
JOURNAL OF APPLIED PHYSICS VOLUME 89, NUMBER 1 1 JANUARY 2001
Dielectric function models for describing the optical properties
of hexagonal GaN

Aleksandra B. Djurišić and E. Herbert Lia)

Department of Electrical and Electronic Engineering, University of Hong Kong, Pokfulam Road,
Hong Kong

~Received 22 May 2000; accepted for publication 10 October 2000!

Several different models have been employed for modeling the dielectric function of hexagonal
GaN in the range from 1 to 10 eV. Models are compared in terms of number of parameters required,
intricacy of model equations, and possibility of accurate estimation of important physical
parameters, such as energies of critical points and exciton binding energies. Shortcomings and
advantages of each model are discussed in detail. Excellent agreement with the experimental data
for GaN has been achieved with three of the investigated models. It has also been shown that an
assumption of adjustable broadening instead of a purely Lorentzian one improves the agreement
with the experimental data and enables elimination of excessive absorption below the gap which is
inherent to the models with Lorentzian broadening. ©2001 American Institute of Physics.
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I. INTRODUCTION

Group-III nitrides have recently attracted lots of intere
because of their potential applications in optoelectronic
vices operating in the visible and ultraviolet region.1,2

Group-III nitrides are characterized by high ionicity, ve
short bond lengths, low compressibility, and high therm
conductivity. Fundamental band gaps of InN, GaN, and A
are around 1.9, 3.5, and 6.2 eV, respectively, enabling t
ternary alloys to have band gaps in spectral regions fr
orange to ultraviolet. A number of devices based on gro
III nitrides has been developed, such as light-emitting a
laser diodes, ultraviolet sensors, optical pumping structu
photodetectors, and heterostructure field effect transistor

Optical response of material is usually described
terms of the optical functions such as the complex dielec
function e(v)5e1(v)1 i e2(v) or the complex index of re-
fraction N(v)5n@(v)1 ik(v)#. Optical functions values
can be determined experimentally, where measured qu
ties differ for different experimental methods. Optical fun
tions are usually derived from spectroscopic ellipsome
~SE! or reflectance measurements, although some other t
niques such as electron-energy-loss spectroscopy can al
used. However, the experimental dielectric function is
expressed as an analytical function of the photon energE
5\v. Fitting the experimental data to a suitable model e
ables overcoming this deficiency. Modeling the dielect
function is useful in the quantitative interpretation of t
measured optical spectra, especially if the films of inter
are contained within a complex multilayer structure. This
generally the case for nitride materials, since for the accu
derivation of the optical functions one has to take into
count the substrate, buffer layer~if any!, nitride film, and
oxide overlayer. Also, surface roughness should be
equately modeled. Modeling is also useful in monitoring a

a!Electronic mail: ehli@eee.hku.hk
2730021-8979/2001/89(1)/273/10/$18.00
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control during the growth of the films. Some models al
enable determination of the important material parame
such as critical point energies and exciton binding energ

The imaginary part of the dielectric function can be c
culated using a strict quantum mechanical approach, w
the real part is obtained through Kramers–Kronig~KK !
transformation. This approach is straightforward and h
been applied for calculating the dielectric function
GaN.3–7 However, such an approach as a rule produces
sharp and pronounced peaks in the dielectric function.
cently,ab initio or first principle calculations which take int
account excitonic effects, i.e., electron-hole interaction, h
been reported for several materials~diamond, Si, Ge, and
GaAs;8 LiF and MgO;9 GaAs and LiF;10 Si11, GaN and
CaF2!.12 It has been shown that the agreement with the
perimental data is improved compared with the traditio
approach which does not take into account electron-hole
teractions. However, there still exists large discrepancies
tween the calculated and experimental data so that suc
approach cannot be used for describing accurately the op
functions. In addition, careful interpretation of the positio
and magnitude of the calculated peaks is needed since t
may exist structures which are absent in the experime
data.13 This effect has been attributed to the choice and nu
ber of k points in the Brillouin zone sampling.14

In this work we employ several different semi-empiric
models for modeling the dielectric function of GaN. Th
purpose of this is twofold. First, we want to examine in det
the advantages and shortcomings of each model and pro
guidance to which of the models should be employed
pending on the requirements imposed. Second, we wan
provide sets of model parameters which would enable e
and accurate calculations of the dielectric function of Ga
which could be readily applied in the optoelectronic dev
design. In the latter case, it is necessary to carefully cho
the set of experimental data used for the model param
estimation. The optical functions data for GaN reported
© 2001 American Institute of Physics
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the literature widely differ among themselves. This is illu
trated in Figs. 1 and 2, depicting the available experime
data for the real and imaginary part of the dielectric functio
respectively. The dashed line denotes SE data by Whetk
et al.,15 the solid line represents Whetkampet al.’s data cor-
rected for the surface roughness,16 the circles denote the dat
measured by Goldhahn,16 the triangles are the SE data b
Logothetidiset al.,17 the squares are the data of Kawashim
et al.18 who performed surface roughness correction over
data of Logothetidiset al.,17 the dotted line denotes the re
flectance data of Lambrechtet al.,5 and the dash-dot line is
e1 data calculated from the expression of Brunneret al.19 In
general, the optical functions data derived by performing
KK transformation over the normal incidence reflectan
data can be considered less accurate than the SE data.
be observed that the data of Lambrechtet al.5 are inferior to
the SE data, according to criterion of Aspnes and Studn20

