Proceedings of the American Control Conference
Albuquerque, New Meixco June 1997
0-7803-3832-4/97/$10.00 © 1997 AACC

Balanced Realizations of Symmetric Composite Systems
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ABSTRACT: In this paper, we investigate the struc-
tural properties of balanced realizations, and their trun-
cation, of a class of systems with symmetric intercon-
nected and identical structure. It is established that the
balanced realizations of such symmetric composite sys-
tems can be constructed via the balanced realizations
of two auxiliary systems of comparatively low dimen-
sions. The corresponding truncated realizations, which
also have a certain symmetric structure, are explicitly
constructed.

1 TIntroduction

In many naturally evolving large-scale systems such as
biological systems, social systerns and management sys-
tems, a frequently observed fundamental feature is that
some subsystems commonly possess similar structure.
This also occurs widely in engineering systems, for ex-
ample in the stabilization problem for a power system in
a plant with identical units [AC91], the voltage control
of the feeding nodes in an electric power system consist-
ing of connected synchronous machines [BL88], and the
control design of industrial manipulators with several de-
grees of freedom [VS82]. More recently, the output reg-
ulation problem for this class of large-scale systems was
investigated [Liu92] (see [YZ95b] for more references).
From the modelling and synthesis point of view, such a
large-scale system may contain weakly controllable and
weakly observable modes that do not contribute much to
the input-output characteristics of the system. To reduce
the effort of computation as well as controller implemen-
tation, it is necessary to look for low-order representa-
tions of these systems. In particular, we would like to
consider reduced-order models which preserve the sym-
metrically interconnected structure.

Balanced realization truncation has been an important
technique for model reduction of stable systems. It was
first introduced to the control engineering field by Moore
[Moo81]. The underlying ideas involve Principal Compo-
nent Analysis which has been widely used in statistical
analysis and Kalman’s controllable/observable canonical
realization of a system. The method was further ana-
lyzed by Pernebo and Silverman [PS82]. Apart from the
apparent successes in many practical engineering appli-
cations, the method is also theoretically appealing due
to the existence of a prior error bounds calculated based
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on the Hankel singular values of the full order model
[Glo84,LA92].

In this paper, we study the construction of balanced
realizations of symmetric composite systems. In particu-
lar, we exploit their symmetric interconnected structure
in the balancing procedure which significantly reduce the
effort of computation. This paper is divided into four
sections. The mathematical description of the symmet-
ric composite systems and preliminary results are given
in Section 2. In Section 3, the construction of a bal-
anced realization of a symmetric composite system via
the balancing of two modified subsystems is described.
Also, the structure of its truncation is studied. Finally,
conclusions are given in Section 4.

2 Model Description and Preliminary
Results

Consider a finite-dimensional linear time-invariant inter-
connected system which is composed of N (N > 1) iden-
tical subsystems with the overall state-space description
given by

z = Az+ Bu
y = Czx
where
2 = [af - 25 ], meR
w = [« - w5 )", weR"
y = [ - 4F ], weR

in which u;, x;, and y; are the input, state, and out-
put vector of the ith subsystem respectively, and the
composite state matrix A € RY™*¥™ input matrix
B e RY»XNm  4nd output matrix C € RYP*M™ have
the following structure:

r A Ao e Ag T
A4 = Ag A
. . Ao
L Ao - Ao A
r B By Bo 7
B — By B
: . ‘. Bg
L Bo --- Bo B J
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C CO N CO

Co C '
: N

Co - Co C

The realization (A, B, C) is assumed to be minimal. This

model was first proposed by Lunze in [Lun86] where he

investigated a number of its qualitative properties. Some

recent extensive studies on the class of systems are re-
ferred [SE91,YZ95a].

