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Abstract

By analyzing an optimization problem over orthogonal matrices, we prove a gener-
alization of the Hardy-Littlewood-Pélya rearrangement inequality to positive definite
matrices. The inequality is then extended to rectangular matrices. Using our main
results, we derive new inequalities for several distance-like functions encountered in
various signal processing or machine learning applications.

Keywords Matrix rearrangement inequality - Matrix perturbation - Commutation
principle - Spectral functions
1 Introduction

The well-known Hardy-Littlewood-Pélya rearrangement inequality [11] states that for
any vectors u, v € R”,

n n n
Zu}v? < Zuivi < Zu}vf, (1
i=1

i=1 i=1

where ut and vV (11 and v"1) are the vectors with entries of u and v sorted in descending
(ascending) order, respectively. For positive vectors, a generalization of the rearrange-
ment inequality (1) is obtained in [16], see also [28, Example 3].

Theorem 1 (London [16, Theorem 2]) Letu € R’} ,, v € R', and f : Ry — R be
any convex function such that f(s) > f(0) for any s > 0. Then,
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sty =3 f v <Y ffv)).
i=1

i=1 i=1

There are also various generalizations of inequality (1) to the matrix setting, where
the entries of vectors are replaced by the eigenvalues or singular values of matrices. One
such example is the following result. To state it, we denote the i-th largest eigenvalue
by A; ().

Theorem 2 (Carlen and Lieb [6, Theorems 3.1-3.2]) ! Let A, B € R™" pe positive
semidefinite matrices and q > 1. Then, it holds that

n n
DK (A (B) < YAl (BIABY.
i=1

i=1

If g = 1 is an integer; it also holds that

> a(BTABY) <Y Al (AN (B).

i=1 i=1

The Hardy-Littlewood-P6lya rearrangement inequality (1) and its generalizations
are useful tools in mathematical analysis and have found many applications in both
pure and applied mathematics. They have been utilized in the studies of the geometry
of Banach spaces [6, 26], quantum entanglement [2], covariance matrix estimation
[29] and wireless communication [8, 14], to name a few.

Our main contribution is the following matrix rearrangement inequality that gen-
eralizes both Theorem 1 (up to differentiability requirement) and Theorem 2.

Theorem 3 Let f : Ry — R be a differentiable function such that s +— sf’(s) is

monotonically increasing on Ry . Then, for any positive definite matrices A, B €
R}’l ><}’l’

D F Mg (B) < > f(Li(BZABY) <Y f (i(A)Ai(B)).
i=1 i=1 i=1

If f is additionally defined and right-continuous at 0, then the inequality holds for
any positive semidefinite matrices A, B € R"™*",

I In [6, Theorems 3.1-3.2], the more general inequalities

n n n n
1 1 1 1
oAt (B <Y A (BP(BTABY)Y) and Y a(BP(BTABT)) <> Al (Al (B)
i=1 i=1 i=1 i=

are obtained for p > 0 and under the same conditions on A, B, and g. However, as shown in the proof in
[6], the first inequality can be reduced to the case of p = 0.
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The proof of Theorem 3 is based on the analysis of a certain optimization problem
over orthogonal matrices and reveals that the matrices A and B commute at optimality.
Specifically, note that the function f induces a spectral function on the space of positive
definite matrices, which defines f(X) = U Diag(f(*¢1(X)), ..., f(hn X)) VT for
any positive definite matrix X € R"*", where U Diag(A{(X), ..., 1,(X))V " is an
eigenvalue decomposition of X and Diag(1{(X), ..., 1,(X)) is the diagonal matrix
containing the eigenvalues of X on its diagonal sorted in descending order. Therefore,
the middle sum can be written as Tr(f (B%AB%)), and Theorem 3 can be seen as a
commutation principle for the function X — Tr(f (X)) in the sense of [12, Lemma 4],
see also [21, Theorem 7] for the generalization of [12, Lemma 4] to continuously
differentiable matrix functions. Nevertheless, [21, Theorem 7] is not directly applicable
to our situation as the function X +— Tr(f (X)) is not continuously differentiable in
general. Moreover, our proof is different from that of [21, Theorem 7] and highlights
the importance of the monotonicity of s — sf’(s) and positive definiteness of A and
B.

