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New Positive Realness Conditions for Uncertain
Discrete Descriptor Systems: Analysis and Synthesis

Shengyuan Xu and James Lam, Senior Member, IEEE

Abstract—This paper deals with the problems of positive real
(PR) analysis and PR control for uncertain discrete-time de-
scriptor systems. The parameter uncertainties are assumed to be
time-invariant norm bounded and appear in both the state and
input matrices. A new necessary and sufficient condition for a
discrete-time descriptor system to be regular, causal, stable and
extended strictly PR (ESPR) is proposed in terms of a strict linear
matrix inequality. Based on this, the concepts of strong robust
admissibility with ESPR and strong robust admissibilizability
with ESPR were introduced. Without any additional assumptions
on the system matrices, necessary and sufficient conditions for
strong robust admissibility with ESPR and strong robust admis-
sibilizability with ESPR are obtained. Through these results, the
problems of PR analysis and PR control are solved. Furthermore,
an explicit expression of a desired state feedback controller is also
given, which involves no decomposition of the system matrices.

Index Terms—Descriptor systems, discrete-time systems, pa-
rameter uncertainty, positive real (PR) control, state feedback.

1. INTRODUCTION

OSITIVE real (PR) control is a research problem of recur-
ring interest in the past years [1], [3], [10]. The study of this
problem is motivated by the robust and nonlinear control where
a well-known fact is that the positive realness of a certain loop
transfer function will guarantee the overall stability of a feed-
back system if uncertainty or nonlinearity can be characterized
by a PR system [12]. By solving a pair of Riccati inequalities,
a solution to this problem was given in [10]. When parameter
uncertainties appear in a system model, the PR control problem
was studied in [14], where state feedback controllers were de-
signed and a Riccati equation approach was developed, while in
[7] observer-based dynamic output-feedback controllers were
constructed in terms of solutions to certain linear matrix in-
equalities (LMlIs). The corresponding results for discrete-time
systems can be found in [8]. It is worth mentioning that the re-
sults in [8] were further extended to two-dimensional (2-D) sys-
tems in [16].
On the other hand, it is known that descriptor system models
are more convenient and natural than state-space models in the
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description of many practical systems, such as interconnected
large-scale systems, economic systems, power systems [2], [5].
Descriptor systems are also referred to as singular systems, im-
plicit systems, generalized state-space systems, differential-al-
gebraic systems or semi-state systems. The study of descriptor
systems has received much attention during the past decades,
and many results based on the theory of state-space systems
have been extended to the area of descriptor systems [2], [5], [6],
[19]. Very recently, the positive realness of descriptor systems
was studied in [21], where PR lemmas for descriptor systems in
both the continuous and discrete contexts have been proposed
in terms of generalized algebraic Riccati equations and inequal-
ities. However, the design of controllers that achieve the posi-
tive realness of the closed-loop system has not been investigated
in [21]. It is worth pointing out that the problem of PR control
for discrete descriptor systems is much more difficult than that
for state-space systems due to the fact that the Lyapunov-type
matrix in discrete-time descriptor systems is indefinite as re-
ported in [21] while in the state-space case the Lyapunov matrix
is positive definite. It is also worth mentioning that in [21] pa-
rameter uncertainties in descriptor system model have not been
considered.

In this paper, we consider the problems of PR analysis and
PR control for uncertain discrete-time descriptor systems. The
parameter uncertainties are assumed to be time invariant and un-
known but norm bounded appearing in both the state and input
matrices. In order to overcome the difficulty encountered when
designing state feedback controllers for discrete-time descriptor
systems, we first present a new necessary and sufficient condi-
tion in terms of a strict LMI, which ensures a discrete-time de-
scriptor system to be regular, causal, stable and extended strictly
PR (ESPR). It should be pointed out that the given strict LMI
is more desirable than a nonstrict one in [21] since testing a
nonstrict LMI may cause some numerical problems [11]. In
order to solve the problems, the concepts of strong robust ad-
missibility with ESPR and strong robust admissibilizability with
ESPR were introduced. Without assumptions on the system ma-
trices, necessary and sufficient conditions for strong robust ad-
missibility with ESPR and strong robust admissibilizability with
ESPR are derived in terms of a strict LMI and matrix inequal-
ities, respectively. When these matrix inequalities are feasible,
a desired state feedback controller can be constructed directly
and no decomposition of the system matrices is involved.

