and its first jet at o satisfies

po(v)|p, = id.

Now consider the case of the symplectic Grassmannian S = Si ¢. From Corollary 4.3.2,
we can describe the C*-action on S = Sk ¢ generated by a characteristic vector field as follows.
Let [W] € Sk be as in (3.2). Pick a complement W* of W in W+. The symplectic form w

is non-degenerate on W#. Thus (W")! is a complementary subspace of W* in V, on which
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w is non-degenerate. Choose an isotropic complement W to W in (W*)L. Consider the
symplectic action of A € C* on V defined by

w— A lwforweWw
w — w for w e Wt

w — \w for w € W°.

The induced action on Dy = W* @ (WH/W) = W*® W* is multiplication by A. Thus
the vector field generating this action must be a characteristic vector field by Corollary 4.3.2.
Conversely, any C*-action defined by a characteristic vector field must be the above form
associated to some choice of [W] € S, and the complements W* and We.

Given a characteristic vector field E at [W] determined by a choice of complement w
and W°. Let W = W’ @ W' be any direct sum decomposition with dimW’ = 2 and
dimW" = k — 2. Define a new symplectic C*-action on V where A € C* acts as

v A forveWw

vi— v forv € W'GBW”GB(WOH(WH)J')
v A"ty forve Wen (Wt

This induces a C*-action on S. A fixed point component of this action on Sk, consists of
k-dimensional isotropic subspaces contained in (W“)l which contains W". This is naturally
isomorphic to the set of isotropic 2-planes in W’ @ W# @ (W° N (W”)1). The vector field
F generating this C*-action will be called the slicing vector field determined by E and
W =W’'@W" . Thus the component of the zero set of the slicing vector field containing [W]
is biholomorphic to Sz ¢—k+2.

Proposition 4.3.3. The slicing vector field F' determined by a characteristic vector field E
at o = [W] € S and a decomposition W = W' @ W" is the unique element of go satisfying

p(F)lwawwy = id and po(F)lw» gw w) = 0-

Proof. Tt is clear that F satisfies the stated conditions. Thus Proposition 4.3.3 is a direct
consequence of the injectivity of X0 0 p, : go — End(W ® (W /W)) in Proposition 4.2.3. O

§5. Limit vector fields on the central fiber

(5.1) Now let us go to the situation of Theorem 3.1.1. From Proposition 3.5.2, there exists a
subvariety B C Xg such that C, C PT,(Xj) is isomorphic to Z C PT for any = € Xo — B.
Let £ C C, be the subvariety corresponding to R C Z. Denote by D the distribution on

X — B defined by the linear span of &;.
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Fix a holomorphic section ¢ : A :— X — B, x4 := o(t), £ := zo. Fix a vector bundle U/
of rank k£ and another vector bundle @Q of rank 2m on o(A). We can choose an isomorphism

(1) {Ca.: te A} = {P((Qz. ®t) ®t®%) : t € A}

where on the right hand side Q is regarded as a vector bundle on PU pulled back from o(A) by
the projection PU — o(A) and t denotes the tautological line bundle on PU,,. We will keep

the choice of o and the isomorphism (1) throughout Section 5. This induces isomorphisms

GUt(SZt) = 3-’% €B EI(ULEt) @ SI(Q-’E.‘.)

nzt = U::t ® Q(Et
aut(Cy,)V = S?UZ,

from Proposition 4.2.1 and Proposition 4.2.3. Here 3,, denotes the 1-dimensional center
consisting of homotheties on D, and ng, is the nil-radical of Ker(xz,) where Xz, : aut(Cz,) —

aut(&,,) is the natural homomorphism.

For the relative tangent bundle 7™ of 7 : X — A write 7™ for the associated relative
tangent sheaf and £ for the direct image m,(7™). L is a locally free sheaf with fiber at ¢ # 0,

L' 2 the Lie algebra of holomorphic vector fields on X; & g.

The Lie algebra L° with dim L° = dim g is called the Lie algebra of limit vector fields on
Xo. For v € Lt, let €, (v) € Ty, (X:) be the evaluation at z;. When €z, (v) =0, let pg, (v) be
the endomorphism of T, (X;) given by the first jet of v. Following Proposition 4.1.1, define,
for each t € A,

Jti={velL': e, (v)=0,pz)p,, =u-idfor some u € C}

I''={vel': e, (v)=0,ps ), =0}
H:={veL: ,(v) =0,ps(v) =0}
These are subalgebras of the Lie algebra Lt for each t € A.
Proposition 5.1.1. The homomorphism defined by 2-jets of vector fields at x;
0z, : Ht — aut(Cy,) V) = S*U;,

is an isomorphism for each t € A. The homomorphism defined by 1-jets of vector fields at x;

Pz, : It = N, = U::t ®Q$t
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is an 1somorphism for each t € A. The homomorphism defined by 1-jets of vector fields at x;
X, 0 Pa, : JH/Tt — aut(E,,)

is injective and has image 3,,, the I-dimensional center of aut(g,;t), for eacht € A. In
particular,
{HtcI'cJ': te A}

form a subbundle of the locally free sheaf L on A.

Proof. For t # 0, this follows from Proposition 4.1.1 and Proposition 4.2.3. Let us show it for
t = 0. By Theorem 1.3.1, X, cannot have a vector field vanishing to the order > 3 at x = z,
which implies the injectivity of g, : H® — S?Uj . Since dim H® > dim H* = dim S?U}, by
Proposition 4.1.1 and Proposition 4.2.3, we conclude that g, is an isomorphism. This implies
that

Ker(py : J* — End(Ty(Xo))) = H®

and the quotient map p, : J°/H® — End(T;(Xo)) is injective. Since p,(I°/H®) C n, while
dim(7°/H®) > dim(I*/H*) = dimn,, = dimn, for t # 0,

we conclude that p, : I°/H® — n, is an isomorphism. This implies the injectivity of xz,0pz, :
Jt/Ht — aut(E‘zt) for all t € A. Certainly the image of x, o p,, should be the 1-dimensional
bz, U

(5.2) From Proposition 5.1.1 we deduce the extension of characteristic vector fields to Xj.

More precisely, we have

Proposition 5.2.1. Let z; = o(t) be as in (5.1). There exists a family of C*-vector fields
E; on X; with an isolated zero at x; for allt € A such that E; is a characteristic vector field
at z; for each t # 0.

Proof. By choosing a section of the invertible sheaf {J!/I*,t € A} in Proposition 5.1.1 over
A, we get a holomorphic family of holomorphic vector fields {E; : t € A} such that for all
t € A, E; vanishes at z;, and the 1-jet p,,(E:) € End(T,,(X:)) at x; restricts to the identity
map on D;,. By Corollary 4.3.2, E; is a characteristic vector field on X; for t # 0. The
1-parameter subgroup on X, given by {exp(AE;), A € C} is of minimum period 27 for each
t # 0, and the same must hold true for ¢ = 0 by continuity. Thus Ej is also a C*-vector field
with an isolated zero at = and pg,(Ep) restricts to the identity map on D,,. 0

A C*-vector field on X, with an isolated zero z will be called a characteristic vector
field at =z if it is the limit of a family of characteristic vector fields at z; for a section of 7
as in Proposition 5.2.1. For any point x € X — B, there exists a characteristic vector field

at « by Proposition 5.2.1.
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Let us fix a family E; of characteristic vector fields. For each ¢t # 0, we have the

eigenspace decomposition of the adjoint action of E;,t # 0,
L'=LeLl, 0L Li®L)

which is conjugate to g = g_o®g_1Dgo®g1Dg2. For each i, —2 < i < 2, the i-eigenspace LY of
L° under the adjoint action of Ey must have dimension at least dim Lt. Since dim L? = dim L?,

we have the eigenspace decomposition
=101 0Ll)o Lo LS.

In analogy with Proposition 4.2.3, we have

Proposition 5.2.2. Let L = L%, & L%, ® L3 ® LY & LY be the eigenspace decomposition
associated to a choice of a family of characteristic vector fields E; along x as above. Denoting
by €, the evaluation of vector fields on Xy at x = xo € Xy and denoting by s, the projection
T (Xo) — Tz(X0) /Dy, we have two isomorphisms

Sp O€g - Lg — T,(X0)/D, & S2U,

em:Ltl)—VD,,%Ux@Qx.

