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Analog of Topological Entanglement Entropy for Mixed States
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We propose the convex-roof extension of quantum conditional mutual information (“co(QCMI)”) as a
diagnostic of topological order in a mixed state. We focus primarily on topological states subjected to local
decoherence, and employ the Levin-Wen scheme to define co(QCMI), so that for a pure state, co(QCMI)
equals topological entanglement entropy (TEE). By construction, co(QCMI) is zero if and only if a mixed
state can be decomposed as a convex sum of pure states with zero TEE. We show that co(QCMI) is
nonincreasing with increasing decoherence when Kraus operators are proportional to the product of onsite
unitaries. This implies that unlike a pure-state transition between a topologically trivial and a nontrivial
phase, the long-range entanglement at a decoherence-induced topological phase transition as quantified
by co(QCMI) is less than or equal to that in the proximate topological phase. For the two-dimensional
toric code decohered by onsite bit- and phase-flip noise, we show that co(QCMI) is nonzero below the
error-recovery threshold and zero above it. Relatedly, the decohered state cannot be written as a convex
sum of short-range entangled pure states below the threshold. We conjecture and provide evidence that
in this example, co(QCMI) equals TEE of a recently introduced pure state. In particular, we develop a
tensor-assisted Monte Carlo (TMC) computation method to efficiently evaluate the Rényi TEE for the
aforementioned pure state and provide nontrivial consistency checks for our conjecture. We use TMC to
also calculate the universal scaling dimension of the anyon-condensation order parameter at this transition.
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I. INTRODUCTION

The entanglement structure of the ground states of local
Hamiltonians has played a key role in our understanding of
quantum phases of matter [1]. Many-body entanglement
not only characterizes the universal features of ground
states such as the central charge of a conformal field the-
ory or the topological entanglement entropy (TEE) of a
gapped ground state [2–6], it also constrains which phases
of matter or critical points can be in the vicinity of each
other [7–12]. Moreover, a coarse classification of gapped
phases of matter can be argued for based on whether a
ground state is short-range entangled (SRE) or long-range
entangled (LRE), i.e., whether it can or cannot be obtained
from a product state via a low-depth local unitary circuit
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[13–16]. In contrast to the ground states of local Hamil-
tonians, our understanding of the entanglement structure
of physically realizable mixed states is relatively limited.
Recent progress in defining the equivalence class of mixed
states has provided a concrete definition of mixed-state
phases of matter [17–19]. It is reasonable to ask whether
constraints on the entanglement structure of mixed states
or their phase diagrams can be obtained based on such a
definition. In this paper we propose a diagnostic of long-
range entanglement in mixed states that is a close analog
of TEE. We discuss constraints imposed on this diagnostic
by general considerations such as locality and renormal-
ization group. Although the diagnostic we introduce can
be defined for any mixed state, we will primarily focus
on mixed states obtained by subjecting topological states
such as the toric code to local decoherence [18–34]. For
the decohered toric code, we will relate the aforemen-
tioned diagnostic to the TEE of a pure state and support
our analytical arguments by calculating the TEE using
a new tensor-assisted Monte Carlo (TMC) method that
integrates tensor networks with recently developed Monte
Carlo algorithms for the efficient sampling of entanglement
entropy [35,36].
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A fundamental concept in quantum information theory
is that of “entanglement monotones” [37–41]. Good mea-
sures of entanglement are nonincreasing under local oper-
ations, and classical communication (LOCC) operations.
One may anticipate that the decrease of entanglement
under LOCC operations conforms with the naive intu-
ition that an LRE state (e.g., a topologically ordered state)
perhaps cannot be obtained from an SRE state (e.g., a triv-
ial paramagnet without topological order) via small-depth
quantum channels made out of LOCC operations. How-
ever, this is not the case. The main obstacle in making such
a connection is that LOCC operations only constrain the
total entanglement, which includes short-distance entan-
glement. An LRE state can certainly be less entangled
than an SRE state when short-distance entanglement is
included. Indeed, by now several concrete protocols exist,
which allow one to prepare LRE states from SRE states
via LOCC constant-depth channels [42–50]. A key idea
in these protocols is to employ nonlocal classical com-
munication, which is allowed within LOCC. In particular,
the local unitaries in these protocols are contingent on
the global measurement outcomes, which is tantamount to
nonlocal classical communication. It is therefore natural to
ask what states can be obtained from a given state if only
local operations are allowed. One might anticipate that in
this setting an LRE state cannot be obtained from an SRE
state. If so, it is natural to ask if one can define analogs of
entanglement monotones in such a setting that are sensi-
tive only to long-range entanglement, and in a sense more
universal.

Let us recall that for a bipartite Hilbert space HA ⊗
HB, a mixed state has zero bipartite entanglement (“sep-
arable”) if it admits a representation of the form ρ =∑

i pi|ψi〉〈ψi|, where each of the pure states |ψi〉 is bipar-
tite unentangled, i.e., takes the form |ψi〉 = |φA

i 〉 ⊗ |φB
i 〉

[51]. Clearly, the von Neumann entanglement SA equals
zero for each |ψi〉. One entanglement measure that directly
captures bipartite separability of a mixed state is entan-
glement of formation EF [37], which is defined as EF =
inf{∑i pi SA(|ψi〉)}, where the infimum is taken over all
possible pure-state decompositions of the density matrix ρ
as ρ = ∑

i pi|ψi〉〈ψi|, where pi ≥ 0, and
∑

i pi = 1. More
generally, given a function f from pure states to real num-
bers, the convex-roof extension of f , denoted as co(f ), is
a function from density matrices to real numbers, and is
defined as [37,40,52,53]

co(f )[ρ] =

inf

(
∑

i

pi f (|ψi〉)
∣
∣
∣ ρ=

∑

i

pi|ψi〉〈ψi|, pi ≥ 0,
∑

i

pi =1

)

.

Therefore, in this nomenclature, EF is the convex-roof
extension of von Neumann entanglement [37]. Our aim
is to find a measure that detects whether a mixed state

is SRE or not, i.e., if it admits a decomposition of the
form

∑
i pi|ξi〉〈ξi|, where {|ξi〉} are SRE pure states [54].

One way to achieve this is by considering the convex-
roof extension of any pure-state entanglement measure that
captures long-range entanglement. This is the approach
we will follow. Note that EF itself is not well suited
for this purpose since it will generically receive contri-
butions from short-range entanglement (e.g., nonuniversal
area-law contribution).

For arbitrary pure states, we are unaware of a diag-
nostic that is nonzero if and only if the state is LRE
(i.e., not obtainable from a product state via a low-depth
local unitary). However, there are at least two distinct
ways a pure state can be LRE, which are relatively well
understood. Firstly, a state may have mutual information
between distant regions that does not decay exponen-
tially with the distance between the regions—such LRE
is archetypical for systems with spontaneous symmetry
breaking (SSB), as well as ground states of gapless Hamil-
tonians. An example is a Greenberger-Horne-Zeilinger
(GHZ) state, which is representative of a system with long-
range order due to SSB of Z2 symmetry. A different, and
perhaps more profound way an LRE state can arise is
due to topological order, and this kind of entanglement
will be our primary focus. In a topologically ordered sys-
tem, the mutual information between distant contractible
regions decays exponentially, despite the fact that such
states are LRE. One way to characterize such entangle-
ment is via topological entanglement entropy (TEE) [4–6].
TEE was originally argued to equal log(D) where D is
the total quantum dimension for the underlying topolog-
ical order. However, exceptions exist [55–57] (“spurious
TEE”) whereby an SRE state can have nonzero Levin-
Wen QCMI even when the size of the regions involved
is much larger than the underlying correlation length (say,
defined using connected correlators of local operators). It
was shown in Ref. [58] that nevertheless the TEE pro-
vides a rigorous upper bound on log(D). Furthermore, in
addition to the fixed-point Hamiltonians of gapped topo-
logical phases [5,6], TEE equals log(D) in a variety of
local Hamiltonians and variational states (see, e.g., Refs.
[59–64]).

Since a mixed state is considered short-ranged entan-
gled if it admits a decomposition as a convex sum of
short-range entangled pure states [54], one way to partially
characterize long-range entanglement of a mixed state is
to consider a measure that is zero if and only if the den-
sity matrix admits a decomposition as a convex sum of
pure states with zero TEE. This motivates us to define the
convex-roof extension of TEE as an analog of pure-state
TEE (Sec. II). We will define pure-state TEE using Levin-
Wen scheme, whereby TEE equals the quantum condi-
tional mutual information (QCMI) for a specific choice of
regions, and we will refer to the convex-roof extension of
TEE as co(QCMI). By construction, if co(QCMI) is zero,
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then the density matrix admits a decomposition in terms
of pure states with zero Levin-Wen TEE. As already men-
tioned, zero co(QCMI) does not rule out that the mixed
state is a convex combination of pure states with GHZ-type
LRE. Therefore, given a mixed state with zero(QCMI), one
may in addition also calculate its co(MI)—the convex roof
extension of mutual information—to check whether it can
be represented as a convex sum of pure states with expo-
nentially decaying mutual information. We will summarize
some of the salient features of co(QCMI), and discuss them
in detail in Sec. III. One notable feature is that for quantum
channels where local Kraus operators are onsite and pro-
portional to a unitary matrix, co(QCMI) as well as co(MI)
is nonincreasing. This is consistent with the expectation
that an LRE mixed state cannot be obtained from an SRE
mixed state via a low-depth local channel. We will also dis-
cuss a generalization of this statement to channels where
Kraus operators are constant-depth local unitaries but are
not required to be product of onsite unitaries. As an aside,
we note that one may also define the long-range part of
a mixed state using convex-roof extension of pure-state
measures introduced in Refs. [65,66] that do not suffer
from spurious TEE. We leave such explorations to the
future.

As mentioned above, one of our motivations in defin-
ing co(QCMI) is to put constraints on the phase diagrams
of mixed states from mixed-state entanglement, and vice
versa. Therefore, as a testing ground, it is natural to con-
sider co(QCMI) in models where there exist at least two
different mixed-state phases as a function of some tuning
parameter. A paradigmatic example is two-dimensional
(2D) or three-dimensional (3D) toric code subjected to
phase-flip and/or bit-flip noise [18–33]. To setup the nota-
tion, let us consider 2D toric code whose Hamiltonian
[67] is H2D toric = −∑v(

∏
e∈v Ze)−∑

p(
∏

e∈p Xe). The
ground state ρ0 of H2D toric is subjected to the phase-flip
noise acting on an edge e as Ee[ρ0] = pZeρ0Ze + (1 −
p)ρ0. The resulting phase diagram as a function of p con-
sists of two phases: for p < pc, the quantum topological
order survives, while for p > pc, one obtains a phase with
only classical topological order. One of our main results
(Sec. III) is that co(QCMI) must be nonzero for p < pc,
and relatedly, that the density matrix cannot be written as
a convex sum of SRE pure states for p < pc. This result
supplements our understanding of this transition in terms
of separability: as argued in Ref. [26], for p > pc, the
density matrix can be written as a convex sum of pure
states that are not topologically ordered, which implies that
co(QCMI) vanishes for p > pc. Combined with our result,
then one may view the decoherence-induced transition
as a transition between a phase with nonzero co(QCMI)
and a phase with zero co(QCMI). Our arguments for
nonzero co(QCMI) for p < pc apply not just to 2D toric
code under local decoherence, but to essentially any topo-
logically ordered phase subjected to local decoherence.

The only assumption is that the topological phase is stable
for p < pc using the definition of mixed-state phase equiv-
alence [18,19], i.e., there exists a low-depth local channel
that connects the decohered state to a pure topologically
ordered state.