Theorem 3 does not only generalize Theorem 1 from vector case to matrix case but
also relaxes the condition on the function f (up to differentiability requirement). To
see this, consider a function f satisfying the assumption of Theorem 1, which implies
in particular that f is defined and right-continuous at 0. Suppose in addition that f is
differentiable on R, . Then, we have that for any s > 0,

f@) = f(0) = f(s) —sf'(s),

where the two inequalities follow from the assumption of Theorem 1. Therefore,
f'(s) > 0 forany s > 0. Hence, for any s, > s > 0,

s2f'(s2) = s1f (s1) = (s2 — s1) f/(s2) + s1(f'(s2) — f'(s1)) = 0, (2)

where we used the fact that f'(s2) > f/(s1), due to the convexity of f. This shows
that the function s — sf’(s) is monotonically increasing on R, . Furthermore, by
taking f(s) = s? for ¢ > 0, one readily sees that Theorem 3 recovers Theorem 2.
Note also that the requirement on ¢ is less stringent than Theorem 2.

The rest of the paper is organized as follows. Section 2 prepares some auxiliary
results. The main result Theorem 3 and its extension to rectangular matrices will be
proved in Section 3. In Section 4, we will present several applications of our matrix
rearrangement inequalities. These applications are related to Schatten quasi-norms (see
Section 4.1), affine-invariant distance of positive definite matrices (see Section 4.2)
and Alpha-Beta log-determinant divergences (see Section 4.3).

1.1 Notation

The sets of non-negative and positive real numbers are denoted by Ry and R,
respectively. For any vector u € R", the n x n diagonal matrix with the i-th diagonal
entry given by u; is denoted by Diag(u). Also, we denote by u¥ and u® the vectors with
entries of u sorted in descending and ascending orders, respectively. The sets of n x n
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symmetric matrices, positive definite matrices and orthogonal matrices are denoted
by S,, P, and Q,, respectively. For any matrix X € R"*" we denote by o (X) =
(01(X), ..., Ominfm,n} (X )) " the vector of singular values sorted in descending order.
Also, for any X € S,, we denote by A(X) = (A (X), ..., Ay (X)) T the vector of
eigenvalues sorted in descending order. Finally, the n x n identity matrix is denoted
by I,,.

2 Auxiliary Results

From now on, for any function f : J — R with domain J € R4 and matrix
X € R"™*" with singular values in J, we define

min{m,n}

SF) =Y floiX).

i=1

When X € R™*" is a positive semidefinite matrix with eigenvalues in J, we have

SpX) =Y f (X)),

i=1
We present a useful fact about the differentiability of the function Sy.

Proposition 1 (Lewis and Sendov [15, Theorem 7.1 and Corollary 7.4]) Assume m <
n. Let f : Ry — R be adifferentiable function and X € R™*" be a full-rank matrix
(i.e., Rank(X) = m) with singular value decomposition U Diag(c (X) 0)V T. Then,
Sy is differentiable at X with the derivative given by U (Diag (f’ (o (X))) 0) v

Note that the derivative is independent of the choice of singular value decomposition
of X. Moreover, it is a symmetric matrix if X € P,.

The proof of Theorem 3 also relies on the following three elementary lemmas, whose
proofs are included for self-containedness. The first one is a vector rearrangement
inequality.

Lemmal Let f : Ry — R be a differentiable function such that s +— sf’(s) is
monotonically increasing on Ry . Then, for any positive vectors u, v € R”,

Y fulvh < Zf(ulv» < Zf(u v
i=1

Proof We prove only the second inequality as the first one can be proved using exactly
the same argument. By re-indexing the components of v, we can assume without
loss of generality that v; > --- > vy, ie., v o= . Suppose that there exist indices
i,je{l,...,n}withi < jsuchthatu; < u;. We claim that

Fiv)) + fujvl) < fuiv)) + fujv)).
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In other words, if there are two components u; and u ; that are not sorted in descending
order, then swapping them in the corresponding summands will not decrease the value
of the sum. Therefore, it suffices to prove that

flac) + f(bd) — f(ad) — f(bc) >0 Ya>b >0, c>d > 0.

Towards that end, we define the function g(¢) = f(tc) — f(¢td) for t > 0. By the
assumption on f,

§' @) =cf'(tc) —df'(td) = = (tef'(tc) — tdf'(td)) = 0 Vi > 0.

