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The anomalous Hall effect (AHE), conventionally associated with time-reversal symmetry breaking in
ferromagnetic materials, has recently been observed in nonmagnetic topological materials, raising
questions about its origin. We unravel the unconventional Hall response in the nonmagnetic Dirac
material ZrTes, known for its massive Dirac bands and unique electronic and transport properties.
Using the Kubo-Streda formula within the Landau level framework, we explore the interplay of
quantum effects induced by the magnetic field (B) and disorder across the semiclassical and quantum
regimes. In the semiclassical regime, the Hall resistivity remains linear in the magnetic field, but the Hall
coefficient will be renormalized by the quantum geometric effects and electron-hole coherence,
especially at low carrier densities where the disorder scattering dominates. In quantum limit, the Hall
conductivity exhibits an unsaturating 1/B scaling. As a result, the transverse conductivity dominates
transport in the ultra-quantum limit, and the Hall resistivity crosses over from B to B~' dependence as
the system transitions from the semiclassical regime to the quantum limit. This work elucidates the
mechanisms underlying the unconventional Hall effect in ZrTes and provides insights into the AHE in

other nonmagnetic Dirac materials as well.

The anomalous Hall effect (AHE) is a key electrical transport phenomenon
with significant implications for both fundamental physics and
applications'™"’. First observed in ferromagnetic iron', the microscopic
mechanisms of AHE have been debated for nearly a century'>". Typically,
AHE requires time-reversal symmetry breaking via magnetism with Hall
resistivity as py, = RoB 4 RapM, where Ry B represents the magnetic field (B)
linear ordinary Hall effect and RayM corresponds to the magnetization
induced AHE.

ZrTes is a nonmagnetic topological material characterized by massive
Dirac bands, situated at the boundary between strong and weak topological
insulators'*™". It exhibits a paramagnetic response at low magnetic fields and
no signatures of magnetic interactions™”. A variety of intriguing phenomena
have been observed in this material, including log-periodic quantum
oscillations™, 3D quantum Hall effects™", resistivity anomaly” ™, and
negative magnetoresistance’. Recently, an unconventional Hall signal has
been reported in ZrTes: the Hall resistivity py, exhibits an unconventional
behavior in the high-field regime” ™. This behavior, reminiscent of the
AHE, is frequently attributed to the Berry curvature of the electronic

bands, potentially arising from Zeeman splitting or the formation of Weyl
nodes****. However, most studies rely on a semiclassical approximation and
often neglect the orbital effects of the magnetic field. This oversight is par-
ticularly significant in systems with a narrow band gap and low carrier
density, where the influence of the orbital effect of the magnetic field and
disorder scattering becomes pronounced. The origin of the unconventional
Hall effect in paramagnetic topological materials like ZrTes remains under
debate, necessitating a quantitative investigation to clarify underlying
mechanisms.

In this work, we investigate the mechanism of the unconventional Hall
effect in paramagnetic Dirac materials by employing the Kubo-Streda for-
mula within the framework of Landau levels, which deals with the quantum
effect of magnetic fields and disorder on an equal footing. As shown in
Fig. 1a, b, our calculations in the semiclassical regime reveal that quantum
geometry effects—such as the Berry curvature (red/blue arrows) and
quantum metric contributions (brown arrows)—introduce significant
quantum corrections to the classical Lorentz-force-driven Hall conductivity
(yellow arrows). These effects renormalize the Hall coefficient, particularly
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Fig. 1 | Schematic illustration of Hall conductivity mechanisms in Dirac mate-
rials and three magnetic field regimes. The Hall effect in Dirac materials arises from
distinct contributions for a electron-type and b hole-type carries, where a long-
itudinal current I under a perpendicular magnetic field B generates a transverse
voltage V. Arrows indicate carrier motion directions: yellow for the classical Lorentz
force and brown for quantum geometric effects (e.g., quantum metric and orbital
magnetization). Under a fixed I, the Lorentz and quantum geometric terms produce
transverse velocities that are invariant under carrier sign reversal, leading to an
inverted Hall voltage. Red and blue arrows denote the Berry curvature contributions
from Zeeman-split majority (s = +) and minority s = — states, respectively. The
Berry curvature induces opposite anomalous velocities for s = +, creating a trans-
verse carrier imbalance and a finite voltage. Unlike the classical and geometric terms,

this contribution reverses under carrier sign change, leaving the Hall voltage
unchanged. ¢ Evolution of electronic states with magnetic field. The system pro-
gresses through three regimes: (i) semiclassical (B <y ") (ii) quantum oscillations,
and (iii) quantum limit (B > (4* — A%)/(21v%e)). In the semiclassical regime, disorder
broadening smears out the Landau levels. In the quantum limit, all carriers occupy
only the lowest Landau level. Disorder broadening (red shading) and chemical
potential i (black dashed line) are shown for reference. d Quantum geometric effect-
induced Hall effect. The black arrows depict the Bloch wavefunctions at adjacent k-
points, with their directional difference representing the quantum metric (state
distance). The red shading indicates the emergent curvature from interband
coupling.