By taking 1-jets at x = xo of vector fields vanishing at x, we have the homomorphism pg :

~

LY@ LY, — aut(C;) which induces an injection
Xz © Pz : LY — aut(E;) = 32 @ sI(Us) @ s1(Qy)

and an isomorphism
pz L% =1, 2 U ®Q,.

By taking 2-jets at x of vector fields vanishing to order > 2 at x, we get an isomorphism

e+ L%y — aut(Cy)® = S2U.

Proof. The statements about x,0pz, p, and g, can be proved in exactly the same way as
in Proposition 4.2.3. It remains to prove the statements about €, and ¢, o €;. By considering
dimensions, it suffices to show that non-zero elements of L3 and LY do not vanish at z. We
will check this for LJ. The proof for L9 will be exactly the same. Suppose there exists a

non-zero element v € LJ vanishing at z. Note that
pz : {vector fields vanishing at z} — End(T;(Xo))
is a Lie algebra homomorphism. Since [Eo,v] = 2v, we see that p;(v) € End(T(Xo)) satisfies

[pz(Eo), pz(v)] = 2p;(v) inside the Lie algebra End(T;(Xo)). pz(Eo) € End(T;(Xo)) is a ‘
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semi-simple endomorphism with eigenvalues 1 and 2. p;(v) must preserve D, which is the
eigenspace of p, (Ey) with eigenvalue 1. This implies that p;(v) is an eigenvector of the adjoint
action of p,(Ep) only if it annihilates D,, in which case [p;(Ep), pz(v)] = —pz(v). It follows
that p,(v) = 0 and v should vanish to the order > 2 at z. This implies that v € H°. But by
Proposition 5.1.1 and the statement about g, in Proposition 5.2.2, we have H® = L% ,. This

gives v € L%,, a contradiction. O

(5.3) Now we study the distribution D on Xy — B. The identification (1) in (5.1) induces
identifications D,, = U,, ® Q, and T /D,, & S?U,,.

t

Proposition 5.3.1. In terms of the identifications Dy, = U, ® Qz, and TT /D,, = S?U,,,

t

the Frobenius bracket tensor [,] : A2D,, — TF /D, for the distribution D at z; is given by

t
u@w,v®z] =vg(w,2z) uOV

for u,v € Uy, and w,z € Q,, where v : A2Q — O, (a) is a bundle homomorphism such that

Vg, 18 non-degenerate for t # 0.

t

Proof. Tt suffices to show that [u ® w,v ® 2] is proportional to u ® v. Moreover by
continuity, it is enough to check it for ¢ # 0. Thus the problem is about the distribution D
on the symplectic Grassmannian S. At the point [W] € S, the Frobenius bracket of D,

[]: A2Dpy) = A2(W* ® (WH/W)) — Tiw)(S)/Dw) = S*W*

must be invariant under the natural action of GL(W) x Sp(W+ /W) arising from the isotropy
action of the stabilizer of [W] from which it is easy to see that [u ® w,v ® 2] = cw(w, 2)u O v
for some constant ¢ # 0 and the symplectic form w on W+ /W. It is clear that v,, is

non-degenerate for t # 0. O

Let us recall the following lemma, which can be proved easily by modifying the standard

proof of the existence of symplectic basis on a symplectic vector space.

Lemma 5.3.2. Let Q = {Q¢,t € A} be a vector bundle of rank 2q on the unit disc with an
anti-symmetric form vy : A2Qy — C on the fiber depending holomorphically on t such that vy
is non-degenerate for t # 0 and vy has rank 2r,r < q. Then there ezist sections fi,... , foq
of the dual bundle Q* which gives a basis of Qf for each t with respect to which

vi=fiNfo+ -+ far—1 A for + a1() for41 A farg2 + -+ agr(t) fog—1 A f2q

for some holomorphic functions a1(t),...,aq—r(t) on A vanishing att =0.

Let 2r be the rank of vz, zo. By Lemma 5.3.2, we can choose a subbundle Q' C @ of

rank 2r on o(A) such that
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(1) v is non-degenerate on Q, for allt € A and the complementary subspaces (Q7, )t #
0, in Q,, with respect to the symplectic from v,,,t # 0, converges to the kernel of v, on
Qzo-

Choose a family of characteristic vector fields F;,z; = o(t) as in Proposition 5.2.1,
inducing the eigenspace decomposition L' = Lt , @ L*, & L} & L, & L%. For t # 0, let
bt = ht, ® bt @ bt ® bt @ b} be the graded subalgebra of Lt defined as follows using the

notation of Proposition 5.2.2.

b5 = Lj

hi={vell: e,(v)elUs;®Qs}

ho = {v € Ly : Xa. © P, (v) € 3o, @ 1(Uz,) D 5p(Qg,)}
bly={vell,: p,(v) €U;, ®Q,,}

bt—2 = Lt—2

where in the third line sp(Q7,) is regarded as a subalgebra of sl(Q.,) by

sp(QL,) = {v € sl(Qq,) : v((Q%,)") =0,v(Q%,) C Qf, and v preserves vy, }.

When r = 0, ht = bt , = 0. From the description of b, it is clear that the limit §? as ¢t — 0
is defined and we have also a graded Lie subalgebra §° = p%, + h%, + b3 + b9 + b9 of LO.
Note that by our choice (f) of Q’,

0o = {v € LG Xao © Pao (V) € dao ® 51(Uz,) @ 50(Q%,)}
b2y ={ve Ly pu(v) €U, @ Q)

where sp(Q,,) is regarded as a subalgebra of s/(Qz,) by

5p(Qy,) = {v € sl(Qq,) : v(Ker(vg,)) = 0,v(Qz,) C QF, and v preserves vy, }.

To determine the Lie algebra structure of ht, let g = sp(k+r) and consider the gradation
with respect to the simple root ax. When r > 0, the gradation on g has depth 2, g =
g oDdg_1Dgo0 D g1 D ge, and Proposition 4.1.2 and Proposition 4.1.3 hold for g. When
r = 0, the gradation has depth 1, g = g_1 @ go @ g1, and is associated to the Lagrangian
Grassmannian, which is a Hermitian symmetric space of rank > 2. Proposition 4.1.4 and
Proposition 4.1.5 hold for g. It is easy to check that when r > 0, the graded Lie algebra h?
for each t € A — {0} is isomorphic to g. When r = 0, h* = h* , ® b} @ b} for each t € A — {0}
is isomorphic to g = g_1 ® go ® g, as graded Lie algebras, if we view elements of b , as
elements of degree —1 and elements of h as elements of degree 1. We claim the isomorphism
ht = g holds for t = 0, too:
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Proposition 5.3.3. The graded Lie subalgebra h° defined above is isomorphic to h* = g.

Proof. First, we will give the proof when r > 0. Let U be a vector space of dimension k
and Q' be a vector space of dimension 2r with a fixed symplectic form w. Define

h, = S?U

h; =U®Q

ho = C @ sl(U) @ 5p(Q’)
h_;=U"®Q’

h_, = S?U*.

Now fix a trivialization of the vector bundle Ul|,a) = U x o(A) and a trivialization of

the symplectic vector bundle Q'|,(a) = Q' x 0(A). Then we get natural isomorphisms
by = S?U,, = S?U = hy

b =0, 0Q, 2U®Q =h;
b6 = 5z, © sI(Us,) ® 5p(Q;,) = C @ sl(U) @ sp(Q') = ho
b, =U;,®Q,, =2U"®Q =h_,
ht, = S?U; 2 S?U* =h_,

for each t € A. This gives a natural vector space isomorphism ¢; : h* > h:=h_,®h_; @
ho © h; © h,.