A. Notation

Throughout this paper, for real symmetric matrices X and Y,
the notation X > Y (respectively, X > Y) means that the ma-
trix X — Y is positive semi-definite (respectively, positive def-
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inite). I is the identity matrix with appropriate dimension. The
superscripts “1” and “x” represent the transpose and the com-
plex conjugate transpose, respectively. The notation D, (0, 1)
is the interior of the unit disk with center at the origin. We use
A(E, A) to represent the set {z |det(zE — A) = 0}. Matrices,
if not explicitly stated, are assumed to have compatible dimen-
sions.

II. DEFINITIONS AND PROBLEM FORMULATION

Consider an uncertain linear discrete-time descriptor system
described by

(X) : Ex(k+1)=(A+AA)x(k)+(B1+AB1)u(k)+ Bw(k)
ey
z(k) = Cx(k) + Dw(k) 2)

where z(k) € R™ is the state; u(k) € R™ is the control input;
w(k) € R is the disturbance input; and z(k) € R? is the con-
trolled output. The matrix £ € R™*™ may be singular; we as-
sume that rank £ = r < n,andq =1. A, B, By, C and D are
known real constant matrices with appropriate dimensions. A A
and A B are time-invariant matrices representing norm-bounded
parameter uncertainties, and are assumed to be of the form

[AA ABy]=MF(o)[N1 N:] 3)
where M, N1, and N, are known real constant matrices with
appropriate dimensions. The uncertain matrix F'(o) satisfies

F(o)F(o)" <1 )
and 0 € =, where = is a compact set in R. Furthermore, it is
assumed that given any matrix F' : FFT < I, there exists
aoc € Zsuchthat F = F(o). AA and AB are said to be
admissible if both (3) and (4) hold.

Remark 1: Tt should be pointed out that the structure of the
uncertainty with the form (3) and (4) has been widely used when
dealing with the problem of robust control for regular and de-
scriptor uncertain systems in both continuous- and discrete-time
contexts; see e.g., [13], [20], and the references therein.

The nominal discrete-time descriptor system of (X) with
u(k) = 0is

(2):  Ex(k+1)=Ax(k) + Bw(k) (5)

z(k) = Cx(k) + Dw(k). (6)

For the descriptor discrete-time system (f)), we introduce the
following definition.
Definition 1—[2], [5]:

A

(I  (X) is said to be regular if det(zE — A) is not identi-
cally zero.

(X) is said to be causal if the degree of det(zFE — A)
is equivalent to rank F.

ey
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() is said to be stable if A(E, A) C Diut(0,1).
() is said to be admissible if it is regular, causal and
stable.

When system () is regular, the transfer function of this
system is given as follows:

(1)
(Iv)

G(z)=C(zE—-A)""B+D. (7)

Throughout this paper, we shall use the following concept of
positive realness.
Definition 2—[21]:
(I)  System () is said to be PR if its transfer function G/(2)
is analytic in |z| > 1 and satisfies G(z) + G*(z) > 0
for |z| > L.

(II) System (X) is said to be strictly PR (SPR) if its
transfer function G(z) is analytic in |z| > 1 and
satisfies G (e/?) + G*(e??) > 0 for § € [0,27).

(Ill)  System (32) is said to be ESPR if it is SPR and G/(00) +

G(00)T > 0.

The problems of PR analysis and PR control for the uncer-
tain discrete-time descriptor system (X) will be addressed. The
purpose of the PR analysis problem is to develop conditions en-
suring that the uncertain descriptor system (X) with u(k) = 0
is admissible and ESPR for all parameter uncertainty A A satis-
fying (3) and (4), while the aim of the PR control problem is to
design a state feedback controller for (X) such that the resulting
closed-loop system is admissible and ESPR.

III. MAIN RESULTS

We first give the following results, which will be used in the
derivation of our main results.

