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Robust H~o Control for Uncertain
Discrete-Time-Delay Fuzzy Systems

Via Output Feedback
Controllers

Shengyuan Xu and James Lam

Abstract—This paper investigates the problem of robust output
feedback H, control for a class of uncertain discrete-time fuzzy
systems with time delays. The state-space Takagi—Sugeno fuzzy
model with time delays and norm-bounded parameter uncertain-
ties is adopted. The purpose is the design of a full-order fuzzy
dynamic output feedback controller which ensures the robust
asymptotic stability of the closed-loop system and guarantees an
H_, norm bound constraint on disturbance attenuation for all
admissible uncertainties. In terms of linear matrix inequalities
(LMIs), a sufficient condition for the solvability of this problem
is presented. Explicit expressions of a desired output feedback
controller are proposed when the given LMIs are feasible. The
effectiveness and the applicability of the proposed design approach
are demonstrated by applying this to the problem of robust H .,
control for a class of uncertain nonlinear discrete delay systems.

Index Terms—Discrete systems, linear matrix inequality (LMI),
output feedback, robust H., control, Takagi—-Sugeno (T-S) fuzzy
models, time-delay systems, uncertain systems.

I. INTRODUCTION

S AN alternative method to conventional control approach

for complex control systems, fuzzy logic control has re-
ceived much attention in the past decades. It has been shown
that fuzzy logic control is one of the most useful techniques
for utilizing the qualitative knowledge of a system to design
controllers. A great number of industrial applications via fuzzy
logic control have been reported [14], [15], [28]. Among var-
ious model-based fuzzy control approaches, the method based
on the Takagi—Sugeno (T-S) fuzzy model has become popular
today, which gives a simple and effective way to control com-
plex nonlinear systems. The main features of this approach are
as follows: first, a nonlinear system is represented by a T-S
fuzzy model, in which local dynamics in different state space re-
gions are represented by linear models. Then, the overall model
of the system is achieved by a fuzzy “blending” of these fuzzy
models. Based on this, the control design can be carried out by
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the so-called parallel distributed compensation (PDC) scheme.
Applications of such a fuzzy control scheme can be found in
[10], [21], and [23].

Recently, stability analysis of T—S fuzzy control systems has
been investigated, and several stability criteria have been pro-
posed; see, e.g., [18] and [19]. When parameter uncertainties
appear, the problems of robust stability analysis and robust sta-
bilization for fuzzy systems have been studied. For example, by
a linear matrix inequality (LMI) approach, some robust stability
results were presented in [17] in the continuous case; based on
these, robust fuzzy stabilizing controllers were constructed via
the PDC scheme. The corresponding results for discrete case can
be found in [11]. Very recently, the robust H, control problem
for fuzzy systems described by T—S fuzzy model has been ad-
dressed. By the LMI approach, sufficient conditions for the solv-
ability of this issue were proposed in [4] and [12] for the discrete
and continuous cases, respectively. It should be pointed out that
in both [4] and [12], state feedback controllers were designed
under the assumption that all state variables are available.

On the other hand, it is well-known that time delay arises
quite naturally in propagation phenomena, population dynamics
or engineering systems such as chemical processes, long trans-
mission lines in pneumatic systems [8]. Many results on esti-
mation and control issues related to time-delay systems have
been proposed [8], [9], [25], [26]. Recently, fuzzy systems with
time delays have been introduced in [3] and [5], where several
stability analysis results were given via different approaches,
and stabilizing controllers were also designed. When delays are
time-varying, the stability results for fuzzy delay systems were
given in [27]. It is noted that in [3], [5], and [27], no parameter
uncertainties were taken into account. In the case when param-
eter uncertainties arise and not all of the states are available di-
rectly, the robust output feedback H ., control problem for fuzzy
systems with time delays was discussed in [13]. In terms of so-
lutions to a certain LMI, an output feedback controller was de-
signed in [13]. These results were further applied to a class of
nonlinear delay systems. It is worth noting that the results in
[13] were obtained in the context of continuous T-S fuzzy sys-
tems. For discrete fuzzy systems with time delays and parameter
uncertainties subject to that all state variables are not available,
however, the problem of robust H, control via output feedback
controllers is still open and remains unsolved, which motivates
the present study.
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In this paper, we are concerned with the problem of robust
output feedback H, control for a class of discrete fuzzy sys-
tems with parameter uncertainties and time delays. The T-S
fuzzy model is adopted for fuzzy modeling of a discrete uncer-
tain nonlinear systems with time delays. The parameter uncer-
tainties are assumed to be time varying but norm bounded. The
purpose is the design of a full-order fuzzy dynamic output feed-
back controller such that the resulting closed-loop system is ro-
bustly asymptotically stable while satisfying a prescribed H
performance level irrespective of the parameter uncertainties.
Sufficient conditions for the solvability of this problem are ob-
tained in terms of LMIs. A desired output feedback controller
can be constructed by using standard numerical algorithms to
solve these given LMIs [2], and no tuning of parameters is re-
quired.

