Decomposing wage residuals: Unmeasured skill or statistical artifact?
Wing Suen

Journal of Labor Economics; Jul 1997; 15, 3; ABI/INFORM Global

pg. 555

Decomposing Wage Residuals:
Unmeasured Skill or
Statistical Artifact?

ng Suen, University of Hong Kong

The decomposition of wage residuals into standard deviation and
percentile ranks can be misleading because the two measures are
not necessarily independent. With rising wage inequality, the mean
percentile rank of low-wage groups will rise simply because more
dispersed distributions have thicker tails. This interpretation is con-
sistent with the observed stability of gender and racial wage gaps. In
contrast, the unmeasured skill interpretation of wage residuals would
predict W1denmg wage gaps in the face of rising wage inequality,
unless one posits an increase in the level of unobserved skill for
women and blacks.

I. Introduction

In two influential papers, Juhn, Murphy, and Pierce (1991, 1993 intro-
duce an innovative method of decomposing residual wage differentials
among groups of workers. Under a traditional wage decomposition (e.g.,
Blinder 1973; Oaxaca 1973 ), the wage gap between two groups of workers
is explained by two sets of factors: (1) differences in average observable
demographic characteristics and (2) differences in estimated returns asso-
ciated with those characteristics. The residual wage differential after ac-
counting for these factors is just that: a residual. Juhn et al.’s innovation
is a method of further decomposing the residual differential based on
percentile rankings. Roughly, each worker is assigned a percentile rank
in the residual wage distribution. Changes in the residual differential
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between two groups are then decomposed into (3a) changes in the differ-
ence in their mean percentile ranks and (3b) changes in the dispersion of
the residual wage distribution. Factor 3a is then interpreted as changes
in the level of unmeasured skill, while factor 3b is interpreted as changing
returns to skill. As the profession’s interest in the changing wage structure
and rising wage inequality grows, Juhn et al.’s new method and its inter-
pretation have gained acceptance quickly: Goldin and Margo (1992) and
Margo (1995) adopt this method in their historical analysis of the chang-
ing U.S. wage structure, Blau and Kahn (1992, 1993) use the method to
interpret international differences as well as secular changes in the gender
pay gap, and LaLoonde and Topel (1992) use the decomposition to study
the assimilation of U.S. immigrants.

This article contends that interpreting the decomposition as prices and
quantities of unmeasured ability is subject to bias. Juhn et al.’s method
uses the standard deviation of residual wages to measure the price of
skill and the average percentile rank to measure the quantity. Such a
decomposition is unbiased only when percentile ranks are independent
of the standard deviation. However, more dispersed distributions have
thicker tails. For any fixed wage near the lower (upper) end of the distri-
bution, its percentile ranking will rise (fall) with an increase in the disper-
sion of the wage distribution. As an extreme example, suppose male
wages were concentrated at 1 (with zero variance) and female wages were
concentrated at .7. The mean percentile rank of female wages in the
(collapsed) male wage distribution is 0. When male wages become more
dispersed—say, they are distributed uniformly between 0 and 2—the
mean percentile rank of female wages rises to .35. In a regime of rising
wage inequality, Juhn et al.’s method is then bound to find rising returns
to “‘skill’” and falling differences in the levels of such “skill,”” even when
there is no change in either prices or quantities.

Holding the unobserved skills of women (or blacks) constant, an in-
crease in the price of skills would result in a widening gender (or racial)
wage gap. In the United States, however, the female earnings gap nar-
rowed steadily and the racial earnings gap remained relatively stable dur-
ing the 1980s, a period when the degree of wage dispersion increased
substantially. To justify this observation, one has to posit that the price
of (unobserved) skills has risen while the level of (unobserved) skills of
women or blacks has also risen. Similarly, it has been observed that the
female wage gap is greater in the United States than in other European
countries, even though women in the United States have a higher mean
percentile rank in the residual wage distribution. To justify this, one has
to argue that the price of (unobserved) skills is higher in the United
States and that women in the United States have greater (unobserved)
skills than women in Europe. The statistical interpretation of wage residu-
als proposed here, however, offers a more direct and parsimonious expla-
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nation of the observed negative relationship between changes in wage
dispersion and changes in mean percentile ranks: percentile ranks for low-
wage groups rise because more dispersed distributions have thicker tails.

