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We study the low energy string effective action with an exponential type dilaton potential and vanishing
torsion in a Bianchi type | space-time geometry. In the Einstein and string frames the general solution of the
gravitational field equations can be expressed in an exact parametric form. Depending on the values of the
dilaton coupling constant and of the coefficient in the exponential, the obtained cosmological models can be
generically divided into three classes, leading to both singular and non-singular behaviors. The effect of the
potential on the time evolution of the mean anisotropy parameter is also considered in detail, and it is shown
that a Bianchi type | universe isotropizes only in the presence of a dilaton field potential or a central deficit
charge.

PACS numbe(s): 04.20.Jb, 04.65-e, 98.80—k

[. INTRODUCTION There are many massless fields present in the pre-big-bang
scenario, such as the dilaton, graviton and moduli fields. For
In an attempt to address the potential, inherited froman extensive recent review of string cosmology Ege
string theory, to eliminate the initial cosmological singular-  For simplicity in the following we assume théts; is
ity, from whichtime and our Universe are supposed to havevanishing. In this circumstance, via a conformal rescaling
begun about 1810° years ago, Gasperini and Veneziano A
initiated a program known as the pre-big-bang scenfdro g,,=el"¥C-2leg 2
The field equations of the pre-big-bang cosmology are based
on the low energy effective action resulting from string the action(1) reduces to aD-dimensional dilaton gravity
theory. InD dimensions, the massless bosonic fields from thevhose action, in the “Einstein frame,” has the form
Neveu-Schwarz—Neveu-SchwafdS-NS sector are the di-

laton ¢, the antisymmetric tens@,,, and the metric tensor

n::],”, whose dynamics is described, in the “string frame,” by
the following action[2—4]:

é=f dDX\/—_f;e‘2¢

s- [ e oR-kTH-U@) @

with U(¢) =e*?(®-2J(¢) andk=4(D—1)/(D—2)— «.
A 1 . Pre-big-bang inflationary cosmological models, based on
R+k(Ve)*— 1—2H[23]—U(¢) : the action(1) or (3), have been recently intensively investi-
(1) gated in the physical literatuf®—16]. Gasperini and Ricci
[6] have obtained exact solutions to the four-dimensional
- . : : low energy string effective action adopting a space-
where Hig) =dBp) and « 'S a genergllzed dilaton coupling independgrz/t dilat%n and vanishing KaIE-Rgmond panti-
constant k=4 for superstring theori¢sMoreover, we also  symmetric tensor field ansatz for the Bianchi type |, I, IIl,
allow for the existence of a potentiél(¢) of the dilaton V, VI, and VI, geometries. They have shown that in such a
field. context the initial curvature singularities cannot be avoided.
From a physical point of view the most important candi- Brandenberger, Easther and Maj@ have found non-
date for the potential is a cosmological constantwhich  singular spatially homogeneous and isotropic solutions for
appears in the massive extension of type IIA supergravitydilaton gravity in the presence of a special combination of
and is restricted to be positivA,>0 [4]. The field equations higher derivative terms in the gravitational action. Some of
derived from the string effective action admit inflationary these solutions correspond to a spatially flat, bouncing uni-
solutions that are driven by the kinetic energy associate@erse originating in a dilaton-dominated contracting phase
with the massless fields rather than any interaction potentiahnd emerging as an expanding Friedmann-Robertson-Walker
(FRW) universe.
A general framework for studying large classes of cosmo-
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non-trivial Ramond form fields excited, has been developegower-law inflationary behavior has been obtained by Bar-
by Lukas, Ovrut and WaldrarfiLl4]. In their formalism the row [18]. Homogeneous and inhomogeneous four-
low energy equations of motion are equivalent to those dedimensional Bianchi type | space-time in the presence of
scribing a particle moving in a moduli space consisting ofscalar fields with exponential potential have been studied in
the scale factors of the subspaces together with the dilatofi21,22. Higher dimensional@=4) anisotropic cosmologi-
Two classes of exact solutions have been presented, correal models with a massless scalar field self-interacting
sponding to exciting only a single form and with multiple through an exponential potential have been investigated in
forms excited. The resulting exact solutions begin and end ih26]. A non-inflationary solution for an open FRW universe
a curvature singularity. exponential-potential pure scalar field filled space-time and
Very recently, the string cosmology equations with a di-with scalar field energy density decaying ﬁ§~t*2 has
laton potential have been examined, in the string frame, bjpeen recently found by Mubarak and Oef29].
Ellis et al. [15], who also give a generic algorithm for ob- It is the purpose of the present paper to study Bianchi type
taining solutions with desired evolutionary properties. Thel cosmological models in the dilaton graviil) and (3).
presence of a dilaton potential leads to the violation of theMore specifically, we consider the effects of a Liouville type
pre-big-bang symmetra(t)— 1/a(t). Moreover, Garcia de exponential potentiall(¢)=Uqe*?, with arbitrary values
Andrade[16] obtained several classes of solutions of theof the constant®)y,\, on the dynamics and evolution of an
Einstein-Cartan dilatonic inflationary cosmology. In the anisotropic space-time, in both the Einstein and string
cases where the dilatons are constrained by the presence fedimes.
spin-torsion effects a repulsive gravity is found. The tem- In the case of the dilaton field self-interacting through an
perature fluctuation has also been computed from the nearlgxponential potential the general solution of the gravitational
flat spectrum of the gravitational waves produced during infield equations in a flat Bianchi type | geometry can be ex-
flation, with results agreeing with the Cosmic Backgroundpressed in an exact parametric form in both Einstein and
Explorer (COBE) data. string frames. The effects of the potential on the evolution of
Pre-big-bang cosmological models, in which there is nathe basic physical parametefi;iean anisotropy, shear and
need to introduce the inflation or to fine-tune potentials, haveleceleratioh of the anisotropic space-time are also consid-
many attractive featurgsl7]. Inflation is natural, thanks to ered in detail.
the duality symmetries of string cosmology, and the initial The present paper is organized as follows. The basic
condition problem is decoupled from the singularity prob-equations describing the dilatonic Bianchi type | cosmologi-
lem. Finally, quantum instabilitfpair creation is able to  cal model are obtained in Sec. Il. The general solution of the
heat up an initially cold universe and generate a standard hdield equations for an exponential type dilaton potential is
big bang with the additional features of homogeneity, flat-obtained in Sec. Il(Einstein fram¢ and in Sec. IV(string
ness and isotropy. frame). In Sec. V we discuss our results and conclusions.
The cosmological behavior of universes filled with a sca-
lar field, ¢, as well as a Liouville type exponential potential, || GEOMETRY, EINSTEIN FRAME FIELD EQUATIONS
has been extensively investigated in the physical literature AND CONSEQUENCES
for both homogeneous and inhomogeneous scalar figRls
33] (for a summary sef33]). Scalar fields are considered to  In this paper, we shall consider tiledimensional aniso-
play a central role in current models of the early Universetropic generalization of the flat FRW geometry—the Bianchi
The self-interaction potential energy density of such a field idype | space-time—described by the line element
undiluted by the expansion of the Universe and hence can act
like an effective cosmological constant driving a period of
inflation. The evolution of the Universe is strongly depen-
dent upon the specific form of the scalar field potentla/A

common form for the self-interaction potential is the expo-For this metric, it is convenient to introduce the following

nential type potential. An exponential potential arises inyariaples:volume scale factor Miirectional Hubble factors
four-dimensional effective Kaluza-Klein type theories from H; andmean Hubble factor Hs

compactification of the higher-dimensional supergravity or

superstring theorief2]. In string or Kaluza-Klein theories D-1

the moduli fields associated with the geometry of the extra AV H a, (5)
dimensions may have effective exponential potentials due to =1

the curvature of the internal spaces or to the interaction of

D-1

ds’=—dt?+ _Zl a?(t)(dx)2. (%)

the moduli with form fields on the internal spaces. Exponen- éi

tial potentials can also arise due to non-perturbative effects Hi=, 1=1...D-1 (6)
such as gaugino condensati@#]. In the Einstein frame the '

exponential potential is also generated by means of the con- D_1

formal transformatior(2) for U(¢)=A, with A the central H ::L H., 7)
charge deficit. D-1&=

A solution in the case of a flat space-time filled with a
scalar field with an exponential potential but describing AH;:=H;—H, i=1,...D-1. (8)
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Then one can immediately check out the relation

H——1 v 9
" D-1V’ ©)

In terms of variable$5)—(8) the Ricci tensor of the Bianchi
type | geometry can be expressed as

sala-2l

Roo=
D-1
=—(D-1H- 3 H?, (10
i=1
Ri=a/[Hi+(D-1)HH;], i=1,...D-1. (11

On the other hand, the field equations of the ac{Rrcan be
achieved by variation with respect to the fielgs” and ¢,

giving

U
R,u,v_ KV,ud)Vvd)_ mg,u,vzo! (12)
29— =9, 13

where V is the covariant derivative of,,. Thus, for the
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KZ

K¢2+(D—2)H+W=o, (20)

whereK?:=3P " 'KZ. Consequently, the remaining task is to
solve Eqs(16), (17) and(20).