Lemma I: The discrete-time descriptor system (%) is admis-
sible if and only if there exist matrices P > 0 and @) such that

ATPA—ETPE +QSTA+ ATSQT <0 8)

where S € R™*("~7) is any matrix with full column and satis-
fies ETS = 0.
Proof: For the proof of Lemma 1, see [15]. O
Lemma 2—[17]: Given any matrices X, Y and Z with ap-
propriate dimensions such that Y > 0. Then, we have

XTZ2+72"X + XTYyX >-2Tv 12

Lemma 3—[4], [21]:
scribed by

Consider a state-space system de-

z(k+1) = Az(k) + Bw(k) )
z2(k) =Cz(k) + Dw(k). (10)

Then, this system is stable and ESPR if and only if there exists
a matrix P > 0 such that

ATpA-P CT - ATPB

C-B"PA —(DT+D-pBTPE)| <"
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Theorem 4: The discrete-time descriptor system () is ad-
missible and ESPR if and only if there exist matrices P > 0
and @ such that the following LMI holds:

AT
—_BT

CT — ATPB

ATPA - ETPE
C-B"PA - (D" +D- B"PB)
AT [

e

where S € R"*("~") is any matrix with full column and satis-
fies ETS = 0.
Proof: For the proof of Lemma 1, see the Appendix . [

Remark 2: Theorem 1 provides a necessary and sufficient
condition for the discrete-time descriptor system (i?) to be ad-
missible and ESPR. In the case when F = I, that is, the de-
scriptor system (f)) reduces to a state-space system, Theorem
1 coincides with Lemma 4.2 in [4]. Therefore, Theorem 1 can
be regarded as an extension of existing ESPR results for dis-
crete-time state-space systems to descriptor systems.

Remark 3: Note that the condition in (11) is a strict LMI,
which is in contrast to those in [21], where nonstrict LMI condi-
tions were given. It should be pointed out that some numerical
problems may arise when checking nonstrict LMI conditions.
Therefore, the strict LMI condition in (11) is more desirable
from the numerical point of view.

Considering Theorem 1, we introduce the following defini-
tions in order to solve the problems of PR analysis and PR con-
trol formulated in the previous section.

Definition 3: The uncertain discrete-time descriptor system
(X) with u(k) = 0 is said to be strongly robustly admissible
with ESPR if there exist matrices P > 0 and @) such that

(A+AA)" P(A+AA)-ETPE CT—(A+AA)" PB
C—-BTP(A+AA) — (DT+D—BTPB)

T
+ [(AtBAZA)T] SQT—i—QST [(A-_FBAZA)T} <0 (12)

T
] <0 (11
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there exists a linear state feedback control law u(k) = Kxz(k),
K € R™*™, such that the closed-loop system is strongly ro-
bustly admissible with ESPR in the sense of Definition 3.

In the following, attention will be focused on the develop-
ment of conditions for strong robust admissibility with ESPR
and strong robust admissibilizability with ESPR, respectively.
To this end, we need the following result.

Lemma 4: [9] Given matrices €2, I' and = of appropriate di-
mensions and with 2 symmetric, then

Q+TF(0)E+ (TF(0)2)" <0

for all F(o) satisfying F(o)F(o)T < I, if and only if there
exists a scalar € > 0 such that

Q+eT7+ 1272 < 0.

Now, we are in a position to present a necessary and sufficient
condition for strong robust admissibility with ESPR.

Theorem 2: The uncertain discrete-time descriptor system
(3) with u(k) = 0 is strongly robustly admissible with ESPR
if and only if there exist a scalar ¢ > (0, matrices P > 0 and Q)
such that the following LMI holds:

O, +100;, I, I3M
n7 -P PM | <0 (13)
MTIT  MTP  —el

where II;, s, and II3 are given in (14)—(16), respectively,
shown at the bottom of the page, and the matrix S € R**(?=7)
is given in Definition 3.

Proof: By Definition 3, it is easy to see that the unforced
discrete-time descriptor system of (X)) is strongly robustly ad-
missible with ESPR if and only if there exist matrices P > 0
and @ such that (12) holds. Applying the Schur complement for-
mula to (12), it can be seen that (12) is equivalent to (17) shown
at the bottom of the page. Observe that (17) can be rewritten as

I, | I [TI3AA4 0] ] 0
for all the parameter uncertainty AA satisfying (3) and (4), T
where S € R™*("=") is any matrix with full column and sat- 1T -P [PAA O]T |T 0 -
isfies ETS = 0. [AA H3] ‘ [AA P}
Definition 4: The uncertain discrete-time descriptor system + 0 0 < 0.
(X0) is said to be strongly robustly admissibilizable with ESPR if 0 | 0
—ETPE CT — ATPB AT r o[ AT "
h=\c_prpa —(DT+D—BTPB)]+[—BT}SQ QS| _pr (14)
=~ [eNTNy 0 _[ATP
=1 0} HZ—[ 0 (15)
ns=| % | +os (16)
*7 |-BTpP
_— 0 —AATPB] | [AATSQT], [AATSQT]T | [(A+A4)"P
1T _BTpPAA 0 0 0 ’ 0 < 0. 17)
[P(A+AA) 0] | _p
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That is

AR ARG
+<Bj’z\]‘ﬂp(0)m o])T<0 (18)

where

=[N, 0].