In the interpretation of wage differentials, a decomposition that yields
falling differences in “unmeasured skill” is taken to indicate progress on
the part of the minority group, while rising “price of skill” is taken to
be the result of economy-wide factors. As a measure of the progress of
disadvantaged groups, researchers often compute the hypothetical fall in
wage differential due to the falling gap in skill had the price of skill not
risen. If the alternative interpretation of residual decomposition proposed
here is correct, such a procedure is unsound: there would be no falling
gap in percentile rank (““skill”’) had the wage dispersion (“price of skill”)
not risen.

II. Two Models of Wage Residuals

Consider a wage equation for two groups of individuals (say, men and
women):

th = leB[ + uy, (1)

where log wage, Y, is regressed on observable characteristics (excluding
gender), X.
The gender wage gap can be written as

G, = (Xp — Xu)B: + (a5 — #ane)s (2)

where the subscript Ft(Mt) denotes the average of the female (male)
values. Using AZ, to denote Z, — Z,, the change in the gender pay gap
between years ¢ and s is

AG: = BIA(XFt - XM:) + (XFt - XM[)ABz + A(”F[ - qu)- (3)

The first two terms correspond to the first two factors mentioned in the
introduction (i.e., difference in mean endowments and difference in re-
turns to endowments), and the last term corresponds to the change in
residual wage gap.

The interpretation of the residual wage gap depends on the interpreta-
tion of #. For example, unexplained differences in wage rates between
men and women could be due to differences in unobservable skills or to
labor market discrimination. To encompass both possibilities, let

w, = 6,0, + 8”- (4)
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Here, 6, 15 a random variable with mean s, if individual : is female, and
it 1s distributed with mean s, if 7 is male. The variance of 9,, is normalized
to one. The term §, is a constant that is equal to 0 for men and to —d
for women.

Two models of the wage gap can be subsumed under the general model
in equation (4). Under the unobservable skills interpretation of the wage
gap, 0, represents some unidimensional measure of labor market ability
and o, represents the price of such ability. In the polar case, the discrimina-
tion factor d is assumed to be zero and all systematic differences in male
and female wages arise from the assumption that mean skills are different
between the sexes; that is, s5 < su,. On the other extreme, the pure
discrimination model of the wage gap assumes that d is positive and there
is no difference in mean unobserved skills; that is, s = sy,."

Let AR, represent the change in residual pay gap; that is, AR, = A(ux
— uy,). Using the general model of wage residuals specified in equation
(4) above, AR, can be decomposed into two components:

AR, ~ G[A(S[-‘, - SMt) + (S}-‘, - SM,)AG[. (5)

Notice that the discrimination term 4 drops out because it is assumed to
be constant over time.

The decomposition of residuals shown in equation (5) is valid regard-
less of the interpretation of wage residuals one adopts. However, such a
decomposition cannot be implemented because 6,, (and hence sp, and s4,)
cannot be directly observed. In practice, the empirical implementation of
this decomposition is based on the distribution of the residuals from the
wage regression. More specifically, 6, is measured by the percentile rank
of individual /’s residual in the male residual wage distribution, and o, is
measured by the standard deviation of the male residual wage distribution.
Since #, = 6,0, + &, substituting the rank of «, for 6, is appropriate
only when &, i1s zero. The empirical implementation of wage residual
decomposition therefore implicitly assumes that labor market discrimina-
tion is unimportant.

If the male residual wages are distributed normally with mean #,,, and
standard deviation ©,, then the empirical decomposition of the residual
wage gap Is given by

AR, ~ GA[Er®((# — #s)/0,) — Est®((# — 133)/6,)] ©
+ [Er®P (v — um)/6,) — Ex/® (18 — us,)/0,)]AC,.

' Under the pure discrimination story, 8, could alternatively be interpreted as
measurement error. The important assumption is that the mean of 8, does not
differ between men and women.
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Here E;(Ey.) denotes the average of the female (male) values over #.
The decomposition is only approximate because the normal cumulative
distribution function transformation is nonlinear.” To simplify the exposi-
tion, let #;, be the mean of the female wage residuals, and assume E;®(*)
~ ®[(ur, — #u)/0,].° Also note that men will have an average rank of
50% in the male wage distribution; that is, £,,®(-) = .5. Equation (6)
can then be rewritten as

AR, = G ADP((sp, — sa) — (d/0,))

(7)
+ [®((sp, — sm) — (d/0,)) — 5]Ac,.

