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Abstract

The spectrum of a variable coefficients Rayleigh beam with boundary feedback
control is discussed in present paper. By using the asymptotic technique, the explicit
asymptotic formula of eigenvalues of the closed loop system is given. With help of
the result in [13], it is concluded that the closed loop system is a Riesz system. As
a result, the spectrum determined growth condition and exponential stability are

deduced. In particular, a conjecture in [3] is completely settled.
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1 Introduction

It is well known that the analysis of the eigenvalue problem of variable coefficient ordinary
differential equation with parameter is usually difficult because explicit solution formula
is hard to come by. However, in practice, we often have to consider this problem, for
instance, non-homogeneous material in engineering and smart material etc, which lead to
variable coefficient differential equations. In the present paper, we study one of the beam

models— non-homogeneous Rayleigh beam model under the boundary feedback control,
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the motion governed by partial differential equation:

( Pu 0 Pu 0? 5%u

)5~ g () ) + 3 (BIWI g ) =0, 0 < <>,
u<07t) = (9_5(0’15) =0, t >0,

0%u 0%u

ou _ 1.1
EIaxz(l,;)—l-aaxat(l,t)g 0, t>0, (1.1)
0 0u 0°u ou
9 (E[@) (L,t) = Lp o5 (Lt) =5 (L,1) =0, t>0,

)

u(@,0) = uolx), 5 (2,0) = (),

Here, u(t, z) is the transverse displacement and z, ¢t stand respectively for the position and
time, and p(z) > 0 is the mass density, E1(x) > 0 is the stiffness of the beam, I,(x) > 0is
the mass moment of inertia and «, 3 > 0 are constant feedback gains that can be tuned.
Other details of this model can also be found in [1].

This problem was treated firstly in [2], in which the coefficients of the equation are
constants and the exponential stability of the system was obtained under the condition
a = 1,0 > 0. Recently, [3] consider the Riesz basis property of the same system. As
a result, the system satisfies spectrum determined growth condition. In this paper, we
assume that

p(z), 1,(x), EI(z) € C*[0,1], (1.2)

and try to obtain the Riesz basis property and exponential stability of the system.

Here the main difficulty we encountered is to calculate asymptotic eigenvalues of the
system. Although there is a suitly complete method to calculate asymptotic fundamental
solution for instance see [10], it seems that the eigenvalue problem led from Rayleigh
beam is unfit this modality. To settle it, we employ the method of operator pencil used
in [7] [9] and [8] to obtain the asymptotic expansion of the fundamental solutions of the
eigenvalue boundary problem, and then use them to expand the characteristic determinant
and obtain asymptotic expansions for the eigenvalues.

The rest of the paper is organized as follows. In §2 we convert system (1.1) into an
evolution equation in an appropriate Hilbert space, then we prove that the evolutionary
system associates a C semigroup whose generator has compact resolvent. Therefore
the eigenvalue problem leads the eigenvalue boundary problem of an variable coefficient
ordinary differential equation. In order to solve the eigenvalue boundary problem, we
shall use a space-scaling transformation to derive an equivalent boundary problem that
is ready to expand asymptotically. In §3 an asymptotic distribution of the eigenvalues of

the system is obtained via expanding the characteristic determinant. In the last section,



further property of semigroup and exponential stability of the system are indicated and

a conjecture in [3] is discussed and settled.

2 Basic State Space Setup and Eigenvalue Problem

We start our investigation by formulating the problem in the following Hilbert spaces:

V= {f € H'(0,1)| f(0) =0},

endowed with norm

I£1 = /z[p(ﬂ?)lf(x)l2 + ()| f'(2)")dz
0
and
W ={feH*0,1)] f(0) = f(0) =0, f'(x) = df (x)/dz},

endowed with norm .