~ | =

Therefore, for any ¢ > d > 0, g is monotonically increasing and hence g(a) > g(b),
which is equivalent to the inequality f(ac) + f(bd) — f(ad) — f(bc) > 0. This
completes the proof. O

The next one reveals the structure of matrices commuting with a diagonal matrix.

Lemma2 Lett,...,t; € R be distinct real numbers, ny, ..., ng be positive integers
and X € S, withn = ny + - - - + ng. Suppose that

11y, 111,
X . = X.
t(]ng tﬁlng
Then, there exist symmetric matrices X 1 €Sns s X ¢ €Sy, such that
X
X = .
Xy

Proof To prove the lemma, for any matrix ¥ € R"*", we partition its entries into
blocks so that for any i, j = 1,..., £, the ij-th block, denoted by [Y];;, is n; x n;.
Let D € R"*" be the diagonal matrix such that [D];; = t;I,,. Then, for any i, j =
1,..., ¢, we have

Ja e
[XD];; = Z[X]ik[D]kj =1t;[X];j and [DX];; = Z[D]ik[x]kj =1;[X];;.
k=1 k=1
The supposition implies #;[X];; = #;[X];;. Since #1, ..., t¢ are distinct, we conclude
that [X];; is a zero matrix for any i # j. This completes the proof. O

The last one concerns diagonal matrices in the same orthogonal conjugacy class.

Lemma3 Let D, D € R"™" be two diagonal matrices and Q € Q,,. Suppose that the
diagonal entries of D are distinctand D = QD Q. Then, Q is a permutation matrix.

@ Springer



64 Page60f18 Journal of Optimization Theory and Applications (2026) 208:64

Proof By supposition, we have that ﬁQ = OD. Next, foranyi, j=1,...,n,

(DQ);j = Zﬁikaj = D;;Q;j and (QD);j = Z QixDrj = Dj; Qij,

k=1 k=1
which implies that (l3,-i — D;j)Q;; = 0. Since eigenvalues are preserved by con-
jugation, we know that the set of numbers on the diagonal of D must be the same
as that of D. In other words, there exists a permutation 7 on {1, ..., n} such that
ﬁii = Dy (i)z(i)- Therefore, we have (Dy i)z iy —Dj;j) Qij = Oforanyi, j =1, ..., n.
Since Diy, ..., Dy, are distinct, Q;; = 0 unless (i) = j, in which case Q;; =1
due to the orthogonality. This completes the proof. O

3 Main Results

We are now ready to prove Theorem 3.

Proof of Theorem 3 Let A, B € P,. Since eigenvalues 1;(-) are continuous on R"**”
(see, e.g., [3, Corollary VI.1.6]) and f is continuous on R, we can also assume
without loss of generality that the eigenvalues of A, B are all distinct. Furthermore,
suppose that the inequality holds for any function f such that s — sf’(s) is strictly
increasing on R, . Then, for any f such that s > s/f’(s) is only monotonically
increasing on Ry, we consider the perturbed function fe(s):=f(s) + es. For s >
sy >0ande > 0,

52 f1(s2) — 51 fL(s1) = s2.f (52) — 51 (51) + €(52 — 51) > 0.

Therefore, s > s fé’ (s) is strictly increasing on R, . By supposition, the inequality
holds for f = f; Taking limit € \( 0, the rearrangement inequality then holds for f
as well. Hence, it suffices to prove the inequality for functions f such thats > sf’(s)
is strictly increasing on R ;.

Since BZAB: € IP,,, by the definition of Sy, we have

Sp(BIABY) =Y f(n(BABY)).
i=1

We start with the lower bound. Let U4 X' 4 UX andUpX'p U; be the eigenvalue decom-
positions of A and B, respectively. Consider the minimization problem

inf S, (ZUs,UT5Y). 3
Uél@,, f( B A B) 3)

1 1
By the continuity of f and eigenvalues A;(-), the function U +— S¢(X5U X4 U’ 25)
is continuous on Q,,. Since O, is compact, a minimizer Q € O, to problem (3) exists.
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We thus have
Sp(B!ABY) = min SHZLUSAUT ) = S;(2505407 53).
Let
A=05,0" and C=3iAx}.
Since A, B € P, we have that C € P, and hence that A(C) = o(C). Fix any eigen-

value decomposition C = Uc Diag()\(C))Uér and let A = U¢ Diag (f’(k(C))) Ug.
By Proposition 1, A is the derivative of Sy at C. Consider the skew-symmetric matrix