at low carrier densities where disorder scattering plays a significant role.
Owing to their distinct symmetry properties under particle-hole transfor-
mation, the quantum geometry effects exhibit characteristically different
behavior for electron- and hole-type carriers. In the quantum oscillation
regime, the Fermi-surface contribution of the Zeeman-induced Berry cur-
vature is suppressed by magnetic orbital effects and exhibits oscillations due
to Landau level quantization, while the Fermi-sea contribution remains
robust. In the quantum limit where the quasiclassical picture is entirely
invalid, although the Zeeman splitting drives the formation of Weyl nodes,
the Hall conductivity scales as ~en/B without saturation, where # is the
carrier density. Consequently, the transverse conductivity dominates
transport in the ultra-quantum limit, causing the Hall resistivity to be
inversely proportional to B. The crossover from the semiclassical regime to
the quantum limit results in unconventional Hall resistivity, and we identify
the critical magnetic field at which the Hall resistivity transitions from
positive to negative. This study presents a unified framework to elucidate the
intricate interplay of quantum geometry, magnetic fields, and disorder in
paramagnetic Dirac materials, while also shedding light on the mechanisms
behind anomalous transport phenomena in numerous nonmagnetic Dirac
systems.

Results

Model and Zeeman effects

The anisotropic Hamiltonian for ZrTes in a finite perpendicular magnetic
field B, can be written as'’

H(k) = A(k,)t, + mo, + Z vhllT, 0, + t, sin(k,a)7,0,

i=xy

(1

withv = 5y and A(k,) = A+ 2C(1 — cos k,a). IT =k + eA represents
the kinematic momentum, A denotes the vector potential components, and
a is the lattice constant along z-direction. The Zeeman effect is encoded by
m = gupB/2 with g, = 21.3 the g-factor>**' and pp = 5.788 x 10 > meV T
the Bohr magneton. The parameters in our model (listed in the caption of
Fig. 2) are derived from first-principles calculations™, and are consistent
with magneto-infrared spectroscopy measurements”. The magnetic field
has two primary effects: the orbital effect (A), which drives the formation of
Landau levels, and the Zeeman effect (1), which induces spin-dependent
energy splitting. In the presence of a magnetic field, the eigenstates and
eigenenergies can still be solved analytically, as demonstrated in
Supplementary Note 1, where we also derive the corresponding Green’s
function.

For m=0 and A =0, the Hamiltonian possesses time-reversal sym-
metry, resulting in a vanishing Hall conductivity. For m # 0 and A =0, the

energy spectrum takes the form: (k) = {\/M? + A*v?k] where
ky = (kg ky)s M(k,) = Ay(k,) + sm,and A (k,) = \/A*(k,) + t2sin’k,a.

Here, s =+ represents spin index, and (= * denotes the conduction and
valence bands, respectively. The energy spectra for |k;| =0 are shown in
Fig. 2. Zeeman splitting breaks the degeneracy of the energy levels. The Hall
conductivity can be understood in terms of the nonzero Berry curvature of

the occupied states, expressed as: oiy = ;—Zh D kesf (e — 1O, where the
2,2

Berry curvature is given by Q% = — % and f is the Fermi-Dirac dis-
<

tribution. The momentum-space distribution of Berry curvature is visua-
lized through color mapping of 2, on the electronic band structure. The
superscript S indicates that this contribution arises from quantum geometry
effects due to spin (S)-splitting induced by the magnetic field. When |m|
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Fig. 2 | Zeeman splitting modifications to elec-
tronic band structure and Hall transport. Band
structure ei(k) at |k | = 0 and the Zeeman-splitting-
induced Hall effect for two magnetic field strengths:
aB=4Tandb B=12T, below and above the field
Bp=2A/(g,up) = 8.11 T required for Weyl nodes
formation. The electronic structure is color-coded
(red to blue) to represent the logarithmic Berry
curvature, sign(Q2,)In|Q,|. In b k. denotes the
momentum-space separation between the Weyl
nodes. The right panels of each subfigure show the
Hall conductivity components: 0% (blue dashed),
Uf(ly (red dashed), and their sum o}, (black solid)
versus energy E. Model parameters:
ve=9.11x10°m.s ), v, =1.97x 10" m 57,

t,=20 meV, A=5meV, C=100meV, a=1nm,
=213, up=5788x10>meV. T"".
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increases beyond the band gap |A|, a band crossing occurs, resulting in the
creation of a pair of Weyl nodes Particularly when g =0, the Hall con-

ductivity is given by (7 Zﬂh, with k. representing the distance between the
two Weyl nodes®. For hlgher Zeeman fields |m| > |A + 4C|, two Weyl points
annihilate at the Brillouin zone boundary, causing the system to become
insulating again. In this situation, the Hall conductivity becomes a constant
at G)SW = % with a as the lattice constant in z-direction”. The Hall con-
ductivity can also be calculated by using Kubo-Streda formula™, which
separates Hall conductivity into two distinct contributions, U)Sw = UI + GH
where o1 descr1bes the response at the Fermi surface, and 0 represents a
nond1ss1pat1ve contribution from states below the Fermi energy“ >, At zero
temperature, these two components of the Hall conductivity can be obtained