Let vo,v1,...,vn—1 denote the Nth roots of unity,
vj =exp (2mjV—1/N) , j=0,1,.. ,N-1
and let
mi=[1 v o - o], j=01,.,N-1
Denote
=] 55 ifNisodd
R if N is even

and, for any positive integer g,
Tr(g,N) =Rn ® 1,

where I, denotes the g x ¢ identity matrix, ® denotes the
Kronecker product, Ry = MyUnwith

MN‘—'\/l—N—X

if N is odd
if N is even

me My—¢)
Me—1 MN_41 ]

diag[l VV --- V

[mo m1 my—1 -+~
[mo my my—1 -+

if N is odd

— £
UN=19 diagl YV --- V. 1] if Niseven
~————
-1
and where
po L1 v
Tl -/

Then Tr(q, N) is a real orthogonal matrix, and the fol-
lowing result holds.

Lemma 1 Let

FE EO EO
g=| Fo F eRY*NT B Eye R
: .. ., EO
Eo --- E, E
F=diag[ i F F, | eRVNT R, F e R
Then
1.
T% (g, N)ETr(r,N) =
diag| E+ (N -1)Ey E - Fo E—E, |
2.
F Fy --- Fo
Ta(q MFTEr, Ny = | 70 F
I
F, ... Fy F

where

F=%/,—[F1+(N—1)F2] . Fo= LR - R

Proof:

1. Notice that 1 + v; +v]2+--- +U;V“1 =0for j =
1,2,...,N—1land 1" (50x)’ = 0 for j # k where 7
is the complex conjugate of v;. With (-) denoting the

Hermitian transpose of matrix (-), we have, for N odd,
the (4, j)-block of (My ® I,)7E is

N-1
1 {1 —k
——— vi—lE + Vi1 Eo =
Ve 2
k#j—1
5 (E+(N-1E) if i=1
FU1 (E - Eo) if i#1

Similarly, the (i, j)-block of (My ® I,)?E£(My ® I,,) is
N-1 —k
1 % Vi1
- _ E~-Eo) ) =
N & 1(\/’1?( °)>

E-E, if i=j#1
0 if QA

and

N-1
1 A 1
— ) v [ —=(E+(N=-1)Ey) ] =
O 1( LB+ (V-1 o>)
E+(N-1)Ey if i=j=1
In other words,

My QI EMNRIL) =

diag [ E+ (N -1)E; E-—Eo E-Eo |

Thus,

T}’I;(QI N)gTR(T’ N)
= (UN ®Iq)H [(MN ®Iq)H£(MN ®Ir)] (UN ®Ir)
=diag[ E+(N-1)Ec E - Eo E-Eo |

For the case with N even, the result follows through a
similar construction.

2. Tt is immediate from 1 above and the orthogonality
of Tr(q, N) and Tr(r, N). o

3 Main Results

In this section, we present the construction of the bal-
anced realization of a symmetric composite system. Then
we consider the structural properties of its truncation.
To achieve these tasks, two auxiliary systems are defined
with state-space realizations given by

(Aa) Ba, Ca) =
(A+ (N —1Ao, B+ (N —1)Bo,C + (N —1)Co)
(Aﬁ,Bﬁ,Cﬂ) = (A’— Ao, B~ By, C — Co)
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It is known that (A, B,C) is a minimal realization if and
only if (A, Ba, Co) and (Ag, Bg,Cj) are minimal real-
izations . Moreover, A is asymptotically stable if and
only if A, and Ag are asymptotically stable [Lun86].

3.1 Balanced Realization

Let P;, Q; be respectively the controllability and ob-
servability grammian of the realization (A;, B;, C;) where
i =« or 3. They satisfy
AP+ PAT+BBf = o0 (1)
ATQi+@iAs+cfcs = 0 (2)
The Hankel singular values of (4;, B;, C;), given by the

positive square root of the eigenvalues of P;Q;, are or-
dered as follows

Oiy 20, 20 200, >0

It is shown in [Glo84] that if R; is a Cholesky factor of
Q:, that is

Qi = R R;
then a singular value decomposition on R; PR} gives

U.siuf

where U; is orthogonal. The balancing transformation 75
of (As, B;, C;), such that

(4;,Bi,Ci) = (LAT ' T,B;, C;T )
is a (ordered) balanced realization, is given by
T; = 7 °UT R,
where
Zi:diag[ Ciy Cip - Oi, ]

The balanced system has controllability and observabil-
ity grammians both equal to ; which satisfies

A, + %A +BiB; = 0
A0+ Ai+CiC = 0
In general, a balanced realization does not require the
Hankel singular values to be ordered in ;.