Notation: Throughout this paper, for real symmetric ma-
trices X and Y, the notation X > Y (respectively, X > Y)
means that the matrix X — Y is positive-semidefinite (respec-
tively, positive—definite). [ is an identity matrix with appropriate
dimension. N is the set of natural numbers. I3[0, co) refers to
the space of square summable infinite vector sequences. || - ||2
stands for the usual /5[0, o) norm. The notation M7 represents
the transpose of the matrix M. Matrices, if not explicitly stated,
are assumed to have compatible dimensions.

II. PROBLEM FORMULATION

The T-S fuzzy dynamic model is described by fuzzy IF-THEN
rules, which locally represent linear input—output relations of
nonlinear systems. Similar to [16], a discrete-time T-S fuzzy
model with time delays and parameter uncertainties can be de-
scribed by

Plant Rule i: IF s1(k) is w1

and s, (k) is psg,

and and

s2(k) is iz
THEN

w(k+1) = [Ai + AAi(R)]e (k) + [Aai + AAai(k)]
x x(k — 1) + [B; + AB;(k)]u(k)
+ Dyw(k) (1
y(k) = Cix(k) + Caix(k — 7) + Dosw(k) )
z(k) = Fix(k) + Egx(k — 1) + Giu(k) 3)
z(k)=¢(k) Vke[-7,0], i=1,2,....r (4)

where 11;; is the fuzzy set and 7 is the number of IF-THEN rules;
z(k) € R™ is the state; u(k) € R™ is the control input; y(k) €
R® is the measured output; z(k) € R? is the controlled output;
w(k) € RP is the disturbance input which is assumed to be-
long to [3[0, c0); 7 > 0 is an integer representing the time delay
of the fuzzy system; s1(k),s2(k),. .., sq(k) are the premise
variables. Throughout this paper, it is assumed that the premise
variables do not depend on the input variables u(k) explicitly.
A;, Agi, Bi, Ci, Cy;i, Dyi, Doy, E;, and G; are known real con-
stant matrices; AA;(k), AAq;(k) and AB; (k) are real-valued
unknown matrices representing time-varying parameter uncer-
tainties, and are assumed to be of the form

[AA;(k) AAg(k) AB;(k)]

= M,;F;(k)[N1; Nai Nz, 1=1,2,...,7 (5)

where M;, N1;, No;, and N3; are known real constant matrices
and F;(-) : N — RU*%2 are unknown time-varying matrix
function satisfying

Fi(k)'Fi(k)<T  Vk. (6)

The parameter uncertainties AA; (k), AAg; (k) and AB; (k) are
said to be admissible if both (5) and (6) hold. It is worth men-
tioning that interval bounded parameters can also be used to
describe uncertain systems. In the discrete-time case, interval
model control and applications can be found in [1], [29], and
the references therein.

Given a pair (z(k), u(k)), the final output of the fuzzy system
is inferred as follows

z(k+1) Z hi(s(k)){[Ai + AA;(k)]z(k)
+ [Ad1 + AAg(k)]x(k — 1)
Z hi( o(k) + Cgix(k — 7) + Dajw(k)]
(3)
Z hi( o(k) + Egz(k —7) + Giu(k)]
©)
where

@i(s(k)) :
= = TL wsss ()
Zj:l w@;(s(k)) JI;II o
s(k) = [s1(k)  s2(k) sq(K)]
in which p;;(s;(k)) is the grade of membership of s;(k) in p;;.
Then, it can be seen that

w;(s(k)) >0, 1=1,2,...,7
> @j(s(k)) >0
7j=1
for all k. Therefore, for all &
hi(s(k)) >0, 1=1,2,....,r (10)

> hy(s(k) = (11)
j=1
Now, by the parallel distributed compensation (PDC) technique,
we consider the following full-order fuzzy dynamic output feed-
back controller for the fuzzy system (7)—(9):
Control Rule i: IF s1(k) is u;1 and sa(k) is pi2 and ... and
sq(k) i8 pig, THEN
#(k+1) = Agi2(k) + Briy(k) (12)
u(k) :CKLJA?(k), 7= 1,2,...,7” (13)
where Z(k) € R™ is the controller state, Ak, Br, and Ck; are
matrices to be determined later. Then, the overall fuzzy output
feedback controller is given by

Zh
Zh

Bk +1) ) [Akiz(k) + Briy(k)]  (14)

))Criz(k). (15)
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From (7)—(9), (14), and (15), the closed-loop system can be ob-
tained as

E(k+1) Z Z hi(s(k))hj(s(k))[Acij(k)E(K)
=1 5=1
+Acdij( YHE(E —T) +Dcijw(k‘)] (16)
Zzh (k) Eeij&(k)
=1 5=1
+ Ecqi H (K — 7)) (17)
where
k
=[50
and
Agij(k) = Acij + AAci; (k)
Acdij(k) = Acaij + AAcaij(k) (18)
A [ A4 BiCk;
| BriCi Agj
AAcij(k) — AA(')i(k) ABi(’S)CKj] (19)
[ Ay AAgi(k
Acdij - _BK]'dCdi:| AAde](k) = |: 8 ( ):|
[ Dy
D.ij = _BKjDZi:| (20)
Ecij = [EZ GiCKj] E.q;=Fy H= [I 0]
(21)

Then, the robust fuzzy H., control problem to be addressed
in this paper can be formulated as follows: given an uncertain
fuzzy system (7)—(9) and a scalar v > 0, determine an output
feedback fuzzy controller in the form of (12) and (13) such that

R1) The closed-loop system in (16) and (17) is robustly
asymptotically stable when w(k) = 0.
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for any nonzero w € 5 and all admissible uncertain-
ties.