as
/-ﬂ/a dk ( -
xy 2h n/a 27'[ “

(2)
and

L
=2 / 5 s (M) )

where sgn denotes the sign function, © is the Heaviside step function, and y
is the chemical potential. The Hall conductivity can be interpreted as a
summation over each k, slice of a two-dimensional system. We plot the
chemical potential dependence of o}, oy, and 03, in Fig. 2. Figure 2a
demonstrates that before Weyl point formation, all three components
vanish identically within the band gap. After the Weyl points emerge
(Fig. 2b), a generally receives contributions from both Fermi surface and
Fermi sea terms At charge neutrality, o3 is solely determined by the Fermi
sea contribution. For small magnetic field, both ny and ny exhibit a linear
dependence on B through the Zeeman term . To first order in the magnetic
field expansion, the total Hall conductivity can be obtained as

S k‘gzyBB where k, is the Fermi wavevector along the

Oxy = 2ﬂh lu
|eal-

z-direction in the absence of the Zeeman field, determined by A (ko) =

Orbital magnetic effects across semiclassical and quantum
oscillation regimes

We will now address the orbital effect (1 # 0 and A # 0). The momentum
perpendicular to the magnetic field is quantized as k% — 2N /I3, where

Iy = \/h/eB is the magnetic length, and N=0, 1, 2,... labels the Landau

levels. The eigenenergies become ¢y, = sM _ for the lowest Landau levels
(LLLs) with N =0 and ey, = /M + N7? for higher Landau levels with

N>1 (gray lines in Fig, 3a), where 5 = +/2v#1/1; represents the cyclotron
energy. Due to the presence of Zeeman field m, the LLLs are no longer
symmetric under electron-hole transformation, while the higher Landau
levels remain symmetric, although with broken degeneracy. As demon-
strated in the Supplementary Note 2, we rigorously derive the Hall mag-
netoconductivity (oy,) and transverse magnetoconductivity (oy) at
arbitrary magnetic fields using the Kubo formula within the Landau level
representation, neglecting vertex corrections. Disorder effects are incorpo-
rated by modeling the Landau levels as Lorentzians with a constant
broadening width I, corresponding to a relaxation time 7= #A/(2I'). These
conductivities can be decomposed into antlsymmetrlc (o) and the
symmetric (o) terms: oy, = 0% + 07" based on symmetry con-
siderations. The antisymmetric Hall conductmty changes sign under carrier
type reversal (oi(y) = —0:]‘;“( #)), while the symmetric conductivity
retains its sign (07 () = o (—p)), where a, b=x, y. Furthermore, the

system exhibits three dlstmct regimes based on magnetic field strength as

—""ZT repre-

illustrated in Fig. 1c: (i) Semiclassical regime (B< ™" with y =
sents the mobility): The magnetic field is weak enough and dJsorder
broadening smears the Landau levels. (ii) Quantum oscillations regimes: At

higher magnetic fields, the system enters a regime characterized by quantum

oscillations. (iii) Quantum limit (B > thva ): In this regime, the magnetic
field is strong enough that only the LLL is partially filled.

Using a small magnetic field expansion of the orbital magnetic effects
and fully incorporating the Zeeman-induced band splitting, we derive the
magnetoconductivities in the semiclassical regime while simultaneously
capturing the background contributions that persist into the quantum
oscillation regime at higher fields. The symmetric Hall conductivity o3 is

given by:

sym __
axy - BZ+0

4
The symmetric Hall conductivity arises from the Zeeman splitting-induced
Berry curvature effect, though it is modified by orbital effects. This analytic
expression is numerically validated in Supplementary Note 3. For sufficient
weak fields (yB < 1), where orbital effects become negligible, o™ ~ ny
exhibits linear field dependence. At stronger fields, orbital effects suppress
Fermi surface contribution O'Ly, while preserving Fermi sea contribution
agy—the topological component representing nondissipative contributions
from states below the Fermi energy. Figure 3b shows the difference between
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Fig. 3 | Orbital magnetic effects on Hall conductivity. a Landau level spectrum
with orbital effects. The two lowest Landau levels ¢ align precisely with the spin-
down states in the energy spectrum of Fig. 2. k. denotes the Fermi wavevector of the
lowest Landau level at charge neutrality ;£ = 0. b Magnetic field dependence of the
symmetric Hall conductivity o3 — a}}y at fixed chemical potential ¢« = 50 meV for
different I'. ¢ Quantum oscillations in the symmetric Hall conductivity o™ :
comparison between numerical calculations and analytical results for g = 50 meV
and I'= 6 meV. The oscillation frequency field Bf= 10.74 T corresponds to the
extremal Fermi surface cross-section via the Onsager relation. d The Hall con-
ductivity oy, as a function of B for 4 = 0. The blue line marks the value e’k /(2mh),
corresponding to the separation of the Weyl nodes. The black squares denote the