By Lemma 4, it can be shown that (18) holds for all F'(¢) sat-
isfying (4) if and only if there exists a scalar ¢ > 0 such that

[T

i e [ )

HQT -P PM || PM
(19)
which, by the Schur complement formula, results in the LMI in
(13). This completes the proof. O

The following theorem gives the result on the strong robust
admissibilizability with ESPR.

Theorem 3: The uncertain discrete-time descriptor system
(X) is strongly robustly admissibilizable with ESPR if and only
if there exist scalars ¢ > 0, 6 > 0, matrices P > 0, Q1 and Q>
such that

Z=P'—ec'MMT >0 (20)
X=DT+D-BTPB+Q,S"B+BTSQ} —¢ ' (Q25T
—BTP)M (I+€¢ 'M"2 M) M" (SQ3 —PB) >0
21

and

ViAo X VT —(@T + 0 1) =7 (T + T X 1Y) <0

(22)
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where the matrix S € R"X (=) ig given in Definition 3, and
Vi =eNINy + Q187 A+ ATSQT — ETPE
+etQSTMMTSQT
+(AT+e'QSTMMT) 27 (A+ e ' MMTSQY)
Vo =CT — Q18T B+ (AT + et ST MMT)
x (I+e'Z7'MM7T) (SQF — PB)
Uy =eNy Ny + B Z7'A+ B (I+e'Z27'MMT) SQT
Uy =B (I+e'27'MMT) (SQF — PB)
E=eNINy + BT Z71B; + Uox 10T 1 671,

In this case, a state feedback control law chosen by

w(k) = =271 (Uy + U X717 ) z(k) (23)

will be such that the closed-loop system is strongly robustly
admissible with ESPR.

Proof: By Definition 4 and Theorem 2, we have that the
uncertain discrete-time descriptor system (X) is strongly ro-
bustly admissibilizable with ESPR if and only if there exist a
scalar € > 0, matrices P > 0, @ and K € R™*"™ such that

f[l :i- ﬁl ﬁg IIsM
17 P PM| <0 (24)
MTUI  MTP -l

where I3 is given in (16), and Hlﬁl, A., and N, are given in
(25)—(27) at the bottom of the page, respectively. Write

_ | @
e=|2,
where the partition is compatible with the related matrices.

Then, (24) can be rewritten as the last equation at the bottom
of the page, which, by the Schur complement formula again,

[ -ETPE CT — ATPB AT - o[ AT 17
= [C BTPA. —(DT+D- BTPB) } + {—BT] SQTHQST| pr 25)
- N T
= [0 0] 4] o6
Ao =A+BiK No= Ny +NoK @7)
ENTNo+QiSTAA+ATSQT — ETPE T — AT (PB—SQY) —QiS"B  ATP Q15T M
O~ (BTP ~QuST) A~ BTSQ]  —(DT+D ~ BTPB+QuSTB+BTSQ]) 0 (QuST -~ BTP)M| _,

PA, 0 —p PM

MTSQT T (5QY - PB) MTP el
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is equivalent to Z > 0, X > 0, and equation (28) at the bottom
of the page holds. This, by the Schur complement formula, can
be shown to be equivalent to

Vit X TV HUT + DX 7M05) K+K T (U1 +UX 1))
+K" (eNy No+ B Z7'B; + U, X' U] ) K < 0. (29)

It is easy to see that (29) is satisfied if and only if there exists a
scalar 6 > 0 such that Z > 0 and

Vi+ X+ (0 + X0l K
+KT (U1 + UX71Y7) + KTEK < 0.