III. MAIN RESULTS

In this section, an LMI approach will be developed to solve
the problem of robust output feedback H, control of uncertain
discrete delay fuzzy systems formulated in the previous section.
We first give the following results which will be used in the proof
of our main results.

Lemma I [24]: Given any matrices X, ), and Z with appro-
priate dimensions such that )V > 0. Then, we have

XTZ+2Tx <xTyx + 2Ty-'z.
Lemma 2 [22]: Let A,D,S,WW, and F be real matrices of

appropriate dimensions such that W > 0 and F7F < I. Then,
for any scalar ¢ > 0 such that W — ¢DD” > 0, we have

(A+DFS)'W™ A+ DFS)
< ATW—-eDD") T A+ 1STS.
Theorem 1: The uncertain system in (16) and (17) is robustly
asymptotically stable and (22) is satisfied if there exist matrices
P > 0,and Q > 0, and scalars ¢;; > 0,1 <4 < j < r, such
that the matrix inequalities shown in (23) and (24) at the bottom
of the page, hold, where

Nij = [N1i N3;Ckj]
M;; = [M; M;]. (25)
Proof: Under the conditions of the theorem, we first es-

tablish the robust asymptotic stability of the system in (16). To
this end, we consider (16) with w(k) = 0; that is

DD IACCIRCE

=1 j=1
Choose a Lyapunov function candidate for the system in (26) as

M = [MF o]

Ek+1)

R2) Under zero-initial condition, the controlled output z  follows:
satisfies k—1
V(ER) = R PEk) + S €6)THTQHEG). @D
l2ll2 < vllwl|2 (22) imkr
rHTQH-P 0 0 AT, NI ET,
0 _Q 02 A(T%’IL Ng; E(?:i”
0 0 -1 D 0 0 )
. Tt X 7 <
4r71 Acd’ii D(‘i1 EMMiMlT P_l 0 0 < OI ! S ' " (23)
Nii Ngi 0 0 —61'1'] 0
L Fei E i 0 0 0 -1
and ~ ~
[4HTQH — AP 0 0 AT+ AT, NI NT  ELi+ EZ;7 T
0 _4Q 0 AZdz] + Acdjz Ng; NZ,I; Eg:iz] + Ecd]z
0 0 —4y21 Dfi; + DE; 0 0 0
Acij + Acji Acaij + Acgji Deij + Dejs ei]MZ_]M - pt 0 0 0 <0,
N,;j Ngi 0 0 —Eri]'I 0 0
Nji sz 0 0 0 —eijf 0
| Eeij + Ecji FEeaij + Ecaji 0 0 0 0 -1 |
1<i<j<r (24
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Then it can be verified that

AV(£(k))
(f(k + 1)) V(&(k))
—}:Zﬁg}:m A (5(k)) B (3 (k) o (s(K))
1=1 j=1lu=1lv=1
X [Aeij(k)E(k) + Acaij(k)HE(K — )T P

X [AcuU(k)f(k) + Acduv(k)HE(k - T)]
+E(R)T(HTQH — P)E(k)
— ¢k —7)THTQHE(K —7)

= LSS S sk sk

i=1 j=1u=1v=1
X {[ cw( )+ ACj'i(k)]f(k)
+ [Acaij(k) + Acaji (k) HE(k — T)}T
X P{[Acuv(k) + Acvu(k)]E(F)
+ [Acaun (k) + Acavu(B) HE(E — 7))
+E(k)T(HTQH — P)¢(k)
— &k -n)THTQHE(k — 7).

Using Lemma 1 and noting (11), we have

YD hils(kDhy(s(k) hu(s(k))ho(s(k))

i=1 j=1u=1v=1
X {lAeij (k) + Acji(k)IE(F)
+ [Acdij(k> + Acdjt( )]H (k )}T
X P{[Acuv (k) + Acou(F)IE (K
+ [Acduv(k) + Acavu (k) HE(

<ZZh Yhj(s(k

i=1 j=1
+ [Acaij (k) + Acaji (k) HE(k —

X P{[Acij(k) + Acji(K)IE(k)

+ [Acaij(k) + Acaji(R)|HE(k — 7).
This together with (28) and the relationship
x(k—7)=H¢k —71)

Dhu(s(k))ho(s(k))

(28)

)

k—7)}

DA (F) + Acji(k)IE(K)
I}

(29)

implies

(k))au(k) T [Meij (k)

—422}” Nh;(s

+ Mji(k))T P[Meij (k) + Meji(k)]a(k)
+&(k)T(H"QH — P)&(k)

) IMeii(k)"

_ZhZ

x PMM( )+ Zc]a(k)

+% S hals(k)h(s(k))

4,j=1,i<j

x a(k)T{[Meij(k) + Meji (k)]

X P[Mcij(k) + Mcji(k)] + 4ZC}01(]€) 30)
where
a(k) = [k wk—7)T"
Meij(k) = [Acij(k)  Acaij(k)].