By the skew-symmetry of K, Exp(eK) € O, for any € € R, where Exp(:) denotes
the matrix exponential; see [5, Section 1] for example. Recalling that Exp(X) =
I, + X + $X? + - for any matrix X € R"*", we have

p
E;AE +e): (KA — AK)X? )+o(e)
TpAzy)+e(K Az - 2yAK Ty A)+ o
TyAzy) +e(K. ZpATyA - Azpazy) + o
1
TEASE) - IKIE +o(e),

where || - ||g denotes the Frobenius norm, the first and second equalities follow from
the continuity of f and eigenvalues A; (-), the third from Proposition 1, the fourth by

the symmetry of Z‘g and A, and the fifth by the definition of K. Therefore, K = 0
because otherwise the last display would violate the minimality of Q by taking a
sufficiently small € > 0. Hence, we have that

1

ATIASE = SLASEA,
which, upon multiplying both sides by X ; , yields
CAYp =XpAC. (4)
Letting
¢ = Uc Diag (M(C) o f'((C)) UL, Q)
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it then follows from the definition of A that

CA = Uc Diag (MC) o f'(MC))) UL = € = Uc Diag (f'(M(C) 0 M(C))) UL
= AC.

Thus, equality (4) is equivalent to

~ A

CXYp = XpC. (6)

In other words, X' g commutes with C. We claim that X g also commutes with C. To
prove the claim, note that we can write

Cl In1
Diag(A(C)) = , @)

Cllng

for some positive integers ¢, ny, ..., ny with ny + --- + ny; = n and real numbers
¢y > -+ > ¢¢ > 0. Since the function s > sf’(s) is strictly increasing on R4, the
diagonal matrix Diag (A(C Yo f/(A(C ))) takes the same form as (7), i.e., for some real
numbers t; > --- > t; > 0,

I In1
Diag (1(C) o f'(M(C))) = . 3
t(ZIw
From (5), (6) and (8), we have that
N Inl n Inl
Ul ZpUc = Ul ZUc,
tg],” tﬁlng

which, upon invoking Lemma 2, implies the existence of symmetric matrices B €
RM>xn By € R™*7™ guch that

B
Ul ZpUc =
Observing that

1§1 c1ly, c1ly, By

By coly, celn, By
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we arrive at
U/ ZpUc Diag(A(C)) = Diag(M(C))U/} ZpUc.
Multiplying the last display by Uc from the left and U, g from the right, we get
XpC =CXp, )

which proves the claim. Then, it follows from equality (9) and the definition of C
that X BA AX p. Since X'p is a diagonal matrix with distinct diagonal entries, the
matrix A = QX407 isalso diagonal by Lemma 2. Next, using Lemma 3 and that X'
is a diagonal matrix with distinct diagonal entries, the minimizer Q is a permutation
matrix. Hence, there exists a permutation 7 on {1, ..., n} such that

SH(Z30540T55) = Y F (M (Aay (B)). (10)
i=1

Using (10), Lemma 1 and the fact that A, B € PP,,, we get
1 1 n
1 1 = i
S;(B*AB?) > S;(2;0240755) = > fF(hi(A)huit1(B)),

which yields the lower bound. The upper bound of S ¢ (B >AB%)canbe proved similarly
by considering the maximization problem

1 T 1
sup Sp(ZRUZAU' X3),
UeQ,

instead of the minimization problem (3). Finally, the extension to positive semidefinite
matrices follows from the right continuity of f at 0, the continuity of eigenvalues A; (-)
and taking limits. This completes the proof. O

We next prove a matrix rearrangement inequality for singular values of rectangular
matrices.