Formulating decoherence-induced transitions in terms
of co(QCMI) illustrates a rather unique feature of these
transitions that is not shared by quantum phase transi-
tions in pure ground states (see Fig. 1). To highlight this,
consider toric code perturbed by a magnetic field: H =
H2D toric − h

∑
e Xe [61,68–73]. As a function of h, the

ground state of H undergoes a phase transition from Z2
topologically ordered phase to a trivial paramagnet. Let
us consider the bipartite entanglement entropy SA for a
smooth bipartition of the total system into A and A (i.e.,
the boundary of A has no sharp corners). Let us write
SA = α�− γ + O(1/�), where α is a nonuniversal num-
ber and � is the characteristic linear size of region A. In
the topologically ordered phase, γ = log(2), while in the
trivial phase, γ = 0. Right at the critical point between
these two phases, γ = log(2)+ γ3D Ising, where γ3D Ising is
the subleading term in entanglement for a system described
by the 2+1-D critical Ising CFT [74,75]. Therefore, in a
sense, the critical point is more long-range entangled than
either of the two phases. Indeed, due to the divergence of
correlation length, the critical point is not connected to
the gapped, topological phase via a low-depth local uni-
tary. One may restate this result in terms of the behavior of
the subleading term in entanglement as a function of �/ξ ,
where ξ is the correlation length that diverges at the critical
point. Approaching the critical point from the topologi-
cal side, when � � ξ , one finds γ = log(2). On the other
hand, when a � � � ξ , where a is the lattice spacing, one
finds γ = log(2)+ γ3D Ising. One may similarly consider
QCMI for a Levin-Wen partition in this problem, and using
the positivity of QCMI and arguments in Ref. [74], one
then concludes that QCMI in the critical regime will equal
log(2)+	γCFT, where 	γCFT is the contribution from to
CFT degrees of freedom, as indicated in Fig. 1(a) (the mag-
nitude of 	γCFT will depend on the shape of the regions
involved in defining QCMI). The fact that the critical point
is more long-range entangled than the adjacent phases is a
generic feature of Lorentz-invariant field theories, where
one can rigorously show that the universal part of entan-
glement for a circle decreases under renormalization group
flow [7–11].

Now let us contrast this situation with the behavior
of co(QCMI) in decoherence-induced transition in toric
code [see Fig. 1(b)]. As already mentioned above, we will
find that co(QCMI) is a nonincreasing function decoher-
ence rate, and therefore, at the critical point separating
the topologically ordered mixed state to the trivial mixed
state, co(QCMI) cannot be larger than log(2). Therefore,
in this problem, in contrast to the pure-state transition, the
critical point is not more entangled than the topological
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(a) (b)

FIG. 1. Contrast in entanglement scaling between pure-state transition [driven by a transverse field of strength h, panel (a)], and
mixed-state transition [driven by decoherence at rate p , panel (b)] in the 2D toric code. The bottom of panel (a) schematically shows
the scaling of QCMI S(A : B|C) in the perturbed toric-code ground state close to the topological transition when approaching the
critical point from the topological side. The diverging correlation length is denoted as ξ , and the linear length of all regions A, B, C that
define QCMI is proportional to �. When �/ξ � 1, QCMI probes the topological phase, and therefore approaches TEE, i.e., log(2). On
the other hand, when �/ξ � 1, i.e., when QCMI probes the critical regime, one receives an additional positive contribution	γCFT from
the critical degrees of freedom. In contrast, when the topological order is destroyed by onsite phase-flip and bit-flip decoherence [panel
(b)], on general grounds the mixed-state entanglement captured by co(QCMI) [Eq. (1)] cannot exceed TEE (=log(2)) in the critical
regime (�/ξ � 1) as discussed in Sec. III and schematically shown at the bottom of panel (b). The geometry used to define co(QCMI)
is the same as the one for QCMI shown in panel (a). In fact, numerically, we find evidence that the value γ ′ for the co(QCMI) in the
critical regime is zero within the error bar of our numerical simulations (Sec. IV, Fig. 6).

phase, at least if one uses co(QCMI) as a measure of
long-range entanglement. This statement applies not just
to 2D toric code under onsite decoherence, but to any
onsite decoherence-driven phase transition in any dimen-
sion, e.g., 3D toric code or 3D fracton models subjected
to onsite phase-flip or bit-flip noise. In parallel with afore-
mentioned discussion about pure state, let us then approach
the critical point from the topological side, and probe
co(QCMI) as a function of �/ξ , where � is the character-
istic size of the subsystem that defines co(QCMI) and ξ
is the correlation length that diverges at the critical point
(defined via, say, QCMI of the corresponding mixed state
[19]). When � � ξ , co(QCMI) is upper bounded by log(2).
However, when a � � � ξ , in strong contrast to the pure
state, our quantum many-body numerics in Sec. IV indi-
cates that co(QCMI) in fact equals zero! That is, at the
critical point long-range entanglement as quantified via
co(QCMI) is not just smaller than that in the topological
phase, it actually seems to vanish. It is important to note
that our result relies on the onsite nature of the decoher-
ence, and we do not prove the monotonicity of co(QCMI)
for general channels. Indeed, for general quantum chan-
nels of arbitrary depth, the entanglement of a mixed state

can certainly increase (since unitaries are a subset of quan-
tum channels, and pure states are a subset of mixed states).
Nevertheless, in Sec. III we will also discuss a general-
ization of our result to constant-depth local mixed-unitary
channels (i.e., channels where Kraus operators are propor-
tional to constant-depth local unitaries) that are not neces-
sarily onsite. Another point worth noting is that although
there clearly exists a low-depth local channel that takes the
pure toric code to the critical point (indeed, the transition
is being driven by applying such a channel), there exists no
low-depth local channel in the opposite direction [18,19].
Intuitively, the monotonicity of the co(QCMI) originates
due to the irreversible loss of quantum information to the
environment. This is in contrast to the pure-state transition
discussed above, where there exists no low-depth local uni-
tary connecting the topological phase to the critical point,
and vice versa, because unitary transformations are always
invertible.

The separability-based view on the decoherence-
induced phase transition in toric code naturally leads to
the decomposition of the decohered toric code into a
specific set of pure states that are all related to the fol-
lowing pure state via a local unitary transformation [26]:
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|ψ〉 = ∑
xe

√
Zxe |xe〉 where Zxe = ∑

zv
eβ

∑
e xe

∏
v∈e zv is

the partition function of Ising model given bond config-
uration xe. Reference [26] provided analytical arguments
that the pure state |ψ〉 has zero topological entanglement
entropy (TEE) for p > pc, which implies that co(QCMI) is
zero for p > pc. The fact that the pure state |ψ〉 correctly
captures the decoherence-induced phase transition, at least
as far as the location and universality of the transition is
considered, leads us to conjecture that the decomposition
of the density matrix proposed in Ref. [26] is optimal for
co(QCMI). If this conjecture is true, then the TEE for the
state |ψ〉 equals co(QCMI) of the decohered toric code,
and should therefore be a monotonically nonincreasing
function of the decoherence rate. The underlying statisti-
cal mechanics model that enters the calculation of TEE of
|ψ〉 is not exactly solvable, and the analytical arguments
in Ref. [26] do not provide information about the behav-
ior of TEE in the vicinity of the transition. In Sec. IV, we
will calculate the Rényi TEE of the state |ψ〉 directly using
state-of-the-art quantum many-body numerical method-
ology. To this end, we develop a tensor-assisted Monte
Carlo (TMC) computational scheme to efficiently evalu-
ate the TEE across the separability transition. The TMC
method is designed to significantly mitigate the exponen-
tial complexity associated with numerical evaluation of
TEE [35,36], and allows us to study the behavior of TEE
close to the transition.

Let us summarize our main results:

(1) We show that the co(QCMI) for local decoherence
where Kraus operators are proportional to a unitary
is monotonically nonincreasing as a function of the
decoherence rate. Therefore, if such Kraus operators
lead to a decoherence-induced phase transition out
of a topological phase, the co(QCMI) at the critical
point cannot be larger than the TEE of the topologi-
cal phase (see Fig. 1 for an illustration in the context
of 2D toric code).

(2) We show that for the 2D toric code under local
phase-flip or bit-flip decoherence in any dimension,
the co(QCMI) must be nonzero in the regime where
error correction is feasible. Under certain assump-
tions, we also argue that the value of co(QCMI)
equals the TEE of the pure toric code. We also
briefly discuss generalization to other topological
orders.

(3) We conjecture that the decomposition of the deco-
hered toric code introduced in Ref. [26] is opti-
mal for co(QCMI), and to test this conjecture, we
develop a novel TMC numerical technique to com-
pute the average TEE of this decomposition (which
equals the TEE of the aforementioned state |ψ〉). We
numerically show that the TEE of this pure state is
log(2) for p < pc, and zero for p > pc, and that it
is monotonically nonincreasing as a function of the

decoherence rate. These observations support our
conjecture that the TEE of the state |ψ〉 equals the
co(QCMI) of the decohered toric code.

(4) With our TMC technique, we also study the anyon
condensation order parameter with respect to the
aforementioned pure state |ψ〉. We find that the
location of the transition, as well as the critical expo-
nents match very well with the Nishimori critical
point of the random bond Ising model [20–23,76].

II. CONVEX-ROOF EXTENSION OF QUANTUM
CONDITIONAL MUTUAL INFORMATION

A. Brief overview of topological entanglement entropy

For a gapped, pure, ground state of a local Hamiltonian,
topological entanglement entropy (TEE) was introduced in
Refs. [5,6] as a diagnostic of topological order. Heuristi-
cally, for a 2D gapped ground state |ψ〉, it is defined as
the subleading term γ in the bipartite entanglement SA
of a subregion A of linear size LA with its complement:
SA = αLA − γ , where α is a nonuniversal constant. In 2D
topologically ordered phases, the ground state consists of
closed-loop configurations, and intuitively, a nonzero γ
corrects for the overcounting of the entanglement between
A and its complement due to the closed-loop constraint on
the configuration space.

Since γ is a subleading term, and is supposed to capture
the universal, long-distance physics of the gapped phase,
it is important to define it so that it is manifestly inde-
pendent of the leading, nonuniversal contribution αLA. To
that end, Refs. [5,6] introduced “subtraction schemes” to
recover γ via a combination of terms that are designed to
cancel out dependence on short-distance physics. Kitaev-
Preskill (KP) subtraction scheme [5] involves three regions
A, B, C that pairwise meet in a line segment, and whose
intersection A ∩ B ∩ C is a point. The TEE is obtained
as γKP = ∑

i S(Xi)−∑
i,j S(Xi ∪ Xj )+∑

i,j ,k S(Xi ∪ Xj ∪
Xk), where {Xi} = {A, B, C} and S(X ) = − tr (ρX log(ρX ))

is the von Neumann entropy for the density matrix ρX =
trX |ψ〉〈ψ |. The Levin-Wen (LW) scheme [6] in contrast
involves the geometry “with a hole” shown in Fig. 1,
and the TEE is simply γLW = 1

2 S(A : B|C), where S(A :
B|C) = (S(AC)+ S(BC)− S(C)− S(ABC)) is the quan-
tum conditional mutual information (QCMI) between A
and B conditioned on C [see Fig. 5(b)]. For our purposes,
Levin-Wen scheme will be more useful.