7 HT'QH—-P 0
c — 0 _Q -
Now, from (24), it is easy to see thatfor 1 < ¢ < 5 < r, (31), as
shown at the bottom of the page, holds. Set

Meij = [Aeij  Acaij] Neij = [Nij Nai]
_ | Neij

for 1 <4 < j < r. Then, applying the Schur complement to
(31) gives

Pt — ;M ME >0 (33)
and
T T 1
(Meij + Mcji) ( V¢ Mi; M; )
X (Meij + Meji) + €, NiFNij +4Z. <0 (34)

for 1 <+ < j < r.Considering (33) and using Lemma 2, we
have thatfor 1 << 53 < r

[Meij (k) + Mcji(k)]Tlf[Mcz‘j(k) + M.ji(k)]
= [Meij + Meji + My Fij (k)N
X PIM.ij + Meji + Mij Fij (k)Nij]
< (Meij + Mei)™ (P_ - EL]M MT)
(M(‘L_] + MC]L) + E NT./V;]

1

(35)
where

=[5 |

J
Then, it follows from (34) and (35) thatfor 1 << 53 <7

[Meij (k) + M.ji (k)"

—z(k— ) Qz(k — 1) XP[M.;i; (k) + Meji (k)] +4Z. < 0. (36)
AHTQH — 4P 0 AL+ AT, NT NI
0 —4Q AZdz; + Acdjz Ng; NZTJ-
Avij + Acji Acaij + Acaji €ijMij M - pt 0 0 <0. (3D
]\:fij N2i 0 —EijI 0
Nj' Ngj 0 0 —GijI
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On the other hand, from (23), we have

HTQH-P 0 Ag““ NE,
0 -Q Al N3;
Acii Acaii e M;MF — P! 0 <0,
Nyii No; 0 —eiil
1<i:<r (37
which, by the Schur complement, implies
Pt — i M;MF >0 (38)
and
ME; (Pt - eiiMM.T)_l M
+e;' NENGi + 7. <0 (39)

where M ;; and N;; are given in (32). Taking into account (38)
and using Lemma 2 again, we have

Meii(B) T PM i (k)
= [Meii + MiFi(/f)Nm‘]TP[Mm + M; F;(k)Ni;]
< MZ, (P—1 - eiiMiMiT) Meii + € NE, Noi;
(40)

for 1 < ¢ < r. Then, by (39) and (40), it can be established that
forl <:<r

./\/lp“(k‘)TPMp“(k‘) + Z. < 0.
Then, it follows from (30), (36), and (41) that
AV (E(k)) <0

for all (k) # 0. Hence, the uncertain system (16) with w(k) =
0 is robustly asymptotically stable.

Next, we show that for any nonzero w € [y the uncertain
system in (16) and (17) satisfies (22) under zero initial condition.
To this end, we introduce

In =Y (k) 2(k) =y *w (k) w(k)]

where the scalar N € N. Noting the zero initial condition and
(16), (17), and (29), we can deduce

In = S {02 (k) — 7 2w(k)Tw k)
+IVER+1)) = VER)]} - VEN +1)

N
<D {z(k) 2 (k) = (k) w(k)

(41)

(42)

+ [V(E(k+ 1)) = V(E(R))]}
-SRI

k=0 =1
hi(s(k))hj(s(k))hu(s(k))ho(s(K))
% ([Ecijé(k) + Beaiw(k — )]

[Ecuvf( ) + Ecdum( )]
+ [Acij (K)E(k) + Acaij(k)x(k — 7) + Deijw(k)]"
X PlAcuv(k)§(k) + Acauw (k)2 (k — 7) + Dewow(k)])
+E(k)T(HTQH — P)¢(k)

—z(k—7)"Qux(k—7)— 72w(k)Tw(k)} 43)
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where V' (£(k)) is given in (27). By Lemma 1, we have

DD D hals(k)hy(s(

k) hu(s(K)) b (s(F))
1=1 j=1u=1v=1

X [Eeijé(k) + Beaiw(k — )7 [Eeunb(k) + Bcaua(k — 7)]

_ i Z Z Z Z hi(s(k))hy (s(k)

¢ (Eon 4 B (0 + (Bus + Eugi(h—

[(Ecuv + Eevu)é(k) + ( cdu + Eeay)(k — 7)]
S S R (RN + Eere (8

=1 j5=1
+ (Bedi + Ecaj)z(k — 7)]F
X [(Bcij + Ecji)é(k) + (Bedi + Eeaj)z(k — 7))

k))hj(s(k

and
330 S A )y (s () (k) ((R)

x [Aeij (k)€

(k) + Acaij(k)z(k — 7) 4+ Deijw(k)]"
X P[Acuv(k)