Fix t; # 0 and consider the vector space isomorphism ; : h** — h* defined by ¢ :=
o7 Yops,. hg@®h; ®hy has a natural graded Lie algebra structure given by [u; ® g1, u2®¢2] =
w(q1,92) u1 © ug for uj,uz € h; and the natural action of hy on h; and h;. By the
construction, ; preserves the natural graded Lie algebra structures on h§ @ b @ b} and
ho ® h; ® hy. Thus v, preserves the graded Lie algebra structure on b @ bt @ b%. For t # 0,
the adjoint action gives injections h® ; C Hom(h%,h%), bt , C Hom(hh, bf) from Proposition
4.1.2. By Proposition 4.1.2, these injections are determined by the p;,-values of vector fields
in h* ; and the g,,-values of vector fields in h* ,. Thus these injections are preserved by 1
because the isomorphism ¢, is defined by p;, on h*; and g,, on h*,. This implies that 1, is
a Lie algebra homomorphism for ¢ # 0 by Proposition 4.1.3. By continuity, the vector space
isomorphism 1 : h** — b§ is also a Lie algebra homomorphism.

The proof for the case of r = 0 can be done in the same way using Proposition 4.1.4 and

Proposition 4.1.5. O
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Corollary 5.3.4. The orbit of x under exp(h°) C Aut(Xo) is isomorphic to Skk4r- In
particular, ifr =€ —k, Xo = G/P.

Proof. §° = g = sp(k + r) and the isotropy subalgebra at z is h°, @ h%; ® h) which is
conjugate to the parabolic subalgebra of sp(k + r) associated to S g+r. U

(5.4) We want to show that L° contains also a C*-vector field with a component of the
zero set isomorphic to a deformation of S ¢_k42, by taking the limit of a family of slicing
vector fields. Under a choice of the identification (1) in (5.1), choose a subbundle U’ of
rank 2 in U and a complementary subbundle U” of rank k — 2. Consider the decomposition
LO=L°% & L°, ® LY & LY & LI with respect to a choice of a family of characteristic vector
fields E; along 0. Let F* C L} be the subspace defined by

Ft={velLh: ps,(v)lv:,eq., =A-idfor some A € C, pe, ()l gq,, = 0}.

For t # 0, Ft is 1-dimensional subspace generated by the slicing vector field determined by
the choice of E; and U, = U, @ U, as explained in Proposition 4.3.3. Since Xz, © paz, :
LY — End(Dy,) is injective for all ¢, the limit F° C L] is 1-dimensional and {F*} form a line
bundle over A. By choosing a non-vanishing section of this line bundle, we get a vector filed
F, which is the slicing vector field for t # 0. The 1-parameter subgroup {exp(AFi), A € C}
has minimal period 27 for t # 0 and the same holds for {exp(AFp), A € C} by continuity.
Thus Fy is a C*-vector field.

Let X' C X be the submanifold such that the fiber X; = X’ N X, is the component of
the zero set of F; containing x;. Then 7’ = 7|xs : X’ — A is a smooth projective morphism
with X{ & S3 4_k42 for all t # 0.

At o, the variety of minimal rational tangents C;  C PT;,(X) is precisely the tangent
vectors to minimal rational curves on Xy through z¢ which are fixed by the isotropy action
of {exp(AFy), A € C}. Under the identification Ty, (Xo0) = (Uz, ® Qz,) ® S?Us, induced by

1,

5/330 = é:EO N [(U:ito ® QIO) @ S2U.'II:0]'
As a submanifold of C,, & Z, C., . 18 isomorphic to the restriction of the Pgs_ox—1-bundle Z
over Pi_; to a line in Px_,. It is clear that any deformation of such submaifold of Z comes
from a deformation of the line in Px_;. It follows that there exists some B’ C X| such that
C, C Cy is isomorphic to Cz, C Cq, for any y € X} — B'. The natural subbundle D’ C D|x/_p

arising from the invariant distributions on S ¢ k42 satisfies

D, =Dy NT,(X;) fory € X{ - B',t € A.
The Frobenius bracket for D’ must be the restriction of the Frobenius bracket for D. Thus
under the identifications D}, = U], ® Q, and Ty, (X})/D;, = S2U,, the Frobenius bracket

for D’ is [u ® a,v ® b] = v, (a,b) u©v for u,v € U, and a,b € Qy, where vy, is the same

antisymmetric form on @, as before.
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Proposition 5.4.1. Suppose Theorem 3.1.1 is true for S = Sk o with k = 2. Then it is true
forallk,2 <k <V{.

Proof. By Corollary 5.3.4, Theorem 3.1.1 is true if and only if the rank 27 of v, is 2(¢—k).
Taking the subfamily X| as above, and applying Theorem 3.1.1 for k£ = 2 to this subfamily,
we see that X§ = S; p_k42 which implies the rank 2r of v, is 2[(—k+2)—-2] =2({—k). O

§6. Structure of the foliation on the central fiber

(6.1) In Section 6, we will assume k = 2. We will extend the isomorphism (}) in (5.1) to an
open neighborhood. There exist a vector bundle U of rank 2 and a vector bundle @) of rank
2¢ — 4 on Xo — B where B is as in (5.1) such that D~ U ® Q and T™/D = S?U on X, — B.
We will fix such an identification. The Frobenius bracket for D at y € Xy — B is given by
[u®w,v® 2] = vy(w, 2)u ® v for some anti-symmetric form v, on Q,. We will assume that
the rank of v, is 2r,r < £ — 2 for a general y € X, — B. We will get a contradiction from this
assumption, which will prove Theorem 3.1.1 by Corollary 5.3.4 and Proposition 5.4.1.

Lemma 6.1.1. Let Ker(v;) C Q be the the kernel of the anti-symmetric form v, on Q4 at
z € Q. Then, the meromorphic distribution U @ Ker(v) is integrable on Xj.

Proof. For u # 0, [u® w,n] = 0 for every n € Uy ® @, if and only if vy(w, z) = 0 for every
z € Qy. In other words, U ® Ker(v) is the Cauchy characteristic (cf. [HM3, 3.1]) of D, hence
integrable. [

Let P be the meromorphic foliation on X, defined by U ® Ker(v). From now on, assume
that B C X is the smallest subvariety such that the distribution P is holomorphic on Xy, — B,
and that the variety of minimal rational tangents C, C PTy(Xj) is isomorphic to the model
C, C PT,(S) for each y € Xo — B. To start with, we will show that the leaves of P are

quasi-projective. More precisely, we have

Lemma 6.1.2. For anyy € Xo— B the leaf of P|x,—p passing through y is closed in Xo— B,

and its topological closure in Xq is a projective subvariety of X.

Proof. On Xy a minimal rational curve C not lying on B and tangent to P on C — B will
be called a P-minimal rational curve. By Proposition 5.2.1, at each point y € Xy — B,
there exists a characteristic vector field E, which is the limit of characteristic vector fields
on Xt # 0. From (4.3) one can see that the orbital curves of a characteristic vector
field at 0 € S are rational curves and those tangent to C, are minimal rational curves. It
follows that the orbital curves of E, through y are rational curves and by the invariance of
P under {exp(AEy),\ € C}, those tangent to Cy N PP, are P-minimal rational curves. Thus
the tangent vectors to P-minimal rational curves through y are precisely the decomposable
tensors in P, = Uy ® Ker(vy), which is exactly C, N PP,.

Pick y € Xo — B and denote by A(y) the local leaf of P passing through y. Starting with

y we construct projective varieties {y} = Vo C V1 C --- inductively, as follows. Let V1 be the
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union of P-minimal rational curves passing thorough y. Having constructed Vi, we define

V41 := closure of U C.

C:P-minimal rational curve, CN(V,—B)#0

Cy N PPy is irreducible and linearly non-degenerate in PP,. It follows by induction that
each V is irreducible. Since P is integrable Vi — B is contained in A(y) for all k. There
is some positive integer N such that V41 = Vy. We claim that Vy contains A(y) as an
open set, from which Lemma 6.1.2 follows. Otherwise dim(Vy) < dim(A(y)). For a smooth
point w € Vy — B, the union of vectors tangent to P-minimal rational curves span P,
linearly. Hence, there exists a P-minimal rational curve C through w lying outside Vy, and
Vn € Vn41, a contradiction. O

For simplicity, set a = £ — 2 — r so that the rank of P is 4({ — 2 — r) = 4a. For a given
r € Xo—B,let N = exp(h®) -z = S5 .2 be the submanifold through z as defined in Corollary
5.3.4. Note rank(P) + dim Sy 2 = dim S ¢. By the action of the group exp(h®) C Aut(Xy),
we see that the foliation P is defined everywhere in a neighborhood of N and is transversal

to N. From Lemma 6.1.2 we can produce a holomorphic fiber bundle, as follows.