This can be rewritten as

Vi X 1V] — (U] + X D)= (U + T 1))
+ [KT + (O] + Y 107) 271

X Z[K+E71 (T + Ux1YT)] <. (30)

Finally, it is easy to see that there exists a matrix K such that
(30) holds if and only if (22) holds, and in this case, a suitable
K can be chosen as in (23). This completes the proof. O

In the case when there is no parameter uncertainties in the
uncertain discrete-time descriptor system (X.), this system will
reduce to

(%) : Ex(k +1) = Az(k) + Biu(k) + Bw(k)

z(k) =Cx(k) + Dw(k)

then, by Theorem 3, we have the following result.
Corollary 1: Consider the discrete-time descriptor system

(X). Then, there exists a state feedback controller such that the
closed-loop system is admissible and ESPR if and only if there
exist a scalar 6 > 0, matrices P > 0 and @ such that

V=DT"4+D-BTPB+Q.5TB+BTSQ,>0 (31)

and

W-UTT-U <0 (32)

where the matrix S € R**(=7) ig given in Definition 3, and

W=0Q.1STA+ ATSQ] — ET'PE + ATPA

+[CT —1S"B+ AT (SQF — PB)]

x V71 [C = B"SQT + (Q25" — BTP) A]
U=BTSQT + Bl PA+ B (5Q — PB)

x V7' [C = B"SQT + (Q25" — BTP) A]
T =B (P+V") By +6I.
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In this case, a suitable state feedback control law can be chosen
by

u(k) = =T Uz (k).

Remark 4: Corollary 1 provides a necessary and sufficient
condition for the existence of state feedback controllers en-
suring admissibility and ESPR of the closed-loop system. It
is noted that the design of a desired state feedback controller
involves no decomposition of the system matrices, which is due
to the use of Theorem 1 where the positive definite matrix P is
introduced. Usually, in the synthesis of discrete-time descriptor
systems, decompositions of system matrices will be involved
because of the indefiniteness of the Lyapunov-type matrix [18],
[20]; this will make the design procedure indirect and relatively
complicated. It is also worth pointing out that in the context
of discrete-time descriptor systems, the indefiniteness of the
Lyapunov-type matrix may make it difficult to obtain necessary
and sufficient conditions for the existence of state feedback
controllers guaranteeing some performance of the closed-loop
system [18], [20]. Considering the above, the results in Corol-
lary 1 is elegant from a mathematical point of view.

IV. NUMERICAL EXAMPLE

In this section, we give an example to demonstrate the effec-
tiveness of the proposed method.

Consider an uncertain discrete-time descriptor system in (1)
and (2) with parameters as follows:

1 3 05
E=10 0 0

00 0

[5.04 10.2 2.1
A=1] 2 -15 1

0 0 0

-1 —-03 1
Bi=1|0 1 0

106 —0.1 0.8

0.5 1
B=1|1 0

1 -1

[ 0.1
M= 0.1

| —0.2

—1.56 0.8 —=3.3
C_[ 23 25 —2}

5 -1
b= [0.3 8.5}
Ny =[0.38 0.6 0.4]
Ny=[-01 01 0].

Vi+VTK+ KT + KT (eNJ Ny + B Z7'B1) K Y+ KTU,

VW +lK

(28)

]



1902

It is supposed that the uncertain matrix is given as F(o) =
sin(o). Then, it can be verified that the nominal discrete de-
scriptor system is neither admissible nor ESPR. Now, to solve
the PR control problem, we choose

n

I
o~ o
— o o

Then, it can be checked that

305 1
P=105 2 —0.8
| 1 -08 5
[-0.8 1.64
Qi=| 05 14
| —25 —1.7
[0.2 0
2= 0.1 —0.1
8§ =0.0121
€ =1.1232

satisfy the matrix inequalities in (20)—(22). Therefore, by The-
orem 3, we have that the PR control problem is solvable, and a
desired state feedback control law can be chosen as

2.5947 51464  1.9953
w(k) = | —1.8499  1.0858  0.3834 | x(k).
—2.8844 —4.3098 —0.7825

V. CONCLUSION

The problems of PR analysis and PR control for discrete-time
descriptor systems with parameter uncertainties in both the state
and input matrices have been studied. In terms of a strict LMI,
a new necessary and sufficient condition for a discrete-time de-
scriptor system to be regular, causal, stable and ESPR have been
proposed. The problems are solved via the notions of strong
robust admissibility with ESPR and strong robust admissibiliz-
ability with ESPR. Without any additional assumptions on the
system matrices, necessary and sufficient conditions for strong
robust admissibility with ESPR and strong robust admissibiliz-
ability with ESPR have been obtained in terms of a strict LMI
and matrix inequalities, respectively. An explicit construction
procedure to obtain a desired state feedback control law has
also been given, which involves no decomposition of the system
matrices.
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APPENDIX
PROOF OF THEOREM 1