FIG. 1. The real part of the dielectric function of GaN. The dashed l
denotes SE data by Whetkampet al. ~see Ref. 15! the solid line represents
Whetkampet al.’s data corrected for the surface roughness~Ref. 16! the
circles denote the data measured by Goldhahn~see Ref. 16! the triangles are
the SE data by Logothetidiset al. ~see Ref. 17! the squares are the data o
Kawashimaet al. ~see Ref. 18! who performed surface roughness correcti
over the data of Logothetidiset al. ~see Ref. 17! and the dotted line denote
the reflectance data of Lambrechtet al. ~see Ref. 5!.

FIG. 2. The imaginary part of the dielectric function of GaN. The dash
line denotes SE data by Whetkampet al. ~see Ref. 15! the solid line repre-
sents Whetkampet al.’s data corrected for the surface roughness~see Ref.
16! the circles denote the data measured by Goldhahn~see Ref. 16! the
triangles are the SE data by Logothetidiset al. ~see Ref. 17! the squares are
the data of Kawashimaet al. ~see Ref. 18! who performed surface rough
ness correction over the data of Logothetidiset al. ~see Ref. 17! and the
dotted line denotes the reflectance data of Lambrechtet al. ~see Ref. 5!.
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However, reflectivity studies can still be a useful tool for t
determination of the optical functions of GaN, as demo
strated by Shokhovetset al.21 and Goldhahnet al.22 It has
been shown that the influence of a buffer layer and/or a n
abrupt substrate/film interface can be verified by analyz
the envelopes of the reflectivity spectrum.21,22Significant in-
fluence of the surface roughness to the determined value
the optical functions can be clearly observed in Fig. 1, wh
the data with surface roughness correction show larger pe
in e2 . It has been shown that a low temperature buffer la
should be deposited first in order to grow good quality
tride films free of cracks.23,24 It has also been shown tha
samples grown by metalorganic chemical vapor deposi
have more abrupt surfaces than molecular beam epi
grown ones.15 The surface abruptness of nitride films can
further improved by wet chemical treatments.25 For an accu-
rate determination of the optical constants, an appropr
three- or four-layer model should be adopted, which can t
into account the substrate, buffer layer~if any!, nitride film,
and overlayer/surface roughness effects~if they are not
chemically removed!. Since hexagonal GaN films are usual
grown on either sapphire or 6H-SiC substrates, which
transparent in the most interesting region, i.e., around
fundamental band gap of GaN, it is also necessary to t
into account incoherent reflections from the backside of
substrate. Influence of the errors due to disregarding this
fect to the accuracy of reflectance spectroscopy has b
analyzed in details,26 and appropriate corrections for bot
reflectance measurements27,28 and spectroscopic ellip
sometry29 have been proposed. Also, one should have
mind that the hexagonal materials are essentially anisotro
The refractive index of GaN for both polarization directio
has been measured by Goldhahnet al.22 and Bergmann
et al.,30 and it has been found that both the ordinary (E'c)
and extraordinary (Eic) refractive indices are higher tha
the isotropic one.

Taking into consideration the method employed for t
determination of the optical functions and the criterion
Aspnes and Studna,20 we have chosen to fit the data consis
ing of the data of Goldhahn16,22in the range from 1 to 4.5 eV
and the data of Whetkampet al. corrected for the surface
roughness16 in the range 5.8–10 eV. We have decided
disregard the data of Whetkampet al.15,16 below 5.8 eV
since the data do not join smoothly with the data
Goldhahn16,22 and accuracy of Whetkampet al.’s15 data be-
low 6 eV may be lower. Since Goldhahn’s data16 have been
determined from a combination of SE and reflectance st
using a multilayer sample model, those data in the vicinity
the band gap and below should be more accurate than
data of Whetkampet al.15 Unfortunately, the SE data abov
6 eV ~the upper limit of commercial ellipsometers! are
scarce. For detailed review of SE in the 6–35 eV range
Ref. 31.

The article is organized as follows. In the following se
tion, description of the investigated models is given. In S
III advantages and shortcomings of each model are discu
in terms of the agreement with the experimental data, in
cacy of the model equations, number of parameters requ
and their physical meaning. Finally, conclusions are draw

d
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II. DIELECTRIC FUNCTION MODELS

We will describe several semi-empirical models whi
can be used for describing the optical constants of hexag
GaN in the spectral region from 1 to 10 eV.