Iy = | B @) P
Easy to see that

WcVcL)ol]cVv cw,

where W’ and V' are the dual spaces of W and V' respectively.
Now we define linear operators A, D € L(W,W’) and B,C € L(V, V') by

(o) = [ B0 @I, Y 00 e W, (21)
(Do.v) = S (WF), ¥ 6.0 €W, (22
(Bo.v) = 6(I(1), V.6 €V, (23
Co) = [ [T + 1 @FD] de, Vovev.  (24)

Lax-Milgram Theorem [6, pp.92] says that A (resp. C) is a canonical isomorphism of W
(resp. V) onto W’ (resp. V’). With these operators, the equation (1.1) can be written

into a variational equation

Let
H=WxV

with norm ||(f, 9)13, = | flI3 + llgll3-- Then we can define a linear operator A on H by:
D(A)={(f.9) eH|ge W Af +aDg+ BgeV'}, (2.6)
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A(f,9) = (9,—C7(Af +aDg + 3Bg)), Y (f,9) € D(A). (2.7)

Thus, (2.5) can be formulated into an evolution equation in H as

{ T =AY (1), t>0, (where Y(t) = (u,up)) (2.8)

Y(O) = YE) = (Uo,ul).

Lemma 2.1 Let A be defined by (2.6) and (2.7). Then A is a densely defined closed

dissipative operator with 0 € p(A), and so A generates a Cy semigroup of contraction.

PROOF For any (f,g) € D(A), we have

A9 (L) = [ [0 @@ = )0 [AF + aDy + 3Bgly(a) | da
- [ L€ 1AF +aDg + 5Bl (2)7 s

_ /0 B () () ) e — /0 (Af + aDg + BBglg(r)dz
= (Ag, f) = (Af,9) — a(Dyg, 9) — B{Bg, g)
= (Ag, f) = (Af,9) —ald (D> = Blg(D)]*.
So
Re(A(f,9), (f,9)) = —alg' (D)]* = Blg(D)* <0.

To show that 0 € p(A), we let (y,z) € H and consider the resolvent equation
A(f,9) = (y,2).

So y = g and
z=—C"'Af +aDg+ BBg).

Therefore, for any v € W,

Substituting g = y into the above equation yields
(Af,¢) =—=(Cz+aDy+ BBy,¢), VieW. (2.9)
Since for any ¢ € W, we have
(A, ¥) =[]
So from the Lax-Milgram Theorem, there exists a unique f € W so that (2.9) holds and

0 € p(A). The last assertion is a direct consequence from the theory of semigroup (cf.
(12, pp.3, Theorem 1.2.4] ). O



Lemma 2.2 Let (f,g) € H. Then (f,g) € D(A) if and only if f € W N H? and g € W
such that

<EI(:E)f"(:r)>/’x:1+Ip [C’_l(Af, aDg—i—ﬁBg)]/ _

=Fg(1) =0, EI()f"(1)+ag (1) = .
From this we see that A~ is compact.

PROOF The sufficiency is obvious. To prove the necessity, let (f,g) € D(A) and
A(f,9) = (y,2) € H. Then we have g =y € W and

—C7YAf +aDg + 3Bg] = =.
Since z € V and C : V — V' is an isomorphism, so we have
Af +aDy+ By =-Cz, in V' CcW/,

and hence

/ (2) 2)dz + oy (1) + By(1)u(1)
o (2.10)
" / [p< )2 0@) + I(@)? (@) (@) de =0, V€W,

Now for any ¢ € C5°(0,1), let ¢(x) = [ ¢(s)ds and substitute it into (2.10) yields

ﬁK7BmA}@4Wm3K5@V@TE@=

for all ¢ € W. Thus
, 1
(B @) = B0 + [ o))+ @) € 0L (201
Since EI € C*[0,1] (see. (1.2)), so we have f € H3(0,1) N . In particular,

(Fr@) @) | = 6y(1) + L) (@)

Inserting ¢ =y and z = —C~'(Af + aDg + $Bg) into the above yields

(Pr) @)

Tr= =1

.+5ug[ (Af+aDg+ﬁBm}

—Pg(1) =

r=1
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Again, for ¢ € V with ¢(1) = 1, we let ¢ := [ ¢(s)ds, and insert it into (2.10) and
to conclude from (2.11) that

EI1)f"(1) + ay'(1) = 0.
Since g = y, the necessity is proven because
EI(1)f"(1) 4+ ag'(1) = 0.
By Lemma 2.1, A™! exists and is bounded on H. From The Sobolev Embedding
Theorem, A~! is compact. O

We are now in a position to investigate the eigenvalue problem of A. Let A € o(A)
and (¢,v) € ‘H be such that
Al ¢) = M, v).
Then, ¥ = A\¢ and ¢ satisfies

([ Xp@)o(@) = N2 (L,()d/(x))
(0) = ¢/(0) =0,

I(1)6"(1) + arg/(1) =0,

[ (B167) (1) = X1,(0)6(1) - BA6(1) = 0.

