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Conductance of a quantum point contact in the presence of a scanning probe microscope tip
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Using the recursive Green’s-function technique, we study the coherent electron conductance of a quantum
point contact in the presence of a scanning probe microscope tip. Images of the coherent fringe inside a
quantum point contact for different widths are obtained. It is found that the conductance of a specific channel
is reduced while other channels are not affected, as long as the tip is located at the positions corresponding to
that channel. Moreover, the coherent fringe is smoothed out by increasing the temperature or the voltage across
the device. Our results are consistent with the experiments reported by Topinkaet al. @Science289, 2323
~2000!#.
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Quantum point contacts~QPC’s! formed in two-
dimensional electron gases~2DEG’s! have attracted signifi-
cant attention for the past two decades.1,2 Since the discovery
of the conductance quantization in these structures,1 QPC’s
have been widely used in a variety of investigations, inclu
ing transport through quantum dots, the quantum Hall eff
magnetic focusing, and the Aharonov-Bohm effect.2 Also,
with the rapid development on scanning probe microsc
~SPM! techniques, it is possible to image current directly
study many remarkable phenomena, including quan
corrals,3 electron flow through nanostructures,4 the charge
distribution and photoactivity of dopant atoms,5 and the
spectra of metallic nanoclusters.6 Since the QPC plays suc
an important role in mesoscopic devices, it is an ideal sys
to be studied by the SPM techniques.

Very recently, Topinkaet al. directly imaged the electron
flow from the QPC by scanning a negatively charged S
tip above the surface of the device, and measuring
position-dependent conductance simultaneously.7,8 In the ex-
periment, as the width of the QPC increases, the conduct
increases in quantized steps of 2e2/h, as also reported in
other experiments.1 In addition, several interesting feature
were observed. A widening of the angular structure of el
tron flow was clearly seen as the QPC channel became w
Another feature of their images is the appearance of frin
spaced by half the Fermi wavelength transverse to the e
tron flow, which clearly shows the character of cohere
quantum interference. The above fringes are therm
smeared out by increasing the effective electron tempera
Moreover, when the tip is placed such that it interrupts
flow from particular modes of the QPC, a reduction can
observed in the conductance of those channels, while o
channels are not affected.7 On the other hand, it is also foun
that, contrary to intuitions, the electron flow from the po
contact forms narrow branching strands instead of smoo
spreading fans.8

Using the recursive Green’s-function technique, in t
paper we theoretically study a mesoscopic structure sim
to the experimental one.7,8 Our numerical results are able t
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explain the experimental finding in Refs. 7 and 8. Therefo
the recursive Green’s-function technique seems to be a
able method to study the coherent electron conductanc
such a mesoscopic system.

We consider a negatively charged SPM tip capacitiv
coupled to the 2DEG where the QPC is formed. The effec
the SPM tip is that the conductance will decrease if the tip
positioned over regions with high electron flow from th
QPC, while it will be less modified if the tip is located b
low electron flow regions. The electron flow can be imag
by scanning the tip over the two-dimensional surface. T
contributions to the potential in the 2DEG region should
taken into account. One is from the negatively charged ga
that define the QPC, which we model with the Bu¨ttiker
saddle-point potentialU(x,y)5Vg2m* vx

2x2/21m* vy
2y2/2,

with Vg the gate voltage,m* the electron effective mass an
vx,y the strength of the lateral confinement. This potentia
a practical candidate to reproduce the quantized conduct
of a QPC.9 The other is a Lorentzian-type potential induc
by the SPM tip,10 which we approximate as a delta functio
in the present work:VSPM5Vtd(rW2rW t), whererW t denotes the
position of the tip, andVt is a negative constant. It is wort
noting that the numerical results obtained with the sim
delta potential are consistent the experimental results.7,8

We use a two-dimensional~2D! square lattice model to

FIG. 1. Schematic diagram of the system.
©2002 The American Physical Society21-1
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FIG. 2. Images of electron
flow across a QPC at zero tem
perature and low voltage for thre
different widths corresponding to
~a! the first conductance platea
Vg50.7EF , ~b! the second pla-
teauVg50.4EF ; and~c! the third
plateau, Vg50.2EF . The color
scale shows the changeDG5G
2G0 in QPC conductance as th
tip is scanned above the device.
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describe the QPC system. The sites of the lattice are den
as (na,ma), with a to be set equal to unit,n51,2,. . . ,N and
m51,2,. . . ,M . The lattice may be divided into three re
gions, as shown in Fig. 1. The shadowed central zone
mesoscopic structure with a Bu¨ttiker saddle-point potential
and is scanned by a SPM tip. Both sides of the structure
assumed to be connected with semi-infinite ideal leads
simplify scattering boundary conditions. The one-electr
tight-binding Hamiltonian of the system takes the form11