§(k) + Acaun (k)2 (k = 7) + Devpw(k)]

r

= 1SS Sl (s

' k) (s(k))ho(s(F))

X {[Acij (k) + Acji(k)|E(K) + [Aci; ()
+ Acgji(k)]w(k — 7) + [Deij + Dejilw(k >}T
X P{[Acuv (k) + Acou(R)IE(R) + [Acaun (k)
+ Acduu(k)] (k= 7) + [Dews + Devulw (k)

< 4ZZ}L1 ))hi(s(k))

1=1 j=1

X {[Acij (k) + Acji(k)IE(K) + [Acaij ()

+ Acgji(k)]a(k — ) + [Deij + Dejilw(k)}
X P{[Acij (k) + Acji(k)IE(K) + [Acai; (F)
+ Acaji(k)]z(k — 7) + [Deij + Dejilw(k) }-

}

Therefore

ARSI {Zzhxs(k»hj(s(k»

X ((Beij + Eeji)é(k) + (Eeai + Beaj)x(k — 7)]"
X [(EM] + EF]7)€(k) + (Erdv + Erd]) k— )]

(
+ {[Acii (k) + Acji(R)IE(K) + [Acaij ()
+ Acgji(K)](k = 7) + [Deij + Dejilw (k) }
X P{[Acij(k) + Acji(k)IE(R) + [Acaij (k)
+ Acaji(k)](k = 7) + [Deij + Dejilw(k)})
+&(k)T(4HTQH — AP)E(k)
— da(k = 7)TQu(k — 7) — 4y’ w(k)Tw(k) }
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N r

= 33 R

k=0 =1
X [T Yeii +TT,

FISTT st

k=0i,j=1,i<j
X {(Yeij + Yejj) (Yeij + Lejj) + [Fch‘j(k')
+ Toji(K)]T P[Ceij(k) + Teji(k)] + 4Z:}B(k).

(k‘)PFC”(k‘) +

(44)

where

( )= R w(k—n)" w(k)]"
CL] [Ecz] Ecdi 0]
Leij(k) = [Acij(k)  Acaij(k) Deij)
HTQH-P 0 0
Z. = 0 —Q 0
0 0 -2

Using (23) and (24), and following a similar way to the deriva-
tion of (36) and (41), we can obtain

(Yeij + Tejj)" (Teij + Tejj) + [Ceij (k)
+ Teji()] " P[Teij(k) + Teji(R)] + 4Z. <0 (45)
and
Tz;z cii T ng(k)PFcii(k) + Zc < 0. (46)

Therefore, the inequality in (44) together with (45) and (46)
gives that for any 8(k) # 0

JnN <0 (47)

which implies ||zl < 7||w]||2 for any nonzero w € Io. This

completes the proof. O

Now, we are in a position to give the main result on the solv-

ability of the robust output feedback H, control problem.
Theorem 2: Consider the uncertain discrete delay fuzzy

87

(13) such that the requirements (R1) and (R2) are satisfied if

there exist matrices X > 0,Y > 0,9;,®;,,and ¥;,1 <7 < r,

such that the following LMIs:

r—J, 0 HE, o0 HI, HL, HTA
0 —J, HL 0 0 0 0
Hy; Hs; —J3 HE 0 0 0
0 0 Hg; —Jy 0 0 0 <0
H2ii 0 0 0 — J5ii 0 0
Hs;; 0O 0 0 0 -I 0
. H 0 0 0 0 0 —Js
(48)

for 1 <7 < r and (49), as shown at the bottom of the page, for
1 <7 < j < r, hold for some given matrix () > 0 and scalars
€; > 0,1 <4< 35 <r, where

Y I 0
Ji=|I X 0 Jo =~ Jy= Pff )ﬂ
0 0 Q
Jaij = diag (e L' 1) Jyi=e;'T
Jsij =eijl Jo=Q7!
Hii — -ALY—FBZ\I’] A, Adi
tig = L Q; XAL—{—(I)JCL XAdi‘i‘(I)dei
Hyj = [N;Y + N3;¥; Ni;  Naj
H3ij = [EZY + Gi\Pj Ez Edi]
U, -9, 000
Haij = [(Ci—C))Y 0 0]
T Dy,
Hsij = | XDy + ®jD2i:|
(MY MFX
Huj= oo M| Ho= D47 MEX]
L J J
[ 0 0 -
Hoi = H=[Y I 0.
T X(B; - By) @j—@i} [ ]