Theorem 4 Let f : Ry — R be a differentiable function such that s > sf’(s) is
monotonically increasing on Ry . Then, for any full-rank matrices X,Y € R™*",

min{m,n} min{m,n} min{m,n}
Yo f@Xom i) < Y flaXTN)< D foiX)ei()).

i=1 i=1 i=1

If f is additionally defined and right-continuous at 0, then the inequality holds for
any matrices X, Y € R™*",

@ Springer



64 Page 100f18 Journal of Optimization Theory and Applications (2026) 208:64

Proof Let X,Y € R™*" Since 0;(X'Y) = 0;(XY ") fori = 1, ..., min{m, n}, we
can assume without loss of generality that m < n. By the definition of singular values,
we have that forany i = 1,...,m,

G (XTY) =12 (XTYYTX) = A2 (xX Yy "),
Similarly, we have that foranyi = 1,...,m,
0i(X) = 2(XXT) and o;(Y) = A (YY)

Also, XX and YYT are positive definite if and only if X and Y have full rank.
Next, let g : Ry, — R be the function defined by g(t) = f(+/1). Then, g is
differentiable on R ; and tg’(r) = l\/? f'(J/t), whose monotonicity inherits from the
map s — sf’(s). Moreover, if f is defined and right-continuous at 0, so is g. Noting
that A;(BZAB?) = A;(AB) for any positive semidefinite matrices A, B € R"™*™,
applying Theorem 3 with A = XX " and B = YY" yields the desired conclusion. 00

4 Applications
4.1 Schatten Quasi-Norms

For g > 0 and X € R™*", we denote

min{m,n} q

IXl,={ > ofX)

i=1

If g > 1, [ Xl is the so-called Schatten-g norm of X. The Banach space associated
with the Schatten-g norm is a classical subject in operator theory and has attracted
much research since the forties, see [10, 23, 26]. On the other hand, if ¢ € (0, 1),
[ X1l, is no longer a norm but only a quasi-norm. Motivated by its proximity to the
rank function, the Schatten-¢g quasi-norm with g € (0, 1] has been applied to low-rank
matrix recovery [22, 30].

As an application of our Theorem 4, we obtain the following inequality on ||,
for general ¢ € R, which could potentially find applications in the analysis of the
statistical properties of and numerical algorithms for low-rank matrix recovery based
on the Schatten-g quasi-norm.

Corollary 1 Let X, Y € R™*" and g > 0. Then, it holds that
min{m,n} min{m,n}

Y. oMo = xTY[T< 37 ol (o).
i=1 i=1
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Proof Let f(s) = s for s € Ry. Then, the function s — sf’(s) = ¢gs? is mono-
tonically increasing on R . The desired inequality then follows from Theorem 4.
O

4.2 Affine-Invariant Geometry on P,

It is well-known that the cone [P, of n x n positive definite matrices is a differentiable
manifold of dimension n(n + 1)/2, see, e.g., [4, Chapter 6]. For any A € P,, the
tangent space 74P, at A can be identified with the set of n x n symmetric matrices
S;. We can equip the cone P, with a Riemannian metric called the affine-invariant
metric: forany X, Y € T4P, =S,

(X, Y)a=Tr (XA 'YA™").
Indeed, one can easily check that, given any A € P,,, the map (-, -) 4 defines a sym-
metric positive definite bilinear form on S,,. For any A, B € P,,, The corresponding

Riemannian distance is given by

dp, (A, B) = |Log(B~:AB~7)|

F

where Log(-) denotes the matrix logarithm. This distance enjoys many interesting

properties [4, Chapter 6] and finds applications in diverse areas such as machine

learning [19, 25], image and video processing [9, 27] and elasticity theory [17, 18].
More generally, for any ¢ > 1 and A, B € P, we define

dy(A, B) = |Log(B*AB™?)] .

It has been proved in [4, Section 6] that d,, is a distance on P, for any g > 1.

Corollary 2 Let A, B € P, and g > 1. Then, it holds that

n n
> llogai(A) —log A (B < df (A, B) <) |log Ai(A) — log An—i+1(B)I9 .

i=1 i=1

Proof We first assume that ¢ > 1. Next, we note that

df(A, B) = |Log(B~*aB7Y)

L= Y ra(EiAB ),
i=1

where f(s) = |logs|? for s € Ry4. It can be readily verified that f is differentiable
on Ry, and