The physical quantities of interest in cosmology are the
expansion scalam, the mean anisotropy parameter, Ahe
shear scalarX? and thedeceleration parameter gnd are
defined according t35]

Y%
6:=(D-1H=, (21)
N o [AH)Z 1 K2 ”
"D-1& |\ H| D-1y2y2’ (22

D-1
1 D—
22==m(2 H2—(D 1)H2>=EAH2,
(23
d -1
q=gH -1 (24)

The sign of the deceleration parameter indicates whether the
cosmological model inflates. The positive sign corresponds
to standard decelerating models whereas the negative sign

Bianchi type | space-time, the gravitational field equations inindicates inflationary behavior.

the Einstein frame reduce to

D-1

. . 1

(D-1H+ D, H+xkp?—=—=U=0, (14
=1 D-2
L d VH ! u=0, i=1 D—-1 15
vaiVH)—g—ZU=0, i=1,...D-1, (19
1d . 10U 1
vailve Zxap O (16)
By summing Eqs(15) we obtain

VH ——1 U 1
vailVH =Y. 17

which, together with Eq(15), leads to
H,=H+V', i=1,...D—1. (18

In Egs. (18), K;,i=1,... D—1, are constants of integra-

tion, which satisfy the relation:
D-1
> Ki=0. (19
=1

Substituting Egs(18) into Eq. (14) and then combining
with Eq. (17) we obtain

[ll. EXPONENTIAL POTENTIAL IN THE EINSTEIN
FRAME

The cosmological dynamics and evolution of the dilaton
field filled Bianchi type | universe essentially depends on the
functional form of the potential (¢). In the present paper
we restrict our study to the exponential type potential,

U(¢p)=Uee"?, (25
with Uy and\ arbitrary constants. For this type of potential,
the combination of Eq916) and(17) leads to

d .\
or, equivalently, to
. (Db=2)C (D—-2)\
¢_ V - 2K Hl (27)

with C a constant of integration.
Substitution of Eq.(27) into Eq. (20) gives the “final”
field equation
(VAR VERRY; 1
—ta—-B—+y—=
V2

Ve B 0, (29

where
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_ (D=2))\? (B) A=0:
a—m—l, (29) % )
_ 2
=(D—-1)(D—2)C%«+ %. (31 y
V=Vy(u— uo)l’“exp< a(u——ouo)) , (44)

By introducing a new variable:=V, Eq.(28) takes the form

udu _dV

—_—— =1 32
—au’+gu-y Vv (32

Equation(32) has the general solutigwith V, a constant of

up+K(D—-1
ai:aio(U—Uo)_ll(D_l)anV{ 0K ) )

a(D—-1)(u—ug)/’

i=1,...D—-1, (45

integration
(D—1)a(u—up)?
udu q=(D-2)+ > , (46)
V=V, exp(fz—). (33 u
—au“+Bu—vy
D-2 —2u
In the following we denote U=-— (—)az(u— Ug)?/e*2 ex;{ —0) .
(D-1)V; a(u—1Uup)
A=p2—4ay, (34) (47)
B (C) A<O:
Uo= 5 (39
t:t0+Vof (—au?+Bu—y) M2t
BEVA
ui: ’ (36)
2e X p( t fau '8) (48
ex arctan du,
L p ay=A J-a
m.=——|1+x—|. (37
2(1( \/X) V:VO(_au2+ﬁu_,y)—1/2a
Hence, takingu as a parameter, we obtain three classes of p( 2au— ,3) “9
solutions of the gravitational field equations describing a di- X ex arctan
g q g aV—A J=A

laton field filled Bianchi type | pre-big-bang universe. The
explicit form of the solutions depends on the values of the
parametersy, B andry. All the solutions are expressed in a
closed parametric form and are given by the following:

(A) A>0:

t=tg— %J’ (u—up)™ Y u—u_)™du, (39

;= ayq(— al?+ fu—) V(D

p( B+2aK,(D—1) 2au—B>
X ex

arctan

a(D-1)J-A V-4

i=1,...D—1, (50

V:VO(U_U+)m+(u_uf)m71 (39) —auz-l-ﬁu—'y
Z(D_Z)_(D_l)T' (51
ai:aiO]._.[ ufKimelue(u_ue)[ll(Dfl)JrKi/ue]me,
- D-2
= (- 2 _ Nlatl
i=1,...D—1, (40) (D—1)v§( au®+pu—7y)
(D—1)a p( 2 2au—p|
=(D-2)+ —— u—u,), 41 arctan (52)
q=(D-2)+———II (u-uy (41) LR —
(D—2)a For all three cases and with the use of definitions given by
U:——ZH (u—u,)t 2Me, (42)  Egs. (21)—(23) the quantitiesd, A and =2 can be found
(D—1)Voe== from
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2 D-1

u _(D_l)KZ .. K 2 452 227 ih2
v A_T, P NCE (53 ds?=—dt +i:21 aZ(t)(dx)?, (58)

The general solution of the gravitational field equationswith the metric tensor components in the two frames con-
for a dilatonic Bianchi type I universe with exponential po- nected by the conformal transformati(®) and with the time
tential given by Eqs(38)—(53) is valid only for a particular coordinatet defined according to
range of the parametetsand «. These ranges follow from
the conditions of the positivity of the potentill( ¢) and of A
the reality of basic physical quantities such as, for example, t:f exr{
the scale factors. The positivity of the potentidl( )
>0Vt=t, implies «<0 in all three casegA), (B) and(C). In the two frames the volume scale factor, the directional
The expressions for the physical parameters make sense or#ubble factors and the mean Hubble factor are related by
for values of the parameterso thatu>u_ ,u_ in case(A)  means of the general relations
andu>ug in case(B) [in case(C) one requires agaia<0].

The value of the constad, in the potential(25) is not V=\Vve?2(D-1)/D-2]¢ (60)
arbitrary, but it is determined in terms of the parameters of
the solution. ( 2

2
55 () |dt. (59)

Hi: H;,+ m(ﬁ e—[2/(D—2)]q5, i=1,...D—1,

IV. EXPONENTIAL POTENTIAL IN THE STRING FRAME (61)

In the string frame the gravitational field equations and
the dilaton equations are obtained by varying the action H=
and, under the assumption of vanishirg; , are given by

H+

2 .
_% 4le-r2n0-2)10
D_2¢)e . (62)

To apply the conformal transformation, we need first to

. 1. . P - PN
Ruv— EQWRJF 2V, V,¢p+(k=4)V , ¢V ¢ find the conformal transformation factef. With the use of
Eq. (21) we find
1. L - . .
=50, {4V2h+(k=8)(V$)*~U}=0, (59 1d 1 14V
vatV = o1V ar
A e e - 140 1 1du
R+ kV2¢p—k(V$)?>—U(¢)+ 5 —=0. 55 - -
Vo= k(Ve?-0(e)+ 5 52 (55 o
By eliminating R between Eqs(54) and (55), the gravita- - 1 E%d_\/
tional field and dilaton equations take the form D-1VvdV dt
(:2] B u du
Ry, +2V,V, 0+ (k—4)V ¢V b 5V[(4—K)V2d) (D-1)v2dinVv’
R R 190 Then from Eq.(17) it is easy to obtain that the potential
+2(k—4)(V)?— 294 =0, (56)  U(¢) can be expressed as
o U ~D-2u(dinv\~! 63
4U+(D—2)§—¢ (@=p-1velau | - (©3
VZp—2(V¢)*+ - =0. (57 .
2[(D-2)k—4(D—-1)] leading to
In the present section we consider the general solution of ot D-2 1”<V_2 dinv) - 64)
Egs. (54) and (55) for an exponential type potentidl) () (D—-1)U, u du

