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The anomalous Hall effect (AHE), conventionally associated with time-reversal symmetry breaking in
ferromagnetic materials, has recently been observed in nonmagnetic topological materials, raising
questions about its origin. We unravel the unconventional Hall response in the nonmagnetic Dirac
material ZrTe5, known for its massive Dirac bands and unique electronic and transport properties.
Using the Kubo-Streda formula within the Landau level framework, we explore the interplay of
quantum effects induced by themagnetic field (B) and disorder across the semiclassical and quantum
regimes. In the semiclassical regime, theHall resistivity remains linear in themagnetic field, but theHall
coefficient will be renormalized by the quantum geometric effects and electron-hole coherence,
especially at low carrier densities where the disorder scattering dominates. In quantum limit, the Hall
conductivity exhibits an unsaturating 1/B scaling. As a result, the transverse conductivity dominates
transport in the ultra-quantum limit, and the Hall resistivity crosses over from B to B−1 dependence as
the system transitions from the semiclassical regime to the quantum limit. This work elucidates the
mechanisms underlying the unconventional Hall effect in ZrTe5 and provides insights into the AHE in
other nonmagnetic Dirac materials as well.

The anomalous Hall effect (AHE) is a key electrical transport phenomenon
with significant implications for both fundamental physics and
applications1–10. First observed in ferromagnetic iron11, the microscopic
mechanisms of AHE have been debated for nearly a century12–15. Typically,
AHE requires time-reversal symmetry breaking via magnetism with Hall
resistivity as ρxy = R0B+ RAHM, whereR0B represents themagneticfield (B)
linear ordinary Hall effect and RAHM corresponds to the magnetization
induced AHE.

ZrTe5 is a nonmagnetic topological material characterized by massive
Dirac bands, situated at the boundary between strong and weak topological
insulators16–23. It exhibits a paramagnetic response at low magnetic fields and
no signatures ofmagnetic interactions24,25. A variety of intriguing phenomena
have been observed in this material, including log-periodic quantum
oscillations26, 3D quantum Hall effects23,27,28, resistivity anomaly29–35, and
negative magnetoresistance20,36. Recently, an unconventional Hall signal has
been reported in ZrTe5: the Hall resistivity ρxy exhibits an unconventional
behavior in the high-field regime37–48. This behavior, reminiscent of the
AHE, is frequently attributed to the Berry curvature of the electronic

bands, potentially arising from Zeeman splitting or the formation of Weyl
nodes41,42,49. However, most studies rely on a semiclassical approximation and
often neglect the orbital effects of the magnetic field. This oversight is par-
ticularly significant in systems with a narrow band gap and low carrier
density, where the influence of the orbital effect of the magnetic field and
disorder scattering becomes pronounced. The origin of the unconventional
Hall effect in paramagnetic topological materials like ZrTe5 remains under
debate, necessitating a quantitative investigation to clarify underlying
mechanisms.

In this work, we investigate themechanism of the unconventional Hall
effect in paramagnetic Dirac materials by employing the Kubo-Streda for-
mula within the framework of Landau levels, which deals with the quantum
effect of magnetic fields and disorder on an equal footing. As shown in
Fig. 1a, b, our calculations in the semiclassical regime reveal that quantum
geometry effects—such as the Berry curvature (red/blue arrows) and
quantum metric contributions (brown arrows)—introduce significant
quantum corrections to the classical Lorentz-force-drivenHall conductivity
(yellow arrows). These effects renormalize the Hall coefficient, particularly
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at low carrier densities where disorder scattering plays a significant role.
Owing to their distinct symmetry properties under particle-hole transfor-
mation, the quantum geometry effects exhibit characteristically different
behavior for electron- and hole-type carriers. In the quantum oscillation
regime, the Fermi-surface contribution of the Zeeman-induced Berry cur-
vature is suppressed bymagnetic orbital effects and exhibits oscillations due
to Landau level quantization, while the Fermi-sea contribution remains
robust. In the quantum limit where the quasiclassical picture is entirely
invalid, although the Zeeman splitting drives the formation of Weyl nodes,
the Hall conductivity scales as ~en/B without saturation, where n is the
carrier density. Consequently, the transverse conductivity dominates
transport in the ultra-quantum limit, causing the Hall resistivity to be
inversely proportional to B. The crossover from the semiclassical regime to
the quantum limit results in unconventionalHall resistivity, andwe identify
the critical magnetic field at which the Hall resistivity transitions from
positive to negative. This studypresents aunified framework to elucidate the
intricate interplay of quantum geometry, magnetic fields, and disorder in
paramagnetic Diracmaterials, while also shedding light on themechanisms
behind anomalous transport phenomena in numerous nonmagnetic Dirac
systems.

Results
Model and Zeeman effects
The anisotropic Hamiltonian for ZrTe5 in a finite perpendicular magnetic
field B, can be written as19

HðkÞ ¼ ΔðkzÞτz þmσz þ
X
i¼x;y

vℏΠiτxσ i þ tz sinðkzaÞτxσz ð1Þ

with v ¼ ffiffiffiffiffiffiffiffiffivxvy
p andΔðkzÞ ¼ Δþ 2Cð1� cos kzaÞ.Π = k+ eA represents

the kinematicmomentum,A denotes the vector potential components, and
a is the lattice constant along z-direction. The Zeeman effect is encoded by
m = gzμBB/2 with gz = 21.3 the g-factor42,50,51 and μB = 5.788 × 10−2 meV T−1

the Bohr magneton. The parameters in our model (listed in the caption of
Fig. 2) are derived from first-principles calculations23, and are consistent
with magneto-infrared spectroscopy measurements19. The magnetic field
has two primary effects: the orbital effect (A), which drives the formation of
Landau levels, and the Zeeman effect (m), which induces spin-dependent
energy splitting. In the presence of a magnetic field, the eigenstates and
eigenenergies can still be solved analytically, as demonstrated in
Supplementary Note 1, where we also derive the corresponding Green’s
function.