We note one subtlety about TEE. One can construct fine-
tuned examples of nontopologically ordered states that
have a nonzero γ [55–58] (often called “spurious TEE”).
Despite this, TEE has been useful as a practical tool to
detect topological order in a variety of generic models and
variational wave functions [59–64]. In the absence of spu-
rious TEE, γ = log(D), where D = √∑

a d2
a is the total

quantum dimension for the underlying topological order
with anyonic quantum dimensions da [5,6,58]. One can
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define QCMI for any pure state, not necessarily a gapped
ground state, and heuristically (assuming there is no spu-
rious TEE), it captures one kind of “long-range entangle-
ment” in a state since the combination of entropies defining
it tends to cancel out the short-distance entanglement. For
example, in a gapless system such as the ground state of a
conformal field theory or for a system with a Fermi surface,
S(A : B|C) will be generically nonzero, and can be used to
obtain universal data (see, e.g., Ref. [77]). Levin-Wen TEE
however is oblivious to GHZ-type LRE as already noted in
the Introduction.

B. Convex room extension of TEE

Our aim is to define a quantity that is an analog of
TEE for mixed states. Unlike pure states, for which von
Neumann entanglement is essentially a unique measure
of bipartite entanglement, there exist several different
entanglement measures for mixed states. One proposal
is to define a combination analogous to S(A : B|C) in
the aforementioned Levin-Wen scheme by replacing each
of the terms S(AC), S(BC), S(C), S(ABC) with a measure
of bipartite mixed-state entanglement such as negativity
[23,78–82]. One potential issue with negativity is that it is
not a faithful measure of mixed-state entanglement: there
exist states that are entangled but have zero negativity.
Here, we will follow a different approach by introducing
a measure that is closer in spirit to TEE. We will construct
a measure that is zero if and only if the mixed state admits
a decomposition in terms of pure states that have zero TEE.
Consider a mixed state ρ over a tetrapartite Hilbert space
A ⊗ B ⊗ C ⊗ D, where A, B, C have the same geometry as
the one used to define Levin-Wen TEE, and D denotes the
complement of ABC.

Definition 1. Given a tetra-partite density matrix ρABCD,
we define co(QCMI)[ρABCD] = inf{∑i pi γ (|ψi〉ABCD)}
where γ (|ψi〉ABCD) = 1

2 S(A : B|C) and the infimum is
taken over all possible pure-state decompositions of the
mixed state ρ as ρ = ∑

i pi|ψi〉〈ψi|.

Thus, co(QCMI) is the convex-roof extension of γ to
mixed states, just as the entanglement of formation is the
convex-roof extension of von Neumann entanglement for
bipartite states [37,40,41]. Due to strong subadditivity,
co(QCMI)[ρ] ≥ 0. It is worth noting that unlike entan-
glement of formation, co(QCMI) is generically not an
entanglement monotone under LOCC operations. This is
because QCMI is neither a concave nor a convex func-
tion of density matrices [40,83]. Indeed, LOCC operations
allow one to obtain LRE states from SRE states, via
constant-depth channels due to the possibility of nonlocal
classical communication [42–50]. However, a mixed-state
phase of matter is defined via the equivalence class of
states related to each other via low-depth local channels

[17–19], and therefore, it is desirable to seek a measure of
long-range entanglement that is monotonic when only low-
depth local operations are allowed. As we will discuss in
the next section, co(QCMI) is monotonic under at least a
class of local low-depth channels that are of our interest.

One may also define a Rényi version of co(QCMI), by
replacing γ = 1

2 S(A : B|C) in Eq. (1) by its Rényi version,
namely, γn = 1

2 Sn(A : B|C)= 1
2 (Sn(AC)+ Sn(BC)−Sn(C)

−Sn(ABC)), where Sn(X ) = −1/(n − 1) log
(
tr
(
ρn

X

))
is

the Rényi entropy for the density matrix ρX in the state
|ψi〉. This quantity shares several features with co(QCMI)
as discussed in Sec. III and is potentially more amenable
to numerical simulations. We will employ it in the tensor-
assisted Monte Carlo computation in Sec. IV.

III. CONSTRAINTS ON CO(QCMI) FOR
DECOHERENCE-DRIVEN TOPOLOGICAL

TRANSITIONS

In this section, we will discuss some of the salient prop-
erties of co(QCMI) (Definition 1). Our focus will primarily
be pure topologically ordered states that are being sub-
jected to local decoherence [18–33]. A paradigmatic exam-
ple is 2D toric code in the presence of phase-flip or bit-flip
noise. For concreteness, we will focus on this exam-
ple, and discuss along the way which features generalize.
We write 2D toric code as H2D toric = −∑v(

∏
e∈v Ze)−∑

p(
∏

e∈p Xe). We subject a (pure) ground state ρ0 of
H2D toric to phase-flip channel acting on an edge e as
Ee[ρ0] = pZeρ0Ze + (1 − p)ρ0 where p ≥ 0 is the deco-
herence strength. The full dynamics corresponds to the
composition of the map Ee[·] on all edges, and we will
denote its action simply as E[·]. It is well known that this
system undergoes a phase transition as a function of the
decoherence rate p [20–24]. For p < pc ≈ 0.11, the system
retains quantum memory of the undecohered toric-code
ground state while the quantum memory is lost for p > pc
and one enters a “classical memory” phase. The nontrivial-
ity of the p < pc phase can be argued from a variety of per-
spectives, e.g., using coherent information [23,25,29] or
via mixed-state phase equivalence [18,19], and the related
idea of emergent anomalous one-form strong symmetries
[32]. Since we are interested in quantifying the long-range
entanglement, central to our discussion will be the sepa-
rability aspects of the mixed state. On that note, Ref. [26]
argued that for p ≥ pc, the density matrix can be expressed
as a convex sum of states that have zero TEE, which would
imply that co(QCMI) is zero for p > pc. It was also conjec-
tured that such a decomposition is not possible for p < pc,
although a proof so far is lacking. Motivated by these
considerations, let us ask a few questions:

(1) Can co(QCMI) increase as the decoherence rate
increases? [Scenario (b) in Fig. 2.]
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FIG. 2. Possible scenarios of co(QCMI) across the decoher-
ence transition in 2D noisy toric code. We discuss the sce-
narios (a)–(e) in addressing questions 1–4 below, and provide
arguments that rule out scenarios (b),(c),(d),(e).

(2) Can co(QCMI) be zero for p < pc? [Scenario (c) in
Fig. 2.]

(3) If the answer to question #2 is “no”, does co(QCMI)
remain quantized at log(2) for p < pc? [Scenario (a)
in Fig. 2.] Or can it be less than log(2)? [Scenario (e)
in Fig. 2.]

(4) Can co(QCMI) be nonzero for p > pc? [Scenario (d)
in Fig. 2.]

We will consider these questions in turn.

A. Can co(QCMI) increase under local decoherence?

We will start with a definition and a theorem.

Definition 2. Let f be a real-valued function defined on
the space of all pure states, i.e., |ψ〉 
→ f (|ψi〉). For any
density matrix ρ, we define

co(f )[ρ] = inf{
∑

i

pi f (|ψi〉)| ρ =
∑

i

pi|ψi〉〈ψi|}. (1)

We will call co(f ) the convex roof of f .

Theorem 1. Consider convex-roof co(f ) of any quan-
tity f that is invariant under onsite unitary transforma-
tions, i.e., f (|ψ〉) = f (U|ψ〉), where U = ∏

i Ui is a prod-
uct of onsite unitaries. Consider a density matrix that is
subjected to a quantum channel E where are all Kraus
operators are onsite and proportional to unitaries. Then
co(f )[ρ] ≥ co(f )[E[ρ]]. In particular, under, such a chan-
nel, co(QCMI)[ρ] ≥ co(QCMI)[E[ρ]], i.e., co(QCMI) is
nonincreasing under the action of such a channel.

Proof. Let the optimal decomposition for ρ vis-à-vis
Definition 2 be ρ be ρ = ∑

i pi|φi〉〈φi|. This implies that

E[ρ] = ∑
i
∑

α qαU†
α

(∑
i pi|φi〉〈φi|

)
Uα , where the Kraus

operators are denoted as
√

qαUα with qα ≥ 0. There-
fore, E[ρ] = ∑

iα piqα|φ̃i,α〉〈φ̃i,α|, where |φ̃i,α〉 = Uα|φi〉.
This expansion provides one decomposition for the den-
sity matrix E[ρ], which may or may not be opti-
mal. By definition, co(f )[E[ρ]] ≤ ∑

i,α piqαf (|φ̃i,α〉) =∑
i,α pif (|φi〉) = co(f )[ρ] where we have used the fact that

f is invariant under onsite unitary transformations. There-
fore, the convex roof of any quantity f that is invariant
under onsite unitary transformations cannot increase under
such local decoherence. Since bipartite von Neumann
entropy is invariant under onsite unitary transformations,
and QCMI can be expressed as a linear combination of
von Neumann entropies, this implies that co(QCMI)[ρ] ≥
co(QCMI)[E[ρ]] under such a channel. �

Corollary 1. Consider a density matrix obtained by
subjecting a pure state to onsite bit-flip or phase-flip deco-
herence with strength p . Let us denote the density matrix
as ρ(p) where ρ(p = 0) is the aforementioned pure state.
If p2 > p1, then co(QCMI)[ρ(p1)] ≥ co(QCMI)[ρ(p2)].

Proof. Bit-flip and phase-flip channels are closed under
composition. Therefore, if p2 > p1, there exists a bit-
flip and phase-flip channel E such that ρ(p2) = E[ρ(p1)].
Since von Neumann entropy is invariant under onsite
unitary transformations, and QCMI is just a linear com-
bination of von Neumann entropies of different subre-
gions, it is also invariant under onsite unitary transfor-
mations. Theorem 1 then implies that co(QCMI)[ρ(p1)] ≥
co(QCMI)[ρ(p2)]. �

This rules out scenario (b) in Fig. 2. In addition to
co(QCMI), Theorem 1 also applies to several other quanti-
ties of interest such as Rényi versions of co(QCMI), or the
convex-roof extension of bipartite Rényi, von Neumann
entropies, and mutual information. In strong contrast, the
QCMI of the decohered density matrix is nonmonotonic
under local decoherence as explicitly demonstrated in
Ref. [19]. Perhaps more interestingly, this is also in con-
trast to pure ground-state transitions out of topological
states where the subleading universal part of von Neu-
mann entanglement is generically larger at the quantum
phase transition compared to the TEE of the proximate
topological phase (as contrasted in Fig. 1).

The most restrictive assumption in Theorem 1 is the con-
dition on Kraus operators being onsite unitaries. Therefore,
it is worth seeking potential generalizations. Clearly, there
cannot be a vast generalization that allows for evolution
under arbitrary quantum channels, since long-range entan-
glement can of course increase under long-depth unitary
evolution (i.e., unitaries whose depth d scales as d ∼ L,
where L is the system’s linear size). A natural generaliza-
tion one might seek is evolution under Kraus operators that
are all proportional to finite-depth local unitary circuits, but
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are not restricted to be onsite (here finite depth is a syn-
onym for constant depth, i.e., depth that does not scale with
L. If we assume that QCMI of a state is invariant under the
action of a finite-depth local unitary circuit, then following
the same argument as in the proof of Theorem 1, it follows
that co(QCMI) is monotonically nonincreasing if Kraus
operators that are all proportional to finite-depth local uni-
tary circuits. However, there exist examples of “spurious
TEE” [55–57], which show that QCMI can change under
the action of a finite-depth local unitary. Although all
known examples of spurious TEE are nongeneric and fine
tuned, motivated from Ref. [58], let us define a modified
version of QCMI for a pure state |ψ〉:

QCMI’(|ψ〉) = infU (γ (U|ψi〉)), (2)

where γ (U|ψi〉) is the Levin-Wen QCMI of the state
U|ψi〉 and infimum is taken over all possible finite-depth
local unitaries U. It is easy to see that QCMI’(|ψ1〉) =
QCMI’(|ψ2〉) if |ψ1〉 is related to |ψ2〉 by a finite depth
unitary. It is then natural to define

co(QCMI’)[ρ] = inf{
∑

i

piQCMI’(|ψ〉) } (3)

where the infimum as usual denotes minimization over all
pure-state decompositions of ρ as ρ = ∑

i pi|ψi〉〈ψi| [84].
Based on this, we can now state the following proposition.