Lemma 6.1.3. For each w € N denote by V,, the leaf of P|x,—p passing through w, and
by P, € Xo the projective variety which is the topological closure of Vi, in Xo. Then, there
is a locally trivial holomorphic fiber bundle p : Y — N, together with a canonical birational

morphism f : Y — X, such that f maps any fiber u~!(w) biholomorphically onto P,, C Xj.

Proof. Write © = exp(h°) and ® = exp(h%, ® h°, @ hJ) in the notation of (5.3). Then ©
is isogenous to Sp(r + 2), ® C © is maximal parabolic, and N = O(z) = ©/®. © acts
transitively on the space {[Py] : w € N} of such projective subvarieties, with isotropy at
the point [P,] given by ® C ©. Define R = {(y,6) € Xo x© : y € 0(P;)}. © acts on
R by 6(y,v) = (6(y),0 o). The quotient Y := R/® admits a canonical projection onto
N = ©/%, giving a locally trivial holomorphic fiber bundle x : Y — N whose fiber over
w € N corresponds to P,,. Furthermore, there is a canonical map f : Y — X defined by the

projection Xy x © — X which is a birational morphism. [

Note that blowing-down in f : Y — X occurs precisely when points of Xy lies on a
positive-dimensional algebraic family of leaves P,. Since Xy is of Picard number 1, this

shows
Lemma 6.1.4. For any w € N, the leaf V,, cannot contain a complete curve.

Since X is of Picard number 1 and the projective submanifold N C Xo, N = Sy 142 is

disjoint from B, we have proven

Lemma 6.1.5. The set B is of codimension > 2 in Xj.
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(6.2) Let us study the leaf V, more carefully. It is a quasi-projective complex manifold whose
tangent bundle can be written as the tensor product of a vector bundle U of rank 2 and a
vector bundle Ker(v) of rank 2a. This means that it has the G-structure modelled on the
Grassmannian. Let us recall some basic facts about the geometry of the Grassmannian.

Let V be a vector space and G(2,V) be the Grassmannian of 2-planes in V. For a point
[W] € G(2,V) corresponding to a 2-plane W C V, an Euler vector field at [W] is a vector
field inducing a C*-action on G(2, V) with an isolated fixed point at [W] such that the isotropy
action on Tiw)(G(2,V)) is the identity. This is an analogue of the characteristic vector field
in (4.3). A choice of an Euler vector field at [W] corresponds to a choice of a complementary
subspace U C V, W@ U =V, which is the eigenspace decomposition of the induced C*-action
on V. Recall that a choice of U determines an affine open set U C G(2,V) consisting of
2-planes transversal to U. This U has a natural vector space structure with the origin at [W],
canonically isomorphic to W* ® U. An open subset of this type will be called a standard
open set. This way, a choice of an Euler vector field on the Grassmannian corresponds to a
choice of a standard open set and a point on the standard open set.

On a complex manifold M, a vector bundle W of rank 2, another vector bundle Q of rank
2a and a fixed isomorphism of W® Q with the tangent bundle T'(M) is called a G-structure
on M modelled on G(2,C?*24). Clearly, the Grassmannian itself has such a G-structure
where W and Q correspond to the dual universal bundle and the dual universal quotient
bundle. The G-structure on M is said to be flat if there exists an unramified holomorphic map
§: M — G(2,C?*24), called a developing map such that the vector bundles W, Q and the
isomorphism W ® Q = T'(M) are pull-backs of those on the Grassmannian. Given such a G-
structure on M, there exist canonically defined sections of S7T™*(M)®T(M)®RA2T*(M),j > 0,
called curvature tensors ([HM1, Proposition 2]) such that the G-structure is flat if and only

if the curvature tensors vanish. For the Grassmannian, the following lemma is well-known.

Lemma 6.2.1. For a standard open set U C G(2,C?2%), any biholomorphic automorphism
of U preserving the G-structure is an affine transformation of U.

We have the following result for the G-structure on the leaves of P.

Lemma 6.2.2. The G-structure modelled on G(2,C272%) on V,, is flat. In other words, there
exists a developing map & : Vy — G(2,C2+29) which is an unramified holomorphic map such
that the G-structure on V, is the pull-back of that of G(2,C%+22) by 4.

Proof. By Proposition 5.2.1, for any point y € V,, there exists a C*-action on V;
preserving the G-structure with an isolated fixed point at y, which acts on the tangent space
T, (V;) by homothety. The curvature tensors of the G-structure are holomorphic sections of
SIT*(Vz) @ T(Vz) ® A2T*(V,),5 > 0. Thus under the C*-action the curvature tensors must
be multiplied by nontrivial scalars at y. Since the curvature tensors are invariants of the

G-structure, this implies that the curvature tensors vanish. [J
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(6.3) Let us study the compactified leaves P,, of P more precisely. Our first aim is to prove
that it is smooth by realizing it as a fixed point set of a C*-action in Aut(Xy). Since P
is invariant under the group exp(L°) of automorphisms, germs of leaves A(y) at y € N are
mapped to each other under elements of exp(L°®). In particular, the C*-action exp(CE,)
defined by a characteristic vector field E, at w € N must preserve the germ of the leaf

through w. We claim
Lemma 6.3.1. Denote by V the open subset u=*(Xo — B) in Y. Then puly : V — N carries

the structure of a holomorphic vector bundle of rank 4a, with fibers again denoted by V..
Furthermore, the fibers R, of u :' Y — N over w € N are smooth compactifications of the

vector spaces V.

Proof Under the developing map 6 : V,, — G(2,C2+23), a characteristic vector field E,
at y € V,, in the sense of (5.2) is sent to one of the Euler vector fields of G(2,C%*2%). Since
orbits of the C*-action exp(CE,) are sent to orbits of the Euler vector field, the image of V,,
must cover a standard open set of G(2,C2+2%). Moreover & sends open pieces of P-minimal
rational curves on V,, to open pieces of minimal rational curves on G(2,C2%2¢). This implies
that § defines a rational map P,, --» G(2,C?*2¢) by [HM4, Proposition 4.3]. Thus §(V,,) is a
constructible set containing a standard open set Y. Suppose §(V,,) contains a point outside
U. Then the complement of §(V,,) is of codimension > 2 in G(2, C?*2¢) which implies that V,,
contains a complete curve, a contradiction to Lemma 6.1.4. Thus the image of V,, is exactly
one standard open set. Since a standard open set is simply connected, the developing map
§ : Vi — U is biholomorphic. By §, V,, has a natural vector space structure inherited from
U with center §(w). This vector space structure is uniquely determined independent of the
choice of the developing map because of Lemma 6.2.1.

To prove that P, C Xy is smooth it suffices to identify it as an irreducible component
of the zero set of some C*-vector field on Xy. From the structure of uly : V — N as a
holomorphic vector bundle there is a C*-action on V corresponding to multiplication by C*
on the fibers. Write E’ for an infinitesimal generator of this C*-action so that for a constant
vector field u on V,,z € N, we have [E’|y,,u] = u. The holomorphic vector field E’ is defined
on V = X, — B, and must therefore descend to a vector field on X, by Hartogs’ extension,
since B C Xy is of codimension > 2, by Lemma 6.1.5. Define now EY = E,, — E' where E,,
is a characteristic vector field at w in the sense of (5.2). Then, E* vanishes at w, and the
first-order term p,, (E*) is semi-simple with 0-eigenspace Py, = Uy ® Ker(vy). Thus P, C Xo
is an irreducible component of the zero set of E*.

It remains therefore to show that E* = E, — E’ generates a C*-action. Since both
{exp(AEy), A € C} and {exp(AE’), A € C} have minimal period 2, it is sufficient to show
that the two vector fields commute. But exp(CE,,) respects the vector bundle structure and
exp(CE") is the scalar multiplication. So they must commute.