A. Sufficiency
Assume that the LMI in (11) is satisfied. We first show the

A

admissibility of the system (X). To this end, we write

o= &

where Q1 € R"*(™~") and Q, € R*("=")_ Then, the LMI in
(11) can be rewritten as (33) shown at the bottom of the page,
which implies

ATPA— ETPE + ATSQT + Q,5TA < 0.
Therefore, by Lemma 1, we have that system (f]) is admissible.
Next, we show that under the cpndition of the theorem, the dis-

crete-time descriptor system (X.) is ESPR. By the Schur com-
plement formula, it follows from (33) that

ATPA—ETPE+ATSQT + Q1STA+Q <0 (34)
where
Q= (C" - A"PB+ AT SQ% — Q15" B)
x U™ (C = B"PA+Q25"A— B"SQT) (35)

U=DT+D—-BTPB+ BTSQY + Q,5TB > 0. (36)

Then, it is easy to see that (34) implies that there exists a matrix
W > 0 such that

ATPA—-ETPE+ ATSQT + Q1STA+Q+W < 0. (37)
Let

o(j8) = ' E - A.

A

Then, recalling that the system () is admissible, we have that
®(j0) is nonsingular for all § € [0,27). Pre- and post-mul-
tiplying (37) by BT®(—;60)~T and ®(j6)~! B, respectively,
yield

BT®(—j0)"T [ATPA— ETPE + ATSQT + Q15" A]
x®(j0)' B+ BTo(—56)"T (Q+ W) ®(j6) "' B<0 (38)

which implies

—BT®(—j0)"" [ATPA - ETPE + ATSQT + Q15" A]
x®(j0)"'B > BT®(—j0)"" (Q+ W) ®(j6) "' B. (39)

ATPA - ETPE + ATSQT + Q,5TA
C — BTPA+Q,STA — BTSQT

— (DT + D - BTPB+ BTSQ7 + Q25" B)

CT — ATPB + ATSQT - Q15TB

<0 (33)
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Now, by some simple algebraic manipulations, it can be verified
that

BTPB + BT®(—j8) T (ATP+@:1ST) B
+ BT (ATP + Q,57)" ®(j6)!
=-BT®(—j0)"" (A"PA— E"PE+ ATSQT
+ Q15T A) @(jo) ! (40)
where the relationship E7S = 0 is used. From (38) and (40), it
is easy to show that for all 6 € [0, 2r)

BT"PB+ BT®(—j)"" (ATP+Q1S") B
+ BT (ATP + Q,5T)" ®(j#)~"

>BT®(—j0)"" (Q+ W) &(j6) 41)

Note that for all § € [0, 27)

G(e??)+G(el?)*

=D+DT+C(j6) ' B+(C®(j0) 'B)

=U+BTPB+(C—-BTPA+Q,STA-BTSQT) ®(j6) *
+BTo(—jp) T (CT—ATPB+ATSQ2T —leTB)
+[(BTPA-Q2STA+BTSQT) ®(j8) '-Q2S"]| B
+BT [®(—0) T (ATPB-ATSQT +Q15TB) —-SQY]

=U+(C—BTPA+Q,STA-BTSQT) ®(j0) ' B

+BT®(—j9)"" (C" — ATPB+ATSQ} — Q15" B)
+B"PB+B"®(—j0)"" (ATP+Q.1S") B+B” (ATP
+Qi87)" o(jo) ! (“2)

where U is given in (35). Then, by (41) and (42), we have that
forall § € [0,27)

G(eje) + G(eje)*

>U+ (C—B"PA+QyS"A—-B"SQT) ®(j¢)"'B
+ BT o(—j0)~" (CT" — AT"PB+ ATSQ5 — Q15" B)
+ BTo(—j0)~" (2 + W) e(j6)~

Noting 2 + W > 0 and using Lemma 2, we obtain

G(e!*)+G(e*)" > U = (C = B"PA+Q>8" A - BTSQY)
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Observe that

(CT —ATPB+ AT5Q] -
x (C—

Q+W — Qi STB)UT!