Theorem 2. Consider a density matrix that is sub-
jected to a quantum channel E where are all Kraus
operators are proportional to finite-depth local unitaries.
Then co(QCMI’)[ρ] ≥ co(QCMI’)[E[ρ]], i.e., co(QCMI’)
is nonincreasing under the action of such a channel.

Proof. The proof is essentially identical to the one for
Theorem 1. Let us denote the action of the channel E
as E[ρ] = ∑

α qαUαρU†
α where Uα are finite-depth local

unitaries. If the optimal decomposition for co(QCMI’)[ρ]
is ρ = ∑

i pi|ψi〉〈ψi|, then under evolution by E , ρ →
E[ρ] = ∑

i,α piqαUα|ψi〉〈ψi|U†
α . This provides one decom-

position for E[ρ]. Therefore, by definition of co(QCMI’),

co(QCMI’)[E[ρ]] ≤
∑

i,α

piqαQCMI’(Uα|ψi〉) }

=
∑

i,α

piqαQCMI’(|ψi〉) }

=
∑

i

piQCMI’(|ψi〉) }

= co(QCMI’)[ρ], (4)

where in the second equation we have used the invariance
of QCMI’ under a finite-depth local unitary. �

We anticipate that in practice, QCMI’ = QCMI for
generic systems, since all known examples of spurious
TEE are nongeneric. This expectation is also supported
by the calculation of QCMI in a large variety of lattice
models and field theories [59–64]. Therefore, we antici-
pate that the monotonicity result Theorem 2 will hold even
for co(QCMI) and not just co(QCMI’).

As an aside, we note that in a gapped phase, the
co(QCMI) and TEE takes its universal value only when
the subsystem size � that defines Levin-Wen partition sat-
isfies � � ξ , where ξ is the correlation length. However,
the above monotonicity results hold true for any subsystem
size irrespective of whether the condition � � ξ is satisfied
or not.

B. Can co(QCMI) be zero for p < pc?

Zero co(QCMI) for the Levin-Wen partition would
imply that the density matrix admits a decomposition
in terms of pure states with zero TEE, i.e., in Eq. (1)
γ (|ψ〉i) = 0 ∀i. Intuitively, one might think this is equiv-
alent to the statement that the density matrix admits a
decomposition in terms of SRE states. Indeed, zero TEE
for 2D pure state implies that if the pure state under
consideration was the ground state of a gapped Hamil-
tonian, then the topological ground-state degeneracy is
zero [58,85], but it need not imply that the state is SRE
since the state may have long-range entanglement despite
zero Levin-Wen QCMI. One such example is the GHZ
state whose Levin-Wen QCMI vanishes, but the long-
range entanglement captured via Kitaev-Preskill tripartite
entropy [5] does not vanish. Another possibility is that
the state may have zero Levin-Wen QCMI, as well as
zero Kitaev-Preskill tripartite entropy, but it may not be
a ground state of a gapped Hamiltonian [86]. Below, we
will first focus on whether the density matrix can be writ-
ten as a convex sum of SRE pure states for p < pc, and
then consider whether co(QCMI) can be zero for p < pc.

As shown in Ref. [18,19], for p < pc there exists a
constant time quasilocal Lindblad evolution L(τ ) that
approximately converts the mixed state ρ(p) to the pure
toric-code ground state ρ(p = 0). That is,

∣
∣T e

∫ 1
0 dtL(t)ρ(p)− ρ(p = 0)

∣
∣
1 ≤ ε, (5)

where T denotes time ordering, | · ∣∣1 denotes the trace
norm and ε � 1 is the tolerance [as discussed in Ref. [19],
for a given ε, the Lindblad evolution L corresponds to an
r-local quantum channel where r scales as log(poly(L)/ε)].

Definition 3. (Motivated from Ref. [18,19].) A unitary
circuit is “low-depth” if it consists of local gates state
where the product of the maximal range of a gate times the
depth of the circuit scales at most as polylog(L) where L is
the system’s linear size. Further, a pure state is short-range
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entangled (SRE) if it can be prepared via a low-depth local
unitary circuit starting from a product state.

Before proceeding, we recall that a CSS (Calderbank-
Shor-Steane) topological code [67,87–89] is the ground-
state subspace of a topologically ordered system whose
Hamiltonian can be written in the form H = HX + HZ
where HX = ∑

i hi,X , and HZ = ∑
i hi,Z satisfy the follow-

ing properties. All local terms {hi,X } only involve Pauli-X
operators, and similarly all local terms {hi,Z} involve only
Pauli-Z operators. Further, all local terms {hi,X , hi,Z} mutu-
ally commute. In such a code, the topological degeneracy
of 2N on a torus arises from pairs of logical operators
{Zα , X α} (α ranges from 1 to N where N depends on the
code) with ZαX α = −X αZα (logical operators belonging
to distinct α commute). A few examples of CSS topologi-
cal codes are toric code [90] in any dimension, topological
color codes [91,92], and the X -cube fracton model [93].

Theorem 3. Consider any CSS topological code in any
spatial dimension subjected to local decoherence at rate p .
Let us denote the corresponding density matrix as ρ(p). If
ρ(p) is a convex sum of SRE pure states, then a quasilocal
Lindbladian L that satisfies

∣
∣T e

∫ 1
0 dtL(t)ρ(p)− ρ(p = 0)

∣
∣
1 ≤ ε̃ (6)

must also satisfy

ε̃ ≥ (3 −
√

5)/2 ≈ 0.38. (7)

Proof. We will sketch the main elements of the proof
here, and refer the reader to Appendix A for details. Let
us assume that condition (a) above is indeed satisfied.
Therefore, we write

ρ(p) =
∑

a

pa|ξa〉〈ξa|, (8)

where |ξa〉 are SRE states. The main idea we employ is that
the pure state ρ(p = 0) has long-range correlations of log-
ical Z operators (see, e.g., Ref. [94]), which we denote as
ZA and ZB with the minimal distance between the operators
ZA, ZB O(L) where L is the total system’s linear size. In a
nontrivial topological CSS code, there always exists a log-
ical operator X that anticommutes and intersects with both
ZA, ZB (see Fig. 3). We chose ρ(p = 0) to be an eigenstate
of X . The second result that we employ is that a low-depth
local channel acting on a pure SRE state results in a density
matrix whose connected correlations continue to be short
ranged [95,96] for operators that are separated by distance
of O(L). That is, the connected correlations with respect
to any of the mixed states ρa = T e

∫ 1
0 dtL(t) (|ξa〉〈ξa|) must

be short ranged. Let us decompose the states ρa into
some set of pure states as ρa = ∑

m qa,m|φa,m〉〈φa,m| (this

ZA ZBO(L)

X

FIG. 3. Geometry used in the main text to show that the den-
sity matrix of a decohered CSS code cannot be expressed as a
convex sum of SRE pure states when p < pc. Noncontractible
logical operators ZA and ZB both anticommute with the noncon-
tractible logical operator X (this figure is drawn for a 2D CSS
code so that the logical operators are one dimensional).

decomposition is not unique, and it does not matter for
our purposes what particular decomposition is chosen).
Using Eq. (6), we then arrive at the following set of
equations:

∑

a,m

paqa,mxa,m ≥ 1 − ε̃

∑

a,m,m′
paqa,mqa,m′zA

a,mzB
a,m′ ≥ 1 − ε̃

(9)

where xa,m = 〈φa,m|X |φa,m〉, zA
a,m = 〈φa,m|ZA|φa,m〉 and

zB
a,m = 〈φa,m|ZB|φa,m〉. In addition, one has the following

identity for any a, m:
(
xa,m

)2 + (
zA

a,m

)2 ≤ 1, and
(
xa,m

)2 +
(
zB

a,m

)2 ≤ 1 due to the anticommutation relations between
X and ZA, ZB [97]. As discussed in detail in Appendix A,
a series of Cauchy-Schwarz inequalities then imply that
for aforementioned constraints to hold simultaneously, the
tolerance ε̃ in Eq. (5) must satisfy ε̃ ≥ (3 − √

5)/2 ≈ 0.38.
�

Corollary 2. The density matrix of a CSS code sub-
jected to local decoherence cannot be a convex sum of SRE
pure states for p < pc, where the threshold pc is defined via
Eq. (5).

Proof. As shown in Ref. [19] the threshold ε in Eq. (5)
can be made arbitrarily small as system size increases. In
particular, ε can be chosen to satisfy ε ∼ 1/poly(L), while
keeping the recovery channel L to be poly(log(L))-local.
Theorem 3 then implies that ρ cannot be a convex sum of
SRE pure states for p < pc. �
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The above proof employed the fact that the pure state
ρ(p = 0) has long-range correlations between the logi-
cal operators ZA, ZB (Fig. 3). Therefore, it also implies
that ρ(p) p < pc cannot be a convex sum of states where
the two-point correlations of logical operators are short
ranged in each of the pure states |ψi〉 that enter the convex
decomposition of ρ(p). This shows that co(QCMI) must
be nonzero for p < pc [thereby ruling out scenario (c) in
Fig. 2] since nonvanishing connected correlator of logical
operators is a distinctive feature of topological order [94],
and topologically ordered phases have nonzero Levin-Wen
QCMI.

C. Does co(QCMI) equal log(2) for p < pc?

Above we ruled out the possibility that the density
matrix ρ(p) can be written as a convex sum of SRE
states for p < pc. It is natural to ask how does the
argument change if one allows for a nonzero weight of
topologically ordered state(s) in the convex decomposi-
tion of ρ(p) for p < pc. A natural possibility is to con-
sider ρ(p) = ∑

a pa|ξa〉〈ξa| + (1 −∑
a pa)ρ(p = 0), i.e.,

we allow a nonzero weight 1 −∑
a pa ≡ 1 − wξ of topo-

logical ordered state in ρ(p). As shown in Appendix A,
such a decomposition is not allowed if ε/wξ < (3 −√

5)/2 ≈ 0.38 and therefore, as the tolerance ε → 0, the
total weight of the SRE states in such a decomposition
vanishes. This strongly suggests that co(QCMI) is not just
nonzero for p < pc, but equals log(2). This would then
rule out scenario (e) as well in Fig. 2. Indeed, given any
decomposition ρ(p) = ∑

a pa|ψa〉〈ψa|, ε = 0 implies that
for all a, T e

∫ 1
0 dtL(t)|ψa〉〈ψa| = ρ(p = 0), since ρ(p = 0)

is a pure state. Following the same argument as above, then
|ψa〉 cannot be an SRE state since it is related to the toric-
code ground state via a low-depth local channel. This again
strongly suggests that co(QCMI) equals log(2) for p < pc.