/ "

+ (E[(m)qﬁ"(m)) =0, 0<uz<l,

S >

(2.12)

&

Lemma 2.3 Let hy(z), ho(z) be two linearly independent solutions for the second order

linear homogeneous differential equation

(L(2)0'(@)) = ple)oa) =0, (2.13)

then we have

D = hy (0)R(1) — K, (1)ha(0) % 0. (2.14)

PROOF. Assume not, then the following system of linear equations in ¢; and ¢,
{tlhl(o) +t2h2(0) = 0,
t1hy (1) + tahy(1) = 0,
is singular because the determinant of the coefficient matrix is hy (0)h5(1)—h) (1)ha(0) = 0.

So there exists a non-trivial solution, say (2) Let z := c1y1 + coys, then z is a solution

of the following initial problem:
/
{ (L(@)2@) = pla)=(z) =0,
2(0) = 2'(1) = 0.
By the uniqueness theorem, z = 0 and so y; and s are linearly dependent, which contra-

dicts the assumption of the lemma. O



Lemma 2.4 Ifa+ 3 > 0, then
Re(A) < 0. (2.15)

PROOF. We go back to the eigenvalue equation (2.12). Multiplying ¢, the conjugate
of ¢, on both side of the first equation in (2.12) and integrating from 0 to 1 with respect

to x, we obtain
1

\? / p(2)| ()P + X2 / 1,(2)|¢/ () Pz + BA[S(1)]?

L (2.16)
+a| ¢ (1)]* + /0 El(z)|¢"(z)*dz = 0.

Write A = Re\ + ¢ImA, then

1

(Rex? = (1)) [ (pla)lofa)? + 1,(@)|6/ (@) ) de + RN (1)
0, (2.17)

Fa(ReN)|F (L) + / EI(2)[¢"(x) P = 0,

and
AReN(10) [ (oo + 1,16 () do
+A(ImA)[p(1)]* + a(TmA) ¢/ (1)]* = 0.

If ImA = 0, then ReA < 0 by (2.17). If ImA # 0, then ReX < 0 by (2.18) and the proof is
completed. O

(2.18)

To further simplify (2.12), we expand it to yield:

0w + 2 o)+ et
)2 Ip(x) ”:E I;(l’) /513' . p(x) T _
A (El(x)¢( P B T B )) % 2.19)
¢(0) = ¢'(0) =0,
EI(1)¢"(1) + arg/(1) =0,
| EI(1)¢"(1) + BI'(1)¢"(1) = X2I,(1)¢/(1) — BAG(1) = 0,
Introducing a space-scaling transformation
. 1/2
o(x) = f(z), z:= %/0 (%) dc¢, (2.20)
where
- /I(MO)” i (2.21)
- Jo \EI(C) ’ '



then equation (2.19) can be rewritten as

(D) +al(2) "(2) + b(2) " (2) + e(2) f(
= B[ [1(2) + d(2) [ () - e(2)

f(0) = f"(0) =0,

bar f"(1) + baa f'(1) + bazaA f'(1) = 0,

L b (1) + biaf"(1) + bis f'(1) — N f'(1) = BAf(1) =

Let f':=df/dz, z, :== dz/dx and

-
—~
SRS
N~— ~—
| S
I
=

% .1 EI'(z) 1/ L(x)\"?
= 6= 42— .= =2 ,
alz) = 22 2z, EI(x)’ =T h (E](x)
2 R ) & 1 EI"
b(z) = 37z 4 47w 4 62 (z) (z)

22 23 23 El(z) i 2 El(z)’