, Llogs)?—!, ifs=>1,
f(s) s
S) =
—4log Hy?7!, if0 <s < 1.
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Hence,
sf'(s) = sgn(logs) - q|logs|?™", (11)

where sgn(-) denotes the sign of a real number. To show that s > sf’(s) is
monotonically increasing, we let s; > s1 > 0 and consider four different cases:
s2>1 >8>0, >1>5>0,50>s1>1and1 > sp > 51 > 0. For the
first two cases, by (11), we have that so f'(s2) > 0 > s1 f’(s1). For the third case of
so > s1 > 1, (11) shows that the function s — sf’(s) is continuous on [1, c0) and
differentiable on (1, 0o). Also, for any s > 1,

! - _2
(6 = (qttogsyr~!) = LE—DEET— > g

N

which implies that the function s +> sf’(s) is monotonically increasing on [1, 00).
We therefore have s3 f/(s2) > s1 f(s1). Similarly, for the fourth case of s; < s < 1,
(11) shows that the function s +> sf’(s) is continuous on (0, 1] and differentiable on
(0, 1). Also, for any s € (0, 1),

' qlg =1 (log 1y
S

(sf' ) = (~q (10g 1)"™") >0,

which implies that the function s > sf’(s) is monotonically increasing on (0, 1]. We
therefore have s, f(s2) > s1.f/(s1). Hence, by Theorem 3, we obtain

Y Fr@aBTH) =Y F(i(BTEABTY)) = Y F(hi(A i (BT),
i=I i=1 i=1

which is equivalent to
> " llogx;(A) —logA;(B)|? < df (A, B) < [logA;(A) —log Ay—i41(B)|? .
i=1 i=1

The case of ¢ = 1 follows from limiting arguments. This completes the proof. O

For any A, B € P, Corollary 2 with ¢ = 2 immediately implies that the Rieman-
nian distance dp, with respect to the affine-invariant metric satisfies the inequality

> (og1i(A) —logri(B)* < dj (A, B) <) (logAi(A) —log An—i41(B))*.

i=1 i=1
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4.3 Alpha-Beta Log-Determinant Divergences

Divergences, which are measures of dissimilarity between two positive definite matri-
ces, play an important role in information geometry and find applications across many
areas, see [1, 7, 20] and the references therein. As a unification and generalization of
many existing divergences in the literature, the family of Alpha-Beta log-determinant
divergences (or AB log-det divergences for short) is introduced and studied in [7].
Given any «, 8 € Rsuch thata # 0 and o + B # 0, the AB log-det divergence with
parameter « and B between A, B € PP, is defined as

—1\B s —a
Da,ﬂ(A”B):#logdet(a(AB ¥ + BAB™)) )

o+ p

The definition of the AB log-det divergence can be extended to the cases of ¢ = 0
and/or o + B = 0 by taking limits. In particular, we have

% (Tr((BA™) = 1) —alogdet (BA™")) . ifa #0, B =0,
1
Dus(AlB) - | 32 (Tr((4B™")" = 1) = Blogdet (AB")), if f #0, a =0,

1 | det (AB~1)* " 520
— 1o s o = — .
o2 ¢ det (1 +log (AB—1)%)

Fora = B = 0, Dyo(A||B) = %dén (A, B). We thus omit the discussion on
this case and refer the readers to Section 4.2. Besides the squared affine-invariant
Riemannian metric, many other well-known divergences are special cases of AB log-
det divergences, including the S-divergence [24] whereo = 8 = % and the Stein’s loss
[13] (also called the Burg divergence) where o« = 0 and § = 1. For more examples of
AB log-det divergences, we refer the readers to [7, Section 3].

Note that AB~! is diagonalizable for any A, B € P,. Therefore, as pointed out in
[7], AB log-det divergences D, g(A|l B) can be expressed via the (positive) eigenvalues
of the matrix AB~!, which coincide with those of the matrix B tAB™t:

" A B-rAB? ATY(BTIAB™?
(a,( )+ BAT( N\ tepas g0,

— lo
o i=1 ¢ a+p
n

1 1 1 1 1
=3 (Af“‘(B‘?AB_f) —log i “(B~AB™H) — 1) , ifa#£0, =0,
o
i=1
Dop(AlB) =1 | 7
7 3 (xf’(B*%AB*%) —logif (Bt AB ) — 1) . ifB£0, =0,
i=1

Lo x(BHABY)
—Y1o : ifa=—p#0.
a? ; ¢ 1 +logh% (B~ AB™?) P#

The following upper and lower bounds for AB log-det divergences are generaliza-
tions of the [24, Corollary 3.8].
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Corollary3 Let A, B € P, and a, B € R. Then,