Since the above holds for any w € N, we have proven that u: Y — N is a holomorphic
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fiber bundle with isomorphic smooth fibers R,, which are smooth compactifications of V,, =
Ci. 0O

Lemma 6.3.2. For each w € N, the compactified leaf P,, C Xo of P passing through w is
biholomorphic to the Grassmannian G(2,C?*22) of 2-planes in C?72%, such that V,, C P,
agrees with a standard open subset of G(2,C2124).

Proof. We know that the developing map defines a birational map 6 : P, --» G(2,C?*24)
sending V,, to a standard open set U of the Grassmannain and open pieces of minimal
rational curves on V,, to open pieces of minimal rational curves of the Grassmannian. Write
J = G(2,C?*23) — | resp. H = P, — V,, for the divisors at infinity. J is irreducible but H
may be reducible. Let H = HoUH; U---UH, be the decomposition of H into its irreducible
components.

We claim that the strict image §7!(J) must be an irreducible component of H, say Hy.
Suppose not. Then §~!(H) is of codimension > 2 in P,. All minimal rational curves of
the Grassmannian intersect 7. Thus a general minimal rational curve of P, must intersect
671(J). But a general minimal rational curve on the smooth variety P, can be deformed to
be disjoint from any given set of codimension > 2 (c.f. [HM2, proof of Proposition 12]). This
is a contradiction.

By the above claim, there exists a subvariety A C J, A of codimension > 2 in G(2, C?+22),
such that 6! is a holomorphic map outside A and sends J — A dominantly over Hy. Thus,
6! gives a biholomorphism G(2,C?*2¢) — A =~ P, — (H; U--- U H,) — Z for some proper
subvariety Z C Ho,Z ¢ (H1U- - -UH,). From Hartogs’ extension for the G-structure modelled
on the Grassmannian ([HM2, Proposition 1]), § can be extended across general points of Z
as an unramified holomorphic map. Thus we may assume that Z = 0.

Suppose A # (. Choose a family of minimal rational curves {l, : s € A} on G(2,C?*+2%)
such that [y intersects A but is not contained in A; all Iy with s # 0 are disjoint from A and
are the strict images of a family of minimal rational curves Cs on P,,. Then the limit Cp is an
irreducible curve because C has degree 1 with respect to the ample line bundle on X,. Thus
the strict image of Cy must be ly, implying CoN(H1U- - -UHg) # 0. So Co-(H1U---UHg) > 0.
But Cy, s # 0, is disjoint from H; U - -+ U H,, a contradiction. We conclude that A = 0 and
P, = G(2,C?*2e), O

Summarizing, we have proved

Proposition 6.3.3. Let 7 : X — A be a regular family of projective manifolds, X := 7 1(¢t),
such that X; = S = Sy for t # 0. Suppose the antisymmetric form v on Xo as in (5.8) has
rank 2r,1 < r < £ — 2 at general points of Xo. Then,

1. there ezists a subvariety B C Xo of codimension > 2 and a projective submanifold

N C X — B biholomorphic to the symplectic Grassmannian Sz 24r;
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2. Xo — B can be realized as the total space of a holomorphic vector bundle u° : V — N of
rank 4a,a =0 —r — 2, with N C Xo — B identified as the zero section;

3. u° : ¥V — N can be compactified to a holomorphic fiber bundle p : Y — N = S3 .19
of Grassmannians G(2,C%*+22) equipped with a birational morphism f : Y — Xo, which
sends each fiber Yy, of u biholomorphically to P, .

(6.4) Using the vector bundle structure on Xy — B in Proposition 6.3.3, we will find a special

submanifold in X, which will lead to the contradiction we want.

We need to recall the geometry of G(2,V) when dimV = 4. Let Y C G(2,V) be a
standard open set determined by a choice of a subspace U of codimension 2. Since dimV = 4,
U itself is a point of G(2,V). It is easy to check that the point [U] is the unique singular
point of the hypersurface G(2,V) — Y. Now suppose we are given a point [W] € U. The
isotropy subgroup P of PGL(V) has a Levi factor isogenous to P(GL(W) x GL(U)). In
fact, a choice of the standard open set containing (W] determines a Levi factor of Pw). From

this description, the following is obvious.

Lemma 6.4.1. For a standard open set U and a point [W] € U of the 4-dimensional Grass-
mannian G(2,V),dimV = 4, a Levi factor of the isotropy subgroup P, preserving U is
also a Levi factor of the isotropy subgroup at the unique singular point of the hypersurface
G(2,V) - U.

Proposition 6.4.2. In the notation of Proposition 6.3.3, there is a complex submanifold

X' C Xy, with the following properties:

(1) X' — B C Xog— B =V is canonically identified with the total space of a holomorphic
vector subbundle V' C V,

(2) the compactification Y' of f~1(X' — B) & f~}(V') is the total space p' : Y' — N of a
bundle of Grassmannians G(2,C*) for y' = uly; where each fiber V,, C Y, is a standard
neighborhood of G(2,C*).

(3) the holomorphic map f' := fly: : Y’ — X' is a modification of the projective manifold
X', such that, writing T C Y’ =V’ for the section of i’ consisting of the unique isolated
singularity Ty, of Yy, — Vo, f'(T) is a single point v € X'.

Proof. Note V = U ® Z as a homogeneous vector bundle on N under the action of exp(h°)
where Z is the vector subbundle of Q|y whose fiber =, C @, is the kernel of v,, at w € N.

Since the isotropy subgroup exp(h°, ® b2, ®hY) at w acts trivially on =, from the definition
2 1900

/!

w C Zy be any choice of a

of b in (5.3), E is a trivial vector bundle on N. Let now E
2-dimensional vector subspace, and Z C = be the corresponding trivial holomorphic vector
subbundle. Define V' := U ® Z’ as a subbundle of V. For any fiber V,, over a point w € N,
P(V!) = P(U, ®E.,) = P! x P!, so that the closure of V,, in Y,, is biholomorphic to G(2,C*),
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giving a holomorphic fiber bundle u|y’ : Y/ — N of Grassmannians G(2,C*). Define now
X' = f(Y".

To show that X’ C Xj is smooth, we will find a C*-action on X, with X’ as a component
of the fixed point set. Since = is a trivial holomorphic vector bundle, we can identify = with
Ew X N. Choose a trivial subbundle £’ C Z complementary to ', ie., E, = Z, @ E/.
For A € C* we have automorphisms 15 of the vector bundle u° : V — N corresponding to
assigning (¢’,q") € E' ® E” to (¢’, A¢"’). This gives a C*-action on V which is the homothety
on U, ® Z! and fixes V), = U,, ®E!, at each w € N. The corresponding vector field descends
to Xo — B to give a holomorphic vector field E* extendible to X, by Hartogs. Then EF
generates a C*-action whose fixed point set contains X’ as an irreducible component.

Properties (1) and (2) are immediate from the definition of X’. For (3), note first of all
that f' : Y’ — X’ must contract the hypersurface Y’ — V' because X’ N B is of codimension
> 2 in X’ as in Lemma 6.1.5. Moreover the scalar multiplication on the vector bundle V’
induces C*-actions on Y’ and X’ with respect to which f’ is equivariant. The restriction
of this C*-action on each fiber Y, of u’ is equivalent to the one induced by an Euler vector
field on G(2,C*) and has an isolated fixed point at I'. As noted in (6.1), blowing-down
in f':'Y" — X’ occurs precisely when points of X’ lie on a family of cycles {f'(Y,, )} for
some holomorphic arc {ws € N : s € A}. Thus f'(T'y,) € P, = f/(Y,,) for all s € A,
implying that f’(I'y,) must be a fixed point of P, for all s € A. Since 'y, € Y, — V,, is an
isolated fixed point of the C*-action, f'(I'y,) = f'(T'w,) for small s. Thus f’|r has positive

dimensional fibers. But I" & S, ;42 has Picard number 1, so the image must be one point. [

End of Proof of Theorem 8.1.1. We are ready to get a contradiction. First note that
dim(N) = 4r + 3, dim(Y"') = dim(X') = dim(N) + dim(G(2,C*)) = 4r + 7.