We now briefly discuss an alternative approach to
co(QCMI) that exploits the average 1-form symmetry of
the decohered toric code. This symmetry is generated by
the operators gx = ∏

e∈� Xe that are product of Pauli opera-
tors Xe along any closed-loop � (including noncontractible
ones). In Refs. [98,99] Terhal, Vollbrecht, and Werner
developed an interesting scheme to calculate the convex
roof of any function f of a density matrix ρ that is symmet-
ric under some group G, i.e., g†

i ρgi = ρ, where gi are the
group elements of the group G. The basic idea is to exploit
this symmetry to recast the problem of calculating the con-
vex roof into a different problem. First, one considers all
possible pure states |ψα〉, such that

∑
i g†

i |ψα〉〈ψα|gi = ρ

(one says that the pure state |ψα〉 “twirls” to the mixed
state ρ). Next, one minimizes the function f over this set
of pure states. Let us denote this minimum as ε(ρ). One
can then show that the desired convex-roof co(f )[ρ] equals
the convex hull of ε(ρ), which is defined as the largest
convex function on the set of all symmetric mixed states

that nowhere exceeds ε. This second step requires calcu-
lating the function ε(ρm) for all symmetric states ρm in the
neighborhood of the target state ρ. At least for a class of
problems [98–100], the function ε(ρ) is already convex,
so this second step is redundant, and one only needs to
minimize f over pure states that twirl to ρ.

Following this idea and exploiting the average 1-form
symmetry of the decohered toric-code density matrix, the
first step is to minimize TEE over all pure states that
twirl to ρ, i.e., minimize TEE over all states |φ〉 such that∑

x gx|φ〉〈φ|gx = ρ where gx are the aforementioned oper-
ators that form closed loops. Following the same argument
as above, any such pure state |φ〉 cannot be SRE for p < pc
since gx can be thought of as Kraus operators correspond-
ing to a finite-depth channel. Furthermore, again following
the same argument as above, |φ〉 should inherit the long-
range order associated with noncontractible logical string
operators from ρ. Therefore, it is reasonable to expect that
the minimal TEE for any such state |φ〉 is the one corre-
sponding to the pure toric code, i.e., log(2). Remarkably,
the decomposition of ρ discussed in Ref. [26] that captures
the separability transition already takes the desired form,
namely, ρ(p) = ∑

gx
|ψgx (p)〉〈ψgx (p)|, where |ψgx (p)〉 =

gx|ψ(p)〉, where the pure state |ψ(p)〉 was argued to have
TEE of log(2) for p < pc [we will discuss the pure state
|ψ(p)〉 in detail in Sec. IV and verify that it is indeed Z2
topologically ordered for p < pc]. Since the mixed state is
topologically ordered for p < pc, and topological order is
expected to be robust to small perturbations, it is reason-
able to expect that the minimum TEE of a pure state that
twirls to any symmetric mixed state in the neighborhood
of ρ is also log(2). This again suggests that co(QCMI) of
ρ equals log(2) for p < pc. Admittedly, this argument is
heuristic, and it will be worthwhile to pursue it further.

D. Is co(QCMI) zero for p > pc?

Reference [26] provided an explicit decomposition of
the decohered toric-code density matrix that was argued
to consist of states with zero TEE for p > pc. Since the
statistical mechanics model involved in the correspond-
ing argument is not exactly solvable to our knowledge,
it is desirable to supplement the analytical treatment of
Ref. [26] with a direct numerical simulation. In Sec. IV,
we will perform a tensor-assisted Monte Carlo (TMC)
simulation to extract the Rényi co(QCMI) for the decom-
position in Ref. [26], and provide direct evidence that
Rényi co(QCMI) indeed vanishes for p > pc.

Combining all the arguments in this section, we there-
fore conclude that co(QCMI) is non-zero for p < pc, and
zero for p > pc. Further, we expect that in fact it equals
log(2) for p < pc [scenario (a) in Fig. 2]. We now turn
to a specific decomposition of the density matrix that we
will conjecture is optimal for co(QCMI), i.e., it achieves
the minimum in Eq. (1). As we will see, this conjecture
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is equivalent to the statement that the co(QCMI) of the
decohered toric code equals the TEE of a specific pure
state |ψ〉. To this end, we develop a tensor-assisted Monte
Carlo (TMC) computational scheme to efficiently evaluate
the Rényi TEE of the aforementioned pure state. The TMC
method is designed to significantly mitigate the exponen-
tial complexity associated with numerical evaluation of
Rényi TEE [35,36], and allows us to study the behavior
of Rényi TEE close to the transition.

IV. TESTING THE CONJECTURED “OPTIMAL
DECOMPOSITION” FOR CO(QCMI) USING

MANY-BODY SIMULATIONS

In this section, we adopt the convention in Ref. [26],
where bold font e in xe denotes the collection of bond on
all edges, while xe denotes the bond on a specific edge e.

A. Conjectured optimal decomposition

Reference [26] proposed a specific decomposition of the
decohered 2D toric code density matrix ρ(p), arguing it
correctly captures the location and the universality class of
the transition. Concretely, this decomposition is given as

ρ(p) =
∑

gx

|ψgx (β)〉〈ψgx (β)|, (10)

where |ψgx (β)〉 = gx|ψ(β)〉, gx is a product of single-
site Pauli-X operators that form closed loops, and the
(unnormalized) pure state |ψ(β)〉 is given by

|ψ(β)〉 ∝
∑

xe

√
Zxe(β) |xe〉 , (11)

where Zxe(β) = ∑
zv

eβ
∑

e xe
∏
v∈e zv is the partition func-

tion of the 2D Ising model with bond strengths given by
Ising variables xe. The relation between the inverse tem-
perature β and the decoherence rate p is tanh(β) = 1 − 2p .
Notably, this wave function precisely corresponds to the
toric-code ground state at β = ∞ and to the product state
in the Z basis at β = 0.

Since states |ψgx (β)〉 are all related to the state |ψ(β)〉
via onsite unitaries, the decomposition in Eq. (10) implies
that co(QCMI)[ρ(p)] ≤ TEE(|ψ(β)〉). We conjecture that
the decomposition in Eq. (10) is optimal for co(QCMI),
i.e., it achieves the minimum of average TEE over all pos-
sible decompositions of the density matrix [see Eq. (1)].
This conjecture is equivalent to the statement that

co(QCMI)[ρ(p)] ?= TEE(|ψ(β)〉). (12)

In this section, we will test this conjecture by subjecting
the right-hand side of the above equation to the constraints
derived in the last section. The main motivation for our

conjecture comes from Ref. [26], which argued that the
TEE for the state |ψ(β)〉 jumps from log(2) to zero at
p = pc, in line with our expectation for the co(QCMI) of
ρ(p) (Sec. III). However, the results in Ref. [26] were not
strong enough to test whether the Rényi TEE of |ψ(β)〉 is
monotonic as a function of p , especially in the vicinity of
pc. Therefore, we will develop unbiased quantum many-
body numerical techniques to calculate the Rényi TEE of
|ψ(β)〉.

B. Anyon condensation order parameter

Before we discuss the Rényi TEE of the state |ψ(β)〉,
we compute and verify the universal properties of the
decoherence-induced transition in noisy toric code from
the single pure state |ψ(β)〉.

The universal aspects of the decoherence-induced tran-
sition in toric code are known to be related to the Nishimori
multicritical point [20–23,76]. One calculation that is sug-
gested by the results in Ref. [26] is that of the anyon
condensation order parameter with respect to the state
|ψ(β)〉. Concretely, one considers a path l, and calculates
the expectation value of the operator Tl = ∏

e∈l Ze that flips
the bonds on path l [when the wave function is expressed in
the X basis, as in Eq. (11)]. This expectation value captures
the tunneling amplitude between different logical sectors of
the toric code. In the topological phase (i.e., p < pc), one
expects that this tunneling amplitude vanishes, while in
the nontopological phase (i.e., p > pc), one expects that it
will be nonzero [26]. If the wave function |ψ(β)〉 correctly
captures the universal aspects of the Nishimori multicriti-
cal point, then using Wegner duality [68] one expects the
following behavior in the vicinity of the critical point:

〈ψ(β)|Tl|ψ(β)〉 ∼ f (L/ξ)/Lη, (13)

where η will turn out to be the anomalous dimension
associated with a specific moment of the disorder opera-
tor correlator at the random bond Ising model’s (RBIM)
Nishimori multicritical point (as discussed below), ξ ∼
(p − pc)

−ν is the corresponding diverging correlation
length, and we have chosen the length of the path l
to be proportional to the total system’s linear size L
[as depicted in the inset of Fig. 4(a)]. It is worth not-
ing that the expectation value of Tl with respect to the
decohered density matrix ρ(p) itself, i.e., tr(ρ(p)Tl) =∑

gx
〈ψgx (β)|Tl|ψgx (β)〉, will not see any singularity across

the transition. This is because the transition is not visi-
ble in any quantity linear in the density matrix [23]. The
object of our study, namely 〈ψ(β)|Tl|ψ(β)〉, equals (upto
a sign)

∑
gx

|〈ψgx (β)|Tl|ψgx (β)〉|, and cannot be expressed
as a linear function of the density matrix.

Next, we discuss the details of the numerical evalua-
tion of 〈ψ(β)|Tl|ψ(β)〉 ≡ 〈Tl〉. We consider a system with
open boundaries and chose the path l as a line segment
on the dual lattice, as shown by the red dashed line in
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(a)

(b)

FIG. 4. Anyon condensation operator. (a) Average value of the
anyon condensation order parameter 〈Tl〉 with respect to the state
|ψ(β)〉 [Eq. (11)] as a function of the temperature T (= β−1).
The operator Tl is depicted by the red dashed segment of length
l. (b) Data collapse of 〈Tl〉. The two panels share the same legend
as the one shown in (b).

Fig. 4(a). Its expectation value can then be computed as
[26]

Tl |ψ〉 ∝
∑

xe

√
Zxe |xel〉 , and

〈Tl〉 =
∑

xe

√
ZxeZxel

∑
xe
Zxe

=
∑

xe
Zxe

√
Zxel
Zxe

∑
xe
Zxe

,

=
⎡

⎣

√
Zxel

Zxe

⎤

⎦ (14)

where the extra subscript in xel represents the flipped
bond configuration on line segment l, and [ · ] denotes
the weighted average over bond configurations with
probability proportional to the corresponding partition
function Zxe , i.e., W(xe) ∝ Zxe(β) = ∑

zv
eβ

∑
e xe

∏
v∈e zv .

〈Tl〉 precisely corresponds to the two-point correlator
[〈μ(0)μ(r)〉1/2] of the disorder operator μ in the RBIM
studied in Ref. [101], where 〈 · 〉 denotes the average
with respect to a fixed disorder configuration, and [ · ]
again denotes disorder averaging. 0 and r are the two
endpoints of Tl. The generation of bonds according to
the probability distribution Zxe can be greatly simplified
using the Nishimori condition tanh(β) = 1 − 2p . In par-
ticular, one simply proposes an updated bond configuration
according to the binomial distribution with probability
p at each MC step, followed by the gauge transforma-
tion xe → xe

∏
v∈e σv with σv = ±1 on every site. By

doing so, one generates a bond configuration according to

(a) (b)

FIG. 5. Tensor formalism for the Ising model partition func-
tion. (a) A tensor network for 5 × 5 system, with (L + 1)2 = 36
local tensors. Each tensor encodes the interaction between four
Ising spins, with each leg containing the local spin degree of free-
dom (d = 2). The dashed lines represent the original lattice. (b)
The Levin-Wen scheme in the tilted square lattice. Here L is a
multiple of 5, and we divide the system into a 5 × 5 grid, and
choose the subregions as depicted, similar to Ref. [109].

the distribution W′(xe) ∝ ∑
[xe]
∏

e pδAFM(xe)(1 − p)δFM(xe),
where [xe] denotes an equivalence class of 2N bond
configurations related to xe by aforementioned gauge
transformations, and δAFM(FM)(xe) = 1 if bond xe is
AFM(FM), otherwise 0. Summing up all 2N terms
related to each other via gauge transformation gives
W′(xe) = ∑

σv

∏
e pδAFM(xe

∏
v∈e σv) (1 − p)δFM(xe

∏
v∈e σv) ∝

∑
σv

eβ
∑

e xe
∏
v∈e σv = Zxe , where we have used the Nishi-

mori relation tanh(β) = 1 − 2p .
To calculate the partition function Zxe for a given bond

configuration xe, we performed the matrix-product-state-
(MPS) assisted sampling with bond dimension χ = 8 (we
will provide details of this method in Sec. IV C). Such
a small bond dimension is sufficient to capture the Ising
partition function, with relative error of order 10−20. For
simplicity in the MPS calculation, we chose our system to
be the tilted square lattice with open boundary condition
(OBC), as shown in Fig. 5 and the inset of Fig. 4(a).