For m = 0 and A = 0, the Hamiltonian possesses time-reversal sym-
metry, resulting in a vanishing Hall conductivity. Form ≠ 0 and A = 0, the

energy spectrum takes the form: εsζ ðkÞ ¼ ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

s þ ℏ2v2k2?

q
where

k⊥ = (kx, ky),MsðkzÞ ¼ ΔkðkzÞ þ sm, andΔkðkzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2ðkzÞ þ t2zsin

2kza
p

.
Here, s = ± represents spin index, and ζ = ± denotes the conduction and
valence bands, respectively. The energy spectra for ∣k⊥∣ = 0 are shown in
Fig. 2. Zeeman splitting breaks the degeneracy of the energy levels. TheHall
conductivity can be understood in terms of the nonzero Berry curvature of
the occupied states, expressed as: σSxy ¼ e2

Vℏ

P
k;ζ ;sf ðεsζ � μÞΩsζ

z , where the

Berry curvature is given by Ωsζ
z ¼ � sℏ2v2Ms

2ε3
sζ

and f is the Fermi-Dirac dis-

tribution. The momentum-space distribution of Berry curvature is visua-
lized through color mapping of Ωz on the electronic band structure. The
superscript S indicates that this contribution arises fromquantumgeometry
effects due to spin (S)-splitting induced by the magnetic field. When ∣m∣

Fig. 1 | Schematic illustration of Hall conductivity mechanisms in Dirac mate-
rials and threemagneticfield regimes.TheHall effect inDiracmaterials arises from
distinct contributions for a electron-type and b hole-type carries, where a long-
itudinal current I under a perpendicular magnetic field B generates a transverse
voltageV. Arrows indicate carrier motion directions: yellow for the classical Lorentz
force and brown for quantum geometric effects (e.g., quantum metric and orbital
magnetization). Under a fixed I, the Lorentz and quantum geometric terms produce
transverse velocities that are invariant under carrier sign reversal, leading to an
inverted Hall voltage. Red and blue arrows denote the Berry curvature contributions
from Zeeman-split majority (s =+) and minority s =− states, respectively. The
Berry curvature induces opposite anomalous velocities for s = ±, creating a trans-
verse carrier imbalance and a finite voltage. Unlike the classical and geometric terms,

this contribution reverses under carrier sign change, leaving the Hall voltage
unchanged. c Evolution of electronic states with magnetic field. The system pro-
gresses through three regimes: (i) semiclassical (B < χ−1) (ii) quantum oscillations,
and (iii) quantum limit (B > (μ2− Δ2)/(2ℏv2e)). In the semiclassical regime, disorder
broadening smears out the Landau levels. In the quantum limit, all carriers occupy
only the lowest Landau level. Disorder broadening (red shading) and chemical
potential μ (black dashed line) are shown for reference. dQuantum geometric effect-
induced Hall effect. The black arrows depict the Bloch wavefunctions at adjacent k-
points, with their directional difference representing the quantum metric (state
distance). The red shading indicates the emergent curvature from interband
coupling.
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increases beyond the band gap ∣Δ∣, a band crossing occurs, resulting in the
creation of a pair of Weyl nodes. Particularly when μ = 0, the Hall con-

ductivity is givenbyσSxy ¼ e2kc
2πh, withkc representing thedistance between the

twoWeyl nodes4. For higher Zeeman fields ∣m∣ > ∣Δ+ 4C∣, twoWeyl points
annihilate at the Brillouin zone boundary, causing the system to become
insulating again. In this situation, the Hall conductivity becomes a constant
at σSxy ¼ e2

ha with a as the lattice constant in z-direction52. The Hall con-

ductivity can also be calculated by using Kubo–Streda formula53,54, which
separatesHall conductivity into twodistinct contributions, σSxy ¼ σIxy þ σIIxy
where σIxy describes the response at the Fermi surface, and σIIxy represents a

nondissipative contribution from states below the Fermi energy55–57. At zero
temperature, these two components of theHall conductivitycanbeobtained
as

σIxy ¼
e2

2h

Z π=a

�π=a

dkz
2π

X
s¼±

sΘðμ2 �M2
s Þ
Ms

jμj ð2Þ

and

σIIxy ¼
e2

2h

Z π=a

�π=a

dkz
2π

X
s¼±

sΘðM2
s � μ2ÞsgnðMsÞ ð3Þ

where sgn denotes the sign function,Θ is theHeaviside step function, and μ
is the chemical potential. The Hall conductivity can be interpreted as a
summation over each kz slice of a two-dimensional system. We plot the
chemical potential dependence of σIxy, σ

II
xy, and σSxy in Fig. 2. Figure 2a

demonstrates that before Weyl point formation, all three components
vanish identically within the band gap. After the Weyl points emerge
(Fig. 2b), σSxy generally receives contributions from both Fermi surface and
Fermi sea terms. At charge neutrality, σSxy is solely determined by the Fermi
sea contribution. For small magnetic field, both σIxy and σ

II
xy exhibit a linear

dependenceonB through theZeeman termm. Tofirst order in themagnetic
field expansion, the total Hall conductivity can be obtained as
σSxy ¼ e2

2πh
k0
jμj gzμBB, where k0 is the Fermi wavevector along the

z-direction in the absence of the Zeeman field, determined by Δ∥(k0) = ∣μ∣.