Juhn et al. (1993) demonstrate convincingly that the U.S. wage struc-
ture in the 1980s showed a marked increase in 6,. During the same period,
‘ a decomposition of the female-male wage differential (Blau and Kahn
| 1993) indicates that the first term in equation (7) is positive while the
‘ second term is negative. It is tempting to conclude that the positive term
is due to the narrowing gap in the level of unmeasured skill, while the
negative term is due to the effect of rising prices on the differential skill
between groups. For such a decomposition of wage residuals to be mean-
ingful, however, changes in ®[(#;, — uy,)/06,] and in 6, should be inde-
pendent. Such would be the case if d = 0; for then equation (7) can be
simplified to

ARI ~ O',Ad)(sh - SMI) + [q:)(Spt - SM,) — .S]AGI. (8)

The first term in equation (8) will indeed correspond to the change in
mean skills, and the second term will correspond to the change in the
price of skills.

Consider, however, the pure discrimination theory of wage residuals.
Under this alternative model, sz, — sy, = 0 while d > 0. The empirical
decomposition in equation (7) then reduces to

AR, ~ 6 AD(—d/a,) + [®(—d/c,) ~ .5]Ac.,. (9)

Whenever o, increases, even though d remains stable, the term &(—d/

*> The normal approximation is invoked only for the numerical examples in
later sections. None of the analysis in this article depends on the functional form
of the distribution.

*> The mean of percentile rankings is not equal to the percentile rank of the
mean. More precisely, McFadden and Reid (1975) show that E,®((% — #u.)/
Cu.) = ®((dr, — sy, )/V267). This adjustment does not affect the argument in
the article.
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o.) will increase. Thus, the empirical decomposition using the ranking
method will produce the false impression that the “unmeasured skill
differential” has declined (the first term is positive) while “skill price”
has risen (the second term is negative).’ This effect arises because more
dispersed distributions tend to have thicker tails. As the residual wage
distribution becomes more dispersed, the percentile rank of the female
wage residuals (which are concentrated near the lower tail of the distribu-
tion) will rise.” Since A®(—d/c,) and Ac, will be positively correlated
when d > 0, the decomposition in equation (9) is correct only in an
accounting sense, and the resulting separation of “price effect” and “quan-
tity effect” is arbitrary.

In general, the unmeasured skills model and the discrimination model
may both contain an element of truth, in which case the general formula
shown in equation (7) is applicable. As long as d > 0, an increase in o,
will increase ®(sp, — sy, — d/0,). Thus the measure of skill convergence
using the residual decomposition methodology will tend to be upward

biased.

III. Distinguishing between the Two Models

There are several possible reasons why the variance of the residual
wage distribution has increased over the last decade in the United States:

1. The price of unmeasured skill may have risen, as emphasized by
Juhn, Murphy, and Pierce.

2. Under the discrimination theory of wage differentials, 6,0, may
be interpreted as measurement error or pricing error rather than unob-
served skill. An increase in measurement or pricing errors would then
increase the variance of the wage residuals. For example, pricing errors
in the labor market may have increased because of the increasing com-
plexity of work.

3. The market may have come to value a more diverse set of worker
attributes as the economy becomes more complex. For example, in a
simple characteristics model (e.g., Welch 1969; Rosen 1978), one can
think of 6,0, as the inner product of a vector of characteristics and the
corresponding vector of prices. If the number of valued attributes rises
(i.e., the length of the vector 8, increases), and if the new attributes are
not strongly negatively correlated with the existing attributes, the variance
of 6,8, will rise.® In this case, unlike the unidimensional skill model,

* Conversely, the mean percentile rank for female wages would fall if the male
wage distribution becomes less dispersed, causing a bias in the opposite direction.

> If women had higher wages than men, their average percentile ranks in the
male wage distribution would fall with an increase in the wage dispersion.