Figure 4(a) shows the result of the anyon condensation
operator. It approaches zero in the topological phase and
gradually increases as a function of T = β−1. Perform-
ing finite-size scaling following Eq. (13) leads to a rather
accurate data collapse with Tc = 0.951(5), ν = 1.44(12)
and η = 0.16(2), see Appendix B for details of the data
collapse procedure. This set of numbers agrees well with
the previous studies on RBIM along the Nishimori line
(see Table I) suggesting that the conjectured optimal
decomposition of the decohered density matrix [Eq. (10)]
indeed correctly captures the decoherence induced transi-
tion. With such verification at hand, we now turn to the
discussion of the TEE for the state |ψ(β)〉.
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TABLE I. Critical exponents for the random bond Ising model
at the Nishimori critical point.

Tc ν η Reference

0.9538(9) 1.33(3) · · · [102]
0.9533(9) 1.50(3) · · · [103]
0.9533(9) 1.48(3) · · · [104]
0.9528(4) 1.52(3) · · · [105]
· · · · · · 0.17(3) [101]
0.951(5) 1.44(12) 0.16(2) This work

C. Tensor-assisted Monte Carlo method for Rényi
entanglement entropy

As discussed above, our aim is to numerically calculate
the TEE of the state |ψ(β)〉 to test Eq. (12). Numerically,
calculating the von Neumann entanglement − tr(ρ log ρ)
for a density matrix ρ is rather challenging for generic 2D
systems. Instead, we will focus on the numerical evalua-
tion of the Rényi TEE, which can be argued to equal von
Neumann TEE for topologically ordered pure states, using
field-theoretic and lattice-based arguments [106–108]. Per-
haps more pertinently, the Rényi version of the co(QCMI)
also satisfies the monotonicity discussed in Sec. III, and
therefore, provides as good a test for monotonicity as the
von Neumann based co(QCMI).

Since we develop a new technique, namely tensor-
assisted Monte Carlo (TMC) method for calculating the
Rényi TEE, in this subsection we will describe the method
in detail, and discuss the results in the next subsection.

The second-order Rényi entropy for a density matrix ρA
is defined as S2 = − ln tr ρ2

A. Defining S2 requires divid-
ing the total system into subregions A and B. Let us label
the bond configuration xe for the whole system as xe ≡
(xA, xB), where xA, xB denote the configurations in sub-
region A and B, respectively. For the wave function in
Eq. (11) one finds,

tr ρ2
A =

∑
xex′

e

(
ZxA,xBZx′

A,x′
B
Zx′

A,xBZxA,x′
B

)1/2

∑
xex′

e
ZxA,xBZx′

A,x′
B

=
⎡

⎣

√
√
√
√

Zx′
A,xBZxA,x′

B

ZxA,xBZx′
A,x′

B

⎤

⎦ , (15)

where the sum
∑

xex′
e

runs over two replicas of the sys-
tem, and [ · ] denotes the weighted average over bond
configurations with the joint probability proportional to
ZxeZx′

e . Note that Zxe ≡ ZxA,xB and Zx′
e ≡ Zx′

A,x′
B
, while

Zx′
A,xBZxA,x′

B
denotes the partition function of the two

copies where the bond configuration in region A has been
swapped between the two copies.

Our goal is to perform the averaging in Eq. (15) using
Monte Carlo sampling. At low temperatures, the direct
sampling becomes exponentially hard. This is because the

quantity being sampled in Eq. (15) is around 1 for only
an exponentially small set of the total configurations, and
approximately zero otherwise. This is the typical problem
of sampling an exponential observable that plagues other
EE computations [35,36,110,111], and is related to the log-
normal distribution of the quantity being sampled. If EE
for a subregion A follows the area law (SA ∝ LA in 2D),
naive Monte Carlo sampling results in an exponentially
increasing relative error in measuring e−S2 , rendering any
quantitative estimate of EE extremely difficult. To over-
come such a problem of exponential observables, many
incremental methods, with the hope to mitigate the expo-
nentially computational complexity [61,112–118], have
been put forward over the years. It has been argued that
at least for the 2D Hubbard and the Heisenberg models,
there is a systematic procedure to convert the exponen-
tial complexity to a polynomial one as discussed in Refs.
[35,36,111]. In the TMC method, we adopt a similar strat-
egy and combine it with a tensor-network approach to
speed up calculations. In particular, for each bond con-
figuration {xe, x′

e}, the corresponding 2D Ising partition
functions can be quickly evaluated via the contraction of a
2D tensor network. We can then sample the bond configu-
rations {xe, x′

e} using the standard Monte Carlo procedure.
The TMC method hence combines the contraction of the
MPS for any fixed random bond configuration and the
nonequilibrium Monte Carlo sampling [61,115,116] of the
random bond configurations.

The details of the algorithm are as follows. First, con-
sider the following object Q(λ):

Q(λ) =
∑

xex′
e

ZxA,xBZx′
A,x′

B

(
Zx′

A,xBZxA,x′
B

ZxA,xBZx′
A,x′

B

)λ/2

=
∑

xex′
e

ZxA,xBZx′
A,x′

B
g
(
xe, x′

e, λ
)

, (16)

where g
(
xe, x′

e, λ
) =

(
Zx′

A,xBZxA,x′
B
/ZxA,xBZx′

A,x′
B

)λ/2
. The

second Renyi entropy, Eq. (15) is then given by e−S2 =
Q(1)/Q(0). The advantage of this formulation is that we
can now use the Jarzynski equality [115,116,119], namely,
the exponential of the free energy difference equals the
weighted average of the exponential of the work done over
all realizations bringing the system from Q(0) to Q(1):

e−S2 = Q(1)
Q(0)

= e	F = 〈eW〉, with

W =
∫ 1

0
dλ
∂ln g

(
xe, x′

e, λ
)

∂λ
. (17)

Since all partition functions Z can be computed by con-
tracting corresponding tensor network, using the updating
scheme from Sec. IV B, one can propose configurations
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from the joint probability ZxA,xBZx′
A,x′

B
. By additionally

choosing acceptance probability as ratio of g
(
xe, x′

e, λ
)

(Eq. (16)) between the new and old bond configura-
tions, one can sample under the distribution Q(λ). For
each TMC calculation, one gradually increases λ from
0 to 1, updates bond configurations {xe, x′

e} accord-
ing to Q(λ) and measures the infinitesimal work done
dW = ln

√
(Zx′

A,xBZxA,x′
B
)/(ZxA,xBZx′

A,x′
B
)dλ accumulated in

each step (Eq. (16)). The final EE is simply S2 =
− ln(〈eW〉). Previous works argued that scaling the num-
ber of discretization steps with system size leads to a
polynomial-time algorithm for calculating EE while keep-
ing the relative error fixed [35,36,111]. In this work how-
ever, we use a fixed but sufficiently large number of
discretization steps (= 2 × 105), independent of the sys-
tem size. This choice gives a satisfactory relative error for
TEE close to the critical point for the system sizes studied,
as we now discuss.

D. Results for Rényi TEE

We now discuss the numerical results for the Rényi
TEE of the state |ψ(β)〉 obtained using the aforementioned
TMC method. The Levin-Wen partition to define TEE is
shown in Fig. 5 with Rényi TEE given by γ = 1

2 S2(A :
B|C) = 1

2 (S2(AC)+ S2(BC)− S2(C)− S2(ABC)). To per-
form finite-size scaling, we maintain the shapes of the
regions A, B, C and scale the total system size so that
each of the regions A, B, C scale with L. We simulated
the linear system sizes L = 5, 10, 15 and the temperature
T ∈ [0.2, 1.2] with data points that lie on the either side of
the critical point Tc = 0.954(6), which is determined from
the anyon condensation operator in Fig. 4.

Figure 6 shows the numerically obtained Rényi TEE γ .
Again recall that the temperature T is related to the deco-
herence rate p via tanh(1/T) = 1 − 2p . The overall trends
are as follows. γ ≈ ln 2 at low temperatures for all sys-
tem sizes, γ is monotonically nonincreasing as p increases,
and it tends towards zero as T → Tc. Further, as the sys-
tem size is increased, γ tends towards log(2) at a relatively
higher temperature and is also nonzero up till a relatively
higher temperature (i.e., the range of decoherence rate over
which the topological phase is visible in a finite system
increases). These numerical results rule out scenarios (b)
and (d) in Fig. 2 for the Rényi co(QCMI), which is con-
sistent with the analytical arguments in Sec. III and Ref.
[26]. Perhaps more interestingly, they strongly suggest
that as one approaches the critical point, so that L � ξ ,
Rényi co(QCMI) approaches zero. Assuming that the von
Neumann TEE has the same qualitative behavior as the
Rényi TEE [106–108], this indicates that the von Neu-
mann co(QCMI) also approaches zero as p → pc [recall
that the TEE of the state |ψ(β)〉 puts an upper bound on

FIG. 6. Result for Rényi TEE γ using Levin-Wen scheme.
Rényi TEE γ for the state |ψ(β)〉 [Eq. (11)] against tempera-
ture T (= β−1) and the rescaled temperature (T − Tc)L1/ν̃ (inset)
with Tc = 0.951 and ν̃ ≈ 3.2.

the co(QCMI), and the von Neumann TEE is necessar-
ily non-negative due to strong subadditivity]. This is in
strong contrast to (pure) ground-state phase transition in
toric code that is driven by a magnetic field, where in the
critical regime, QCMI exceeds the TEE of the topological
phase. See Fig. 1 for a contrast between the pure-state tran-
sition and the decoherence-induced transition. Overall, our
results are consistent with the scenario (a) in Fig. 2 in the
thermodynamic limit, in line with the analytical arguments
in Sec. III and our conjecture relating TEE of |ψ(β)〉 to the
co(QCMI) of the decohered state [Eq. (12)].