A. Damped harmonic oscillator model

The damped harmonic oscillator~DHO! model is a
simple model which can achieve excellent agreement w
the experimental dielectric function data, depending on
number of oscillators~the general rule is: more oscillator
better fit!. However, the DHO is not appropriate for the d
scription of the derivatives of the dielectric function,32 and
its parameters are not directly related to the band struct
Usually, oscillator energy is close to the energy of a criti
point ~CP!, but often a number of oscillators needed to d
scribe single transition is larger than one, and some a
tional oscillators between CPs may be needed. This mo
has low accuracy in the vicinity of the fundamental ba
gap, since the line shape of thee2(v) cannot be successfull
described with the sum of Lorentzian peaks.32 According to
the DHO model, dielectric function is given by33

e~E!512(
j 51

N

Aj S 1

E1Ej1 iG j
2

1

E2Ej1 iG j
D , ~1!

whereE5\v is the photon energy,G j is the damping con-
stant,Aj is the strength, andEj5\v j is the oscillator energy
Phenomenological linewidthsG j in this model have no rela
tionship with true linewidths and are usually much larger32

Terry34 has proposed a modification of this model by allo
ing the strengthsAj to be complex numbersAj5uAj u
3exp(ifj) which significantly improved the accuracy of th
model. However, the number of required parameters is q
large. Terry34 used nine oscillators~36 parameters for one
sample, 144 for the entire alloy range! for describing the
dielectric function of AlxGa12xAs in the 1.5–6.0 eV range
The accuracy of the DHO model can be improved with
use of adjustable broadening,35 which will be described in
details in the following. In this work we have used the fo
lowing expression for the DHO dielectric function:35

e~v!5e1`1(
j 51

N
F j

v22v j
22 ivG j

, ~2!

whereF j5 f jv j
2 is the parameter associated with the oscil

tor strengthf j , ande1` is the dielectric constant arising from
the higher-lying transitions. No previous attempts to mo
the optical constants of nitride materials using the DH
model have been reported. There have been attempt
model the refractive index of hexagonal36 and zinc-blende37

GaN using Sellmier equationn2(l)5A1B/(l22C) but
this is valid only in the transparent spectral region. In pr
ciple, the DHO model can be applied to a wide variety
materials, unquestionably including group-III nitrides. T
main shortcomings of the model are: low accuracy in
vicinity of the absorption edge, large number of paramet
required to achieve higher accuracy, little or no informati
on the band structure parameters can be derived from
model, and the model is not appropriate for the description
the derivatives of the dielectric function.32 The main advan-
Downloaded 06 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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tage is extreme simplicity of the model equation. Reasona
accurate approximation of the dielectric function can
achieved if sufficient number of oscillators is used.

B. Model of Forouhi and Bloomer

The model of Forouhi and Bloomer~MFB!38,39 is an-
other simple model which can be applied to a variety
materials, although no application to group-III nitrides ha
been reported. This model has similar characteristics as
DHO, despite the fact that it is based on the quantum m
chanical theory of absorption. Only parameter related to
electronic band structure is the band gapE0 , which is gen-
erally underestimated. Like the DHO model, the MFB is n
appropriate for the description of the derivatives of the
electric function and has low accuracy in the vicinity of th
band gap, with refractive index underestimated below
gap. However, the MFB requires fewer parameters than
DHO, ~usually only 14! In the MFB, extinction coefficient is
given by38,39

k~E!5F(
i 51

q
Ai

E22BiE1Ci
G ~E2E0!2, ~3!

where Ai ,Bi , and Ci are adjustable parameters,E0 is the
band gap, andq is the number of transitions~usuallyq54)
The refractive index is given by38,39

n~E!5n~`!1(
i 51

q
B0iE1C0i

E22BiE1Ci

, ~4!

where

B0i5
Ai

Qi
~2Bi

2/21E0Bi2E0
21Ci !, ~5!

C0i5
Ai

Qi
@~E0

21Ci !Bi
2/222E0Ci #, ~6!

Qi5
1
2A4Ci2Bi

2. ~7!

The main shortcoming of this model is low accura
belowE0 , where the refractive index is underestimated. F
thermore,k is not zero below the gap, and the band gap va
E0 is also underestimated. Other parameters in the b
structure cannot be estimated. Advantages of the MFB
simplicity of the model equations and low number of para
eters required. A modification of this model has been p
posed by Chenet al.40 but this modification does not addres
shortcomings mentioned before. The modificati
proposed40 provides that the model conforms with the sym
metry relation and thef-sum rule fork(v). Better agreemen
achieved for energies higher than 7 eV is most probably
to taking into account more transitions~11–14! where Fo-
rouhi and Bloomer38,39 considered only 4 and fitted the da
up to 7 eV. Other modifications of the MFB proposed in t
literature which address the problemk(E).0 for E,E0

deal with amorphous and not crystalline materials.41,42
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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C. Adachi’s model

Adachi’s model dielectric function~MDF! represents a
relatively simple model which combines standard critic
points ~SCP! model and the DHO model. The SC
model43,44 describes contributions of each critical point wi
expression

e~v!5C2A exp~ if!~\v2E1 iG!n, ~8!

whereA is the amplitude,E is the energy threshold,G is the
broadening, andf is the excitonic phase angle. The exp
nent n has different values for different types of CPs. F
one-dimensional CPsn521/2, for two-dimensional~2D!
CPs ln(\v2E1iG) is considered, andn51/2 for three-
dimensional~3D! CPs. Discrete excitons with Lorentzia
line shape are represented byn521. SCP provides an ex
cellent fit to the second and third derivatives of the dielec
function, but gives only moderately good representation
the dielectric function itself.32 It should be pointed out that in
fitting the derivatives of the dielectric function one shou
use numerical derivatives for both the experimental data
the model,45,46 instead of commonly used approach to fit t
numerical derivatives of the experimental data with the a
lytical derivatives of the model. Ability for describing th
derivatives of the dielectric function is necessary for mod
ing the electroreflectance and photoreflectance data. A
critical point energies can be more accurately determi
from fitting the derivative spectra. The SCP model has b
frequently applied for the determination of positions of t
critical points and their temperature dependence for sev
materials, including both cubic and hexagonal GaN.17,47

Brunneret al.19 have used the SCP model for describi
the refractive index of AlxGa12xN, taking into account only
transitions atE0 in the form

n2~\v!5e~\v!