® The increase in number of valued attributes can also be interpreted as an
increase in price of skills (from zero to positive). This, however, does not affect

-
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individuals with high residual wages in one year will not experience
above-average wage gains when wage inequality rises. Moreover, rising
skill prices can give wage convergence rather than divergence if the lower
wage group has relatively more of the skills whose prices rise the most.

Some of these interpretations may be more plausible than others. The
point is, a decomposition of the residual wage differential into “price
effects” and “quantity effects” sheds little light on resolving the alterna-
tive interpretations. Finding that the two terms in the decomposition
exercise carry definite signs implies nothing about the price or quantity
of skill.

The two alternative models of residual wages are not entirely indistin-
guishable, however. If the unmeasured skill interpretation is correct, a rise
in the price of skill should be uncorrelated with changes in the differential
quantity of skill between two groups. A rise in the dispersion of the
residual wage distribution should then be associated with a widening of
the residual wage gap (since the first term in the decomposition is on
average zero while the second term is negative). If the statistical interpre-
tation proposed here is correct, the simple properties of distribution func-
tions dictate that a rise in ©, should be associated with an increase in
®(—-d/o,). The two terms roughly cancel, and the residual wage gap
should remain unchanged.”

The distinction between the two models can also be illustrated dia-
grammatically. Panel @ of figure 1 depicts the “‘unmeasured skill”
model of residual wages. The line AA shows the profile of log wages
against skill. Point M on AA is the male mean, and point F is the female
mean. The distance Wy W, is the gender wage gap. In this model, an
increase in the price of “unmeasured skill” is represented by tilting
the wage profile to A’A’. If average female skill (§;) remains un-
changed, the gender gap widens to Wy W ;. Only when average female
skill increases to S} will the gender gap remain constant. The statistical
interpretation of wage residuals is represented by figure 15. The line
Ay Ay plots male log wages by increasing order, and A, Ar plots female
log wages. The wage gap, Wy W;, may be due to discrimination or
difference in level of skill. If we project female wages onto the male
distribution, the horizontal distance R;Ry is the difference in their
mean percentile ranks. When wages become more dispersed, both
AyAy and ApAr become steeper. While the wage gap remains un-
changed, the difference in mean percentile ranks, R7Ry, falls.

the argument since the model assumes s; = sy;. An increase in price of skills
would have no effect on the wage differential under this assumption.

7 The effect of a small increase in dispersion, AG, on the residual wage gap is
equal to (#(—-d/0) — 5)Ac + cA®(—d/c). Since P(—d/c) — 5 = O(—d/
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Blau and Kahn (1992) argue that the higher price of unmeasured skill
in the United States tends to increase its gender gap relative to other
countries. It is interesting to note that they also find that, compared to
women elsewhere, U.S. women are less disadvantaged in terms of the
quantity of unmeasured skill. The unmeasured skill model offers no rea-
son why higher prices should be associated with smaller quantity gaps.®
The statistical model, however, predicts that a negative [®(—-d/o,)
— .5]Aaq, should be associated with positive 6,A®(—d/0,).” A quick
calculation on table 2 of Blau and Kahn (1992) gives a simple correlation
coefficient of —.98 for a sample of seven countries.

As an illustration of the quantitative significance of the possible statisti-
cal illusion resulting from the decomposition, consider Blau and Kahn’s
(1993) analysis of the U.S. gender gap. They state:

Over the 1975-87 period, due to rising wage inequality, the wages
of men in the lower portion of the wage distribution were falling
relative to the male mean. Thus, if women’s mean percentile ranking
had remained at 22, their relative wages would have declined from
60.4 to 56.8 percent of men’s. In fact, however, the gender ratio
increased over this period by 9.5 percentage points to 69.8 percent.
Women were able to counter the impact of rising inequality by
increasing their percentile in the male distribution from 22 to 31 over
this period.

To infer convergence in skills from the above facts requires the assump-
tion that percentile ranks are independent of changes in wage inequal-
ity. If one assumes instead that relative wage is independent of changes
in the wage dispersion, the conclusion will be very different. When
wage inequality rises, women’s percentile rank will increase even if
other things remain equal. For example, if the standard deviation of
(raw) wages increased from .49 to .59 in this period (see Juhn et al.
1993, table 1), women’s percentile ranking would increase from
D(—.4/.49) = 21 to ®(—.4/.59) = .25. An increase in relative wage
from 60.4% to 69.8% will then raise the percentile rank to ®(—.3/.59)
=.31. No appeal to counteracting movements in unobserved prices and
quantities is necessary.