TTITT XTI EI, T EIN
c(z) = & e (z) | 2o (z)

z2 22 FEl(x) 22 El(z)’
Zee 1 (@) 1 plx)
dz) =2 + h2z3 Epl(ac)’ e(z) = h2z4 El(x)’

by := 23(1)EI(1), by = 32,(1)2..(1)EI(1) + 22(1)ET'(1),

b14 = Ip<1)zx<]—)7 b13 = mem(l)El(l) + me(:[)EI/(l),

b21 = Zi(l)El(l), b22 = Zxx<1)E[(1), b23 = Zw(l)
If we replace A by p := hA, then (2.22) changes to

(

FO(2) +al2) f"(2) + b(2) f"(= ) c(2)f'(2)
— [ f1(2) + d(2) f'(2) - ] =
f(0) =0,
f(0) =
bar f"(1) + baa f'(1) + bosah ™ puf'(1) =
L D1 (1) + biz f7(1) + bia f'(1) — h=212bia f'(1) — B~ nf (1) =

which is equivalent to equation (2.19). In summary, we have the following result.

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Theorem 2.1 )\ € o(A) iff equation (2.28) has a nonzero solution f(z) for p:= h\. In
addition, the function ¢(x) in the corresponding eigenfunction (¢, Ao) of A is given by

(2.20).



3 Asymptotic Expressions of Eigenfrequencies

In this section, we shall obain asymptotic expansions for the eigenvalues of A. The main
trick is to treat the fundamental solutions of (2.28) first, and then use them to expand
the characteristic determinant of A and obtain the asymptotic eigen-frequency.

To begin, we use a standard technique of Naimark [10] and divide the complex plane

into four sectors

Sk::{zeC:%rgargz§@}, k=0,1,2,3 (3.1)

and for each Sy, we will pick w; and wy (both square roots of —1) so that
Re(pwi) < Re(pws), VY p € Sk. (3.2)

In particular, we will choose
wyp =€z, wy:=¢'

Njw

s

W

in sector Sy and re-shuffle them in each the remaining sectors so that (3.2) holds. Writing
1 := pwy for p in each sector Sy, we have the following result on the fundamental solutions
of (2.28) from [8, Theorem 3] (see also [7]).

Lemma 3.1 In each sector S, for p € S with |p| sufficiently large, the equation
FO() +al2)f"(2) +b(2) f"(2) + e(2) [ (2) + p? [f”(Z) +d(2)f'(2) —e(2)f(2)| =0 (3.3)

has four linearly independent fundamental solutions ys(z;p) (s = 1,2,3,4) and they pos-
sess the following asymptotic expressions (for j =0,1,2,3)

v (z:p) = W9 (2) + O(N), s=12, (3.4)
y (25 p) = (pog_a)er=27 [yo(2) + O(p7)], s = 3,4, (3.5)
yo(2) 1= e~z Jo () =d(®)dt, (3.6)

Here, hi(z) := hi(x(2)), ha(2) := hao(x(2)) are the two linearly independent solutions of
(2.2) after the transformation x(z) := z(z)~'. That is, they are two linearly independent

solutions of

f(2) +d(2)f'(2) — e(2) f(2) = 0.

From (3.4) and (3.5), we can obtain asymptotic expansion of the boundary conditions

of system (2.28). For brevity, we shall use the following notation in the sequel

lal =a+0(p™).



Theorem 3.1 Denote the boundary conditions of the system (2.28) respectively by Uy, Us,
Us and Uy. Then, for p € Sy with |p| sufficiently large, we have the following asymptotic

eTPansions,

hs(0) + O(p~?) = [1s(0)]1, s =1,2,

(3.7)
1+ 0 = 1], s =3,4,

Us(ys; p) = ys(0;p) = {

(O, (0) + O(p72) = [ (K, (O], s =1,2,

PWs—2 <1 + (9(,071)> = pws_s[1]1, s=3.4, (3.8)