5C~x!1A~x!y22@22~11y!1/22~12y!1/2#,

~9!

where C(x)52(2.260.2)x1(2.6660.12), A(x)5(3.17
60.39)A(x1(9.9860.27), y5\v/E0(x), and E0(x)
5(6.1323.42 eV)x13.42 eVx2bx(12x), and b51.3
eV. However, this expression is valid only below the ba
gap, wherey<1. In order to use it slightly above the ban
gap and also estimate the imaginary part of the index
refraction it is necessary to take into account that the die
tric function e5e11 i e2 has a complex value, so that48

e1~\v!5e~\v!

5C~x!1A~x!y22@22~11y!1/2

2~12y!1/2Q~12y!#, ~10!

and

e2~\v,x!5A~x!y22~y21!1/2Q~y21!, ~11!

where

Q~x!5H 1, x<0

0, x,0
. ~12!
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The real and imaginary parts of the index of refraction a
then calculated fromn5$0.5@e11(e1

21e2
2)1/2#% and k

5$0.5@2e11(e1
21e2

2)1/2#%.
In Adachi’s model for hexagonal materials,18 contribu-

tions of the four lowest CPs (E0 ,E1b ,b5A,B,C for hex-
agonal materials! are taken into account. Additional dampe
harmonic oscillators for contributions of higher-lying critic
points, indirect transitions, discrete excitons as well as
cently proposed terms describing continuum excitons,49 can
be taken into account if needed. Since we limit our disc
sion to the wurtzite group-III nitrides, we will describe th
MDF for hexagonal semiconductors. For the MDF equatio
for the semiconductors with zinc-blende structure, see R
48 and 50.

For hexagonal materials, contribution of the fundamen
band gapE0 is given by18

e0~E!5AE0
23/2x0

22@22~11x0!1/22~12x0!1/2#, ~13!

where

x05
E1 iG0

E0
, ~14!

while A andG0 are the strength and damping constants of
E0 transition, respectively. Normally, one should calcula
the separate contributions fromE0b ,b5A,B,C critical
points, but due to very small splitting energies among th
critical points, E0b can be treated as a single degener
one.18

Exciton contributions atE0 critical points are given by18

e0X~E!5 (
m51

` A0
ex

m3

1

E02~G0
3D/m2!2E2 iG0

, ~15!

whereA0
ex is the 3D exciton strength parameter andG0

3D is
the 3D exciton binding energy.

E1b CPs are of 3DM1 type, but since the longitudina
mass is much larger than the transverse one, they ca
approximated by 2DM0 type.50,51 Contributions of the 2D
M0 critical pointsE1b are given by18

e1~E!52 (
b5A,B,C

B1bx1b
22 ln~12x1b

2 !, ~16!

where

x1b5
E1 iG1b

E1b
, ~17!

B1b andG1b are the strengths and damping constants of
E1b transitions, respectively.

Contributions of the Wannier type 2D excitons~discrete
series of exciton lines at theE1b critical points are given
by!18

e1X~E!5 (
b5A,B,C

(
m51

` B1b
X

~2m21!3

3
1

E1b2@G1b
2D/~2m21!2#2E2 iG1b

, ~18!
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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whereB1b
X andG1b

2D , are the strengths and binding energ
of the excitons atE1b , respectively. Total dielectric function
is then given by e(E)5e1`1e0(E)1e0X(E)1e1(E)
1e1X(E).

This model is relatively simple, but not very accura
especially around the fundamental absorption edge. Sev
modifications of the MDF for zinc-blende52–55 and
hexagonal56,57 semiconductors have been proposed. The b
improvement in the accuracy is obtained using an adjust
broadening concept.

The MDF has been employed for modeling the dielec
constant of hexagonal GaN,18 but obtained agreement wit
the experimental data has been poor. It has been shown
the agreement with the experimental data for GaN can
improved by using the modified MDF with adjustab
broadening.56,57 Also, the improvement of accuracy of th
conventional MDF is possible by taking into account on
electron contributions atE1b CPs and higher-order excito
contributions~which were disregarded in the study of K
washimaet al.18! and using a global optimization algorithm58