We also attempted finite-size scaling for TEE with the
scaling form γ (T, L) = f

(
(T − Tc)L1/ν̃

)
. We found that γ

obtained for different system sizes collapses well when we
choose ν̃ ≈ 3.2, see the inset of Fig. 6. This value is much
larger than the critical exponent ν for the Nishimori critical
point (namely ν ≈ 1.5, which agrees well with the expo-
nent obtained from anyon condensation order parameter
from the same wave function, as discussed in Sec. IV B).
We suspect this discrepancy is partly because the system
sizes for which we can access TEE is still limited, and
perhaps the finite-size effects for TEE are also relatively
larger compared to those for the anyon condensation order
parameter. Furthermore, in the critical regime (L/ξ � 1),
we only have a few data points. Nonetheless, the data col-
lapse is suggestive that TEE is a function only of L/ξ ,
where ξ is the diverging correlation length. Although we
do not have an analytical understanding of TEE close to
the transition, arguments in Ref. [26] imply that the TEE
is related to the domain-wall free energy in the RBIM
along the Nishimori line, which scales as (L/ξ)1/ν close
to the transition [102]. This motivates a scaling ansatz
in the critical regime (L � ξ ) of the form γ (L/ξ) =
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FIG. 7. Second-order Rényi entanglement entropy S2. Rényi
entanglement entropy S2 for the state |ψ(β)〉 [Eq. (11)] against
temperature T for the four subregions depicted in Fig. 5. S2 for
all of these regions is monotonically nonincreasing as a function
of increasing temperature and decoherence rate.

log(2)
(

1 − (log(1 + ae−b(L/ξ)1/ν ))/(log(1 + a))
)

where
a, b are some numbers. Such a scaling form is also sug-
gested from previous works on topological entanglement
negativity in thermal or decoherence driven topological
transitions [33,82]. Taylor expanding such an expression
would then imply γ ∼ (L/ξ)1/ν ∼ L1/ν(Tc − T), which at
least qualitatively captures the features of our numerical
results. For example, at a fixed p � pc, γ is an increasing
function of L.

Let us also briefly discuss the behavior of the bipar-
tite Rényi entropy in the pure state |ψ(β)〉. As shown in
Fig. 7, for all subregions we looked at, S2 is a monoton-
ically decreasing function of the decoherence rate. Recall
that the results in Sec. III imply that co(Rényi entropy) is a
monotonically nonincreasing function of the decoherence
rate. Given our numerical observations, it is then natural to
wonder if the decomposition in Eq. (10) is perhaps optimal
also for other quantities, including co(Rényi entropy) and
co(von Neumann entropy) (= entanglement of formation),
so that the bipartite co(Rényi entropy) of the decohered
mixed state equals the bipartite Rényi entropy of the pure
state |ψ(β)〉 depicted in Fig. 7.

V. DISCUSSION

In this paper, we introduced a measure of long-range
entanglement in mixed states [abbreviated as co(QCMI)],
given by the minimum value of the average TEE of the
density matrix over all possible pure-state decomposi-
tions [Eq. (1)]. By construction, it is zero if and only if
the density matrix admits a decomposition in terms of
pure states with zero TEE. Furthermore, whenever a den-
sity matrix ρ2 is obtained from a density matrix ρ1 via
a quantum channel that has a representation in terms of

Kraus operators that are products of onsite unitaries, then
co(QCMI)[ρ2] ≤ co(QCMI)[ρ1]. We focused on salient
features of co(QCMI) in the context of decohered topo-
logical states, especially toric code subjected to bit-flip or
phase-flip noise. We showed that below the error-recovery
threshold, the density matrix cannot be written as a con-
vex sum of SRE states, and relatedly, that co(QCMI) goes
from nonzero to zero across the transition. These argu-
ments apply more broadly to other topological ordered in
general dimensions. For the 2D toric code, we then pro-
vided analytical and numerical support for the conjecture
that the co(QCMI) equals TEE of a specific pure state
that was recently introduced in Ref. [26]. In particular, we
developed a tensor-assisted Monte Carlo (TMC) algorithm
to study the second Rényi TEE of the aforementioned pure
state and found it satisfies the constraints that co(QCMI)
must satisfy, thereby providing a nontrivial consistency
check for our conjecture. We also numerically studied the
scaling of the anyon condensation order parameter close to
the transition, and found that the results match quite well
with the known exponents of the RBIM along the Nishi-
mori line. We anticipate that an analogous relation between
co(QCMI) and TEE of a pure state [Eq. (12)] will hold true
also for other examples discussed in Ref. [26], e.g., 3D
toric code or fracton states subjected to bit-flip or phase-
flip noise. Our main results are also summarized in the last
paragraph of Sec. I.

There are currently several perspectives on mixed-state
phase transitions in topological systems [18–34]. Our work
connects at least two of these: one based on mixed-state
phase equivalence using local, finite-time Lindbladian evo-
lution [17–19], and another focused on long-range entan-
glement and separability [26,120]. Specifically, we showed
that if the density matrix admits a decomposition in terms
of short-range entangled pure states (in other words, if the
density matrix is short-range entangled [51,54]), then the
mixed state cannot be connected to the pure topological
state via a low-depth local channel (Sec. III). It will be
interesting to relate separability and entanglement to other
perspectives such as coherent information [23,29].

Let us discuss potential challenges with the practical
utility of co(QCMI). Perhaps the most formidable one is
that calculating co(QCMI) for generic density matrices is
rather difficult since it requires optimization over all possi-
ble decompositions of the density matrix in terms of pure
states. One perspective one may take is that even if one
cannot calculate co(QCMI) for a given density matrix,
one may be able to put bounds on it by considering suit-
able decompositions of the density matrix. Combined with
the general properties of the co(QCMI) (e.g., positivity
and monotonicity), one may then use these bounds to
constrain global aspects of the phase diagrams. This is
indeed the route we took in this paper for mixed states
obtained by locally decohering a topological state. Similar
ideas may also be helpful for characterizing topological
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order in Gibbs states of topologically ordered systems.
For example, the Gibbs state of 2D and 3D toric code
at any nonzero temperature may be explicitly written as
a convex sum of states that are SRE [81], and therefore
one expects that co(QCMI) vanishes at any nonzero T.
For 4D toric code [20], on the other hand, one obtains a
bound that co(QCMI) ≤ log(2) below the finite-T quan-
tum memory phase transition. Using similar arguments
to those for the 2D toric code under local decoherence,
one may argue that this bound is saturated. One may also
consider a more ambitious approach of using numerical
optimization methods to estimate co(QCMI), similar to
the ones that have been used to estimate entanglement of
formation (see, e.g., Ref. [121]). Finally, as discussed in
Sec. III, sometimes one may be able to exploit symmetries
to calculate the co(QCMI) (or at least make an educated
guess).

The second potential issue with co(QCMI) is that akin
to pure-state TEE, zero co(QCMI) is neither a sufficient
nor a necessary condition for a state to be SRE [recall
we define an SRE state is one that can be created via
poly(log) depth circuit]. It is not a sufficient condition
because the mixed state may admit a decomposition in
terms of GHZ-entangled pure states that have zero Levin-
Wen TEE, but nonzero mutual information between distant
subregions. One way to characterize such states is to also
calculate their co(MI) between distant subregions, which,
unlike co(QCMI), will be sensitive to long-range entan-
glement encoded in GHZ-type states (and more generally,
entanglement that can be captured by few point corre-
lation functions). A more interesting possibility is that
the mixed-state admits a decomposition in terms of pure
states that all have zero Levin-Wen TEE as well as expo-
nentially decaying mutual information, but which are not
ground states of a gapped, local Hamiltonian. Such pure
states are not guaranteed to be SRE [86] (or at least we
do not know of a proof that shows to the contrary). Zero
co(QCMI) is not a necessary condition for a state to be
SRE due to the possibility of spurious TEE [55–57,122].
As discussed in Sec. III, this can be remedied by introduc-
ing a modified version of co(QCMI), see Eq. (3). Despite
these potential drawbacks, it seems fair to say that QCMI
(i.e., Levin-Wen TEE) in a pure state captures at least one
kind of multipartite entanglement that is a hallmark of
known topologically ordered phases, and it is also nonzero
for known generic, gapless ground states such as those
corresponding to CFTs or compressible matter such as
Fermi liquids. Therefore, if QCMI in a pure state van-
ishes, it is not unreasonable to say that the state has less
long-range entanglement in a literal sense compared to
a state with nonzero QCMI, even if the state with zero
QCMI happens to have a large circuit complexity (see, e.g.,
recent discussion, Ref. [123], distinguishing long-range
entanglement in a GHZ state from that in a topologi-
cally ordered state, using maximum overlap between the

state under consideration and a short-ranged entangled
state).

On a related note, one may also define “co(complexity)”
of a mixed state:

co(complexity)[ρ] = inf{
∑

i

pi C(|ψi〉)}, (18)

where C(|ψi〉) is the circuit complexity of the pure state
|ψi〉, and the infimum is again taken over all possible
decompositions of the mixed state ρ as ρ = ∑

i pi|ψi〉〈ψi|.
Recall that a circuit complexity of a pure state is the mini-
mum depth of the circuit (which is assumed to be made of
geometrically local, finite range gates) required to prepare
it. co(complexity) was originally introduced in Ref. [124]
where it was called “ensemble complexity.” Let us con-
sider a mixed state ρ2 that is obtained from a mixed state
ρ1 via a low-depth local channel that can be represented
in terms of unitary Kraus operators. Following the same
argument as in Sec. III, then the asymptotic scaling of the
co(complexity) of a mixed state (with respect to the total
system size) cannot increase under such a channel. For
example, if the original mixed state has a co(complexity)
of order Lα , then the co(complexity) of the postchannel
mixed state cannot scale faster than Lα . One advantage of
co(complexity) is that there is no analog of “spurious com-
plexity” for obvious reasons, and hence, in this sense, it is
a more robust quantity than TEE or co(QCMI). The chal-
lenge of course is that it seems extremely hard to calculate,
since it requires two levels of optimizations, one over all
pure-state decompositions, and the other over all possible
circuits for each |ψi〉 in a specific decomposition.

Another aspect that needs more thought is the choice
of the tetra partition used to define the co(QCMI). To
obtain co(QCMI), one needs to minimize the average TEE
over all possible pure-state decompositions of the den-
sity matrix, including the ones that are not translationally
invariant. It is then not obvious if co(QCMI) is indepen-
dent of the partition used to define it. Should one average
it over all possible tetra partitions, or take the minimum
over all possible tetra partitions? Similar questions can also
be raised for the entanglement of formation as a measure
of bipartite mixed-state entanglement, or even pure-state
TEE in a nontranslationally invariant system. We are not
aware of any detailed discussion of such questions in the
literature.

Finally, we note that the TMC method developed in
this work is likely to have several more applications in
the context of 2D mixed states. Local decoherence of 2D
quantum systems naturally leads to wave functions whose
amplitudes are related to 2D classical statistical mechan-
ics models, and therefore, it will be expedient to apply the
TMC method to these problems, such as calculating the
Rényi negativity across mixed-state phase transitions, or
the study of critical pure states that are related to decohered
mixed states. It will be also worthwhile to improve the
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TMC method along the lines for other models [35,36,111]
so that the Rényi TEE can be calculated with polynomial
complexity in system size for a fixed relative error.

Note added. Recently, we became aware of an upcoming
work, Ref. [125], whose authors have also independently
studied mixed-state entanglement defined via the convex-
roof construction of QCMI, and its general properties that
overlap with our work.
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APPENDIX A: PROOF THAT MIXED STATE FOR
p < pc IS NOT A CONVEX SUM OF SRE PURE

STATES

In this Appendix we will prove Theorem 3 and asso-
ciated Corollary 2. In particular, we will show that the
density matrix of a CSS topological code under the action
of local decoherence cannot be written as a convex sum
of SRE pure states for p < pc, i.e., the density matrix
is long-range entangled in the mixed-state phase where
error-correction works. The main idea is to combine the
following four constraints:

(1) If two mixed states are in the same phase of matter,
then there exists a low-depth local quantum channel
that connects them in either direction Refs. [17–19].