Orbital magnetic effects across semiclassical and quantum
oscillation regimes
We will now address the orbital effect (m ≠ 0 and A ≠ 0). The momentum
perpendicular to the magnetic field is quantized as k2? ! 2N=l2B, where

lB ¼
ffiffiffiffiffiffiffiffiffiffi
ℏ=eB

p
is the magnetic length, and N = 0, 1, 2,... labels the Landau

levels. The eigenenergies become ε0s ¼ sM�s for the lowest Landau levels

(LLLs) withN = 0 and εNsζ ¼ ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

s þ Nη2
q

for higher Landau levels with

N ≥ 1 (gray lines in Fig. 3a), where η ¼ ffiffiffi
2

p
vℏ=lB represents the cyclotron

energy. Due to the presence of Zeeman field m, the LLLs are no longer
symmetric under electron-hole transformation, while the higher Landau
levels remain symmetric, although with broken degeneracy. As demon-
strated in the Supplementary Note 2, we rigorously derive the Hall mag-
netoconductivity (σxy) and transverse magnetoconductivity (σxx) at
arbitrary magnetic fields using the Kubo formula within the Landau level
representation, neglecting vertex corrections. Disorder effects are incorpo-
rated by modeling the Landau levels as Lorentzians with a constant
broadening width Γ, corresponding to a relaxation time τ = ℏ/(2Γ). These
conductivities can be decomposed into antisymmetric (σantiab ) and the
symmetric (σsymab ) terms: σab ¼ σantiab þ σsymab based on symmetry con-
siderations. The antisymmetricHall conductivity changes signunder carrier
type reversal (σantiab ðμÞ ¼ �σantiab ð�μÞ), while the symmetric conductivity
retains its sign (σsymab ðμÞ ¼ σsymab ð�μÞ), where a, b = x, y. Furthermore, the
system exhibits three distinct regimes based on magnetic field strength as
illustrated in Fig. 1c: (i) Semiclassical regime (B ≤ χ−1 with χ ¼ ev2τ

μ repre-

sents the mobility): The magnetic field is weak enough and disorder
broadening smears the Landau levels. (ii) Quantum oscillations regimes: At
highermagneticfields, the systementers a regime characterized byquantum

oscillations. (iii) Quantum limit (B≥ μ2�Δ2

2ℏv2e ): In this regime, the magnetic
field is strong enough that only the LLL is partially filled.

Using a small magnetic field expansion of the orbital magnetic effects
and fully incorporating the Zeeman-induced band splitting, we derive the
magnetoconductivities in the semiclassical regime while simultaneously
capturing the background contributions that persist into the quantum
oscillation regime at higher fields. The symmetric Hall conductivity σsymxy is
given by:

σsymxy ¼
σIxy

1þ χ2B2 þ σIIxy: ð4Þ

The symmetric Hall conductivity arises from the Zeeman splitting-induced
Berry curvature effect, though it is modified by orbital effects. This analytic
expression is numerically validated in Supplementary Note 3. For sufficient
weak fields (χB≪ 1), where orbital effects become negligible, σsymxy ’ σSxy
exhibits linear field dependence. At stronger fields, orbital effects suppress
Fermi surface contribution σIxy, while preserving Fermi sea contribution
σIIxy—the topological component representing nondissipative contributions
from states below the Fermi energy. Figure 3b shows the difference between

Fig. 2 | Zeeman splitting modifications to elec-
tronic band structure and Hall transport. Band
structure εsζ(k) at ∣k⊥∣ = 0 and the Zeeman-splitting-
induced Hall effect for two magnetic field strengths:
a B = 4 T and b B = 12 T, below and above the field
BΔ = 2Δ/(gzμB) ≈ 8.11 T required for Weyl nodes
formation. The electronic structure is color-coded
(red to blue) to represent the logarithmic Berry
curvature, sign(Ωz)ln∣Ωz∣. In b kc denotes the
momentum-space separation between the Weyl
nodes. The right panels of each subfigure show the
Hall conductivity components: σIxy (blue dashed),
σIIxy (red dashed), and their sum σSxy(black solid)
versus energy E. Model parameters:
vx = 9.11 × 105 m .s−1, vy = 1.97 × 104 m .s−1,
tz = 20 meV, Δ = 5meV, C = 100 meV, a = 1 nm,
gz = 21.3, μB = 5.788 × 10−2 meV. T−1.
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the symmetric Hall conductivity and the Fermi sea contribution,
σsymxy � σIIxy, plotted as a function of B for various scattering rates Γ. The
difference initially increases linearly before decreasing with magnetic field,
in excellent agreement with Eq. (4). At small Γ (purple line), orbital effects
completely suppress σIxy, causing σ

sym
xy to converge with σIIxy. By subtracting

the background contribution, we isolate the quantum oscillations in the
symmetric Hall conductivity:

σsym;osc
xy � e2ffiffiffiffiffi

2π
p

h

X
s

sΘ½μ2 �M2
s ð0Þ�Msð0Þ

jμjð1þ χ2B2Þ
cosðSð0Þs l2B � s π4Þ

jSð2Þs l2Bj1=2
expð� π

jχBjÞ

ð5Þ

where Sð0Þs and Sð2Þs are the zeroth and second order coefficients in the kz
expansion of Ss ¼ πðμ2 �M2

s Þ=ðℏ2v2Þ � Sð0Þs þ 1
2 S

ð2Þ
s k2z . The quantum

oscillation fully comes from the Fermi surface contribution. The two bands
s = ± produce two distinct Fermi surfaces as a result of Zeeman splitting,
giving rise to a beating pattern in quantum oscillations due to their slightly
different frequencies. At small magnetic fields, the splitting is minimal, and
the symmetric component of the oscillatory Hall conductivity follows the
form σsym;osc

xy � cosð2πBf=BÞ with Bf ≈ (μ2−Δ2)/(2eℏv2) ≈ 10.47 T. As

shown in Fig.3c, our numerical results show good agreement with the
analytical expression in Eq. (5). The relation σsymxy ’ σIIxy remains valid even

in the quantum limit. This is demonstrated in Fig. 3d for the case μ = 0,
where an infinitesimal magnetic field drives the system into the quantum

limit. Here, the Hall conductivity exhibits perfect particle-hole symmetry
(σxy ¼ σsymxy ) and becomes nonzero for B > BΔ, coinciding with the crossing

of the zeroth Landau level through μ = 0 (Fig.3a). In this regime,

σxy ¼ σIIxy ¼ e2kc
2πh, as shown by the blue line.