for model parameter determination.57 However, there exists
an important problem in the application of this model. If n
constraints are imposed on the values of exciton rela
model parameters, exciton binding energy is usually ove
timated. Overestimation of the exciton related parameter
the Adachi’s model has been attributed to the fact that
parameters for bound and unbound states are
independent.59 Tanguy59–61 has proposed an analytical e
pression which takes into account the contributions of
bound and unbound states in the vicinity of the absorpt
threshold. However, the proposed expression is rather i
cate and its agreement with the experimental data has
verified only over a very narrow spectral region.59,62 It
should be pointed out that the low sensitivity of the object
function to the exciton related parameters, especially ov
wide spectral range considered, represents additional d
culty for their accurate determination. We have tried to fit t
derivatives of the dielectric function to obtain more accur
values of exciton binding energies, but in that case ag
ment with the dielectric function deteriorates. In case of
multaneous fitting of the dielectric function and its deriv
tive~s!, similar to the method proposed by Kimet al.,32 it is
difficult to achieve convergence. This might indicate that
model equations may not be appropriate for describing
dielectric function and its derivatives at the same time. T
best method for dealing with this problem, in our experien
is to impose constraints on the exciton binding energies
determine exciton related parameters from the narrow s
trum around the gap and then keep them fixed in the fi
fitting procedure. Agreement of the MDF with the expe
mental data can be improved with adjustable broaden
modification, but the obtained exciton related parameters
give just a rough estimate of the value.

The problem of determination of exciton binding ener
from the room temperature dielectric function data wh
exciton peaks are not clearly pronounced can be clearly
derstood from Fig. 3 depicting the calculated dielectric fun
tion for different exciton binding energy valuesG0

3D . Small
difference between the curves with higher values of the
Downloaded 06 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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citon binding energy may explain the tendency of the mo
to overestimate the exciton binding energy value. Impro
ment of the estimate of the exciton related parameters m
be achieved by enhancing the region in the vicinity ofE0

either with larger number of data points or with high
weight of those points, but this approach might cause d
rioration of the accuracy outside the enhanced spectral
gion. The objective function is more sensitive to the chan
of G1b

2D values. However, position of the peak corresponds
E1b2G1b

2D values, and there exists a number of combinatio
of (B1b

X ,E1b ,G1b
2D ,G1b) values which give similar dielectric

function curves.

D. Adjustable broadening concept and modified
critical points model

The accuracy of both the DHO and MDF can be im
proved if the adjustable broadening is introduced. Sim
Lorentzian broadening, which is frequently used, does
represent accurate approximation of the lifetime broaden
effect32,55,57,63–65The Lorentzian function has wide wings
which give rise to the excessive absorption below the b
gap. It has been shown that the Gaussian line shape y
better fits to the experimental data than the Lorentzian on
case of direct band gap binary semiconductors.63 However, if
a Gaussian broadening is assumed, the dielectric func
cannot be expressed in a closed analytical form. In orde
overcome this problem, Kimet al.32,66–68have replaced the
damping constantG i in their model with frequency depen
dent expression

G i8~v!5G i expF2a i S \v2Ei

G i
D 2G , ~19!

whereEi is the critical point energy, anda i andG i are model
parameters. For the model of Kimet al.32,66–68 a'0.2 ap-
proximates well the Gaussian broadening. They have inv
tigated only two casesa50 ~Lorentzian broadening! anda
'0.2 ~Gaussian-like broadening!. Better agreement with the
experimental data for all the investigated materials has b
achieved in the latter case. We will not discuss here
model of Kim et al.32,66–68 in detail since the model equa
tions are rather intricate, it requires large number of para

FIG. 3. The calculated imaginary part of the dielectric function for differe
values of exciton binding energyG0

3D .
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eters, and up to date it has been applied over a wide spe
range only to zinc-blende materials. But it should be poin
out that this model gives excellent approximation of both
dielectric function and its first three derivatives. Effects
discrete excitons have also been incorporated in this m
recently.68

It has been shown that improvement in the agreem
with the experimental data can be achieved by replacing
damping constantG with Eq. ~19! for the DHO model,35 the
MDF for zinc-blende materials,55 and hexagona
materials.56,57 In this work, we will model the optical func-
tions of GaN with the modified DHO model with adjustab
broadening~MDHO! and modified MDF with adjustable
broadening~MMDF!. In both cases, we simply replace th
damping constants in model equations with frequency dep
dent expression and treat eacha i as an adjustable paramete
Similar changes in the shape of the dielectric funct
achieved by varyinga/G ratio57 can be obtained by a con
volution of Lorentzian and Gaussian lines, which can be
termined analytically in a closed form65 or calculated
numerically.64 It has been shown that the room temperat
dielectric function of binary compounds is approximately
linear combination of 75% Gaussian and 25% Lorentz
representations.63 Since broadening is neither pure Gauss
nor pure Lorentzian, an adjustable broadening concep
necessary to deal with this problem. Fourier approach to
determination of the critical points energies and broaden
parameters has been proposed.69,70 It has been found that th
broadening ofE1 ,E11D1 transitions in CdTe is purely
Lorentzian.69 However, E0 transition where inadequacy o
the Lorentzian approximation in the form of extended a
sorption tail is most notable was not analyzed with t
method. We have tried to apply the same approach to de
mine the type of broadening ofE0 for GaN. However, we
have found that the dependence of the logarithm of Fou
coefficients log10Cn on the ordern is not independent on th
false data~or the choice of boundaries outside which fal
data are used! and base line correction. Furthermore, resu
are dependent on the number of data points and the widt
the spectral region considered not only for the experime
data, but also for a simple Lorentzian or Gaussian funct
It has been shown that the accuracy of the broadening
rameterG obtained by this method depends on how close
data are spaced in energy, and poor values can be obtain
the data spacing is larger than 0.4G.46 Therefore, Fourier
analysis method proposed by Aspnes69,70 can be useful for
the determination of the energies of the critical points
caution is needed in deriving any conclusions about
broadening.