We proceed to consider isotropy representations at ¢ € X’'. Aut(N) embeds as a Lie
subgroup G’ of Aut(X'). G’ is isogenous to Sp(r+2) and acts canonically and holomorphically
on Y'. G’ preserves the vector bundle u|y: : V' — N as a group of bundle maps. Hence it
preserves the total space of ' : Y/ — N. As a consequence, G’ preserves the section I'
of singular points of Y’ —)’. By Proposition 6.4.2, f(I') = ¢, so that the point ¢+ € X’
is fixed under the action of G’ on X’. As a result, we obtain an isotropy action of G’ on
T,(X') = C4+7,

Next we will augment the group of the isotropy action at T,(X’). Since V' = U ® &' as
vector bundles on N and Z' is a trivial vector bundle of rank 2 on N, SL(2) = SL(Z)) for a
base point z € N acts on V' as vector bundle automorphisms. This action can be extended
to Y’ and hence descends to an action on X’ fixing ¢. The latter action clearly commutes
with the action of G’, giving an action of SL(Z/,) x G’ on X'.

Both SL(Z,) and G’ act non-trivially on 7,(X’) by [BB, Lemma 2.4 ]. Thus we have a
representation of SL(2) x Sp(r+2), which is isogenous to SL(Z,) x G', on T, (X"') where both

factors act non-trivially. But any irreducible SL(2) x Sp(r + 2)-representation space where
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both factors act non-trivially is a tensor product R; ® R, where R; is a nontrivial irreducible
SL(2)-representation space and R; is a nontrivial irreducible Sp(r + 2)-representation space.
We have dim R; > 2 and dim Ry > 2r+4, so that dim(R; ® Rg) > 4r+8. But this contradicts
with the fact that T,(X") is of dimension 4r + 7. The proof of Theorem 3.1.1 is complete. [

Chapter III. Rigidity of the homogeneous space of type (Fy, ;)

§7. Geometry of the homogeneous space of type (Fy, a;)

(7.1) In Chapter III, S denotes the 15-dimensional Fs-homogeneous space associated to the
short simple root a; where the numbering of the short roots {a1, @z, a3, a4} of Fy is chosen
such that a; and ag are short and the highest long root is of the form 2a; + 4ae 4 3oz + 204.

Let T be the 16-dimensional Eg-Hermitian symmetric space of compact type. Regard T
as a submanifold of Pog by the minimal Fg-equivariant embedding. The semi-simple part of
the isotropy subalgebra of Eg at a base point o € T is 50(10) and the isotropy representation
is the 16-dimensional spin representation. T is covered by lines and the variety of minimal
rational tangents of T at a base point 0 € T corresponds to the 10-dimensional spinor variety
S5 C P15, which is the highest weight orbit of the spin representation of s0(10). Note that all
smooth (resp. singular) hyperplane sections of S5 C PT,(T) are conjugate under the action of
Spin(10) because the number of orbits of the isotropy representation of Spin(10) on PT;(T)
is 2, the rank of the symmetric space T ([Ts, Lemma 2.4]).

It is well-known that S is a smooth hyperplane section of Y (e.g. [Za, p.59]). Minimal
rational curves on S are lines of T that lie on the hyperplane. Thus the variety of minimal
rational tangents C, at a base point o € S is a smooth hyperplane section of S5. Note that
c1(Ss) = 8 and S5 is a 10-dimensional Fano manifold of coindex 3 in the sense of [Mu]. Thus

C, is a 9-dimensional Fano manifold of coindex 3.

Proposition 7.1.1. Given any projective and smooth morphism M — A from a complex
manifold M to the unit disc, if one of the fiber is biholomorphic to C,, then any other fiber
is also biholomorphic to C,. In particular, H*(C,,T(C,)) = 0.

Proof. By [Mu], any projective and smooth deformation of C, must be a hyperplane
section of S5 and so biholomorphic to C, because all smooth hyperplane sections of Ss are
conjugate to each other. The vanishing of H(C,,T(C,)) follows from the fact that deforma-
tions of Fano manifolds are unobstructed because H2(C,,T(C,)) = H"2(C,,Q' ® K¢,) =0
by Kodaira-Nakano vanishing. U

Proposition 7.1.2. C, C PT,(S) is linearly normal and the variety of tangential lines to C,
is non-degenerate in PA2T,(S).

Proof. The linear normality is a consequence of Zak’s linear normality theorem [Za]

because C, C PT,(S) & P14 and dimC, = 9. The second statement follows from [HM3, Proof
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of Proposition 1.3.2], which is a consequence of Zak’s theorem on tangencies. [

Proposition 7.1.3. The Lie algebra of infinitesimal linear automorphisms aut(C,) has di-

mension 31.

Proof. Since all infinitesimal linear automorphisms of C, induce linear transformations
of T,(S), it suffices to show h°(C,,T(C,)) = 30. Consider the exact sequence associated to
the realization of C, as a hyperplane section of Ss

0— HO(CO’T(CO)) - HO(CWT(SS)lCo) - HO(Cm 0(1)) — H' (CO,T(CO))'

Note HY(C,,T(C,)) = 0 from Proposition 7.1.1 and h%(C,,O(1)) = 15 because C, C PT,(S5)
is linearly normal by Proposition 7.1.2. Thus it suffices to show h°(C,, T(S5)|c,) = 45. Using

the long exact sequence associated to the short exact sequence on Ss
0 — T(S5) ® O(=1) — T(S5) — T(Ss)|c, — 0
and the vanishing
HO(S5,T(S5) ® O(—1)) = H(S5,2%(7)) = 0
H'(S5,T(Ss) ® O(=1)) = H'(S5,92°(7)) = 0
from [Sn, Theorem 3.4], we get h?(C,,T(Ss)) = h°(Ss5,T'(S5)) = dimso(10) = 45. O
(7.2) The grading on the Lie algebra g of type Fy induced by the parabolic subalgebra p

associated to the simple root a; is

g=9g-299-1DP gD g1 D g2

with
dimg; =dimg_o =7

dim g1 = dim g-1= 8
dimp = dim(g—2 ® g-1 ® go) = 37.

By the identification T,(S) = g1 @ g2, the subspace g; defines a distribution D on
S = G/P,G = expg, P = exp(p). Proposition 4.1.1, Proposition 4.3.1 and Corollary 4.3.2
hold for S.

go is reductive with semi-simple part isomorphic to s0(7). As go-modules, g is isomor-
phic to the spin representation of s0(7) and g2 is isomorphic to the basic representation of
50(7). Thus there are exactly two orbits on Pg; (resp. Pg2) consisting of a smooth hyper-
quadric Q, (resp. R,) of dimension 6 (resp. 5) and its complement. The variety of minimal

rational tangents C, C PT,(S) cannot contain g; or g2. Thus

Co N ]P’gl = Qo
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Co N ng = Ro.

A conformal structure on a vector space V means a choice of a smooth hyperquadric in
PV. Denote by co(V') the Lie algebra of infinitesimal linear automorphisms of the affine cone
of the smooth hyperquadric. g, has a conformal structure given by R, C Pgs. It is easy to
check that dim co(gz) = 22. aut(C,) preserves D, C T, (S) inducing a homomorphism

Xo : aut(C,) — End(T,(S)/D,).
Proposition 7.2.1. Let n, be the nil-radical of Ker(x,). Then Ker(x,)/no is 1-dimensional

and represented by homotheties on D,. By the homomorphism p, : g—1 — aut(é},), arising
from Proposition 4.1.1, g_1 = n, and by the homomorphism X, © p, : go — End(T,(S)/D,),

go = co(T,(S)/D,). In particular, the image of X, is ¢0(Tp(S)/D,).

Proof. The action of g_; @ go on T,(S) = g1 @ go is effective by [Ya, Lemma 3.2]. Thus
it is effective on C, by the non-degeneracy of C,. It follows that

g-1 ® go ® Cidr,(s) C aut(C,).