H5(
n,m

«n,mun,m&^n,mu2(
n,m

~ tun,m&^n21,mu1tun,m&

3^n,m21u1H.c.!, ~1!

where t5\2/2m* a2 and un,m& is a orthonormal set in the
lattice sites (n,m). The on-site energy in the central zone
given by«n,m5Un,m1VSPM14t. Then the Hamiltonian for
this region reads
20532
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Hc5 (
n51

N

un)Hn(nu1 (
n51

N21

~ un!Hn,n11~n11u1H.c.!, ~2!

whereun) denotes the set ofM ket vectors belonging to the
nth cell, and

Hn[Hn,n53
«n,1 2t 0 ••• 0

2t «n,2 2t ••• 0

0 2t «n,3 ••• 0

A A A � A

0 0 0 ••• «n,M

4 ,

~Hn,n21!pp85~Hn,n11!pp852tdpp8~p,p851, . . . ,M !.

The Hamiltonians for the two ideal leads have the same fo
as Eq.~2!, but with different summing regions (2`,n,1
1-2
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CONDUCTANCE OF A QUANTUM POINT CONTACT IN THE PRESENCE OF . . . PHYSICAL REVIEW B 65 205321
at the left lead andN,n,` at the right lead! and «n,m
54t.

Using the recursive Green’s-function technique, the tra
mission amplitude for the incident channell and outgoing
channelj is found to be11,12

t l j 5Av j /v lfkj

1GN11,0Q~E!fkl
e2 ik j Lx, ~3!

wherev j5]E/\]kj with E54t22t@coskj1cospj/(M11)#
andQ(E)522i t ( l 51

M Qlsinkl , with

~Ql !pp85
2

M11
sin

lpp

M11
sin

lpp8

M11
, ~p,p851,•••,M !.

The set of vectorsfkj

1 are the duals of the setfkl
, defined by

fkj

1fkl
5d j l , where

fkj
5A 2

M11S sin
p j

M11
, . . . ,sin

p jm

M11
, . . . ,sin

p jM

M11D Tr

,

FIG. 3. The conductance plateaus of the QPC for the selec
effect of the SPM tip. The solid line represents the curve withou
SPM tip, and the dashed line is the curve with the SPM placed o
certain position such that it blocks the electron flow from~a! the
first mode or~b! the second mode.
20532
s-

with Tr the transposition of the matrix.GN11,0 is the retarded
Green’s function for the scattering region between two id
leads, which can be obtained by a set of recursion formu
in a matrix form,12,13

Gn811,052tgn811Gn8,0 , ~0<n8<N!, ~4!

gn8115~E2H̃n8112t2gn8!21, ~5!

by the iteration starting formg05G0,05(E2H̃0)21, where
H̃ l5Hl (1< l<N) and H̃a5Ha2t( j 51

M eik jQj (a50,N
11).

At a finite temperatureT, the conductance through a 2
mesoscopic structure is given by the Landauer-Bu¨ttiker
formula14

G~T!5
2e2

h (
l , j

E
0

`

Tl j

] f ~E,T!

]E
dE, ~6!

where Tl j 5ut l j u2 is the transmission coefficient, an
f (E,T)5@11exp(E2EF)/kBT#21 is the Fermi-Dirac distribu-
tion with EF as the Fermi energy andkB as the Boltzmann
constant. Obviously, at zero temperature Eq.~6! reduces to
G52e2/h($ l , j %Tl j .

The above formulas are valid under the assumption
the voltage across the device is low. High voltage will ra
the energies of electrons flowing from the QPC. Thus,
shown by van Weeset al.,15 the conductance at a finite volt
ageV has a behavior similar to that with a finite-temperatu
effect, and is given by

G~V!5
2e

h

1

V (
l , j

E
EF

EF1eV

Tl j dE. ~7!

In the following we numerically calculate the condu
tance of a QPC system with sizesN515 andM511. We set
t and the lattice constanta as the units of energy and length
respectively. In order to obtain well-pronounced quantiz
plateaus with the Bu¨ttiker saddle-point potential, we choos
vy52vx , EF52t, andVt521.5t.