The antisymmetric Hall conductivity can be expressed as the sum of
two main contributions:

σantixy ¼
σLFxy þ σOxy
1þ χ2B2

ð6Þ

where σLFxy corresponds to the classical Lorentz force response, and σOxy
incorporates the correction from the quantum metric, orbital magnetiza-
tion, and other orbital (O) field-induced effects. Figure 3e compares
numerical calculations with analytical results for the antisymmetric Hall
conductivity σantixy as a function of magnetic field B at different chemical
potential μ. The analytical expressions not onlymatch the numerical results
in the classical regime but also correctly reproduce the backgroundbehavior
that persists into the quantum oscillation regime at higher fields. As shown
in Fig. 3f, after subtracting the classical Lorentz force contribution, σOxy
exhibits a linearfield dependence, clearly revealing the quantumcorrections
arising from orbital magnetic effects. By retaining terms to linear order in
the magnetic field, the explicit contributions of different mechanisms to σxy
are listed in Table 1. We emphasize that our analytical expressions are
derived in the weak scattering limit Γ→ 0. When Γ is not small, this
decomposition breaks down, but the full Kubo-Streda formula—evaluated

Fig. 3 | Orbital magnetic effects on Hall conductivity. a Landau level spectrum
with orbital effects. The two lowest Landau levels ε0s align precisely with the spin-
down states in the energy spectrum of Fig. 2. kc denotes the Fermi wavevector of the
lowest Landau level at charge neutrality μ = 0. b Magnetic field dependence of the
symmetric Hall conductivity σsymxy � σIIxy at fixed chemical potential μ = 50 meV for
different Γ. c Quantum oscillations in the symmetric Hall conductivity σosi;symxy :
comparison between numerical calculations and analytical results for μ = 50 meV
and Γ = 6meV. The oscillation frequency field Bf ≈ 10.74 T corresponds to the
extremal Fermi surface cross-section via the Onsager relation. d The Hall con-
ductivity σxy as a function of B for μ = 0. The blue line marks the value e2kc/(2πh),
corresponding to the separation of the Weyl nodes. The black squares denote the

numerical results for disorder broadening Γ = 0.1 meV. The red triangles represent
the result for en/B with n as the carrier density. e Antisymmetric component of σxy:
numerical results compared with analytical expressions for different μ values with
Γ = 3meV. f Comparison between numerical calculations and the analytical model
for the orbital quantum correction σOxy at μ = 50 meV and Γ = 3meV. g Analytical
results for theHall conductivity at lowmagnetic fields (B = 0.05 T): σLFxy (red dashed),
σOxy(blue dashed), and σSxy (green dashed) as a function of Γ/μ. The purple line
represents the summation of these contributions. The yellow line with squares
corresponds to the numerical results. The chemical potential is μ = 20 meV in the
simulations.
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using the complete Green’s function without expansion—remains
rigorously valid. Fig. 3g shows the contributions to the Hall conductivity
as a functionofΓ/μ for a smallmagneticfield. σSxy (greendashed line) andσ

O
xy

(blue dashed line) from quantum geometric effects are independent of τ
while the classical contribution σLFxy (red dashed line) varies as τ

−2. As Γ/∣μ∣
approaches 1, the quantum geometric correction grows comparable to the
classical Lorentz force contribution, driving a crossover in the total response
from τ−2 to τ0 scaling. The analytical results (purple line) accurately describe
this crossover behavior, as confirmed by precise numerical results (yellow
line with squares).

To analyze the magnetoresistance, we need to obtain the transverse
magnetoconductivity σxx. The transverse magnetoconductivity is given by:
σxx ¼ σ0xx

1þχ2B2 ;where σ0xx includes both electron-hole incoherent (σ
0
xx;in) and

coherent (σxx, co
0) contributions (See Supplementary Note 4 for the explicit

formsof these terms). The incoherent contribution arises from the retarded-
advanced channel in Kubo formula, while the coherent contribution ori-
ginates from the retarded-retarded channel. As σ0xx;co=σ

0
xx;in � Γ=μ,

electron-hole coherence plays an important role near the band bot-
tom (Γ ~ ∣μ∣).

In the semiclassical regime, theHall resistivity ρxy≃ σxy/(σxxσyy) = RHB
remains linear in B, with the Hall coefficient RH = ∂ρxy/∂B given by:

RH ¼ 1
B

σLFxy þ σOxy þ σSxy

ðσ0xx;in þ σ0xx;coÞ2
: ð7Þ

When Γ/∣μ∣ ≪ 1, σ0xx;in ’ σ0≫σ0xx;co and Lorentz force contribution

σLFxy ’ χBσ0 dominates σxy, then RH ≃ 1/en reduces to the classical

result. When Γ ~ ∣μ∣, the contribution from quantum geometric
effects and electron-hole coherence can no longer be neglected.
Consequently, the Hall coefficient must be modified after accounting
for these effects. As shown in Fig. 4a, we plot RH as a function of Γ/μ
for a fixed carrier density n, considering both electron- and hole-type
carriers. As Γ increases, RH gradually deviates from the classical result
1/en. The analytical solution (red lines) from Table 1, derived
through a Γ expansion, agrees well with numerical calculations for
Γ/μ < 1. However, in the Γ/μ > 1 regime, higher-order quantum
geometric corrections ( ∝ Γ2... ) become significant and must be
included to accurate description. The conductivity components
exhibit distinct symmetry properties: σLFxy and σOxy are antisymmetric

under carrier-type reversal (μ→−μ), while σSxy is symmetric. This

leads to markedly different behavior for two carrier types-with
increasing Γ, the hole-type RH can vanish or even change sign when
σSxy compensates or dominates the σLFxy and σOxy, whereas the electron-

type RH maintains its original sign throughout. By analyzing the
frequency of the Shubnikov–de Haas (SdH) oscillations, which is
directly proportional to the cross-sectional area of the Fermi surface,
the carrier density of the system can be determined58. By comparing
the Hall coefficients obtained from Hall resistivity measurements
with the carrier density extracted from SdH oscillations, one can
identify the field-induced unconventional Hall effect in experiments.
This approach provides a robust method to distinguish between
conventional Hall effects and anomalous contributions arising from
quantum geometry in the out-of-plane magnetic field configuration.