=U,exp(¢), with A an arbitrary constant. Since the metric _ _ _
tensors are connected via the conformal transforma@pn Therefore in the string frame the general solution of the
in the string frame the general solutions of the gravitationagrav'tat'9”a| field equation for a Q|Iaton field filled Bianchi
field equations can be obtained by applying the conformafyPe | with an exponential potential of the form
transformation(2) to the solution obtained in the Einstein

frame. In the string frame we also assume an anisotropic U(¢)=erx;{()\—i)¢

Bianchi type | geometry with line element D-2/") (65
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with A an arbitrary constant, can be expressed again in am order to obtain solutions defined for all values of the pa-
exact closed parametric form, withtaken as parameter, and rameters we shall assume in the following thaat 0. Then

is given by Eq. (73 has the solutions
o D-2 2/(D—-2)\ V2 dinVv 1—2/(D—2))\du B ’f—f
—thf=| —— J— - 0
t—to [(D—l)Uo J( J du ) v u —m+5+ COShT, for A>0, (74
(66)
_ 2(D—1)/(D-2)x t—t
“:VL u=—i+exp(A—o), for A=0, (75
(D—1)U, 2|al To
V2 dInV\ —20-1)/(D-2)x
(F du ) ' 67 B it
u=————+6_sinh———, for A<O, (76)
i D_2 1-2(-2X(\2 d|pV| 202 2|al 7o
%(D—l)uo (F du )
¢ k=) U where we denoted §8.:=\V*A/2a|] and 7,
X v'ﬁ‘ﬁv, (68) =\/D—2/(D—1)A|a|
(D-1)« In this way we can obtain the exagton-parametricso-
D_2 120-2X(\2 4|V -20-2) lution for the anisotropic Bianchi type | geometry in the
éi aio (_ ) presence of a central charge deficit. We shall not present here
(D—-1)Uq u du the resulting formulas, due to their complicatédit elemen-
1dinv tary) mathematical form. As compared to the Einstein frame,
% yH(D-1) exp( KiJ z du), the evolution in the string frame of the Universe in the pres-
u du ence of the cosmological constant can be quite complicated.
1=1,...D-1 (69 V. DISCUSSIONS AND FINAL REMARKS
021 kK 2 In order to consider the general effects of a dilaton field
A=(D-1) (k—N)Uu+2xC(D—1) (70 potential in the Einstein frame on the dynamics and evolu-
tion of an arbitrary dimensional Bianchi type | space-time,
u /(dinv\~1t K—\ -2 we also give the general solution of the gravitational field
=(D-2)— —— D_1 (W [ + Wu , equations(14)—(16) corresponding tdJ($)=0. The corre-
K sponding Kasner-type solutions are not néov an extensive
review of this type of string cosmological models $&8).
A D—2 1-40-2)\/\2 d|nV)4O-2r-1 For the case of the zero potential we immediately obtain
O=uy 22 g _
°{(D—1)UJ u du V=V, (77)
(72)
In the string frame there are also three distinct classes of H= ; (78
solutions, corresponding tA>0, A=0 andA<0 respec- (D—-1)t
tively. Substituting the values &f obtained in the previous o
section in the formulas given above, we can find, via a=aot", 1=1,...D-1, (79
straightforward calculations, the explicit parametric repre- )
sentations, for each class of solutions, of the general solution _(D-DK _ const (80)
of the gravitational field equations for a dilaton field filled - V2 N '
Bianchi type | space-time, with an arbitrary exponential po-
tential. _ _ q=D—2=const, (81)
If in the solution given above we take=4/(D—2), we
obtain the general solution of the gravitational field equa- b= doInt, (82)

tions in the string frame corresponding to a constant potential

or, equivalently, to a cosmological constant. In this case alsg here

there are three distinct classes of solutions, with all physical

quantities represented as exact functions of time. Fop)
= A =const, Eq.(66) becomes

A D-2
Ce Vo) s
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—1)+K;/V, satisfy the relation&P 'p;=1 and=>;'p? In four space-time dimensions, as shown [Ri], the

=1/(D— 1)+K2/VS. Hence in the Einstein frame the geom- physical properties of the solutions of the gravitational field

etry of the potential free dilaton field is of Kasner type, bute€quations for a Bianchi type | space-time filled with an ex-

with =P 'p?#1 (if we adopt the normalizatio=P;'p?  Ponential potential scalar field are determined by the coeffi-

=1, then we obtain the empty Bianchi type | universe withCient\ in the exponential. Fok?><6 (and with x=1) one
#=0). The anisotropic Bianchi type | dilaton field filled has flat, isotropic power law solutions which are attractors

universe does not isotropiZéhe mean anisotropy parameter for all expanding solution§21]. The D-dimensional gener-
is a constant for all timeésand its evolution is non- alization of this conditions follows from the restrictiom

inflationary withg>0 for all t. <0 imposed to assure the positivity of the potential and is