BTPA+Q28"A—-B"SQT) =W >0
which, by the Schur complement formula, implies (44) shown

at the bottom of the page. By the Schur complement formula
again, it follows from (44) that

U~ (C—BYPA+Q:8TA-BTSQT) (@ +w)™!

x (CT — ATPB + ATSQ3 — Q15T7B) > 0. (45)
Therefore, from (43) and (45), we have that for all § € [0, 2)

G(e??) + G* (%) > 0. (46)

On the other hand, since (3) is admissible, we can find two
nonsingular matrices M 1 and N 1 such that [2]

Ay 0
0 I|°

I 0

0 0 47)

NLEN, - { } MLAN, = [

In this case, the matrix S satisfying E7'S = 0 can be chosen as
S = NIt m i

where H; is any nonsingular matrix. Now, write

CNy =[G Gl
. B _Bil
MB = _BJ
r—T ~—1__{51 1?2
METPMT = | pr PJ
NTQuT = |3 ]
| @21
Q:H] =Q

where the partition is compatible with that of M,EN; and
M7 ANy in (47). Then, it is easy to see that

P > 0. (48)
Pre- and post-multiplying (33) by diag (NIT i ) and

diag (Nl,l ) respectively and then using the above nota-

X (Q+W)71 (CT — ATPB-i-ATSQg — QlSTB) . (43) tions, we have (49) shown at the bottom of the page. Where
U C — BTPA+ Q,STA - BTSQT >0 (44)
CT — ATPB+ ATSQT — 0,STB Q4+ W
* . o K . o
* Py+Qu+ Q% C3 —P{By —PsBo+QF —QunBy | <0 (49)
* CQ—BIPQ—B2P3+Q2—BQ V
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* represents matrices that will not be used in the following
discussion, and

V=-DT"-D+B'P B, + BIPI'B,
+BTP,By + BT PyBy — BT QY — Q,B,.

Pre- and post-multiplying (49) by

I 0 0
0 I 0
0 BY 1

and its transpose, respectively, and then noting the 3-3 block,
we obtain

—-DT — D+ CyBy+ BICY + BTPB; <.
This together with (48) gives
D—CyBy+ DY +BICY >0
which together with
G(z) = C(zE - A)7'B =Ci(2I — A))™'B; — CyBy + D
implies
G(0) + G(c0)™ > 0.

Considering this and (46), it easy to see that the discrete-time
descriptor system (X) is ESPR.

B. Necessity

A

Suppose that the discrete-time descriptor system () is ad-
missible and ESPR. Then, there exist two nonsingular matrices
M and N such that [2]

A 0

I 0
sl Ow azmf4

]N. (50)

Then, it is easy to see that the matrix S satisfying ET.S = 0 can
be written as

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 51, NO. 9, SEPTEMBER 2004

where H is any nonsingular matrix. Write
} c=[C; C|N

where the partition is compatible with that of A. Note that
G(z) = Cy (2 — A)"" By + D — C3B,.

Considering the system (ENJ) is ESPR, by Lemma 3, it follows
that there exists a matrix P > 0 such that

ATPA-P CT—ATPB,

=B PA —(D"+D-C,B,~B{CY ~BI PBy )| < 0-

(52)
Let

Q=0 Q=-I Q3s=-Co+Bj.

Then, by (52), it is easy to see that we obtain the first equation of
the bottom of the page. Pre- and post-multiplying this inequality
by

I 0 0
00 I
0 I -BF

and its transpose, respectively, we obtain (53) shown at the
bottom of the page. Set

2 N | o]" |
p:M—T[P O]M Q= —‘» Q>
0 I 0 T —
Qs
Then, pre- and post-multiplying (53) by
N | o0l
0 I
and its transpose, we can write
ATPA - ETPE CT — ATPB
C—BTpPA — (DT +D — BTPB)

T T 1T
+ [_ABT} SQT + 9s8” [_ABT} <0. (55)

HT,

(54)

§— Mm-T 0 'y 1) That is, the matrices P and Q given in (54) satisfy (55). This
I completes the proof. O
ATPA-P cT — ATPB; Q1

C1 - BTPA - (DT + D — CyBy — BYCT — BITPBl) Co+Qs+BTQy | <0

Qf

CT +QF +QIB,

I+Q2+Q3F

ATPA-P Q1
QT I+ Qs+ Q%

CT — ATPB; — Q1 B,

CJ — By + Qf — Q2Bs <0 (53)

Oy — BTPA— BIQT Cy— BT + Qs — BFQT | —DT — D+ BTPB, + BIBs — BTQT — Q4B,
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