To summarize, models with adjustable broadening
very flexible, can deal with inhomogeneously broaden
transitions, and can achieve excellent agreement with the
perimental data. However, aside from the significant i
provement in the accuracy of the approximation of the
electric function, models with adjustable broadening ha
the same shortcomings as the models in which the broa
ing modification was introduced. Also, the number of para
eters may be larger~one additional parameter per transition!,
but not necessarily since fewer terms can be used with
Downloaded 06 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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impairing the accuracy. Additional worry may be KK con
sistency of the model. However, our numerical checks
vealed good agreement between the KK transformation
the imaginary part and model equations for the real par
the dielectric function. The real and imaginary part of a co
plex function are Hilbert transforms of one another if t
function satisfies the conditions:~a! the functionF(z),z5x
1 iy is analytical fory.0 and~b! ('K)(;y.0)*2`

1`uF(x
1 iy)u2dx,K for all values ofy.71 Simply replacingG with
G(v) given by Eq.~19! should not influence these cond
tions, and hence, should not cause KK inconsistency. A
considered spectral range is not wide enough for this issu
be of consequence. Still, it is advisable to perform numer
checks of KK consistency when using the adjustable bro
ening concept, especially for large values ofa.72

Let us describe the modified critical point model~MCP!.
The dielectric function within the parabolic approximatio
and for the Lorentzian representation63 can be described with

e~E!5e1`1(
i 51

N

Ci~E2Ei1 iG i !
2mi, ~20!

whereCi is a constant,Ei is the critical point energy,G i is
the damping constant, andmi512d/2 whered is the dimen-
sion of the critical point@for d52, ln(E2Ei1iGi) is consid-
ered in the standard critical points model#. A modification
where mi ,i 51,N are treated as adjustable paramet
achieves the similar effect as introducing Gaussian l
shape.63 The model is simple, does not require large numb
of parameters, and can achieve excellent agreement with
experimental data. However, as in the case of models w
adjustable broadening, parametersG i cannot be directly com-
pared with the damping constantG of a purely Lorentzian
representation.

E. Holden’s model

Holden’s model~HM! describes the dielectric functio
with the expressions based on the electronic energy-b
structure near critical points and excitonic and Coulomb
hancement effects.73 It has been applied to a material exhi
iting well defined excitonic structure73 and material where
excitonic effects at the band gapE0 are not resolved.74,75The
HM equations are similar to the results of Gon˜i et al.76 The
important advantage of HM is that both the real and ima
nary parts of the dielectric function are expressed anal
cally @Eqs. ~A7! and ~A12! in Ref. 73#. Unlike expressions
proposed by Tanguy,59–62 HM and the work of Gon˜i et al.76

express the optical functions in terms of the simple algeb
functions. Model equations are still rather intricate, but t
number of parameters required is small. The important
vantage of this model is that accurate determination of
Rydberg energies for both 2D and 3D excitons is possib
However, these parameters~as well as some other param
eters related to the structures not well resolved, such asE0

1D0) need to be determined from fitting the first derivati
and they are kept fixed in fitting the dielectric function. Als
applications of this model take into accountE0 ,E0

1D0 ,E1 ,E11D1 , andE2 ~single DHO!, which correspond
to the zinc-blende structure. The dielectric function spec
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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of GaN reveals four distinct structures which should cor
spond toE0 ~3D! and E1A ,E1B ,E1C ~2D! CPs. We have
tried to fit the data with expressions corresponding to o
3D1 three 2D structures, or two 3D1 two 2D structures and
failed to achieve good agreement with the experimental d
above 6 eV~spectral region dominated byE1b transitions!.
Combinations of one 3D term and 4 DHOs or one 3D1 two
2D terms12 DHOs gave good agreement with the expe
mental data. This might indicate that further investigation
the nature ofE1b critical points is needed. There are som
important shortcomings of this model which should be not
Since purely Lorentzian broadening is used, extended
sorption tail is evident~see Fig. 4 in Ref. 73!. The significant
contribution to thee2 below the band gap represents an i
portant shortcoming of this model. This problem has be
avoided in an artificial way by introducing the linear cuto
for the contributions of the higher lying critical point
(E1 ,E11D1 ,E2 and indirect gapEind). Figure 4 shows
separate contributions to thee2 in the range 1–3 eV. Prob
lems stemming from the terms2 ln(j2) and 2p cot(p/j)
can be clearly observed. As will be shown in the followin
excessive absorption can be reduced if adjustable broade
is used, as predicted by Schubertet al.72 However, the ex-
tended absorption tail in this model cannot be fully elim
nated. Another shortcoming of Holden’s model73 is that the
division by E2 instead of (E1 iG)2 leads to singularity in
E50.

III. RESULTS AND DISCUSSION

The following objective function was employed for th
model parameter estimation:

E~p!5 (
i 51

i 5Np FUe1~v i !2e1
exper~v i !

e1
exper~v i !