Us(ys; p) = 44(0;p) =

b b _
Us(ys;p) = 4" (1;p) + 20l (1; p) + i ah™ pyf (15 p)
b21 b21

p (i?ah_lxz(l)h's(l) - O(p_l)) : s=1,2,
21

= b
p26p‘”5*2 <y0(1)w§2 + ib—%ah_lyo(l)ws—2 + O(p—l)) , S= 3,47
21

b
P [ib—%ahlxz(l)h;(l)] : s=1,2,
= 21 1 (3.9)

b
p26pws_2 |:y0(1)w3_2 + Z'b_%ah—lyo(l)ws_z] , S§= 3, 4,
21 1

b b b o
Ur(ys; p) Zy;”(l;p)+b—iy;’(l;p)+b—i’y§(1;p)+h 2p2b—iyé(1;p)—wh 't pys(1,p)

7 (G . ) + 06 ). s=1,2,

b
pPefrs—? <yo(1)w§’2 + b_Mh*QyO(l)ws,2 + O(Pl)> , 8=3,4,
11

P e (VR ()], s=12,
_ (3.10)
p3€pw572 [?/0(1)@?72 + yo(l)ws—ﬂ s S= 3,4.

PROOF. The proof is just a direct substitution of the fundamental solutions (3.4)-
(3.5) into the boundary conditions and makes use of the fact that in (3.10),

b _ Lm0,
b1 Z3(L)EI(1) .

0J
Since the zeros of A(p) are the eigenvalues of (2.1) (cf. [10, pp.13-15]), to estimate
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the eigenvalues, we substitute (3.7)-(3.10) into the characteristic determinant

Us(yr,p) Us(yz,p) Ui(ys,p) Us(ya, p)

Alp) = Us(y1,p) Us(y2,p) Us(ys,p) Us(ys, p) (3.11)
Us(y1,p) Ua(y2,p) Us(ys,p) Us(ya. p)
Ur(yr,p) Ui(y2,p) Ur(ys,p) Uir(ys, p)

and obtain the following asymptotic expansion for it.

Theorem 3.2 In sector Sy, the characteristic determinant A(p) of the characteristic

equation (2.28) has an asymptotic expansion

A(p) = =ip’yo(Dz.(1)D {e ™ (1 —ay) +e” (1+ay) + O(p 1)}, (3.12)

/2
where vy = <Ip(1)El(1)> D = (hg(l)hl(()) — hi(l)hg(O)) the nonzero determinant
defined in (2.3). Furthermore, the boundary problem (2.28) is strongly reqular in the sense
of [9, p.259] iff the following condition holds:

—1/2
- a(f,,(1)EI(1)> £0 (ie 1—ay#£0). (3.13)
PROQOF. In sector Sy, with w; := i,wy := —1, we conclude that

Ur(ys, p) = p’e™=2[0]1, s =3,4, (3.14)

b
Us(ys,p) = pPer=—2 [—yo(l) + (—1)S—b230<h‘1yo(1) , s=3,4  (3.15)
21 1

Substituting (3.7), (3.8), (3.9), (3.10), (3.14) and (3.15) into the characteristic determi-

nant, we have

[h1(0)]4 [h2(0)]1
Ap) = [2:(0)h1(0)]x [:(0)h5(0)]1
P p {zggjah—lxz(nhgu)}l pitmahte.(1)y(1)] 1
p*[z-(1)hy (D) pPlz-(1)hy (1))
[1]x (1)1
ip[1): —ip[l]y
pPeret [ —yo(1) — mahyo(1)] - perr [—yo(1) + Pahlyo(1)]
pPeri (0], pPer2[0]y
= —ip’yo(1)z.(1)D {e”“’? [1 — %ah_l} 1 + et {1 + Z—zjah_l} 1} .

11



Combining with (2.20),(2.27), we have

bos 2. (1)

by W - h(Ip(l)EI(l))_1/2 = h, (3.16)

which yields (3.12). The strong regularity defined in [9, Def.2.7] can be verified directly
from the fact that yo(1),z,(1) > 0 and (2.14),(3.13).