) — B(0) ~ ¢(-d/0)d/c and since AD(—d/) ~ ¢(~d/c)d/c?, the two
terms roughly cancel.

* Blau and Kahn also find that the gender gap in observables is smaller in the
United States and that the returns to those observables are greater in the United
States compared with a number of other countries. This would be a corroboration
of their interpretation if unmeasured skill and the observables are positively re-
lated. However, by construction, unmeasured skill is derived from least-squares
residuals, which are orthogonal to the observables.

?The A operator here refers to cross-country differences.
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IV. Synthetic Cohorts and Panel Data

Existing studies using the decomposition of wage residuals are mostly
applied to cross-sectional data at different time periods. In that frame-
work, “convergence in skills” can be supposed to arise from the cohort
effect: new entrants to the labor market may possess a different set of
skills than existing participants. However, if the wage gap is calculated
for synthetic cohorts or for a panel of individuals, then—assuming the
unobserved skills of each individual are fixed over time—there is a priori
no reason to expect any ‘“‘convergence in skills.” According to the pure
discrimination theory of the wage gap, in contrast, “convergence in skills”
is merely a statistical artifact associated with any increase in the variance
of the residual wage distribution. One should therefore expect the decom-
position methodology to produce “convergence” even when there is
none. The use of synthetic cohorts or panel data, together with the identi-
tying restriction that unobserved skills are fixed over time, will then
provide a possible way of resolving the two alternative interpretations of
the change in residual wage gap.

More specifically, under the residual decomposition method, “conver-
gence in skills” is given by the term

SAP((sp, — su) — (d/o.)). (10)

In two cross sections, both sg, — sy, and d/0, will change, and the two are
not separately identifiable. If data from synthetic cohorts or longitudinal
surveys are used, one can plausibly impose the restriction that s, — sy,
is constant over time. Then, on the one hand, according to the unobserved
skills theory of the wage gap (which assumes d = 0), one should expect
that the “convergence” term (10) is zero. On the other hand, according
to the discrimination theory of the wage gap (which assumes d > 0),
one should expect (10) to be positive in periods when G, has risen.

If panel data are used, the first difference in wage residuals will also
provide useful information toward resolving the two alternative interpre-
tations of the wage gap. Let v, = u,, — u,, denote the residual wage change
for individual 7, where the residuals #, and #, are obtained from two
separate wage regressions, one for each period. Given the general model
of wage residuals in equation (4), and assuming that 8, and 8, are constant
through time, one can write

Vip = GL,AG,. ( 11 )
Compute the difference in the mean of v, between men and women:

Vre = UVme = (SH - SMz)AGt- (12)

—
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According to the unobserved skills model, s;; — s, < 0 and equation
(12) should be negative in a period of rising inequality. According to the
discrimination model, however, s, — sy, = 0 and equation (12) should
be zero.

V. Conclusion

The method of using percentile ranks to “decompose” the residual
wage gap 1s useful for detecting asymmetries in the upper and lower
ends of the wage distribution. To go beyond that to infer changes in
unobservable prices and quantities is prone to error. If rising wage in-
equality is due to the rising price of some unidimensional skill, then,
other things being equal, the average percentile ranks of female wages
and black wages should remain stable while their average pay gaps widen.
If rising inequality is due to the fact that the market comes to value a
more diverse set of attributes (of which minorities and white males pos-
sess equal amounts), then, other things being equal, the average percentile
rank of female wages and black wages should rise while their pay gaps
remain stable. Labeling an arbitrary decomposition “price effects” and
“quantity effects” will not help resolve the mystery of rising wage in-
equality. To establish the unmeasured skill interpretation of wage residu-
als would require the use of panel data. If there is a rise in the price of
skill over time, individuals with high wage residuals would experience
larger wage gains than those with low wage residuals. The statistical
interpretation proposed here does not have such an implication.
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