Table 1 | The contributions to the Hall and transverse
conductivity in the semiclassical regime and quantum limit

semiclassical regime quantum limit

σxy Lorentz force (σLFxy ) e3v2hv2x iτ2νμ
μ B

en
B

orbital effect (σOxy) e3v4ℏ2νμ

8μ3 B

spin effect (σSxy) e2
2πh

k0
jμjgzμBB

σxx incoherent (σ0xx;in) e2hv2xiτνμ e2
2πha

Γ
tz
F

coherent (σ0xx;co) e2
πha

σLFxy is Lorentz force contribution. σ
O
xy is the orbital field-inducedconductivity. σ

S
xy is the spin-splitting-

induced conductivity. σ0xx;in represents the electron-hole incoherent contribution to the transverse

magnetoconductivity. σ0xx;co is the electron-hole coherent contribution to the transverse

magnetoconductivity. νμ ¼ jμj
2πℏ2v2

R dkz
2π

P
s¼±Θðμ2 �M2

s Þ is thedensity of states at the Fermi energy.

hv2xi ¼ 1
νμ

R ½dk�Ps;ζ ðvx;sζ Þ2δðμ� εsζ Þ represents the average square of the Fermi velocity over the

Fermi surface, where vx;sζ ¼ 1
ℏ ∂kx εsζ is the Fermi velocity along x-direction. The Lorentz force term

can be rewritten in a more familiar form σLFxy ¼ χBσ0, where σ0 ¼ e2Dνμh3v2x=v2iwithD = τv2/3 as the

diffusion constant.

Fig. 4 | Quantum geometric renormalization of Hall coefficient and nonlinear
Hall resistivity. a Hall coefficient RH versus Γ for a fixed carrier density
n = ±8 × 1016 cm−3 in the semiclassical regime, for both electron- and hole-type
carriers. The blue dashed lines represent the classical result 1/en. The red lines show
the analytical results derived from Eq. (7), while the gray squares correspond to
numerical solutions obtained from the full expression. b Comparison between

experimental data (black dashed line with squares) from ref. 38 and theoretical
simulations (red line) based on our model. The simulations use fitting parameters
n = 3 × 1016cm−3, Γ = 6.5 meV, Δ = 5meV, with other model parameters consistent
with previous simulations. The blue and red shaded regions indicate the semi-
classical regime and quantum limit, respectively. Dashed lines serve as eye guides for
~B and en/(σxxσyy)B

−1. Bc≃ 3.8 T indicates the critical field.
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From a semiclassical perspective, the magnetic field modifies the
conductivity through corrections to both the Berry curvature and band
energy of electronic states59–62. Using a weakmagnetic field expansion of the
Green’s function (See the “Methods” section and Supplementary Note 6 for
details), we derive τ-independent Hall conductivity σð0Þxy ¼ σOxy þ σSxy in

terms of quantum geometric quantities. We find σð0Þab ¼ σð0Þ;wpab þ σð0Þ0ab ,

where σð0Þ;wpab represents the previously known contribution derived from
semiclassical wavepacket theory59–62, given by

σð0Þ;wpab ¼ e2
ℏ

R ½dp� ½ð� ∂f
∂εÞ BcFcbVa þ 1

2 ϵabcΩc

� ðm � BÞ � ða $ bÞ�. Here,
a,b, cdenoteCartesian components (withEinstein summation convention),
ϵabc is the Levi-Civita symbol, Fcb is the anomalous orbital polarizability
(AOP), Ωc the Berry curvature, and m the intraband orbital magnetic

moment. The additional term σð0Þ0ab is a new correction obtained through
Green’s function techniques, which contains higher-order energy deriva-
tives of the Fermi–Dirac distribution:

σð0Þ0ab ¼ e2

ℏ

Z
½dp� ∂f

∂ϵ

1
2
gacðB×∇pVbÞc �

∂3f
∂ϵ3

1
8
nacVbðB×VÞc

�
� ∂2f
∂ϵ2

1
8μ

Imh V̂a; V̂b

� �iðm � BÞ
�
� ða $ bÞ

�
;

ð8Þ

where gac is the quantum metric tensor, and nab ¼ Reh∂pauαpjðεα � Ĥ0Þ
j∂pbuαpiwith ϵα and ∣uαp

E
as the eigenenergies and eigenstates for the band

intersecting the Fermi surface. These terms are non-vanishing and essential
for recovering the complete expression for σOxy.

Nonlinear Hall resistivity in quantum limit
In the quantum limit, disorder has minimal impact on σxy, allowing us to
neglect impurity effects when evaluating σxy. As shown in Supplementary
Note 5, the total Hall conductivity can be rigorously shown to satisfy
σxy ¼ en

B , where n is the carrier density, with the charge neutrality point
defined as themidpoint between the two LLLs (see Supplementary Note 7).
As demonstrated in Fig. 3d, we validate this relation by examining the case
where μ = 0. Here, an infinitesimal magnetic field is sufficient to drive the
system into the quantum limit. The Hall conductivity exhibits perfect
particle-hole symmetry and develops a nonzero value for B > BΔ. Our
numerical results for the Hall conductivity (black squares) show excellent
agreement with the analytical expression (red triangles), even when Weyl
nodes form without orbital effects. This agreement persists because the
carrier density can be expressed as n = eBkc/(2πh). If the carrier density is
fixed at the charge neutrality point (n = 0), the Hall conductivity vanishes
identically (black dashed line). As illustrated by Fig. 1c, the leading-order
conductivity σxx arises from the inter-band velocity and the scatterings
between the 0th bands with the bands of 1, which are higher-order per-
turbation effects63. After calculation, we find: σxx ¼ e2

2πha
Γ
tz
F where F is a

dimensionless integral of order unity, weakly dependent on m/Γ and μ/Γ.
For estimating ρxy,F can be approximated as a constant. σxx is proportional
to Γ, while σxy is inversely proportional to B. This leads to a field-driven
competition between these two conductivity components. At small field,
where σ2xy≫σxxσyy, ρxy exhibits a classical linear dependence: ρxy≃ B/en.