The inclusion is in fact an equality because both sides have the same dimension by Proposition
7.1.3. Since g_; is the nil-radical of the graded Lie algebra g_; ®©go mod g_g, it acts trivially
on the irreducible p-module T,(S)/D,(S). Thus we have n, = g_; and the statement about
Ker(x,)/no is obvious. By the definition of the conformal structure on T, (S)/D,, the image
of X0 0 po : g0 — End(T,(S)/D,) is in ¢0(T,(S)/D,). Since this is injective by the above
description of Ker(x,), it is an isomorphism because dim go = dimco(g2). O

Proposition 7.2.2. aut(C,)® = 0 and there is a natural inclusion aut(C,)) C (T,(S)/D,)*.

Proof. The vanishing of aut(ao)@) is a direct consequence of Theorem 1.1.2. By the
linear normality of C, in Proposition 7.1.2, Theorem 1.1.3 induces an injection aut(ao)(l) C
Tr(S). By Proposition 2.3.1, for each A € aut(C,)™, there exists A € T*(S) such that
Aowa =< A\,a > «a for each a € 5,,. The restrictions of elements of aut(go)(l) to D, & ¢
define elements of the first prolongation of the spin representation of so(7), which vanishes
by Corollary 1.1.5 because the spin representation of s0(7) is not the semi-simple part of the
isotropy of a Hermitian symmetric space. Thus A annihilates D,. It follows that the value of
A is determined by its values on T,(S)/D,, inducing an injection of aut(Co)® into the first
prolongation of the standard representation of so(7) on T,(S)/D,. By Theorem 1.1.3, this
can be regarded as a subspace of (T,(S)/D,)*. O

Recall that for any vector field v vanishing at o, p,(v) € End(T,(S)) is the endomorphism
induced by the first jet of v at o. If p,(v) = 0, let go(v) € S2T*(S) ® T,(S) be the element
induced by the 2-jet of v at 0. Denote by x, the projection aut(Co) — ¢o(T,(S)/D,). The
following Proposition can be proved using Propositions 7.2.1 and 7.2.2 in the same way as
the proof of Proposition 4.2.3. In particular, the inclusion aut(C,)® C (T,(S)/D,)* in

Proposition 7.2.2 is an equality.
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Proposition 7.2.3. Denoting by €,(v) the value of a vector field v on S at the base point
0 € S and by ¢, the projection To(S) — To(S)/D,, we have isomorphisms

SoO€: g2 — TO(S)/DO
€ : 01— D,.

By taking 1-jets at o of vector fields vanishing at o, we have the homomorphism p, : gobg—_1 —

aut(C,). Then pg is injective and induces isomorphisms

Xo © Po : go = ¢0(To(S)/D,)

and
Po:8-1 — No.

By taking 2-jets at o of vector fields vanishing to order > 2 at 0, we get an isomorphism

0o : g—2 — aut(C,)M) = (T,(S)/D,)*.

§8. Proof of the rigidity
(8.1) The aim of this section is to prove the following rigidity.

Theorem 8.1.1. Let # : X — A be a smooth and projective morphism from a complez
manifold X to the unit disc A. Suppose for any t € A — {0}, the fiber X; := w~1(t) is
biholomorphic to S, the homogeneous space of type (Fy, ). Then the central fiber X is also
biholomorphic to S.

From Proposition 7.1.1, the following counterpart of Proposition 3.5.1 is immediate.

Proposition 8.1.2. In the notation of Theorem 8.1.1, choose a section o : A — X of m such
that xo := o(0) is a general point of Xo. Let v: M — A be the family where My := v~(t)
is the normalized Chow space of minimal rational curves through z; := o(t). Then M; = C,
for each t € A.

Using Proposition 7.1.2 in place of Proposition 3.4.2, the following Proposition can be

proved in exactly the same way as Proposition 3.5.2.

Proposition 8.1.3. In the situation of Theorem 8.1.1, the variety of minimal rational tan-
gents C, C PT(Xo) at a general point x € Xy is isomorphic to C, C PT,(S) at a base point
0€S.

(8.2) By Proposition 8.1.3, there exists a subvariety B C Xp such that C; C PT,(Xo) is
isomorphic to C, C PT,(S) for each x € X — B. We assume that B is the smallest subvariety
with this property. Denote by D the distribution on X — B defined by the linear span of the

subvariety of C; corresponding to @, = C, N Pg; for each z € X — B.
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For the relative tangent bundle T™ of 7 : X — A write 7™ for the associated relative
tangent sheaf and £ for the direct image 7., (7™). L is a locally free sheaf with fiber at t # 0,

L = the Lie algebra of holomorphic vector fields on X; = g.

Asin (5.1), LY is the Lie algebra of limit vector fields on X,. Choose a section {z; € X;,t € A}
with o ¢ B. For v € L, let €;,(v) € Ty, (X:) be the evaluation at z;. When €, (v) = 0,
let pz, (v) be the endomorphism of Ty, (X:) given by the first jet of v. As in (5.1), define, for
each t € A,

Jti={velL': e, (v)=0,pz,()p,, =p-id for some yu € C}

I''={veL': ¢, (v) =0,pg,(v)|p,, =0}
Ht:={veL': ,(v) =0,ps(v) =0}

These are subalgebras of the Lie algebra L? for each t € A.

For z € X — B, T /D, has the conformal structure conjugate to that of T,(S)/D,. Let
X : aut(Cy) — ¢o(TT/D;) be the natural projection and n, be the nil-radical of Ker(xz).
Using Proposition 7.2.3, the next Proposition can be proved in a similar manner as Proposi-
tion 5.1.1.

Proposition 8.2.1. The homomorphism defined by 2-jets of vector fields at x
0z, : H! — aut(C,,) V) = (T7. /D,,)*
is an isomorphism for each t € A. The homomorphism defined by I1-jets of vector fields at x4
Pz, 1" — g,
is an isomorphism for each t € A. The homomorphism defined by 1-jets of vector fields at x;
Xa: © Pay 2 J'/I" — eo(Ty, /Ds,)

is injective and has image 3,, the 1-dimensional center of co(T] /Dy,) for eacht € A. In
particular,
{Ht c I* c J't € A}

form a subbundle of the locally free sheaf L on A.

From Corollary 4.3.2 and Proposition 8.2.1 we deduce the extension of characteristic

vector fields to Xy as in Proposition 5.2.1:
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Proposition 8.2.2. Let z; = o(t) be a section of m : X — A with xo ¢ B. There ezists a
family of C*-vector fields Ey on X; with an isolated zero at x, for allt € A such that E; is a

characteristic vector field at x; for eacht # 0.

Let us fix a family E; of characteristic vector fields as in Proposition 8.2.2. For each

t # 0, we have the eigenspace decomposition of the adjoint action of E; on L?,
L'=L:eLl eoLio Lo L)

which is conjugate to g = g_oDg_1DgoDg1Pg2. For each i, —2 < i < 2, the i-eigenspace LY of
L0 under the adjoint action of Ep must have dimension at least dim L¢. Since dim L = dim L?,

we have the eigenspace decomposition
L’=1%0Ll’ oLljo L)L)
The next Proposition can be proved as Proposition 5.2.2 and Proposition 7.2.3.

Proposition 8.2.3. Let L° = L%, ® L%, @ LY} ® LY & LI be the eigenspace decomposition
associated to a choice of a family of characteristic vector fields E; along x; as above. Denoting
by €, the evaluation of vector fields on Xy at x = x¢ € X and denoting by s, the projection
Tz (Xo) = Tx(Xo0)/Dx, we have two isomorphisms

Sz o€ : LY — TT(Xo)/D,
€ : L(l) — Dy.

By taking 1-jets at x = xo of vector fields vanishing at x, we have homomorphisms py :

LY@ L%, — aut(C,) which is injective and induces isomorphisms
Xz © pz + Lg — ¢0(T:(X0)/Dx)

. 70
pz L2 — ng.

By taking 2-jets at x of vector fields vanishing to order > 2 at x, we get an isomorphism

0z : LYy — aut(C,) ™V = (TT/D,)*.

Choose a family of characteristic vector fields E;,z; = o(t) as in Proposition 8.2.3,
inducing the eigenspace decomposition L* = L', & L', @ L} & L} @ L. For t # 0, let
ht = Li, by = L and ht | = Lt ,. Then ht = h*, @ h} @ h! is a subalgebra of L*.