The following theorem provides an explicit way for
constructing a balanced realization of the composite
system (A, B,C) based on the balanced realizations of
(Aw, B, Co) and (Ag, Bg, Cg).

Theorem 1 A balanced realization of (A, B,C) is given
by

(4,B,0) = ( “U2 gyl w2 521/2)

where
A A Ao
- | 3
. A,
Ag A A

B B Bo
5 - Bo B
: Bo
| Bo Bo B |
[T Co Co |
&5 = Co T
: Co
| Co Co C |
with
— 1 — — 1
A = F[A+W-DA] , A= [ - Ap]
—= 1 = — j— 1 — —
B = [Bo + (N -1)Bg] Bozﬁ[Ba—Bg]
— 1 = o 1 —=
C = %[Cat(N-1)Cps] , o= [Ca-Tj
and

S=diag[ o Tg - Tp |

which 1s the controllability/observability grammian of the
balanced realization.

Proof: With P; and Q; in (1) and (2), the following are
defined.

P : =Tr(n, N)dxag[ P; --- Pg ]Tg(n,N)
Q : =Tr(n,N)diag[ Qu Qs Qs | T#(n, N)
R —-TRnNdlag[ Rs -+ Rp ]Tg(n,N)
U : =Tr(n, N)diag [ Us Up Us | T (n,N)

By Lemma 1, it follows that

T# (n, N) (AP + PA" + BB ) Tr(n, N)
Ta (n, NYATg (n, NYTE (n, NYPTr(n, N)
+TE (n, NYPTr(n, NYTE (n, N)AT Tr(n, N)
+T% (n, N)BTr(m, N)T& (m, N)BT Tr(n, N)
diag [AaPa + PaAl + BaBa
AgPs + Pg A} + BgBj -+
ApPs + PsAj + BgBj |

it

il

= 0

and hence AP +PAT +BBT = 0. Similarly, the following
equations are established

ATo+04+CTC = 0
Q9 = RR
RPRT ustu”

Thus, it is easy to construct a balancing transformation
T = UTR
~ diag [557 55 - 55 Ta(n, )
xdiag [Ux Ra U3 Rg -+ Uj Rg) Tk (n, N)
which gives

TPT =% , (T7) QT ' =
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TAT 'S+ (T ATTT + BB 7T =
(TT)MlATTTE_i_ETAT“l + (TT)—ICTCT—l -

In other words, (T.A7 !, 7B,CT 1) is a balanced real-
ization. Now, it is a straightforward algebraic manipula-
tion to establish that

TB=x"Y*B |, ¢cT'=

TAT ' =g~/ 4n'/?

Hence, the result follows. o

Remark 1 The result in Theorem 1 indicated that to
construct a balanced realization of a symmetric compos-
ite system (A, B,C) of order Nn amounts to the balanc-
ing of two lower order auxiliary systems (Aq, Ba, Ca) and
(Ag,Bg,Cg), both of order n. The reduction in compu-
tation is especially significant if N is large. O

Remark 2 The grammian ¥ of the balanced realiza-
tion (A, B, C) is not ordered in terms of the magnitude of
the Hankel singular values which compose of those from
(A, Bs,Co) and (Ag, Bg, Cp) (repeated (N —1) times).
It is also observed that the balanced realization (A4, B,C)
is not a symmetric composite system as defined, though
its structure still has a kind of symmetry. In fact, it
represents an external system connected symmetrically
to identical subsystems which are themselves connected
symmetrically. Such class of systems has been studied
by Yang and Zhang [YZ95b] for their structural proper-
ties. On the other hand, it is interesting to realize that
the system with realization (4, B, C), also having a sym-
metric composite structure, is similar to the balanced
realization (A4, B,C) via a diagonal transformation. That
is, (A,B,C) is also a balanced realization of (K,E,é)
with £7'/2 as the balancing transformation. This fact is
especially important when forming the balanced reduced
models. In the very special case when ¥, = g, the bal-
anced realization (A, B,C) is also a symmetric composite
system. 0