From [10, pp.56-74] we know that expression (3.12) also holds in the remaining sectors
S, under the exact same arguments as in sector Sy and conclude that the set of eigenvalues

in sectors S; and S3 are the same as those in Sy and Ss. O

Theorem 3.3 Suppose that condition (3.13) is fulfilled, then the eigenvalues i, of the
problem (2.12) have the following asymptotic behavior

1 /1
Ae = (§§0 + /m'> + O™, k==+1,+2,..., (3.17)
LN
whereh::/ < P > d¢ and
 \B1) *
—1
In 4 E ay > 1,
£o = T (3.18)
11r11+0W + i, ay <1
Also,
ay—1 1
Re&y = In oy £ 1 <0 and Re), — ﬁRefo <0, k— oo (3.19)

PROOF. Since equation (2.12) is equivalent to (2.22), in sector Sy, we obtain from
(3.12) and (2.14) that equation A(p) = 0 becomes

e (l—ay)+e”(1+ay)+0(p") =0. (3.20)
Solving the equation with lower order terms,
e (1—ay)+e?(1+ay) =0,

we get solutions
1
[k = ipy = §§0+km', k=1,2,..., (3.21)

where £, defined in (3.18). Applying Rouche’s theorem to (3.20), its solutions are

1
p = 5o + ki + Ok™), k=1,2,.... (3.22)

12



In sector Sy, we can use the same argument to the asymptotic eigen-distribution. First,
in order to satisfy (3.2), we take wy := —i and wy := 4. Then equations (3.8)-(3.10) and
(3.14)-(3.15) change to (recall that u = pw; = —ip)

[l’z(())h;(())]l, § = 17 27
Us(ys; p) = . (3.23)
(=1)%p[l],  s=3.4,

b
p [—ib—%ah_lzz(l)h;(l)] : s=1,2,
21
Ua(ys; p) = ; (3.24)
prePs—2 {—yo(l) + (—1)8£ah_1y0(1)] , s=3,4,
b1 1
2 /
p- (DA (D], s=1,2,
Ui(ys;p) = (3.25)
p3€pws—2 [0]1 ’ s=3,4

Thus we have,
Alp) = ip’yo(Dz-(1)D {e” (1 —an) + e (1 +ay) + O(p™)} (3.26)

and the characteristic determinant A(p) = 0 becomes

e’ (1—ay)+e(1+ay)+0(pt)=0. (3.27)
So .
i, = 550 —kmi+ O™, k=1,2,.... (3.28)
Hence, we can conclude from (3.22) and (3.28) that
1
e = 550 +kri4+ O™, k=+1,42,.... (3.29)
Since p = h\, so
1 1 /1 4 -1

Note that the set of eigenvalues in S3 and S, are exactly the same as those in Sy and Ss,
so all eigenvalues of A satisfy (3.30). The proof is then completed. O

All the above discussions can be summarized into the following result on the spectrum

of A.

Theorem 3.4 Let A be defined before. Then each X € o(A) is an eigenvalue and is

simple when |\| is large enough, and has asymptotic expression given by (3.30).
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4  Completeness of Generalized Eigenfunction Sys-

tem and Riesz basis

In this section we will discuss the completeness of the generalized eigenfunctions of A,
which is necessary for discussing of Riesz basis property of system (2.8). We begin with

the following lemma.

Lemma 4.1 Let A be defined as in (2.6) and (2.7) and N, (k = £1,£2,...) be eigen-
values given in (3.17) and 6 > 0. Then there exists a constant M > 0 such that, for any
A€ p(A) with |\ — \g| > 0,k =+1,+2, ..., we have

IR, A < MNP (4.1)
PROOF. Let A € p(A) and (¢,v) € H, we consider the resolvent equation

ie.,

{ M-g=¢ (4.2)
Ag+ C YAf +aDg+ 3Bg) = .
Simplifying the second equation in (4.2), we have
Ao@gte) — (L)g @) ]+ (Br@) @) = [p@y) - (1) ]
with the boundary conditions f(0) = f/(0) =0,
(Fr@) @) ]+ 1@ (0 - 2e@) | = pg) =0
and
EI(z)f"(x) .t ag'(1) = 0.
Thus
9(x) = Af(x) — ¢(z)
and f(x) satisfies the following equations:
X [p(@)f (@) — (L) @) ] + (B @) = P, (43)
f0)=f(0)=0, El()f"(x)| +aArf'(1)=ad(l), (4.4)
(Br@) () (1) = 2L, F(1) = BAF(1) = (), (45)