numerical results for disorder broadening I'= 0.1 meV. The red triangles represent
the result for en/B with 7 as the carrier density. e Antisymmetric component of oyy:
numerical results compared with analytical expressions for different y values with
I'=3 meV. f Comparison between numerical calculations and the analytical model
for the orbital quantum correction 09 at =50 meV and I'= 3 meV. g Analytical
results for the Hall conductivity at low magnetic fields (B = 0.05 T): U)I(‘)I,: (red dashed),
Ugy(blue dashed), and aiy (green dashed) as a function of I'/u. The purple line
represents the summation of these contributions. The yellow line with squares
corresponds to the numerical results. The chemical potential is 4 = 20 meV in the
simulations.

the symmetric Hall conductivity and the Fermi sea contribution,
oy — agy, plotted as a function of B for various scattering rates I. The
difference initially increases linearly before decreasing with magnetic field,
in excellent agreement with Eq. (4). At small I (purple line), orbital effects
completely suppress af{y, causing 03" to converge with (rgy. By subtracting
the background contribution, we isolate the quantum oscillations in the

symmetric Hall conductivity:

2 2 2 SO _ ¢z
pomese € Zs@[y MS(O)];MS(O) cos(S; ZB sD exp(—i
Y 2mh 4 lul(1 + x2B?) ISP |12 lxBl
(5)

where Sgo) and ng) are the zeroth and second order coefficients in the k,
expansion of S, = m(y? — M?)/(h*v?) ~ SO + 182k}, The quantum
oscillation fully comes from the Fermi surface contribution. The two bands
s =+ produce two distinct Fermi surfaces as a result of Zeeman splitting,
giving rise to a beating pattern in quantum oscillations due to their slightly
different frequencies. At small magnetic fields, the splitting is minimal, and
the symmetric component of the oscillatory Hall conductivity follows the
form oM™ ~ cos(2nB;/B) with B;= W — A/ (2ehv’) = 1047 T. As
shown in Fig.3c, our numerical results show good agreement with the
analytical expression in Eq. (5). The relation ofg}’,m ~ ogy remains valid even
in the quantum limit. This is demonstrated in Fig. 3d for the case y=0,
where an infinitesimal magnetic field drives the system into the quantum

limit. Here, the Hall conductivity exhibits perfect particle-hole symmetry
(0, = 0" and becomes nonzero for B > By, coinciding with the crossing

of the zeroth Landau level through =0 (Fig.3a). In this regime,
1 _ ek

UXY = GXY =

as shown by the blue line.

The antisymmetric Hall conductivity can be expressed as the sum of
two main contributions:

IF 4 ;O
anti — UXY + JXY (6)
xy 1+ XZ B?
where ag corresponds to the classical Lorentz force response, and USY

incorporates the correction from the quantum metric, orbital magnetiza-
tion, and other orbital (O) field-induced effects. Figure 3e compares
numerical calculations with analytical results for the antisymmetric Hall
conductivity 0™ as a function of magnetic field B at different chemical
potential y. The analytical expressions not only match the numerical results
in the classical regime but also correctly reproduce the background behavior
that persists into the quantum oscillation regime at higher fields. As shown
in Fig. 3f, after subtracting the classical Lorentz force contribution, agy
exhibits a linear field dependence, clearly revealing the quantum corrections
arising from orbital magnetic effects. By retaining terms to linear order in
the magnetic field, the explicit contributions of different mechanisms to oy,
are listed in Table 1. We emphasize that our analytical expressions are
derived in the weak scattering limit I'— 0. When I' is not small, this
decomposition breaks down, but the full Kubo-Streda formula—evaluated
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using the complete Green’s function without expansion—remains
rigorously valid. Fig. 3g shows the contributions to the Hall conductivity
as a function of I'/y for a small magnetic field. aiy (green dashedline) and JSY
(blue dashed line) from quantum geometric effects are independent of ©
while the classical contribution 0&5 (red dashed line) varies as 77> As I'/|u|
approaches 1, the quantum geometric correction grows comparable to the
classical Lorentz force contribution, driving a crossover in the total response
from 77 to 7° scaling. The analytical results (purple line) accurately describe
this crossover behavior, as confirmed by precise numerical results (yellow
line with squares).