At the zero-temperature and low voltage limit, images
electron flow from the 2D surface of the QPC are plotted
Fig. 2. The gate voltageVg is chosen to ensure Figs. 2~a!–
2~c! correspond to the first, second, and third conducta
plateaus of the QPC, respectively. It is seen clearly tha
new electron flow pattern appears when a higher mod
opened~then the conductance of the QPC rises to anot
plateau! by decreasing the gate voltage. This feature agr
with the result reported in Ref. 7: electronic wave functio
inside the QPC haveN maxima when QPC hasN conduc-
tance modes. Note that the images do not turn into smoo
spreading fans as the electrons flow across the QPC from
left to the right. Instead, they form branching strands wh
are relatively narrower. In fact, even the width of the sam
decreases toM56 in the calculation; the images chang
little ~not shown here!. It is not surprising that strands ar
formed in our model, since the electrons are laterally c
fined. On the other hand, a similar but also striking pheno
enon was reported in Ref. 8, where the strands were foun
regions far away from the point contact. So we can see

e
a
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FIG. 4. Effect of electron heat-
ing on images of flow.~a!–~c!
show electron flow for the first,
second, and third conductanc
plateaus under the voltageeV
50.05t. Other parameters are th
same as those in Fig. 2.
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the electron path has a rare probability to pass through
edge regions of the sample, and thus the impurity density
the boundary scattering in these regions are less releva
the conducting property of the QPC. Moreover, the frin
structures due to the alternating constructive and destruc
interference of electrons are evident in Fig. 2, though
distribution is not so homogeneous when compared with
experiments.7 This inhomogeneity, induced from the varie
ies of electron wavelengths inside the QPC is the main
ference between the structure of fringe inside and outside
QPC. It is worth pointing out that the fringes directly dem
onstrate the coherent character of electron flow in QPC’s

Meanwhile, we also note that the angular structures
these electron flow patterns are quite different from e
other, especially for the first and second modes. For the
mode, the pattern contains one branch only, while there
two branches for the second mode. So there are some reg
in the 2D surface where the distribution of electrons at o
mode make no contribution to the other mode. As reporte
experiments,7 when the SPM tip is placed over these regio
20532
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only the flow from particular channels of the QPC a
changed, while other channels are not affected. This p
nomenon is clearly manifested in Fig. 3, where the quanti
G;Vg curves of the QPC with or without the SPM tip a
plotted. From the comparison between the behaviors of
solid line and the dash line in Fig. 3~a!, we can see that when
the tip is placed at the central axis of the QPC where
electrons from the first mode travel through, the heights
all plateaus are reduced. But the height difference betw
each pair of neighboring plateaus remains to be 2e2/h, ex-
cept for that between the first plateaus and the 0 axis. In
3~b!, the SPM tip is positioned off the central axis. Accor
ing to Figs. 2~a! and 2~b!, we can learn that this position
corresponds toDG;0 in the first mode, and only affects th
second mode. Thus in Fig. 3~b! it is shown that the first
conductance plateau is almost unchanged, and the se
and other higher plateaus are lowered. Again, the height
ference between the second and third plateaus still remain
2e2/h.
1-4
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FIG. 5. Effect of electron heat-
ing on images of flow.~a8!–~c8!
show electron flow for the first,
second, and third conductanc
plateaus under the voltageeV
50.2t. Other parameters are th
same as those in Fig. 2.
th

e
t t
th
lt

ea
u
od
r
co
r-

tt
. T
t

me
ali-

f a
n’s

lain

of
p-

ity

Su-
s

No.
The electron flows under the finite voltages across
QPC are imaged in Figs. 4 and 5, where Figs. 4~a!–4~c! are
at a low voltage (eV50.05t) and Figs. 5~a8!–5~c8! are at a
high voltage (eV50.2t). Comparing this with Fig. 2, we se
that the pattern still remains the same in each mode, bu
values ofDG are no longer so severely fluctuated when
voltage is raised. A more important characteristic of the vo
age effect is that fringe structure would gradually disapp
as the voltage rises. Actually, we find that the three cond
tance modes gradually merge into one conductance m
which implies that the quantized plateaus also disappea
the voltage is increased. The origin of the fringes is the
herent quantum interference.7 Since the fringes are less pe
ceptible as the fluctuation ofDG becomes pacified, it is
manifested that the consequence of using effectively ho
electrons is to smear out the coherence among electrons
above properties are similar for elevating temperature as
20532
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physical effects of temperature and voltage are the sa
here.15 Clearly, the voltage effect addressed here is in qu
tative agreement with the experimental observation.7

In conclusion, we have calculated the conductance o
QPC in the presence of the SPM tip by the recursive Gree
function technique. The numerical results are able to exp
the experimental results in Refs. 7 and 8.
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