U1Ue2~v i !2e2
exper~v i !

e2
exper~v i !

UG 2

.

~21!

whereNp is number of experimental points,e1(v i), e2(v i)
are calculated values of real and imaginary part of the die
tric constant at frequencyv i , while e1

exper(v i), e2
exper(v i) are

the corresponding experimental values. In the c
e2

exper(v i)50, ue2(v i)2e2
exper(v i)u has been considered i

FIG. 4. The contributions of the Holden’s model for theE0 transition Hold-
en’s model to the imaginary part of the dielectric function (E052.0 eV,
R0520 meV,A54 eV2, G050.020 meV, andGex520 meV!.
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Eq. ~21!, instead ofu@e2(v i)2e2
exper(v i)#/e2

exper(v i)u. The
objective function was minimized by acceptance probabi
controlled simulated annealing algorithm with adapti
move-generation procedure, which is described in detai
Ref. 58

Figure 5 shows the real and imaginary part of the ind
of refraction of GaN. The solid line represents the expe
mental data,16 the dashed line denotes the DHO model w
five oscillators, the dotted line denotes the DHO model w
six oscillators, and the dash-dot line denotes the MDH
model with adjustable broadening and five oscillato
12 MFB. The obtained relative rms errors for the real a
imaginary part of the index of refraction,rn and rk , are:
rn52.3% andrk59.2% for the MDHO model,rn53.4%
and rk511.5% for the DHO model~five oscillators!,
rn53.1% andrk511.5% for the DHO model~six oscilla-
tors!, andrn55.3% andrk510.0% for the MFB. It can be
clearly observed that DHO and MDHO models achieve s
ficient accuracy in the spectral region above the band g
However, in the vicinity and below the absorption edge n
ther of the models shown in Fig. 5 can be considered ac
rate enough, although the MDHO with five oscillato
achieves better results than the conventional DHO mod
both for five and six oscillators. MFB (q55, 17 parameters!
exhibits the worst agreement with the experimental data.
performance of the MFB in the region above the absorpt
edge can be improved if more transitions are taken into
count. However, in that case the only advantage of t
model, i.e., low number of parameters required, would
lost.

Figure 6 shows the real and imaginary part of the ind
of refraction of GaN. The solid line represents the expe
mental data,16 the dashed line denotes MDF, the dotted li
denotes the MMDF, the dash-dot line denotes the M
model. The inset shows the enlarged region around the
sorption edge. The obtained relative rms errors for the r
and imaginary part of the index of refraction,rn andrk , are:
rn51.0% and rk512.5% for the MDF, rn51.0% and
rk57.4% for the MMDF ~five oscillators!, and rn50.6%
andrk52.0% for the MCP model. It can be observed that

FIG. 5. The real and imaginary part of the index of refraction of GaN. So
line—experimental data~see Ref. 16! dashed line—DHO with five oscilla-
tors, dotted line—DHO with six oscillators, and dash-dot line—modifi
DHO with adjustable broadening and five oscillators,12 MFB.
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the models achieve good agreement with the experime
data. The best agreement has been accomplished with
MCP model. The accuracy of the MDF and MMDF is low
than that of the MCP in the region around the absorpt
edge. In order to avoid obtaining unrealistically large valu
for the exciton binding energyG0

3D we have imposed con
straints on this value, which resulted in an obvious excito
peak in the calculated curves, which is more pronounce
the MDF. The optical functions for GaN in general do n
show well resolved excitonic peak atE0 , with the exception
of absorption coefficient data of Muthet al.77 Also, the MDF
exhibits extended absorption tail below the band gapE0 ,
which is inherent to all models with Lorentzian broadenin
From Fig. 6 and obtained rms errors, it can be observed
the MMDF achieves better agreement with the experime
data than the MDF. Obtained critical points energies78 for
both the MMDF and MCP are in good agreement with t
expected valuesE0;3.45 eV,77 E1A;7 eV, E1B;8
eV,5,15,17,47andE1C;9 eV.5,17,47 Exciton binding energy a
the absorption edge is expected to be around 20 meV.77

Since Holden’s model73 has been proposed for zinc
blende semiconductors, it is not possible to apply it direc
to a hexagonal material, such as GaN. We have investig
several different combinations of 3D and 2D transitions w
damped harmonic oscillators for describing higher-lyi
transitions. Good results have been obtained in two cases~a!
one 3D contribution, two 2D contributions and 2 DHOs, a
~b! one 3D contribution and 4 DHOs. As expected, in t
latter case excellent agreement with the experimental
can be obtained, since high accuracy can be accomplis
with the DHO model above the absorption edge. However
the region in the vicinity of the band gap and below, conve
tional Holden’s 3D term73 with Lorentzian broadening ex
hibits extended absorption tail which hinders the accurac
this model. In the modified Holden’s model~MHM ! absorp-
tion below the gap can be reduced, but not fully eliminat
Figure 7 shows the real and imaginary part of the index
refraction of GaN. The solid line represents the experime
data,16 the dashed line denotes HM, the dotted line deno
the MHM. The inset shows the enlarged region around