To analyze the magnetoresistance, we need to obtain the transverse
magnetoconductivity axx The transverse magnetoconductivity is given by:
O = 307 where 02, includes both electron-hole incoherent (a7, ;) and

coherent (0, co°) contrlbutlons (See Supplementary Note 4 for the exphc1t
forms of these terms). The incoherent contribution arises from the retarded-
advanced channel in Kubo formula, while the coherent contribution ori-
ginates from the retarded-retarded channel. As o}, . /0% i ~ T/us

Table 1 | The contributions to the Hall and transverse
conductivity in the semiclassical regime and quantum limit

semiclassical regime quantum limit

312 (12) 12 en
e va (vt A an

Oxy Lorentz force (oy)) g B
orbital effect (3,) eﬁv;;%v B
spin effect (3 %%gzyBB

Oxx incoherent (69, ;) e2()tv, el
coherent (0%, ..) %

LF is Lorentz force contribution. n |s the orbital field-induced conductivity. n |s the spin-splitting-

|nduced conductivity. 62, represents the electron-hole incoherent contnbutlon to the transverse

xx.in

magnetoconductivity. 6%, , is the electron-hole coherent contribution to the transverse

magnetoconductivity. v, = 27[‘:2“/2
2

w2y =1 [dk]zs_,(vx_s,) 3(u — &) represents the average square of the Fermi velocity over the

27 Zs,, O(u? — M?)isthe density of states at the Fermi energy.

Fermi surface, where v, o, = %akx & is the Fermi velocity along x-direction. The Lorentz force term
can be rewritten in a more familiar form o} = yBo,, where oy = €2D, (3v2 /v?) with D = v*/3 as the

diffusion constant.

Ry [mQ cm T

—=— numerical data |
analytical results
- = -1/en

Fig. 4 | Quantum geometric renormalization of Hall coefficient and nonlinear
Hall resistivity. a Hall coefficient Ry versus I for a fixed carrier density

n=18x 10'°cm ™ in the semiclassical regime, for both electron- and hole-type
carriers. The blue dashed lines represent the classical result 1/en. The red lines show
the analytical results derived from Eq. (7), while the gray squares correspond to
numerical solutions obtained from the full expression. b Comparison between

electron-hole coherence plays an important role near the band bot-
tom ('~ |ul).

In the semiclassical regime, the Hall resistivity py, = 0y,/(0xx0yy) = RuB
remains linear in B, with the Hall coefficient Ryy = apxy/aB given by.
IE 4 ;O S
10, +0, +0
Ry =2 Oy )
(Uxx,in + Uxx,co)
When Iyl <1, 0}, ;, = 0,07, ., and Lorentz force contribution

aLF >~ xBo, dominates oy, then Ry = 1/en reduces to the classical

result. When I'~|u|, the contribution from quantum geometric
effects and electron-hole coherence can no longer be neglected.
Consequently, the Hall coefficient must be modified after accounting
for these effects. As shown in Fig. 4a, we plot Ry as a function of I'/u
for a fixed carrier density n, considering both electron- and hole-type
carriers. As I' increases, Ryy gradually deviates from the classical result
1/en. The analytical solution (red lines) from Table 1, derived
through a I' expansion, agrees well with numerical calculations for
I'/u<1. However, in the I'/u>1 regime, higher-order quantum
geometric corrections ( o« I™.. ) become significant and must be
included to accurate description. The conductivity components
exhibit distinct symmetry properties: (7

F and U are antisymmetric

under carrier-type reversal (4 — —p), whlle ny is symmetric. This

leads to markedly different behavior for two carrier types-with
increasing I, the hole-type Ry can vanish or even change sign when

S

0y, compensates or dominates the (T Fand a , whereas the electron-

type Ry maintains its original sign throughout. By analyzing the
frequency of the Shubnikov-de Haas (SdH) oscillations, which is
directly proportional to the cross-sectional area of the Fermi surface,
the carrier density of the system can be determined™. By comparing
the Hall coefficients obtained from Hall resistivity measurements
with the carrier density extracted from SdH oscillations, one can
identify the field-induced unconventional Hall effect in experiments.
This approach provides a robust method to distinguish between
conventional Hall effects and anomalous contributions arising from
quantum geometry in the out-of-plane magnetic field configuration.

b40'|'|'|'|'|'|'|
I B ~en/(0 )BT

xx 1}

B cexperimental data

theoretical fitting
5 -
0 | Y I T (U I | ]
0 2 4 6 8 10 12 14

B[T]

experimental data (black dashed line with squares) from ref. 38 and theoretical
simulations (red line) based on our model. The simulations use fitting parameters
n=3x10"cm™, I'=6.5meV, A =5 meV, with other model parameters consistent
with previous simulations. The blue and red shaded regions indicate the semi-
classical regime and quantum limit, respectively. Dashed lines serve as eye guides for
~B and en/(0xx0,,)B~". B. ~ 3.8 T indicates the critical field.
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From a semiclassical perspective, the magnetic field modifies the
conductivity through corrections to both the Berry curvature and band
energy of electronic states™*”. Using a weak magnetic field expansion of the
Green’s function (See the “Methods” section and Supplementary Note 6 for
details), we derive 7-independent Hall conductivity (7(0) = 0% + af(y in