Conversely, at larger fields, where σ2xy≪σxxσyy, ρxy becomes inversely pro-

portional to B: ρxy ’ en
σxxσyy

B�1. The transition between these two regimes

occurs at a critical magnetic field:

Bc ¼
tz
Γ

2πha
eF n: ð9Þ

For larger values of Γ and smaller carrier density n, Bc decreases, making the
transition easier to observe.Weapplyour theory to explain the experimental
data from ref. 38. As shown in Fig. 4b, for a low carrier density
n = 3 × 1016cm−3, the system enters the quantum limit at around BQL ≈ 1T,

indicated by the red shaded region. Quantum oscillations emerge in the
regime where χ−1 < B < BQL = (μ2−Δ2)/(2ℏv2e), as illustrated in Fig. 1.
However, when themobility is relatively low and the carrier density is small,
the quantum oscillations in the intermediate field range become difficult to
observe. Using F ¼ 0:6 and the band gap and broadening parameters
provided in ref. 38, the critical magnetic field is estimated to be Bc ≈ 3.8 T.
Our theory accurately explains the experimental results. Additionally, it self-
consistently reproduces the longitudinal conductivity, as demonstrated in
Supplementary Note 8.

Conclusion
In conclusion, we propose a quantum theory for the unconventional Hall
effect in paramagnetic Dirac materials, combining intrinsic band topology
with field-induced quantum effects of LLs. By systematically separating the
total Hall conductivity contributions based on symmetry and physical
origin, we clarify how each component evolves under an applied magnetic
field. In the semiclassical regime, quantum geometry effectsmodify theHall
coefficient, while in the quantum limit, a competition between transverse
and Hall conductivities leads to the nonmonotonic field dependence of the
Hall effect. This work provides a comprehensive framework for under-
standing the intricate interplay between quantum geometry, magnetic field,
and disorder in Dirac materials, and also offers valuable insights into the
origin of anomalous transport phenomena observed in other nonmagnetic
Dirac materials, such as Cd3As2

64,65.
At last, we emphasize the fundamental distinction between our

proposed mechanism and conventional multiband models. The ori-
gin of the unconventional Hall effect in our framework stems from
quantum geometric effects that persist regardless of Fermi surface
topology or temperature, whereas multiband models require specific
band structure conditions and thermally activated carriers. If angle-
resolved photoemission spectroscopy (ARPES) reveals a single Fermi
surface (exclusively electron- or hole-like) without additional bands
crossing the Fermi level, this would rule out multiband contributions
to the unconventional Hall effect. In such a scenario, the uncon-
ventional Hall response observed at low temperatures (kBT≪ Δ)
must arise from intrinsic quantum geometric effects, as thermally
excited minority carriers are exponentially suppressed. This distinc-
tion is particularly crucial in systems like ZrTe5, where the bandgap
and Fermi level positioning are sensitive to sample stoichiometry and
external perturbations. Transport measurements under controlled
doping or strain could thus serve as additional tests to isolate the
geometric contribution.

Methods
Eigensolutions and Green’s function for the Dirac Hamiltonian in
a finite magnetic field

We perform a unitary transformation to Hamiltonian [Eq. (1)],U ¼ eiτyσz
θ
2

with θ ¼ arctan tz sin kz
ΔðkzÞ , leading to

H0 ¼ UHU�1

¼

Δk þm 0 0 ηa

0 Δk �m ηay 0

0 ηa �Δk þm 0

ηay 0 0 �Δk �m

266664
377775

where the ladder operators are defined as a ¼ v
ηΠx � i vηΠy and

ay ¼ v
ηΠx þ i vηΠy, and ΔkðkzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔðkzÞ2 þ ðtz sin kzÞ2

q
. The Hamilto-

nian H0 separates into two subblocks: H0 ¼ Hþ � H� with Hþ ¼ Mþ
σz þ ηaσþ þ ηayσ�;H� ¼ M�σz þ ηayσþ þ ηaσ� and M± ðkzÞ ¼
Δk ±m. The current operator is obtained from ja = eiℏ−1[H, ra] with a = x, y
denoting the coordinates in the plane perpendicular to themagneticfield. In
the subspace s with s = ± , the current operators are jsx ¼ evxσx and
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jsy ¼ sevyσy. The eigenfunctions of the 2 × 2 Hamiltonian are given by

ψnsζ ðrÞ ¼ hrjψnsζkxkz
i ¼ eikxxþikzzffiffiffiffiffiffiffiffiffi

LxLz
p

ζ cos
φsζn

2 ϕn�1þs
2
ðξÞ

sin
φsζn
2 ϕn�1�s

2
ðξÞ

" #
ð10Þ

with ξ = y/l+ kxl, cosφnsζ ¼ ζMs=εns, and sinφsζn ¼
ffiffiffi
n

p
η=εns. ϕnðξÞ ¼

e�ξ2=2

2n=2π1=4
ffiffiffiffiffiffi
n!lB

p HnðξÞ where Hn denotes the nth Hermite polynomial. The

corresponding eigenenergies are ζεns ¼ ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

s þ nη2
q

. Thewavefunctions

for the LLLs are

ψ0þðrÞ ¼ hrjψ0þkxkz
i ¼ eikxxþikzzffiffiffiffiffiffiffiffiffi

LxLz
p 0

ϕ0ðξÞ

	 �
;