Furthermore, a desired robust dynamic output feedback H .,
controller is given in the form of (14) and (15) with parame-
ters as follows:

system (1)—(4). Given a scalar v > 0, then there exists a Agi = s (2 = XAY — XBV; — &,C;Y) w-T (50)
full-order fuzzy dynamic output feedback controller (12) and Bri=8"'®, Cg; = \I/iW_T, 1<:<r (€28
[ -4 0 Hl +Hl, o HY, HI, HI . +HL, H" 0 Hgﬂ
0 —4.J5 Hi; +H; 0 0 0 0 0 0 0
Hy;j+ Hyji  Hsij + Hsjs —J3 Hg;i 0 0 0 0 Hzy; 0
0 0 Hg;j —Juij 0 0 0 0 0 0
Hy;; 0 0 0 —J5i5 0 0 0 0 0
Hyj; 0 0 0 0 —J545 0 0 0 0 <0 “49)
Hs;; + H3j; 0 0 0 0 0 -1 0 0 0
H 0 0 0 0 0 0 -1Js 0 0
0 0 HT, 0 0 0 0 0 -I 0
L Huij 0 0 0 0 0 0 0 0 —1I J
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where S and W are any nonsingular matrices satisfying Let
SwT =1-XY. (52) P =TIt (54)
Proof: Under the conditions of the theorem, we first show Then
that there always exist nonsingular matrices S and W such that
(52) is satisfied. To this end, we note that (48) implies p— [ X S }
8T =
[—Y -1 } <0
- -X where
which, by the Schur cqmplement formulg, givesthat X—Y 1 > == W’lY(X _ Yfl)waT > 0. (55)
0, therefore I — XY is nonsingular. This ensures that there al-
ways exist nonsingular matrices S and W such that (52) is sat-  pgerve that
isfied. Now, we introduce the following nonsingular matrices
= Ty-lg_ T -1
o — Y I o, — I X (53) =-5'X S—S(YX—I)
L7 wT o 27 o 8T |- x (Y = X"HXY -=1)"'8 >0. (56)
[ —4Jy + H Hyij 0 HE + HT; 0  HY, HE, HI,+HL, HT
0 —4.Jy HY; + HE, 0 0 0 0 0
Hy;;+ Hyj Hs;; + Hsj; —J3-|—H71;]'H?;j Hng 0 0 0 0
0 0 Hg;j; —Juij 0 0 0 0
0. 57
Hayij 0 0 0 —Jsij O 0 o | = (>7)
Hyj; 0 0 0 0 —J54j 0 0
Hs;; + H3j; 0 0 0 0 0 -1 0
I o 0 0 0 0 0 0 —17s
0 0000 (V;—9)"(B;-—B)TX
0 0 00 O 0
0 0 00 O 0
0 0O 0 0 0 0
0 0 00 O 0
X(B;—Bj)(Y;—¥;) 0 0 0 O 0
0 0 T (U =T (v vt
0 0 0 0
0 0 0 0
= 0 0 + 0 0 (58)
0 0 0 0
X(B; — Bj) X(B; — Bj) 0 0
and
0 00 0 0 Y(C;—CpHT(®,;—®,)T
0 000 O 0
0 000 O 0
0 000 O 0
0 0 00O 0
(®; —®;)(C; —C;)Y 0 0 0 0 0
0 0 17 [Y(Ci-C)TT 1Y (Ci—0)T1T
0 0 0 0
0 0 0 0
< 0 0 + 0 0 (59
0 0 0 0
¢, -0, ¢, -0, 0 0
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Then, we have P > 0. By applying the Schur complement for-
mula to (49), we have that for 1 < 7 < 57 < r, (57), as shown
at the bottom of the previous page, holds. By Lemma 1, it can
be deduced that for 1 < 7 < 7 < 7, (58) and (59), as shown
at the bottom of the previous page, hold. Then, it follows from
(57)—(59) that (60), as shown at the bottom of the page, holds,
where

Gij=HuijtH1ji+Zi;

Zi= 0

X(Bi=Bj)(V;=ViHH(®; — i) (Ci — Cj)Y

o

0

Using the relationship

(XAY + XBiU; + &,C;Y)
+ (XA;Y + XByU; + 8;C;Y)
+ X(Bi = Bj)(V; — U;) + (@5 — 9:)(Ci = C)Y
= (XAY + XBiV; + 8;CY)
+ (XA;Y + XB;; + 8,C,Y)
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and considering the notations in (19)—(21) with A g, Bg;, and
Cgiforl <4 < 7in(50)and (51), we can verify that the matrix
inequality in (60) can be rewritten as shown in the inequality at
the bottom of the page. Pre- and postmultiplying this inequality
by diag(II; 7, I, 1,11, 7, 1,1,1,1,1,1) and its transpose, re-
spectively, result in the first equation shown at the bottom of
the next page, which, by the Schur complement, is equivalent to
(61), as shown at the bottom of the next page, for1 < < j < 7.
Following a similar line as in the derivation of (61) and using
(48), we can obtain that for 1 < 7 < r, (62), as shown at the
bottom of the next page, holds. Considering (61) and (62) and
applying Theorem 1, we conclude that with the controller pa-
rameters in (50) and (51) the closed-loop system (16) and (17)
is robustly asymptotically stable and (22) is satisfied. O

Remark 1: Theorem 2 provides a sufficient condition for the
solvability of the robust H,, output feedback control problem
for uncertain discrete time-delay fuzzy systems. We note that
(48) and (49) are LMIsin X, Y, ®;, ®, and ¥;,1 <1 < r, when
Q >0ande; > 0,1 <4< 5 <r,are given. In this case, these
LMIs can be solved efficiently by resorting to some standard