(0),wp 0y
ab to

terms of quantum geometric quantities. We find ag?)) =0 b

where cr( ) WP represents the previously known contribution derived from

sem1c1a551cal wavepacket theory™™*, given by
3

ai(l))) WP — =< f[dp a—{) (Bchb vV, + Eeabcﬂc(m -B) —(a <> b)]. Here,

a, b, c denote Cartesian components (with Einstein summation convention),
€apc s the Levi-Civita symbol, Fg, is the anomalous orbital polarizability
(AOP), Q. the Berry curvature, and m the intraband orbital magnetic

moment. The additional term a(b) is a new correction obtained through
Green’s function techniques, which contains higher-order energy deriva-

tives of the Fermi-Dirac distribution:

oV == [ [dp (BxV V) o1 V,(BxV),
ab_ 2gac p'b/ T €3 8 Mac V'

®)
*f 1
—ES— m([V Vbb(m : B)} —(a< b)}7
where g is the quantum metric tensor, and n,, = Re(d,, (g, — H,)

|0, p) With €qand |y, ) as the eigenenergies and eigenstates for the band
intersecting the Fermi surface. These terms are non-vanishing and essential
for recovering the complete expression for Uxoy-

Nonlinear Hall resistivity in quantum limit

In the quantum limit, disorder has minimal impact on oy, allowing us to
neglect impurity effects when evaluating o,,. As shown in Supplementary
Note 5, the total Hall conductivity can be rigorously shown to satisfy
0Oy, = %, where n is the carrier density, with the charge neutrality point
defined as the midpoint between the two LLLs (see Supplementary Note 7).
As demonstrated in Fig. 3d, we validate this relation by examining the case
where y = 0. Here, an infinitesimal magnetic field is sufficient to drive the
system into the quantum limit. The Hall conductivity exhibits perfect
particle-hole symmetry and develops a nonzero value for B> B,. Our
numerical results for the Hall conductivity (black squares) show excellent
agreement with the analytical expression (red triangles), even when Weyl
nodes form without orbital effects. This agreement persists because the
carrier density can be expressed as n = eBk./(2nth). If the carrier density is
fixed at the charge neutrality point (n = 0), the Hall conductivity vanishes
identically (black dashed line). As illustrated by Fig. 1c, the leading-order
conductivity oy, arises from the inter-band velocity and the scatterings
between the Oth bands with the bands of 1, which are higher-order per-

turbation effects”. After calculation, we find: o, Z;ZE tr F where F is a

dimensionless integral of order unity, weakly dependent on m/I" and u/I.
For estimating p,y, 7 can be approximated as a constant. oy is proportional
to I, while oy, is inversely proportional to B. This leads to a field-driven
competition between these two conductivity components. At small field,
where g2 >0, Oy Pxy exhibits a classical linear dependence: pyy, = Bfen.

Conversely, at larger fields, where 0§Y<<axxo becomes inversely pro-

vy Pxy

~ —¢_ B~ The transition between these two regimes
x%yy

portional to B: p,,

occurs at a critical magnetic field:

ot Zﬂha
<7 T e.7:

(€)

For larger values of I'and smaller carrier density n, B. decreases, making the
transition easier to observe. We apply our theory to explain the experimental
data from ref. 38. As shown in Fig. 4b, for a low carrier density
n=3x10"cm™, the system enters the quantum limit at around Bqy, ~ 1T,

indicated by the red shaded region. Quantum oscillations emerge in the
regime where y ' < B<Bq = (4’ — A%)/(2i’e), as illustrated in Fig. 1.
However, when the mobility is relatively low and the carrier density is small,
the quantum oscillations in the intermediate field range become difficult to
observe. Using F = 0.6 and the band gap and broadening parameters
provided in ref. 38, the critical magnetic field is estimated to be B, ~ 3.8 T.
Our theory accurately explains the experimental results. Additionally, it self-
consistently reproduces the longitudinal conductivity, as demonstrated in
Supplementary Note 8.

Conclusion
In conclusion, we propose a quantum theory for the unconventional Hall
effect in paramagnetic Dirac materials, combining intrinsic band topology
with field-induced quantum effects of LLs. By systematically separating the
total Hall conductivity contributions based on symmetry and physical
origin, we clarify how each component evolves under an applied magnetic
field. In the semiclassical regime, quantum geometry effects modify the Hall
coefficient, while in the quantum limit, a competition between transverse
and Hall conductivities leads to the nonmonotonic field dependence of the
Hall effect. This work provides a comprehensive framework for under-
standing the intricate interplay between quantum geometry, magnetic field,
and disorder in Dirac materials, and also offers valuable insights into the
origin of anomalous transport phenomena observed in other nonmagnetic
Dirac materials, such as Cd;As,"*®

At last, we emphasize the fundamental distinction between our
proposed mechanism and conventional multiband models. The ori-
gin of the unconventional Hall effect in our framework stems from
quantum geometric effects that persist regardless of Fermi surface
topology or temperature, whereas multiband models require specific
band structure conditions and thermally activated carriers. If angle-
resolved photoemission spectroscopy (ARPES) reveals a single Fermi
surface (exclusively electron- or hole-like) without additional bands
crossing the Fermi level, this would rule out multiband contributions
to the unconventional Hall effect. In such a scenario, the uncon-
ventional Hall response observed at low temperatures (kT < A)
must arise from intrinsic quantum geometric effects, as thermally
excited minority carriers are exponentially suppressed. This distinc-
tion is particularly crucial in systems like ZrTes, where the bandgap
and Fermi level positioning are sensitive to sample stoichiometry and
external perturbations. Transport measurements under controlled
doping or strain could thus serve as additional tests to isolate the
geometric contribution.