14



where

{ F@;m::[Mxﬂ¢@)+k¢uﬁ-—(&@ﬂWT@-%Nﬂ@”y} (4.6)

!/
v() 1= L(2) (¥(2) + (@) ) (1) + Bo(1) =
Let y;(xz, \)(j = 1,2,3,4) be the fundamental solutions of the homogenous equation of

(4.3). Then any solution f(z) of (4.3)—(4.5) can be expressed by the formula (see [10,
pp-31, Theorem 2])

flad) = [ Gl.e N F(ENE (47)
where G(x,&, \) is the Green’s function given by
1
G(z,&, ) = mH(x,f,)\) (4.8)
with
yl(x> )‘) yQ(xa )‘) y3(x’)‘) y4($7)‘) 77(33»5,)\)
Ui(y1)  Ui(y2) Uiys)(x) Ui(ya)  Ui(n)
H(z, & p) = | Ua(yn) Us(y2) Ualys)(x) Ua(ya)  Us(n) |, (4.9)
Us(y1) Us(y2) Us(ys)(z) Us(ya)  Us(n)
Us(y1)  Us(y2) Ua(ys)(x) Uiya)  Ui(n)
€)= gsin(c = ) Dy (. )5 (6.0, (4.10)
zi(z, ) == W(;;\) W (z, X) the Wronskian determinant of {y, y2, y3,y4} and W;(z, \) the

cofactors of y;(z, A) in W(z, X). Substituting (3.4)—(3.5) and (3.7)—(3.10) into (4.9) and
(4.10) respectively, we obtain that for A € p(.A) with |A| large enough, there exists a
constant M independent of z,£ € [0.1] so that

|H(z,&,\)| < M|APell, pw; = hA € C
(z,€,\)] < M|XSelel, (4.11)
H(z,&N)| < M.

|ai
8;1:2
Also, by (3.12) we have
|G (2,8, A)] < M,
z,EN)| < M|\, (4.12)
Gz, &, N)| < Mi|N?,

|§w (

a:c2
where M; is a constant which is independent of x,& € [0.1]. From these, we obtain
estimates for f(x) and its derivatives, for j =0, 1,2,

0w < [

J

S Gl ENFEN|de < V] [P Nl (413)

oxI
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Eventually, we have the following estimate on the resolvent operator

a2 = / EI(2)|f"(x) Pd + / p(@)]g() + I()|g (x) P
- / El(2)|f" () Pda + / @) A F(x) — B(x) + L) A () — & (x) P

1

/0 EI(2)|f" () Pz + |\ / @) F@)P + L@ @)z + 26
< Mol + 2],

IA

(4.14)
where M, is some constant. So ||R()\, A)|| < Ma|A|*>. The proof is then completed. [

Corollary 4.1 Let I'(6) be a ray with at original point and direction 6 and assumptions
be given in Theorem 4.1, then estimates (4.1) for |R(\, A)| are also true on the rays
[(—n/4), T'(7w/4) and T'(7).

PROOF. From Lemma 2.4, Theorem 3.3 and the conjugate property for eigenvalues,
we obtain that there is no eigenvalue on the right complex half plan and ray I'(r). Thus

we can choose rays ['(—7/4), I'(r/4) and I'(7) and estimates are also true on them. [

Theorem 4.1 Let A be defined as in (2.6) and (2.7). If condition (3.13) is fulfilled, then

the generalized eigenfunctions of operator A are complete in Hilbert space H.

POOF. Let 0(A) = {\,,n € N} and P, be the Riesz projection associated with \,,.

Denote

N
Sp(A) = {ZPky, y € H, VNEN}

k=1
and

Qw={yeH; Ply=0,VEkeN}.