FIG. 6. The real and imaginary part of the index of refraction of Ga
Solid line—experimental data~see Ref. 16! dashed line—MDF, dotted
line—modified MDF with adjustable broadening, and dash-dot line—MC
The inset shows the enlarged region around the absorption edge.
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absorption edge. The obtained relative rms errors for the
and imaginary part of the index of refraction are:rn51.7%
and rk54.2% for HM, rn51.3% and rk53.4% for the
MHM. However, in this case it is not possible to estima
positions of the higher-lying critical points~energy of the
DHO is not related in a simple way to energy of a critic
point32! and Rydberg energy of 2D excitons. In order
achieve that it is necessary to describe the dielectric func
with one 3D contribution, two 2D contributions and 2 DHO
Figure 8 shows the real and imaginary part of the index
refraction of GaN. The solid line represents the experimen
data,16 dashed line denotes the HM, dotted line deno
MHM. The inset shows the enlarged region around the
sorption edge. The obtained relative rms errors for the r
and imaginary part of the index of refraction are:rn52.5%
and rk54.8% for HM, rn51.3% and rk52.0% for the
MHM. In this case we can also observe excessive absorp
below the band gap in the conventional HM, which is r
duced in the MHM. Also, with conventional HM we obtai
low broadening constant for the transitions atE1A and E1B

which results in sharp excitonic peaks absent in the exp

.

.

FIG. 7. The real and imaginary part of the index of refraction of GaN. So
line—experimental data~see Ref. 16! dashed line—HM with one 3D tran-
sition and four oscillators, and dotted line—modified HM with adjustab
broadening. The inset shows the enlarged region around the absor
edge.

FIG. 8. The real and imaginary part of the index of refraction of GaN. So
line—experimental data~see Ref. 16! dashed line—HM with one 3D tran-
sition, two 2D transitions and two oscillators, dotted line—modified H
with adjustable broadening. The inset shows the enlarged region aroun
absorption edge.
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mental data. Imposing constraints on this value failed to
sult in a better fit, since in that case flattened curve w
underestimated peaks is obtained. As for the MMDF a
MCP, the estimate of the position of critical points is in go
agreement with the expected positions.78 Obtained value for
Rydberg energy of 2D excitons isR150.331 eV. FromR1

;m' /e2(`), wherem' is the reduced effective mass whic
can be calculated from the effective mass parameters d
mined by Yeoet al.,79 and e(`)55.2980 we estimateR1

50.244 eV which is in agreement with the estimate from
experimental data, considering that all our values are de
mined by fitting the dielectric function. For more preci
estimation of certain parameter values, fitting the deri
tive~s! of the dielectric function can be considered, possi
over a more narrow spectral range.

To summarize, we have modeled the optical functions
GaN using a variety of semi-empirical models. We ha
demonstrated that in all cases adjustable broadening nee
be employed instead of the conventional Lorentzian one
order to eliminate extended absorption tail below the ba
gap. Excellent agreement with the experimental data
been accomplished for the MMDF, MHM, and MCP mode
For those models good agreement with the derivatives of
dielectric function can also be achieved, as shown in Fig
The solid line represents the experimental data,16 the dashed
line is the modified MDF, the dotted line is the modifie
critical points model, and the dash-dot line denotes modi
Holden’s model. It can be observed that it is justified to tr
E0A ,E0B ,E0C in hexagonal GaN as a singleE0 critical
point, since only one peak can be observed in the room t
perature spectrum of the first derivative of the dielect
function. The MCP model achieves the best agreement w
the dielectric function, while the best agreement with t
derivative~obtained by numerical derivation of the dielectr
function and not by fitting the derivative of the dielectr
function! is obtained by the MHM, since in this case th
absorption tail, whose slope is very low, practically has
influence. Small discrepancy around the absorption edge
the MMDF is due to resolved excitonic peak obtained us
this model. If no constraint onG0

3D value is imposed, this

FIG. 9. The first derivative of the imaginary part of the dielectric function
GaN. Solid line—experimental data~see Ref. 16! dashed line—modified
MDF, dotted line—modified critical points model, and dash-dot line
modified Holden’s model.
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feature can be eliminated, but in that caseG0
3D can be largely

overestimated. Obtained broadening parameters for all th
models cannot be directly compared with the conventio
Lorentzian broadening. KK consistency of the obtained
sults has been checked numerically, and satisfactory res
have been obtained. It is advisable to check KK consiste
numerically when using adjustable broadeni
modification.72 Also, it can be recommended to artificiall
set e2 to zero in the MCP belowE0 after it reaches 0.001
value to avoid small oscillations which can be present. In
MHM, however, e2.0 values cannot be avoided in suc
manner, since the absorption tail is decaying very slow
The MMDF does not suffer from such problems.

IV. CONCLUSION

We have modeled the optical functions of hexago
GaN in the range from 1 to 10 eV using several differe
models. The models have been compared in terms of ag
ment with the experimental data, the intricacy of mod
equations, the number of parameters required and t
physical meaning. Excellent agreement with the experim
tal data for GaN has been achieved using modified Holde
model with adjustable broadening, modified Adachi’s mod
with adjustable broadening, and modified critical poin
model. In cases where good agreement with the experime
data has been achieved, broadening function is not pu
Lorentzian.
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57A. B. Djurišić and E. H. Li, J. Appl. Phys.85, 2848~1999!.
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