Methods
Eigensolutions and Green’s function for the Dirac Hamiltonian in
a finite magnetic field

2 ]
We perform a unitary transformation to Hamiltonian [Eq. (1)], U = €"%=
t, sink,

with 6 = arctan ) leading to
H = UHU™
Aj+m 0 0 na
0 Ay—m na' 0
- 0 na  —Aj+m 0
na' 0 0 Ay —m

where the ladder operators are defined as a = 1’H —iZ H and

at = %HX + igﬂy, and A(k,) = \/A(kz) + (t,sink,)*. The Hamilto-

nian H' separates into two subblocks: H' = H, @ H_ with H = M_
0, +nac, +nato_,H_= M_o,+na'o, +nao_ and M, (k,) =
A £ m. The current operator is obtained from j, = eir”'[H, r,] with a = x, y
denoting the coordinates in the plane perpendicular to the magnetic field. In
the subspace s with s=+ , the current operators are j; = ev,0, and
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Jy = sevy0,. The eigenfunctions of the 2 x 2 Hamiltonian are given by

kotikz [(cosPe g (8
€ [ 2T (10)

Vs (l‘) = (rW/nS > =L i
¢ Ckk, VLL, | sin (pszi ¢n7?(£)

with &= y/l+kd, cos ¢, = (M /ey, and sing = /nn/ey. ¢,(8) =

%HH(E) where H, denotes the nth Hermite polynomial. The

corresponding eigenenergiesare (e, = {1/ M? + n#?. The wavefunctions
for the LLLs are

ik x+ik,z 0
Vo, (r) = XlWopi ) = eLﬁ {gbo(f)} ’

oo 11
eikoxtik,z ¢0(€) ( )
Yo (1) = (rlyg_y ) = T | o |
with the corresponding eigenenergies given by &,, = —sM . Then, we can

derive the retarded (R) and advanced (A) Green’s functions

(Vs k) Vnsr i 1T

G (w;r,v) = Z _(rwoskxkz)(%skxkz ')

R,A
w — &pg

up>

s,(;n>1

RA __
S w™ £ns(

with @™* = w + i. By substituting Egs. (10) and (11), we can obtain
Glw;t,¥) = ") G(w; r — 1)

where the Schwinger phase as @(r, ,r))= f:i dr, -A(r))=
—w with r; =(x, y) which breaks the translational invariance

explicitly and the translational invariant part is***’

e v, 2
. lé,‘zj WA — M, 10 <|rJ_ — IJL|2>P
@A e, "\ 2 )

1 RA 0 [r, — r’ﬂz
+ Z—(wR.A)Z — [(w + M) (I )P

nx1

0 x=x)=(=y)
o Jr =1 P 2 20y
+ L 22 YP_ | +/ny n| teysy) 0
B

e v, 2
67;41; L <|11 —1'U2>
n—1 2
2l

with L7 (x) as the generalized Laguerre polynomials. The Fourier transform
of the translational invariant part G(w; r — r’) can be obtained as

ex‘k,(zfz’)

2
2nly

~R,A
G (CU%H - rl) =

ES'A(Mk) = / dref"k'(rﬂ,)é?’A(w;r— r)
12)
e SKAe ) (
— kil Z(_l) e S
(w ’ ) _eﬁs

n=0
with
S (@, k) = 2(™* + Mo )Ly ()P — Ly (x)P] — 4k, - oL, (x)
(13)

where x = 2]k llzlé with k= (k,, ky) and the projection operator is
Py=(1+ s0,)/2.

Kubo formula for Dirac materials in a finite magnetic field

The frequency-dependent electrical conductivity tensor is calculated using
R (O

the Kubo formula: 0,,,(Q) = %QQHO) where ITX is the retarded current-

current correlation function obtained by analytically continuing the ima-

ginary time expression:

B _

My (0) =, [ dre (11,0700
0

- l% 37 TG, (i, W) VG, i, + 10, ) V]

k,iw, s

where V: = 40H,/0k, is the current operator for subblock s. By sub-
stituting Eq. (12) and performing the analytical continuation
i0Qy, — O+ 10, the magnetoconductivity can be evaluated as®

&’k
@ny’
GaSES(w’, k)obS?ns(w, k) S
{[wR] — MW ] — &) —f@ ([T — (ep ) HIWRT — (ee)?}
0,52 (0, K)oy, St (w, k)
(AT — (e HIwAT — (s,,,s)z}}

ST N ()M { [ fp(w) — fe(@)]

s=+* nm=0

621/2 r 00
0, (Q) = 0 Re/ dw
—00

0,88 (', K)oy SR (w0, k)

+fp(@)

where fz represents the Fermi-Dirac distribution, o' = w4+ Q, and
™ = w £ i['By performing the trace while integrating out k,, we can
derive a more manageable form of o,,.