In order to analyze the general effects of the dilaton fielddiven by
potential on the dilaton field filled Bianchi type | space-time 4D—1
in the Einstein frame, we obtain first the following anisot- N2< ( )k

8
ropy equation: D-2 (87)

dA A . 5 In the largeu limit the deceleration parameter behaves as

gt FHH(O-DHT, 83  g=(D-2)+a(D-1). If the condition @<—(D—2)/(D
—1) or, equivalently,

which can also be written in the equivalent form

) 4k
dA 2AU( o) M<55 (89)
at - -2H 89

is fulfilled, the Universe will enter in an inflationary phase.

and integrated to give In four dimensions and withkk=1 the solutions inflate for

A%< 2 [21]. For values ofa which do not satisfy this condi-
A(t)=A exr{ _ 2 (tU(¢) dt) (85) tion the evolution of the space-time will be generally non-

0 D-2J)y, H ' inflationary. In the same limit of large the scalar field is

given by ¢~[(a+1)/a]inu.
In Eqg. (85 we denoted byA, an arbitrary constant of inte- Multi-dimensional O >4) Kasner typgnon-isotropizing
gration. ForU(¢)=0 we always haveA=Ag=const. If  solutions in string and M-theory cosmology, with either an
ﬁo[U(qb)/H]dt is a monotonically increasing positive func- initial or a final curvature singularity were considered re-
tion of time, then the presence of the dilaton field potentialc€ntly in[14]. In the case of compactifications on maximally
will lead to the fast isotropization of the Bianchi type | Symmetric subspaces the moduli-space potential, which
space-time. arises when non-trivial form fields are excited, significantly

In the presence of a potential the deceleration parametéHfects the structure of the solution. The potential1d] is

q=— (H+H?)/H2 can be expressed as writterg 2|n a more systematic way asU

=32,_,U7 exp@, ), where the sums run over all elemen-

U(¢) tary and solitonic configurations as well as a possible cosmo-
g=(D-2)— 5 (86) logical term.u, represents integration constants. The type of
(D-2)H each term is specified by vectogs, r=1,...m. In the

language of Lukas, Ovrut and Waldraih4] the condition
a<0 is the condition that the vectar be timelike. In the
512 - ) ) . paper[14] the authors always consideredspacelike, thus
—2)°H” is satisfied, the dynamics of the Bianchi type | o5ing toa>0 and, consequently, with solutions always

space-time becomes inflationary. asymptoting to a Kasner-like anisotropic geometry. But we

In the present paper we haye obtaineq the general SOIUtiOtlﬁust also note that typical string models actually give the
of the gravitational field equations for a Bianchi type | space-

. imea>0 [14].
time filled with a dilaton field with an exponential potential regimea [14]

" both the Ei . d strina f In the Ei i f For class(A) solutions, the Bianchi type | dilaton field
In both the Einstein and string frame. In the Einstein frameg oy yniverse starts in the Einstein frame from a singular

they describe generically an expanding universe, WitV state, corresponding to the values-u. or u=u_ of the

=0 and with properties strongly dependent on the numericaharameter. Hence for this model a singular state with zero
values of the physical parameters describing the dilaton fielgalues of the scale factors is unavoidable. But for ci83f

and its potential. A contracting universe with-V<0 gen-  solutions the evolution of the Universe is non-singular for
erally does not satisfy the condition of reality of the scaleuy<<0. In this case the scale factors are finite for all finite
factors. The solutions of the field equations can be classifiedalues of the parameter Alternatively, clas§C) models are
into three classes, according to the sign of the quaatitin non-singular for values of the constantsand y such that
the limit of largeu, u—oe, all three solutions have a similar «<0 andy<0.