T -4, 0 GL 0 HE, HL, HL +HL, H" ]
0 —4.J, HI +HT, 0 0 0 0 0
Gij Hs;; + Hsji —J3 Hg;; 0 0 0 0
0 0 Hgij —Ju; 0 0 0 0
<0 60
Hoyij 0 0 0 —Jsij O 0 0 (60)
Hyji 0 0 0 0 —Jsi 0 0
Hs;; + Hsj; 0 0 0 0 0 -1 0
.  H 0 0 0 0 0 0 —3J6
[ i A 0 0 7 (AL, + AT, 0
0 —4Q 0 (4%, + A% )T 0
0 0 —4~2T (DL, + DL,) I, 0
T (Acij + Aji) Tl T (Acaij + Acaji) T3 (Deij + Deji) —ng_IHQ HzTMi
0 0 0 M, —ei;'1
0 0 0 ML, 0
NI Ny; 0 0 0
NIl No; 0 0 0
(Eeij + Ecji) I Ecgij + Ecaj; 0 0 0
L HII, 0 0 0 0
o nOfnNI ufn%L uf(eL;+EL) ufHT
0 NI NI 0 0
0 0 0 0 0
113 M; 0 0 0 0
0 0 0 0 0
0
—e;'1 0 0 0 0 <
0 —61']'1 0 0 0
0 0 —Gijl 0 0
0 0 0 —T 0
0 0 0 0 —1Q7']
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numerical algorithms, which involves no tuning of parameters
[2]. In the case when the parameters @ > 0 and ¢;; > 0,1 <
1 < 7 < r, are not fixed, it can be seen that (48) and (49) are not
LMIs with respect to the parameters () > 0 and ¢;; > 0,1 <
1 < 7 < 7, since these parameters appear in (48) and (49)
in a nonlinear fashion, which is sometimes encountered when
dealing with the output feedback control problem for time-delay
systems with or without parameter uncertainties; see, e.g., [6],
[71, [9]. In order to cast the output H, control problem in this
paper into an LMI framework, we therefore fix the parameters
@ >0and¢; > 0,1 <7< j <r;suchan approach was also
adopted in [6], [7], [9].

Remark 2: 1t is worth pointing out that the result in Theorem
2 can be readily extended to the case with multiple delays. It is
also noted that the result in Theorem 2 are independent of the
delay size; therefore, Theorem 2 can be applicable to the case
when no a priori knowledge about the size of the time delay is
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IV. NUMERICAL EXAMPLE

In this section, we will apply the proposed method to de-
sign a fuzzy dynamic controller for an uncertain nonlinear dis-
crete delay system. The uncertain discrete nonlinear time-delay
system is described as follows:

xl(k + 1) = —:El(k'>2 + 03$2(k> + lel(k —
— 02%1(16 — 2)$2(1€ — 2)
+ ul(k) + :I?l(k) (/i,) + 0.161(k)$1

+0.162( )Jig(li} 2)

2)?

(k)z2(k)

y(k) = 0.6z1(k) + 0. 1w( )
2(k) = 0.121 (k)* 4 0.229(k — 2)

where ¢ (k) and co(k) are uncertain parameters satisfying

available. c1(k) € [-0.2,0.2] co(k) € [-0.1,0.1].
T 4P 0 0 AL+ AL, 0 o NI NE  EL,+EL,  H'
0 _4Q 0 AZdlj + Acdjl 0 0 Ng; NZ,]; Ecq:le + Eg:ijl 0
0 0 —4v*1 DY, + DZ; 0 0 0 0 0 0
Acij + Acji Acdij + Acagji Deij + Deji —pt M; M; 0 0 0 0
Vil —et
0 0 0 ]\f[z € 1 01 0 0 0 0 <0
0 0 0 M]T 0 —€; I 0 0 0 0
Ni; No; 0 0 0 0 eI 0 0 0
Nji Ngj 0 0 0 0 0 —GijI 0 0
Eeij+ Ecji Feqij + Eeaji 0 0 0 0 0 0 -1 0
. H 0 0 0 0 0 0 0 0 -1~
[AHTQH — 4P 0 0 AT+ AT, NE NI  EL, +EL; 7
0 _4Q 0 AZdz] + Acd]z NZJ; N27; Eg:ilj + Eg:ijl
0 0 —421 D+ D 0 0 0
Acij + Acji Acaij + Acgji Deij + Deji €, My ME —P~1 0 0 0 <0 (6D
Jgfij No,; 0 0 —e; I 0 0
Nji sz 0 0 0 —Eijl 0
L Eeij + Ecji Feaij + Feaji 0 0 0 0 =1 i
HTQH-P 0 0 AZ“ NI ET.
0 _Q 0 Acdzz N;; Ez:iu
0 (J——3 0 0
e 0 62
Acii Acgii Deii  eiM;M}P — P71 0 0 < (62)
Niz’ Nzi 0 0 —6“‘1 0
Eeis Eegii 0 0 0o I
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Similar to [20], we assume that 21 (k) € [—0.5,0.5], and select
the membership functions as

(1 () = 5 (1= 21 (K) a1 (R) = 5 (14 221 (B)).