Easy to see that H has an orthogonal decomposition

H = Sp(A) & Ou.
So the generalized eigenfunctions of operator 4 are complete in H if and only if Q.,, = {0}.
Now for any Z € Q., R(\, A*)Z is an entire function on complex plane C valued
in H. Since ||[R(\, A")|| = [|R*(N, A)|| = ||R(A, A)|, the conclusions of Lemma 4.1 and
Corollary 4.2 are also true. According to the Theorem of Phragmén-Lindeldf (see [15]),
we see that R(\, A*)Z is at most a polynomial of degree two in A, that is,

(M — A)1Z = co+ a1\ + e\,
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then

7Z = (M —A)(co+ )+ c)\?)
= —co A"+ (co — L AN+ (1 — 2 AN + )3,
Comparing coefficients, we see that
cp=c=cy=0.
Therefore Z = 0 and Q., = {0}. O

To obtain the Riesz property of generalized eigenfunction system of A, we need the

following result from [13].

Theorem 4.2 Let X be a separable Hilbert space, and A be the generator of a Cy semi-
group T'(t). Suppose that the following three conditions hold:

1) 0(A) = 01(A) Uos(A) and o9(A) = {\c}32, consists of only isolated eigenvalues
of finite multiplicity;

2) for mg(Ag) = dim E(\, A)X and E(\g, A) is the Riesz projector associated with
Ak, we have

sup mq(Ar) < 00;
k>1

3) there is a constant o such that
sup{ReX | A € 01(A)} < a < inf{ReA|\ € 02(A)}

and
inf Ay = Au| > 0. (4.15)
Then the following assertions are true:
i) There exist two T(t)-invariant closed subspaces Xy and Xy such that o(Aly, ) =
01(A), 0(Aly,) = 02(A), and {E(\, A)X2}72, forms a Riesz basis of subspaces for X.
Furthermore,

X =X;& X,
ii) If sup || E(Ax, A)|| < oo, then
k>1

D(A) C X; & X, C X.
i11) X has the topological direct sum decomposition

X=X 0 X,

if and only if sup || ZE(Ak,A)|| < 0.
n>1 1
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Combining Theorem 4.1, 4.2 together with Theorem 3.4, we have the following result.

Theorem 4.3 assume that (3.13) be fulfilled. Then system (2.8) is a Riesz system (in the
sense that its eigenfunctions form a Riesz basis in H) and hence it satisfies the spectrum

determined growth condition.

PROOF For system (2.8), from Theorem 3.3 and 3.4, we may take 02(A) = o(A),
01(A) = {oo}. Theorem 3.4 shows that conditions 2) and 3) in Theorem 4.2 are true.
Finally, Lemma 4.1 implies that X; = {0}. Therefore, the first assertion of Theorem 4.2
says that there is a sequence of generalized eigenfunctions of A that forms a Riesz basis
for H. Since the spectrum determined growth condition is a direct consequence of the
existence of a Riesz basis, the proof is completed. O

As a consequence of Theorem 4.3, we have a stability result for system (2.8).

Corollary 4.2 Let condition (3.13) be fulfilled with o > 0 and 3 > 0. Then the system
(2.8) is exponentially stable. The decay rate is given by

w(A) =sup{ReX: A€ ca(A)} <0,
which is negative.

PROOF. Theorem 4.3 ensures w(A) = sup{ReA, A € 0(A)}. Lemma 2.4 says that
ReX < 0 provided A € o(A) and Theorem 3.3 shows that imaginary axis is not an
asymptote of o(A). Therefore sup{Re) : A € 0(A)} < 0. O

Remark 4.1 The special case that p(z) = EI(z) =1 and 1,(z) = v > 0 was discussed
in [2], [3]. In this constant case, expression (3.17) then becomes (for k = +1,£2,...)

1 1
= —— | = kmi ) +O(k™! 4.16
k ﬁ <2§1+ m) + ( ), ( )
with
lnm, a > ,
G=3 o o (4.17)
lnaJrﬁ—i—m, a<./m
and

1 In a—ﬁ <
2ym |lat+ym

So the closer o to o* := /71 the larger the damping rate for the system (1.1) which is the

Re)\k —

0, k — oo. (4.18)

conjecture made in [3]. However, we cannot achieve the largest damping rate by setting
the control gain o = /71 because then A(p) in (3.12) will never be zero and the eigenvalue
problem (2.12) is degenerate in the sense that there are no more eigenvalues except finite

number at all (cf. [14]).
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