(2) A low-depth local channel acting on a pure SRE
state results in a density matrix whose connected
correlations are short ranged. This follows from
Lieb-Robinson bound [95,96]. To see this explicitly,
we recall that a low-depth local quantum chan-
nel acting on a pure state |ξ〉 of the system is
equivalent to applying a low-depth local unitary U
on |ξ〉 ⊗ |0〉a where |0〉a denotes the product state
of ancillae, followed by tracing out ancillae. Con-
sider the connected correlation function C(x, y) =
〈O1(x)O2(y)〉 − 〈O1(x)〉〈O2(y)〉 with respect to the
state U|ξ〉 ⊗ |0〉a, where O1, O2 are operators that
live in the Hilbert space of the system. C(x, y)
also equals the connected correlation function
〈Õ1(x)Õ2(y)〉 − 〈Õ1(x)〉〈Õ2(y)〉 with respect to the
SRE state |ξ〉 ⊗ |0〉a, where Õ = U†OU. As long as
|x − y| is much bigger than the depth of the uni-
tary U, operators Õ1(x) and Õ2(y) do not overlap,
and therefore C(x, y) decays exponentially, since
|ξ〉 ⊗ |0〉a is SRE.

(3) Topological ordered pure states have long-range
correlations for logical operators supported on non-
contractible regions [94].

(4) If two Hermitian operators O1, O2 that satisfy O2
1 =

O2
2 = 1 mutually anticommute, then their expecta-

tion value with respect to any pure state |ψ〉 satisfies
〈ψ |O1|ψ〉2 + 〈ψ |O2|ψ〉2 ≤ 1 (see, e.g., Ref. [97]).

Let us assume that for p < pc, the density matrix ρ(p)
admits a decomposition in terms of SRE pure states, i.e.,
ρ(p) = ∑

a pa|ξa〉〈ξa| where pa (not to be confused with
p , the decoherence rate) is the probability for the state
|ξa〉. The first constraint listed above implies [17–19] that
for p < pc there exists a constant time quasilocal Lindblad
evolutionL(τ ) that approximately converts the mixed state
ρ(p) to the pure toric-code ground state ρ(p = 0). That is,

∣
∣T e

∫ 1
0 dtL(t)ρ(p)− ρ(p = 0)

∣
∣
1 ≤ ε, (A1)

where T denotes time ordering, | · ∣∣1 denotes the trace
norm and ε is the tolerance that can be taken to vanish as
1/poly(L) where L is the total system’s linear length. We
will now show that the constraint ρ(p) = ∑

a pa|ξa〉〈ξa|
implies that ε ≥ (3 − √

5)/2 ≈ 0.38, which is a contra-
diction with the requirement that ε can be taken arbitrar-
ily small for p < pc [18,19]. Therefore, the assumption
ρ(p) = ∑

a pa|ξa〉〈ξa| must be incorrect.
Let us write the action of Lindblad evolution on a par-

ticular pure state |ξa〉 that enters the convex decomposition
of ρ(p) as

T e
∫ 1

0 dtL(t) (|ξa〉〈ξa|) =
∑

m

qa,m|φa,m〉〈φa,m|. (A2)
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Note that the decomposition on the right-hand side in the
above equation is not unique, and the following discus-
sion is independent of which particular decomposition is
chosen.

To obtain the aforementioned bound on ε, we will con-
sider expectation values of operators made out of three
distinct logical operators X , Z

A
, Z

B
(see Fig. 3) in the

underlying CSS topological code. The logical operator
X is conjugate to both Z

A
, Z

B
(i.e., it has a nonzero

intersection number with Z
A
, Z

B
), and therefore satis-

fies X Z
A = −Z

A
X , and X Z

B = −Z
B
X . We will choose

ρ(p = 0) as the toric-code ground state that is an eigen-
state of X with eigenvalue 1. This implies that tr(ρ(p =
0)X ) = 1, tr(ρ(p = 0)Z

A
Z

B
) = 1, and tr(ρ(p = 0)Z

A
) =

tr(ρ(p = 0)Z
B
) = 0.

Using the second constraint above, the connected cor-
relation function 〈ZA

Z
B〉 − 〈ZA〉〈ZB〉 with respect to the

state T e
∫ 1

0 dtL(t) (|ξa〉〈ξa|) decays exponentially. Therefore,
upto exponentially small corrections in the total system
size that we can safely neglect (we are interested in the
thermodynamic limit), one finds, for each “a” separately,

∑

m

qa,m〈φa,m|ZA
Z

B|φa,m〉

=
∑

m,m′
qa,mqa,m′ 〈φa,m|ZA|φa,m〉〈φa,m′ |ZB|φa,m′ 〉

=
∑

m,m′
qa,mqa,m′zA

a,mzB
a,m′ , (A3)

where zA
a,m = 〈φa,m|ZA|φa,m〉 and similarly zB

a,m = 〈φa,m|ZB|
φa,m〉.

Let us consider the consequence of Eq. (A1) for the den-
sity matrix T e

∫ 1
0 dtL(t)ρ(p) = ∑

a paqa,m|φa,m〉〈φa,m|. The
trace-norm distance between two density matrices bounds
the difference in expectation value of all operators whose
eigenvalues lie between 0 and 1. Equation (A1), along with
Eq. (A3), then implies

∑

a,m

paqa,mxa,m ≥ 1 − ε

∑

a,m,m′
paqa,mqa,m′zA

a,mzB
a,m′ ≥ 1 − ε

(A4)

where xa,m = 〈φa,m|X |φa,m〉. The first of these equations
follows from comparing the expectation value of X with
respect to the states T e

∫ 1
0 dtL(t)ρ(p) and ρ(p = 0), while

the second one follows from comparing the expectation
value of Z

A
Z

B
with respect to these two states [supple-

mented by Eq. (A3)].

Finally, since X Z
A = −Z

A
X , and X Z

B = −Z
B
X , and

all three operators X , Z
A
, Z

B
square to identity, the fourth

constraint above implies that

(
xa,m

)2 + (
zA

a,m

)2 ≤ 1
(
xa,m

)2 + (
zB

a,m

)2 ≤ 1
(A5)

for any a, m. It is easy to see that Eqs. (A4) and (A5)
are inconsistent with each other when ε � 1. Indeed,
when ε exactly equals zero, Eq. (A4) imply that

(
xa,m

)2 =
(
zA

a,m

)2 = 1, which is in clear contradiction with Eq. (A5)
(recall that pa and qa,m are normalized probabilities, i.e.,∑

a pa = 1 and for any a,
∑

m qa,m = 1). To obtain a bound
on ε, we start with Eq. (A4) and apply Cauchy-Schwarz
inequality while using Eq. (A5):

(1 − ε) ≤
∑

a,m,m′
paqa,mqa,m′zA

a,mzB
a,m′

≤
∑

a,m,m′
paqa,mqa,m′

√
1 − x2

a,m

√
1 − x2

a,m′

=
∑

a

pa

(
∑

m

qa,m

√
1 − x2

a,m

)2

≤
∑

a

paqa,m(1 − x2
a,m)

≤ 1 − (1 − ε)2, (A6)

where in the last sentence we have used Eq. (A4) as
∑

a,m paqa,mx2
a,m ≥ (∑

a,m paqa,mxa,m
)2 ≥ (1 − ε)2. There-

fore, one obtains (1 − ε)+ (1 − ε)2 ≤ 1, which can be
satisfied only if ε ≥ (3 − √

5)/2 ≈ 0.38. This is incompat-
ible with the requirement that error recovery is possible for
p < pc, i.e., there exists a low-depth local channel that can
take the mixed state back to the undecohered toric-code
ground state [18,19].

As mentioned in the main text, one may strengthen
the above argument by allowing for a nonzero topolog-
ical ordered component in the density matrix ρ(p). In
particular, let us consider the possibility that

ρ(p) =
∑

a

p ′
a|ξa〉〈ξa| + (1 −

∑

a

p ′
a)ρ(p = 0), (A7)

where ρ(p = 0) is of course the pure toric-code ground
state (note that

∑
a p ′

a < 1, and therefore {p ′
a} is not a

normalized probability probability distribution). Repeating
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the same argument as above, the analog of Eq. (A4) is

∑

a,m

p ′
aqa,mxa,m + (1 −

∑

a

p ′
a) ≥ 1 − ε

∑

a,m,m′
p ′

aqa,mqa,m′zA
a,mzB

a,m′ + (1 −
∑

a

p ′
a) ≥ 1 − ε,

where we have used the fact that the maximum value
of the expectation values tr

(
T e

∫ 1
0 dtL(t)ρ(p = 0)X

)
and

tr
(
T e

∫ 1
0 dtL(t)ρ(p = 0)Z

A
Z

B
)

is unity. The above equa-
tions may be rewritten as

∑

a,m

paqa,mxa,m ≥ 1 − ε

wSRE

∑

a,m,m′
paqa,mqa,m′zA

a,mzB
a,m′ ≥ 1 − ε

wSRE
,

(A8)

where pa = p ′
a/
∑

b p ′
b is the normalized probability dis-

tribution function, and wSRE = ∑
a p ′

a is the total weight
of SRE states in the density matrix ρ(p). Equation (A5)
remains unchanged. Therefore, the structure of the new
equations is identical to the old ones, with the replacement
ε → ε/wSRE. Therefore, using the same set of inequalities
as before [Eq. (A6)], one obtains the constraint

ε

wSRE
≥ (3 −

√
5)/2 ≈ 0.38. (A9)

Therefore, as ε → 0, the total weight of the SRE states,
wSRE, also goes to zero.

APPENDIX B: ANALYSIS OF THE CRITICAL
EXPONENTS

We first try to find the crossing points of the rescaled
average 〈Tl〉Lη between data obtain from L and 2L, and see
their trend against 1/L. And the x (y) axis of the crossing
point is denoted as T∗ (〈Tl〉∗Lη).

As shown in Fig. 8, both x and y coordinates stay nearly
at constants when one choose η = 0.16. Indeed, the cross-
ing point need not to be stay constant exactly, instead they
can converge algebraically with power determined by the
next scaling dimension in line. However, for cases with
η out of the range 0.16 ± 0.02, the y coordinate do not
converge up to the largest system size, which suggests the
anomalous dimension η = 0.16(2).

With one exponent and its error bar determined, we then
try to collapse the data by scaling also the horizontal axis
to μ = (T − Tc)Lν , and minimizing the loss function χ2

(a)

(b)

FIG. 8. Crossing-point analysis. Scaling of the x and y coor-
dinate of the crossing points against 1/L. Each of them is the
interception of the rescaled curves of L and 2L.

by varying Tc and ν. The loss function is defined as

χ2 = Sres

Stot
=
∑

i(yi − ŷi)
2

∑
i(yi − ȳ)2

, (B1)

where yi is the rescaled data 〈Tl〉Lη, ŷi is corresponding
function value of a polynomial function fitted using μ and
yi from all system sizes, and ȳ is the mean value of yi. A
good set of critical point and exponents should be able to
collapse all data points to a smooth curve, thus minimizes
Sres and χ2.

(a)

(b)

0.950

×10–4

FIG. 9. Quality of data collapse. Result of 104 number of min-
imization processes. The two panels show the final ν and Tc with
corresponding input η, and the value of the loss function χ2. Blue
(yellow) dots indicate a collapse with a smaller (larger) χ2.
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We repeat the minimization process for 104 times by
inputting η choosing from the range 0.16 ± 0.02, and the
numerical result 〈Tl〉 with perturbation within its error bar
to include also the statistical error.

Figure 9 shows the result of the minimization. With this
window of η chosen, the correlation length exponent varies
within 1.44 ± 0.12, and Tc within 0.951 ± 0.005. There are
more blue dots (indicating lower χ2) and less yellow dots
(indicating higher χ2) in the middle region, which indi-
cates a good estimation on the critical point and exponents.
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