If U(¢$)=0 in the Einstein frame, the evolution of the Uni-
verse is non-inflationary, but once the conditidi¢) > (D

behavior. The mean anisotropgytends in all cases to zero, In Figs. 1-4 we have represented the variations in the
indicating that an exponential type potential leads to theEinstein frame of the volume scale factor, mean anisotropy,
isotropization of the Universe. deceleration parameter and dilaton field for a four-
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80 0 20 40 60 80
t

FIG. 1. Time evolution in the Einstein frame of the four-  FIG. 3. Dynamics of the four-dimensioneD¢4) deceleration
dimensional D=4) volume scale facto¥(t) of the dilaton field  Parametem(t) of the dilaton field filled Bianchi type | universe
filled Bianchi type | universe with exponential potential for differ- With exponential potential, in the Einstein frame, for different val-
ent values of the parameters B andy: (i) Class(A) model(solid ~ ues of the parameters, g and y: (i). Class(A) model (solid
curve, a=—31, B=1, y=1.(ii) Class(B) model(dotted curvg, ~ CUIV®, a=— 3, B=1, y=1. (i) Class(B) model(dotted curvg
Up=1. (iii) Class(C) model (dashed curve a=—3, B=1, y  Uo=1. (i) Class(C) model(dashed curve a=-3, B=1, y=
-_1. —1. Depending on the values of the parameters the Bianchi type

universe has both inflationary and non-inflationary evolutions.

dimensional D=4) Bianchi type | space-time. The aniso-

tropic universe will always end in an isotropic state, but itsIn the string frame the general solution of the potential free
dynamics can be either inflationary or non-inflationary. Gen-dilaton field filled anisotropic universe is given by

erally the dilaton field$ is a decreasing function of time. .

We shall consider now the effects of the dilaton field and \A/:\A/th, (91
potential on the dynamics and evolution of a Bianchi type |
space-time in the string frame. In the case in which there is ~ A
no dilaton field potentiallJ(¢)=0, the general solution of H= (D-1)t’ (92)

the gravitational field equations and of the dilaton equation

can be obtained again by the conformal transformat@n A A an )

from Egs.(77)—(82). Hence in this case we obtain first the a=apth, i=1,...D-1, (93
relation connecting the time coordinate in the string and Ein-

stein frames in the form and
i) PYE S S U\ S S PR B 1 Y
t= ﬁ , (89 D-1 %4 0 D-1 %~ A )
(99
where
. D-1
. D-2 % q= ; -1, (95
" Db—2+2¢, (90)

whereV, anda;, are arbitrary constants of integration. Here

1.5 : we also denoted
1.25 :
1hy w0 T T T -
Y 0.75 'l i T
0.5 §| 5 !
i < L
0.25 t < oA
0 i — — —
0 20 40 60 80 100 120 140
t -5
FIG. 2. Einstein frame time evolution of the four-dimensional
mean anisotropy parametei(t):=A(t)/3K? of the dilaton field o 1 2 3 t4 > 6 7
filled Bianchi type | universe with exponential potential for differ-
ent values of the parametets B andy: (i) Class(A) model(solid FIG. 4. Variation in the Einstein frame of the four-dimensional
curve, a= —%, B=1, y=1. (ii) Class(B) model(dotted curveg (D=4) dilaton field ¢(t) for different values of the parameters
ug=1. (ii) Class(C) model (dashed curve a= —%, B=1, y= a, B andy. (i) Class(A) model(solid curve, a= —%, B=1, v
—1. An expanding Bianchi type | universe always isotropizes in the=1. (ii) Class(B) model (dotted curvg ug=1. (jiii) Class(C)
presence of an exponential dilaton potential. model (dashed curvg a=— % B=1, y=-1.
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FIG. 5. String frame evolution of the volume scale factbof

the dilatonic Bianchi type | universe in the presence of an exponen-

tial potentialU=U, exp[A—4/(D—2)]¢} as a function of time
for a=—1/3, B=1, y=1 and for different values ok: A=3

PHYSICAL REVIEW D62 124016

0 5 10 15 20 25 30

FIG. 7. Dynamics of the deceleration parameie'n the string

frame in the presence of the exponential potertfja* Up expl[A
—4/(D-2)]¢}, a=-1/3, =1, y=1 and\=3 (solid curve,

(solid curve, A =2 (this case corresponds to the presence of a cenr =2 (this case corresponds to the presence of a central charge

tral charge deficit or cosmological constafdotted curvg and A
=1 (dashed curve We have used the normalizatio® ¢ 2)/(D
—1)Ug=1.

. D-2+2(D-1)¢,
h= D—2+2¢, ' (96)

240
pl D 2

>

pi=

) i=1,...D—1, (97)

and the coefficientp; satisfy the relations

oY ] 2(b-1
Zl pi=n 1+ﬁ¢0 ,
1 K? 4¢0

(98)

deficit or cosmological constanfdotted curvg and\ =1 (dashed
curve. We have used the normalizatioB - 2)/(D—-1)Uy=1

periences an eternal power law type inflationary anisotropic
phase. Hence in the string frame a dilaton field filled Bianchi
type | universe provides an example of an inflating but never
isotropizing cosmological type evolution.