Let g =50(9) and g = g_1 @ go ® g1 be the gradation of g regarded as the Lie algebra
of holomorphic vector fields on the 7-dimensional hyperquadric Q7. Then it is easy to check
that the Lie algebra bt = h* ;| @ b} @ b} is isomorphic to g for each t € A — {0}. Applying
Proposition 4.1.4 and Proposition 4.1.5 to g, the following counterpart of Proposition 5.3.3

holds.
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Proposition 8.2.4. The graded Lie subalgebra §° defined above is isomorphic to h* = g.

Proof. Let h; be a 7-dimensional vector space with a conformal structure, hy = co(hl)
and h_; = h}. By fixing a trivialization of the family

{Coryt € A} 2 Co x A,

we get natural identifications of (T'" /D), with h; for all ¢ preserving the conformal structure.
We have a family of vector space isomorphisms ¢; : h* = h = h_; ® hg @ h; arising from
Proposition 8.2.3. For a fixed t; # 0, the vector space isomorphism ¥ : h** — h* defined by
Yy := @; o @y, preserves the Lie algebra structure, by the same argument as in the proof of

Proposition 5.3.3. By continuity, we get a Lie algebra isomorphism 1 : hi* = h°. O

Corollary 8.2.5. The orbit of z under exp(h®) C Aut(Xo) is isomorphic to Q7.

(8.3) To prove Theorem 8.1.1, we assume that Xy 2 S and get a contradiction from this
assumption.

Proposition 8.3.1. In the notation of Proposition 8.2.3, if all vector fields on Xo are limit
vector fields, i.e., L® = H°(Xo,T(Xo)), then Xo = S. If L® # H°(Xo,T(Xo)), there ezists a
C*-vector field E € H°(Xo,T(Xo)) — L° with €;,(E) = 0 and pz,(E) = idr, (x,)-

Proof. Since X is Fano, H*(Xo,T(Xo)) = 0 for all ¢ > 2. Thus if h%(Xo,T (X)) =
RO(Xy, T(X4)) for t # 0, then h!(Xo, T(Xo)) = h}(Xt,T(X:)) = 0 by the local rigidity of S
and we get Xo = S. Since

52 = dimg = dim L° < h°(Xo, T(Xo)) < dim § + dim aut(C,) + dim aut(C,)™") = 53,

L° # H%(Xy,T(Xo)) implies the existence of a vector field E vanishing at zo with pg,(E) =
idr,, (Xo) € aut(é;o). By taking Zariski closure of the analytic subgroup exp(CE), we can
choose E to be a C*-vector field not contained in L°. O

By Proposition 8.3.1, a C*-vector field E with isolated zero at z¢ and pg, (E) = id exists
for each choice of the section {z; € X; : zo & B}.

Lemma 8.3.2. The distribution D is integrable on Xp.

Proof. The distribution D is invariant under the vector field E because the fiber sub-
bundle C C PT(X, — B) is invariant under Aut(Xo). Let F : A°D — T(Xo, — B)/D be the
Frobenius bracket tensor of the distribution. On the one hand, F;, is invariant under the
isotropy action of {exp(AE) : A € C} by the invariance of the distribution D. On the other
hand, F, is multiplied by A~! by the action of exp(AE) because it acts on Ty,(Xo) as the
multiplication by A. Thus F,, = 0. Since z can be chosen to be any point of Xy — B, we
get F=0. O

As in Lemma 6.1.2, we have
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Lemma 8.3.3. For anyy € Xo— B the leaf of D|x,-B passing through y is closed in Xo— B,

and its topological closure is a projective subvariety of Xo.

Proof. On X a minimal rational curve C not lying on B and tangent to D on C — B will be
called a D-minimal rational curve. By Proposition 8.2.2, at each point y € X(— B, there exists
a characteristic vector field E, which is the limit of characteristic vector fields on X;,t # 0.
The orbital curves of E, through y are rational curves and by the invariance of D under
{exp(AEy), A € C}, those tangent to Dy C C, at y are D-minimal rational curves. Thus the
tangent vectors to D-minimal rational curves through y are precisely those corresponding to
Qo C Co, which is exactly Cy NPD,. The rest of the proof is identical with Lemma 6.1.2. O

A conformal structure on a complex manifold M means a fiber subbundle R C PT'(M)
whose fibers are smooth hyperquadrics. This is the G-structure modelled on the quadric
Qn,n = dim M. It has similar properties as the G-structure modelled on the Grassmannian
in (6.2). For example, there exists an unramified holomorphic map é : M — Q,, such that the
conformal structure on M coincides with the pull-back of the conformal structure on Q, under
§ if and only if a naturally defined tensor (the Weyl tensor) of type T*(M)QT (M) A*T* (M)
vanishes.

The foliation D is transversal to N = Q, the orbit of zy under exp h°. The leaves of
D have conformal structures given by Cy, NPPDy at y € Xo — B. This conformal structure is
invariant under {exp(AE), A € C}. Using this conformal structure in place of the G-structure
modelled on G(2, C2+22) the arguments in (6.2) and (6.3) work verbatim to give the following.
Let us just mention that a standard open set on the quadric Q,, means the complement of
a singular hyperplane section. Such an open set is biregular to the affine space C™ and an

analogue of Lemma 6.2.1 holds.

Proposition 8.3.4. Letm: X — A be a regular family of projective manifolds, X; := m=1(t),
such that Xy = S for t # 0. Suppose Xo 2 S. Then,

1. there exists a subvariety B C X of codimension > 2 and a projective submanifold
N C Xo — B biholomorphic to the 7-dimensional hyperquadric Qz;

2. Xo — B can be realized as the total space of a holomorphic vector bundle u° : V — N of
rank 8 with N C Xo — B identified as the zero section;

3. u° : V — N can be compactified to a holomorphic fiber bundle u : Y — N = Q7 of
8-dimensional hyperquadrics Qg equipped with a birational morphism f :Y — Xo, which
sends each fiber Y,, of u biholomorphically to a submanifold P, of Xo compactifying the
fiber Vi, C Xo — B of p° such that V,, C Yy, corresponds to a standard open set in Qs.

End of Proof of Theorem 8.1.1. From the geometry of Qg, the hypersurface Yy, — Vi, has
a unique singular point T, defining a section I' C Y — V of u. By the same reasoning as in
Proposition 6.4.2, f(I') should be a single point ¢ € Xj.

We proceed to consider the isotropy representations at ¢ € X’. Aut(N) embeds as a Lie
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subgroup G’ of Aut(Xy). G’ is isogenous to SO(9) and arguing as in (6.3), the point . € X’ ig =8

fixed under the action of G’ on X'. As a result, we obtain an isotropy action of G’ on T, (Xy).
By [BB, Lemma 2.4], this is a non-trivial representation of G'. Since an irreducible represen-
tation of s0(9) with dimension < 15 = dim X is isomorphic to the standard representation
of dimension 9, there must be a unique G’-submodule U C T,(Xj) of dimension 9 equivalent
to the standard representation and a 6-dimensional trivial representation complementary to
U. For a point w € N, the semisimple factor of the isotropy subgroup G, is isogenous to
SO(7) and its action on T, (R,,) is the spin representation. The isotropy action of G, on
T,(P,) is also the spin representation in analogy with Lemma 6.4.1. In particular, T,(P,) is
contained in the non-trivial G’-module U C T,(Xy) for any choice of w € N.

Now consider the C*-subgroup G* C Aut(X,) corresponding to the scalar multiplication
of the vector bundle V. G’ commutes with G’ because elements of G’ induce vector bundle
homomorphisms of V. We claim that the action of G’® on T,(Xo) has at least two distinct
weights. Suppose not. Then orbital curves of G* on X, through ¢ have distinct tangent
vectors at ¢ by Lemma 3.3.7. Since general orbital curves lie in P, for general w € N, this
implies that {T,(P,) : general w € N} span 7,(Xy), a contradiction to T,(P,) C U.

Thus we have the isotropy representation of G x G’ on T,(Xy) such that G® has two
distinct weights and the action of G’ has 9-dimensional irreducible module U. This forces
the dimension of 7,(Xj) to be at least 2 x 9 = 18, a contradiction to dim Xo = 15. O
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