Then, the nonlinear time-delay system can be represented by the
following uncertain time-delay T—S model:

Plant Rule 1: IF 2 (k) is pu; THEN
z1(k+1) = [A1 + AAy (k)] (k)
+ Agpx(k — 2) + Bru(k)
+ Dniw(k)
y(k) = Crz(k) + Daw(k)
z(k) = Erz(k) + Eqix(k — 2)

and
Plant Rule 2: IF x4 (k) is uo; THEN
z1(k+1) =[As + AAs(k)]x(k)
+ Adzl‘(k‘ — 2) + BQUUC)
+ Dlgw(k)
y(l{,‘) = Cgil?(k) + Dgzw(k)
Z(I{}) = EQQZ(k) + Edgx(k — 2)
where
[0.5 0.3 —0.05 0.1
Al__0.1 1} Ad_[o 0}
1 0 -0.5
By = 0 05] D [ 0 ]
C,=[06 0] Dy =0.1
Ey=[-0.05 0] E;=[0 0.2]
[—0.5 0.3 0.05 —0.1
AQ‘_0.1 1} A‘”‘[o 0}
0.5
By =DB1 Dis= [ 0 ]
02 = Cl D22 = D21 E2 = [005 0] Ed2 = Edl

and AA;(k) and A As(k) can be represented in the form of (5)
and (6) with

0.05 0.1 0 0.2
=68 ) =l ]

0.1 0 0 0
0 O

N = [0 0.1}

My =M; Niz=Ni; Nag = Nojy.

In this example, we choose the H, performance level v = 1.8.

In order to design a fuzzy H., output feedback controller for
the T-S model, we first choose

0.2 0

€11 = 10 €12 = 0.2 €992 = 1 Q = |: 0 01:|

05 : b

05 L L L L
0 0 5 10 15 20 25

Fig. 1. State response of =1 (k) (—) and (k) (- - ).

Then, using the Matlab LMI Control Toolbox to solve the LMIs
in (48) and (49), we obtain the solution as follows:

¥ [ 2.0126 —0.7162] v — [3.2210 0.2170}
| —0.7162  1.2392 | 0.2170 3.9002
Q- [ 0.2384 0.1137}
| —0.0989 0.3758
Qy = [—0.0997 —0.4315] B, = [—0.2762]
| —0.0040  0.3465 | —1.1165
0.8337
2= _—1.4828}
v, = [—0.6124 —1.2324]
| —0.9050 —7.1605 |
v, — [ 0.6401 —1.2887] .
| —0.8744 —T7.1387 |

Now, choose

11
S‘[S -5

—3.4350

~1.8922
} W= [ 1.7331

0.6235 } - @3

It is easy to verify that the matrices S and W in (63) satisfy the
equality in (52); therefore, by Theorem 2, a desired fuzzy output
feedback controller can be constructed as in (12) and (13) with

A — [0-0666 0.0487

KL= 110122 -0.2629
Ao — | 05355 0.2276

K271 -0.2573 0.1555

[—0.1921 0.2066

Br1= _—0.0841} Bxx= [0.6271}
Cpr | 46541 —2.3854

K17 122.9993 —12.4055
Cn | 29160 —1.7926

K27 22,8867 —12.3524 |
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0.3 T T T T

025 b

Fig. 2. Control input u(k).

03 T T T T

021 i

0.1

0.05

-0.05

-0.1 1 i L L
0 5 10 15 20 25

Fig. 3. Measured output y(k).

With the aforementioned fuzzy controller, the simulation results
of the state response of the nonlinear system are given in Fig. 1,
where the initial conditions are set as

- 021" z(-1)=[0.1 04"
—0.3)"

and the exogenous disturbance input w(k) € l2[0, 00) is defined
as

r

“) = T 55T

where r is a random number taken from a uniform distribution
over [0,2], and ¢1(k) = 0.2cos(k) and ca(k) = 0.1sin(k).
Fig. 2 shows the control input, while Figs. 3 and 4 present the
corresponding measured output and the controlled output, re-
spectively. From these simulation results, it can be seen the
designed fuzzy output feedback controller ensures the robust
asymptotic stability of the closed-loop system and guarantees
a prescribed H, performance level.
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0.25 T T T T

0.15

0.1

0.05

-0.05

Fig. 4. Controlled output z(k).

V. CONCLUSION

The problem of robust output feedback H., control for
uncertain discrete T-S fuzzy systems with time-varying
norm-bounded parameter uncertainties and time delays has
been studied. A sufficient condition for the existence of a
full-order fuzzy dynamic output feedback controller, which
robustly stabilizes the uncertain system and guarantees a pre-
scribed level on disturbance attenuation, has been obtained.
The design approach has been applied to the problem of robust
H_, control of a class of nonlinear discrete delay systems,
and the simulation results have showed the effectiveness of the
proposed approach.
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