In the string frame and in the presence of an exponential
potential U( ) =U,expi¢), with A\=\—4/(D—2) and\
an arbitrary constant, the Bianchi type | universe shows a
very large variety of behaviors. In Figs. 5—8 we represented
the dynamics of the volume scale factor, anisotropy param-
eter, deceleration parameter and potential for different values
of \ (different exponential potential functionbut for fixed
a, B andy. These solutions generically begin from a sin-
gular state, followed by an expansionary phase, with the vol-
ume scale factor and scale factors reaching a local maximum.
Then the Universe re-collapses into a new singular phase.
This type of evolution is associated with an initial rapid
isotropization of the space-time, with the mean anisotropy

In the string frame the general physical behavior of theparameterA rapidly decreasing. Near the second singular
potential free dilatonic Bianchi type | universe is quite simi- state the evolution of the Universe is generally inflationary,
lar to that in the Einstein frame. The geometry is of the i, e string frame deceleration paramedesmaller than

Kasner type, with a power-law type time dependence of the
scale factors. The mean anisotropy of the space-time is cof€'® g<0. After this phase the effect of the dilaton becomes

stant and the Universe will never isotropize. On the Othe,lrrelevant to the dynamics of space-time.

_ o . ) . In the limit of large values of the parameterthe term
hand, if the conditiorn>D —1 is fulfilled, the Universe ex- _ 2 dominates, — au?>Bu— y. Hence in the limit of

13 1.75 ;
1.25 1.5 |
1 1.25 "
“ 5.75 o 1 1
0.5 0.75 \’\
0.25 0.5 ;
0 0.25 7
0 5 10 15 20 25 olm—=————~
t 0 2 4 6 s 10 12

FIG. 6. Time variation of the anisotropy paramefbrin the ) o ] )
string frame fora=—1/3, B=1, y=1 and for different values of FIG. 8. Time evolution in the string frame of the exponential

A: A=3 (solid curve, \=2 (this case corresponds to the pres- potential U=Uq exp[A—4/(D—2)]¢} for a=-1/3, =1, y
ence of a central charge deficit or cosmological constatatted =1 and\ =3 (solid curve, A= 2 (this case corresponds to a con-
curve and\=1 (dashed curye We have used the normalization stant potentiaU=c0nst) (dotted curveg and\ =1 (dashed curve
(D-2)/(D-1)Uy=1 We have used the normalizatiob 2)/(D—1)Uy=1.
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largeu (and large timet — o, too), from Eqg.(33) we obtain
V=Vou Y. Therefore from Eq.(66) it follows that t
=y VO =20 =11y and, consequently,

V=t (99)
H=t"1, (100
~ [ VoKin
a;=t' ex Tt , i=1,...D—-1, (101
A=t-2, (102
q=(D 2)+(D_1)“K2 (103
| Vo(k—N)?
U=t"2 (104)
where we denoted
= ! 10
PTG ED)
(TN P 106
“HH ool (106

In the long-time limit the behavior of the exponential po-
tential dilaton field filled universe is quite different from the

PHYSICAL REVIEW D 62 124016

with isotropic inflationary or non-inflationary evolution or
re-collapse into a singular state. Har{<1 generallyl <0,
and, if [<—[1+(D—-2)/(D—1)a] %, then in the string
frame the volume scale factor tends to zéve;0.

The requirement that in the string frame the Universe in-

flate,q<0, leads, with the use of E¢L03), to the following
inequality relating the coupling constartto \:

()\
wl =
K

This condition represents the generalization to the string
frame of the Einstein frame conditio(88). In the string
frame the inflationary behavior sensitively depends not only
on \ and k but also on the integration constavi.

It is well known that the actioril) with vanishing anti-
symmetric field strengttHs; is invariant with respect to

scale factor duality transformations of the for@—G

=G~ ! and ¢— ¢—In(detG), where G is a matrix build
from the metric tensor components of the FRW, anisotropic
or inhomogeneous metrjd0]. The inclusion of the potential
breaks this duality, but leads, on the other hand, to the pos-
sibility of obtaining more general models allowing a better
physical description of the very early evolution of our Uni-
verse.

2
+4V,

A2 D-1
1-—| <4——

K D-2° (107
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