ψ0�ðrÞ ¼ hrjψ0�kxkz
i ¼ eikxxþikzzffiffiffiffiffiffiffiffiffi

LxLz
p ϕ0ðξÞ

0

	 �
;

ð11Þ

with the corresponding eigenenergies given by ε0s ¼ �sMs. Then, we can
derive the retarded (R) and advanced (A) Green’s functions

GR;Aðω; r; r0Þ ¼
X
s

hrjψ0skxkz
ihψ0skxkz

jr0i
ωR;A � ε0s

þ
X

s;ζ ;n≥ 1

hrjψnsζkxkz
ihψnsζkxkz

jr0i
ωR;A � εnsζ

with ωR,A =ω ± iΓ. By substituting Eqs. (10) and (11), we can obtain

Gðω; r; r0Þ ¼ eiðr? ;r
0
?ÞeGðω; r� r0Þ

where the Schwinger phase as Φðr?; r0?Þ ¼
R r0?
r?
dr? � Aðr?Þ ¼

� ðx�x0 Þðyþy0Þ
2l2B

with r⊥ = (x, y) which breaks the translational invariance

explicitly and the translational invariant part is66,67

eGR;Aðω; r? � r0?Þ ¼
eikzðz�z0Þ

2πl2B
e
�jr?�r0?j2

4l2
B

ωR;A � sMs

ðωR;AÞ2 � ε20s
L00

jr? � r0?j2
2l2B


 �
P�s

(

þ
X
n≥ 1

1

ðωR;AÞ2 � ε2n
ðωR;A þMsσzÞ L0n�1þs

2

� jr? � r0?j2
2l2B


 �
Pþ

	

þ L0n�1�s
2
ðjr? � r0?j2

2l2B
ÞP�

�
þ ffiffiffi

n
p

η

ffiffiffi
2
n

r
0 iðx�x0Þ�ðy�y0Þ

2lB
iðx�x0Þþðy�y0 Þ

2lB
0

24 35
e
�jr?�r0?j2

4l2
B L1n�1

jr? � r0?j2
2l2B


 �)

with LαnðxÞ as the generalized Laguerre polynomials. The Fourier transform
of the translational invariant part eGðω; r� r0Þ can be obtained as

eGR;A
s ðω; kÞ ¼

Z
dre�ik�ðr�r0ÞeGR;A

s ðω; r� r0Þ

¼ e�k2? l
2
B

X1
n¼0

ð�1Þn SR;Ans ðω; kÞ
ðωR;AÞ2 � ε2ns

ð12Þ

with

SR;Ans ðω; kÞ ¼ 2ðωR;A þMsσzÞ½LnðxÞP�s � Ln�1ðxÞPs� � 4k? � σL1n�1ðxÞ
ð13Þ

where x ¼ 2jk?j2l2B with k⊥ = (kx, ky) and the projection operator is
Ps = (1+ sσz)/2.

Kubo formula for Dirac materials in a finite magnetic field
The frequency-dependent electrical conductivity tensor is calculated using

the Kubo formula: σabðΩÞ ¼ ImΠR
abðΩþi0Þ
Ω where ΠR

ab is the retarded current-
current correlation function obtained by analytically continuing the ima-
ginary time expression:

ΠabðiΩmÞ ¼
1
V

Z β

0
dτeiΩmτhTτJaðτÞJbð0Þi

¼ 1
βV

X
k;iωn ;s

Tr½eGsðiωn; kÞV̂
s
a
eGsðiωn þ iΩm; kÞV̂

s
b�

where V̂
s
a ¼ 1

ℏ ∂Hs=∂ka is the current operator for subblock s. By sub-
stituting Eq. (12) and performing the analytical continuation
iΩm→Ω+ i0, the magnetoconductivity can be evaluated as66

σabðΩÞ ¼ e2v2

2πΩ
Re

Z 1

�1
dω

Z
d3k

ð2πÞ3 e
�2k2? l

2
B

X
s¼±

s
X1
n;m¼0

ð�1Þnþmtr ½ f FðωÞ � f Fðω0Þ�

×

σaS
R
nsðω0; kÞσbSAmsðω; kÞ

f½ω0R�2 � ε2nsgf½ωA�2 � ε2msg
� f FðωÞ

σaS
R
nsðω0; kÞσbSRmsðω; kÞ

f½ω0R�2 � ðεnsÞ2gf½ωR�2 � ðεmsÞ2g

þf Fðω0Þ σaS
A
nsðω0; kÞσbSAmsðω; kÞ

f½ω0A�2 � ðεnsÞ2gf½ωA�2 � ðεmsÞ2g

)

where fF represents the Fermi-Dirac distribution, ω0 ¼ ωþΩ, and
ωR,A =ω ± iΓ.By performing the trace while integrating out k⊥, we can
derive a more manageable form of σab.

Small magnetic field expansion of the Kubo–Streda formula
In theKubo–Streda formalism, smallfield corrections toconductivity canbe
derived from the expansion of the Green’s function in Eq. (12). To linear
order in the background electromagnetic fields, the Green’s function takes
the form:

Gðr; r0Þ ¼ G0ðr� r0Þ þ G1ðr; r0Þ þ ::::

Due to translational invariance in the absence of background fields, the
zeroth-orderGreen’s functiondepends solelyon thedifference r� r0, which
is not true for the first-order part of the Green’s function. The Fourier
transform of G0 can be derived from the model Hamiltonian:

GR=A
0 ðμ; kÞ ¼ ðμ± iΓ�H0Þ�1. The first-order correction to the Green’s

function arising from the magnetic field can be expressed as68:

G1ðr; r0Þ ¼
Z

dr00G0ðr� r00ÞHintðr00ÞG0ðr00 � r0Þ:

where the interaction HamiltonianHint = J⋅A accounts for the orbital effect
of the magnetic field. The spin effect of the magnetic field is fully incorpo-
rated inH0 without any approximations. Here, we are considering only the
translationally invariant part of theGreen’s function, which can be obtained
by

eG1 ¼ �iϵcde
Be

2
G0VcG0VdG0

Thus, thefirst-order correction to the conductivity due to the orbital effect of
the magnetic field is given by:

σð1Þab ¼ e2v2

π

Z
½dp�Retr½VaG

R
0Vb

eGA
1 �

¼ e2v2

π
ϵcde

Be

2

Z
½dp�Imtr½VaG

R
0VbG

A
0VcG

A
0 VdG

A
0 �
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with
R ½dp� ¼ R d3p

ð2πÞ3. Here, a, b, c, d,... denote the Cartesian components,

and we adopt the Einstein summation convention for repeated indices. The
trace can be evaluated by expressing the Green’s function in terms of the

eigenenergy basis GR=A
0 ðpÞ ¼ P

α∣uαp
E
GR=A
0;α ðpÞ uαp

D
∣ where H0∣uαp

E
¼

εαp∣uαp
E
and GR=A

0;α ðpÞ ¼ ðμ± iΓ� εαpÞ�1. In the analysis of a two-band

model, the first-order correction to the conductivity tensor, σð1Þab , can be
divided into two distinct contributions:

1. Two of the band indices of the Green’s functions are identical σð1;iÞab :

σð1;iÞab ¼ e2Be

2π
ϵcde

Z
½dp�

X
β≠α

Im GR
0αG

A
0αðGA

0βÞ
2

h
× ðVβα

a Vαα
b Vαβ

c Vββ
d þ Vβα

a Vαβ
b Vβα

c Vαβ
d þ Vαα

a Vαβ
b Vββ

c Vβα
d Þ

i
:

ð14Þ

2.Three of the band indices of theGreen’s functions are identicalσð1;iiÞab :

σð1;iiÞab ¼ e2Be

2π
ϵcde

Z
½dp�

X
β≠α

Im GR
0αðGA

0αÞ
2
GA
0β

h
× ðVβα

a Vαα
b Vαα

c Vαβ
d þ Vαα

a Vαα
b Vαβ

c Vβα
d þ Vαα

a Vαβ
b Vβα

c Vαα
d Þ

i
:

ð15Þ

In the weak scattering limit (Γ→ 0), the product of the four Green’s
functions provides the leading contribution at μ ~ εα or εβ, and can be
approximated using Dirac delta functions:

GR
0αG

A
0αðGA

0βÞ
2 ’i

2π
ε3αβ

δðμ� εαÞ �
π

ð2μ� εα � εβÞεαβ
δ0ðμ� εβÞ

" #
þ π

ε2αβΓ
δðμ� εαÞ

ð16Þ

and

GR
0αðGA

0αÞ
2
GA
0β

’ i
π

2Γ2εαβ
δðμ� εαÞ �

π

ε3αβ
½δðμ� εαÞ þ δðμ� εβÞ� þ

π

4εαβ
δ00ðεα � μÞ

" #
þ π

2εαβΓ
δ0ðμ� εαÞ �

π

ε2αβΓ
δðμ� εαÞ

ð17Þ

where δ0ðμ� εÞ ¼ ∂δðμ�εÞ
∂ε , δ00ðμ� εÞ ¼ ∂2δðμ�εÞ

∂ε2 and εαβ≡ εα− εβ.
By substitutingEqs. (16) and (17) intoEqs. (14) and (15),we canobtain

the current ja = χabcEbBc in the order O(EB), where the response tensor is

given by χabc ¼ χð2Þabc þ χð1Þabc þ χð0Þabc, which are proportional to ∝ τ2, τ1, τ0,
respectively. The magnetoconductivity for different orders of relaxation

time can be expressed as σðiÞab ¼ χðiÞabcBc with i = 2, 1, 0.

The explicit expressions for magnetoconductivity σðiÞab are given by:

σð2Þab ’ � e2

4Γ2ℏ

Z
½dp� ∂f

∂ϵ0
½nacVbðB×VÞc � ða $ bÞ�; ð18Þ

σð1Þab ’� e2

Γℏ

Z
½dp�f� ∂f

∂ε0

1
8
RehfV̂a; V̂bgiðΩ � BÞ

� 1
4
∂2f
∂ε20

BaVbðm � VÞ þ ða $ bÞg;
ð19Þ

σð0Þab ’ � e2
ℏ

R ½dp� ∂f
∂ε0

½BcFcbVa þ 1
2 ϵabcΩcðm � BÞ � 1

2 gacðB×∇pVbÞc�
n

þ ∂2f
∂ε20

Imh½V̂a;V̂b �iðm�BÞ
8μ

h i
þ ∂3 f

∂ε30

1
8 nacVbðB×VÞc � ða $ bÞ

o
:

ð20Þ
Here, ϵabc represents the Levi-Civita symbol. For a particular band with

index β, the AOP is defined as Fba ¼ 2Re
Mβα

b Aαβ
a

εβα
þ 1

2 ϵbcd∂pcgad where

Aαβ
a ¼ huαpji∂pa juβpi is the unperturbated interband Berry connection,

Mαβ
a ¼ 1

2 ϵabcðVαα
b þ Vββ

b ÞAαβ
c is the interband orbital magnetic moments,

withVαβ
b being thematrix elements of velocity operator, gab ¼ ReðAαβ

a Aβα
b Þ

as the quantum metric tensor, and εβα = εβ− εα. The intraband orbital
magnetic momentmc ¼ � 1

2 ϵabcImh∂pauβpjðεβ � Ĥ0Þj∂pbuβpi and the real
part of the quantity nab ¼ Reh∂pauβpjðεβ � Ĥ0Þj∂pbuβpi.

Data availability
All data generated or analysed during this study are included in this pub-
lished article (and its supplementary information files).
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