I ¢ af i’ ,+1(B)+/“_°‘(A)An i1 B
@i;log P . ifaB >0 a+B#£0,
n B -B —a o
I anl (A7 (B) + Br; (A (B) .
aﬂzlog< pay ), ifafp <0, a4+ B #0,
1 - )‘z—i+l(3) n— l+1(B) o _
Da,ﬂ(AHB)S aZ;( A:-I(A) _10g< )\’DI(A) -1/, ifa#0, =0,
n B B
A (A AP (A
I [ e ) ). ifB#0.a=0,
BT i (B) Fui1(B)
4 A (B)

fo=—B#0;

— g
5\ +log (A% (B))

and
Lo arP (7P (B) + BAY (4% (B) )
ﬁ log a+p , ifap >0, a+p #0,
n B —B o N
Ay (A, B) + B (A) B
;Zlog(a’( Pnzigr € L_fﬂ (A ( ))’ o 0.0t f 20
27 (B) 2% (B) .
Prptin= 22(““‘) (’\?’(A)>_])’ ifa #£0, =0,
4 B
A (A) A (A) '
’322(?\'3(3) (Af‘(g))l)’ ifB#0.a=0.
A (A (B) .
7210g L i e g 20
S 1+ log ()\?(A))‘i a(B))

Proof We start with the case of a8, « + B # 0. Consider the function f : R4 — R
defined by

B —a
asP + Bs
s)=log| ————— |} .
Ffs) g( Py )
We have that for any s > 0,
o aBsP — s
SPs) = asP + s

Then, for any s > 0,

(sf' () =

aBla+ )2 P~ >0, ifap >0,
(as®tP + )2 |<o0, ifaB <O.
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By Theorem 3, if o > 0, then

1 Z g [(#H WA B) + 1 (A (B)
5 a+p

I ¥ W n P (B)+ BATHANY,, (B
SDa”g(AHB)S@ZIOg(a (A)h, L Lf,s (A4 ( >>;
i=l1

and if o < 0, then

0 ilo arl ()1 (B) + BAT (M)A (B)
5 a+p

Ly WAl (B + BATE (AR, (B
zDa,ﬂm”B)zEZlOg(a A, 5 € Lf;a (A ( >>_
i=l1

For the case of @ # 0 and 8 = 0, we consider the function f : R, — R defined by
f)=s%+alogs — 1.
We have that for any s > 0,
sfI(s) = a(l —s7%),

which is monotonically increasing regardless of the sign of «. By Theorem 3,
w5
o? A% (A) AT (A)
" /A (B) AY_. . (B)
< D. 2(AlB) < — B A POV e e o ) IO I
= Dap (Al )—aZl;( T

For the case of 8 # 0 and o = 0, by using exactly the same argument as that for the
case of « # 0 and B = 0, we can prove that

Z 2 ) A?(A) .
B2 - kﬂ(B) ,\;.3(3)
n B B
< Do p(AlB) < Z( 4 (D) — log (ﬁi) -~ 1) :

z+1(B) )Ln—H-l(B)

For the case of « = —f # 0, we consider the function f : R4 — R defined by

=18 (o )
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We have that for any s > 0,

2
1

sf/(s) = w‘

1+ alogs

Then, for any s > 0,
2
/ 4 o
=— >0
(/') s(1 + alogs)? ~

By Theorem 3,

1 <& A% (A)AT(B)
_ 1 1 1
oZ ; P8\ T log (R (A)x % (B))

A A 1 (B)

1 +1og (A (AL, %, (B))

1 n
< Do p(AllB) < — ) log
i=1
This completes the proof. O

5 Conclusion

This paper generalizes the classical Hardy-Littlewood-Pdlya rearrangement inequality
to the matrix setting and presents several applications of the resulting matrix rearrange-
mentinequalities. Rearrangement inequalities have long served as fundamental tools in
mathematics, economics, statistics, and signal processing. The present work broadens
this scope by establishing new inequalities involving the trace of spectral functions of
the product of matrices. A natural direction for future research is to investigate whether
Theorem 3 admits an extension to the setting of Euclidean Jordan algebras, which is
a natural generalization of symmetric matrices endowed with spectral structure.
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