Small magnetic field expansion of the Kubo-Streda formula

In the Kubo-Streda formalism, small field corrections to conductivity can be
derived from the expansion of the Green’s function in Eq. (12). To linear
order in the background electromagnetic fields, the Green’s function takes
the form:

G(r,v) = Gy(r — ¥) + G,(r,¥)) + ....

Due to translational invariance in the absence of background fields, the
zeroth-order Green’s function depends solely on the difference r — r’, which
is not true for the first-order part of the Green’s function. The Fourier
transform of G, can be derived from the model Hamiltonian:

Gg/ *u, k) = (u+iT — Hy)~". The first-order correction to the Green’s
function arising from the magnetic field can be expressed as®:

G,(r,¥) = / dr"Gy(r — ¥)H,,,(")G,(x" — 1).

where the interaction Hamiltonian Hj,, = J-A accounts for the orbital effect
of the magnetic field. The spin effect of the magnetic field is fully incorpo-
rated in H, without any approximations. Here, we are considering only the
translationally invariant part of the Green’s function, which can be obtained
by

. B
G = _lecdezeGOVcGOVdGo

Thus, the first-order correction to the conductivity due to the orbital effect of
the magnetic field is given by:

212 =A
o = = / [dp[Retr[V, Gy V.G, |

€2V

2 B
= Cue 75 / [dplImtr[V,GiV,,Gy V.G V4G
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with [[dp] = [ (%’3. Here, a, b, ¢, d,... denote the Cartesian components,

and we adopt the Einstein summation convention for repeated indices. The
trace can be evaluated by expressing the Green’s function in terms of the
eigenenergy basis GOR/ Ap) = > IuaP>GR/ A(p)< ol where Ho|“ap> =
sap|uap> and GR/ Ap) = (pxil — sap)_ . In the analysis of a two-band
model, the first-order correction to the conductivity tensor, O'E‘L) , can be
divided into two distinct contributions:

1. Two of the band indices of the Green’s functions are identical agll;i):

B
o) = E / dp] Y Im [G(l}aGOAa(G )
Bra (14)
x (VBayaayapyh o vy ofypayaf | vy oy e Vﬁ“)] .
2. Three of the band indices of the Green’s functions are identical 0(1 i,

ii 2
agL D — / [dp] Zlm a) GOAﬁ

Bra (15)
x(Vievgevieve 4 vevevevie s veviyiove).
In the weak scattering limit (I' — 0), the product of the four Green’s

functions provides the leading contribution at y ~ &, or &, and can be
approximated using Dirac delta functions:

R A |27 _ T _
GleGOa(G ) ~i 6(1” oc) (2“1 _ Sa _¢ )8043 (Au sﬁ):| (16)
5(# &)
ﬁ
and
Gh,(Go) G
s T T v
T el —?ﬁ[aw e+ 0 =gl + 58" (co =)
ﬂ /
+Kﬁr5(ﬂ—sa) aﬁ 5([4 &)
(17)

where §'(u — &) = %, 8"(u—e) = i 8(” 9 and Eap = €a — &p-
By substituting Egs. (16) and (17) into Eqs (14) and (15), we can obtain
the current j, = XabchBc in the order O(EB), where the response tensor is

given by x,,. = )(abc + Xiﬂl))c + xﬁl, which are proportional to o 7, 7', 7,

respectively. The magnetoconductivity for different orders of relaxation
time can be expressed as a(a‘g = XSICB withi=2,1,0.

(@)

The explicit expressions for magnetoconductivity o, are given by:

2

)
o= | [dp]a—fo[nacvb(lsxv)c —@ebl 08
o) = / [dp Re((V,. 7,))(2 - B)
48 5B, Vy(m - V) + (a < b)},

(0) ~
O =

=5 SR { L BFoV, + e Qulm  B) — L, (BxV, V)]

+3 [M] + 2, VyBXV), — (a < b)}.
(20)
Here, €, represents the Levi-Civita symbol. For a particular band with
P o

index S, the AOP is defined as Fy, = 2Re M‘;/{A“ + %ebcdap( g.q4 Where
A”‘ﬁ = (u, |i8 |uﬂp) is the unperturbated interband Berry connection,
Mdﬁ 2 ahc(vmx
with Vgﬁ being the matrix elements of velocity operator, g, = Re(.A% Afa)
as the quantum metric tensor, and e, = &3 — & The intraband orbital
— %eabclm(apa uﬁP|(fﬁ — H0)|apb Ugp) and the real
part of the quantity n,, = Re(d, ug,[(e5 — Hy)I9,, ugp)-

Vﬁﬂ )A?ﬁ is the interband orbital magnetic moments,

magnetic moment m_ =
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