3.2 Model Reduction by Truncation

Let A(-) denote the spectrum of the matrix (-). With i =
a or B3, partition ¥; such that

Ti =diag [ S T, |
where ¥;, € R***i (k; > 0) under that condition that
AZy) N A () =0 ®3)
Additionally, we require that

AMZay) NA(Zg) = 0 (4)
A(Baz) N A (Z6,) 0 (5)

For model reduction based on a balanced truncation, the
Hankel singular values in ¥a, and Zg, are those amongst
the least in ¥ (that is, the minimum Hankel singular
value amongst 2o, and Xg, is strictly greater than the
largest Hankel singular value amongst Lo, and £5,). In
this case, the order of the reduced model is ko +(N—1)kg.

cxY/?

r ¢ = a or (3, we partition the balanced realization

For 2 =
A;, B;, C;) as follows:

(

—1 —1 —2 —2
A, = Aiu Ailz — Aiu Ai12
O Zl re! - —A‘Z ZZ
121 192 191 199
-3 -3 -4 —4
= [ Agn Aélz } - [ Ai“ Aiw }
Ay Aizz Ai21 Aizz
. 1 -—_3 .
Wlth Aill E Rkanav A‘iu e RkﬁXkB> A?11 e R’Ca Xkﬁa
x € ks *ka

111

with By, € Rkaxm Bl ¢ Rkox™,
= e N =2 =2
Ci= [ Cil Ci2 ]:[Cil Ciz ]
with C;, € Rexke T, € RP**s.

Then we have the following theorem which gives an ex-
plicit construction of the balanced reduced-order models.

Theorem 2 With the notation employed, by truncating
the states of the balanced realization (A, B,C) associated
with the Hankel singular values in Lo, and Xg, under
conditions (3), (4), and (5), a reduced-order balanced re-
alization of order ko + (N — 1)kg is given by

—~ o~ PN

(A,B,0) = (E~Y2A5Y/? 5Y2 B, CE'/?)

where R
Y =diag[ Za, Tp, s, ]
[ Ao A:gl {1’:01 A:m i
Aw A1 An - An
A\ - 210 A\n 21 :
: . . An
| Ao Aun -+ An Ar
I ?o %1 §01 501 i
Biin By By -+ B
B = Bu §11 §1 ‘
D . Bu
| Biu Bn By By |
I Co 611 611 611
Cwo Ci Cu - Cn
a = 610 611 61 :
. . @1
L Cwo Cu -+ Cu O
with
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A= 5[+ -0E,]
NN
By = o [Baw+(V-1F]
Bu = [Bh B
B = %[Eil+(N—1)“EZI}
Bu = [P -7
Go = %% F7;1+-uv 1
I
G = 5 [Ch v -1T]
e

Proof: Based on Theorem 1 and the construction of
(A, B,C), the result is essentially obtained by deleting the
appropriate columns and rows in the balanced realization

(A, B,C). O

Similar to Theorem 1, (X B 5) is in general not a
symmetrlc composite system. Furthermore, although
(A B C') is not a balanced realization in general, it gives
a truncated balanced realization model since it is sim-
ilar to (A B C) Two interesting situations are when
the truncated realization (.//l\, E, CA) and the realization
(A4, B, 5) are also symmetric composite systems. The
former case corresponding to a preservation of the sym-
metric composite structure under a balanced truncation.
These are described in the following corollary which can
be obtained by directly examining these realizations in
Theorem 2.

Corollary 1

1. Ifko =0, then (A, B, é\) 18 a symmetric composite
system.

2. Ifkq = kg, then (A, B,C) is a symmetric compos-
ite system.

Remark 3 We can also see that (.Zl\, g, 5) corresponds

to a balanced realization of (A\E 6) with 5712 as the
balancing transformation. a

4 Conclusions

We have studied the structural properties of the balanced
realization of a class of symmetric composite systems.
The construction of a balanced realization of such sys-
tem is reduced to the balancing of two auxiliary systems
which are usually of substantially lower dimensions. This
leads to a major reduction in the computation effort. It

was shown that the balanced realization and its trunca-
tion generate a generalized symmetric structure which
under some conditions, preserve the symmetric compos-
ite structure.
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