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A B S T R A C T

Switching dynamics are prevalent in real-world systems, arising from either intrinsic changes or responses to
external influences, which can be appropriately modeled by switched systems. Control synthesis for switched
systems, especially integrating safety constraints, is recognized as a significant and challenging topic. This
study focuses on devising a learning-based control strategy for switched nonlinear systems operating under
arbitrary switching law. It aims to maintain stability and uphold safety constraints despite limited system
data. To achieve these goals, we employ the control barrier function method and Lyapunov theory to synthesize
a controller that delivers both safety and stability performance. To overcome the difficulties associated with
constructing the specific control barrier and Lyapunov function and take advantage of switching characteristics,
we create a neural control barrier function and a neural Lyapunov function separately for control policies
through a state transition learning approach. These neural barrier and Lyapunov functions facilitate the design
of the safe controller. The corresponding control policy is governed by learning from two components: policy
loss and forward state estimation. The effectiveness of the developing scheme is verified through simulation
examples.
1. Introduction

In recent decades, the fields of robotics and control have witnessed a
notable surge in interest and research focused on safety (Dawson, Gao,
& Fan, 2023; Guiochet, Machin, & Waeselynck, 2017). Additionally,
stability is a fundamental requirement in system control to achieve
reliable and desired performance. Consequently, control problems in-
volving both safety and stability requirements are worthy of study,
where the controller is not only to stabilize the system but also to
drive it to operate safely within safe constraints while avoiding unsafe
regions. Such safe control problems are a typical class of constrained
control (Chen, Zhang, Liu, Wang, & Wang, 2023; de Jesús Rubio et al.,
2024), and widely applied in various domains, such as autonomous
vehicles (Zhang et al., 2022), bipedal robots (Peng, Donca, Castillo,
& Hereid, 2023), multi-robot systems (Lafmejani, Berman, & Fainekos,
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2022), human–robot interaction (Landi, Ferraguti, Costi, Bonfè, & Sec-
chi, 2019). From the perspective of system control, the concept of
safety is often linked to system reachability and invariant sets (Weng,
Capito, Ozguner, & Redmill, 2021; Xiang, Tran, & Johnson, 2017). To
be more specific, the safety constraints imposed on the evolution of
system states or outputs can be translated into the idea that reachable
system states or outputs will be confined in the invariant safe sets
defined by these constraints (Fan et al., 2024; Fan, Lam, Xie, & Song,
2021). In the research of robotics and control, a highly effective and
commonly employed method for ensuring set invariance in safe control
systems is the control barrier function approach (Ames et al., 2019;
Rauscher, Kimmel, & Hirche, 2016). The mainstream of this approach
is to synthesize a safe-critical controller by incorporating secure con-
straints as set invariance based on the control barrier function, while
also addressing control performance concerns. The Lyapunov function
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method is widely recognized as an effective and fundamental way to
achieve performance-based control, like stability, and robustness (Fan,
Lam, Xie, & Li, 2022; Xie, Lam, & Fan, 2018). Thus, it is natural
that safe control problems often involve both control barrier functions
and Lyapunov functions (Dawson et al., 2023; Romdlony & Jayaward-
hana, 2016). Furthermore, quadratic programming techniques have
been commonly utilized to formulate safety-critical problems (Ames,
Xu, Grizzle, & Tabuada, 2016; Bena, Hossain, Chen, Wu, & Nguyen,
2023), with integrating both control barrier function and Lyapunov
function induced constraints for safe controller design. However, it
can be found that the construction of control barrier functions and
Lyapunov functions are crucial but also challenging when designing
safe controllers, especially for complex dynamic systems.

Switching dynamics are frequently encountered in real-world sys-
tems, emerging due to either intrinsic changes or reactions to external
perturbations. Switched dynamics, a typical model of hybrid systems
with multiple subsystem modes and a rule governing their switch-
ing (Liberzon & Morse, 1999), have drawn increasing attention owing
to their strong ability to model many complex practical processes.
They find applications in a wide range of domains, such as switching
converters in power grids, failure and recovery in production processes,
varying loads or operations of robot manipulations (Lin & Antsaklis,
2009), and switching communication/neural networks (Bao, Zhang,
& Zhang, 2023; Fan, Lam, Chu, Lu, & Kwok, 2024). Furthermore,
subsystems may exhibit complex nonlinear dynamics under switching
in practical scenarios, which results in a switched nonlinear system
model. For switched nonlinear systems, the main efforts are devoted to
constructing different types of Lyapunov functions to adapt to various
kinds of switching laws thus addressing stability and stabilization prob-
lems (Liu, Zhou, Liang, & Wang, 2017), as well as robust analysis and
control problems (Peng, Yang, & Jiang, 2024). Notably, the integration
of switching laws and nonlinear dynamics introduces complexity and
poses additional challenges in terms of analysis and control. For safe
control of switched nonlinear systems which needs to fulfill safety and
stability simultaneously, explicitly developing controller design is hard
to implement.

A promising research direction to address the complex nonlinear
dynamics problem is via learning-based neural network control (Fei,
Li, Li, & Li, 2023). A multiagent reinforcement learning algorithm to
handle nonlinear dynamics in the policy learner has been developed
in Abdallah and Lesser (2008). Lusch et al. introduce a method to use
deep learning for identifying and representing Koopman eigenfunctions
from data, enabling the approximation of strongly nonlinear dynamics
as linear. The framework yields parsimonious and interpretable embed-
dings of dynamics onto low-dimensional manifolds, facilitating global
linearization. Furthermore, it extends Koopman representations to con-
tinuous spectra systems, utilizing an auxiliary network for efficient
embedding while preserving physical interpretability (Lusch, Kutz, &
Brunton, 2018). Koopman eigenfunctions have been used to truncate
extensive datasets, enabling the development of a data-efficient, model-
free reinforcement learning algorithm (Donge, Lian, Lewis, & Davoudi,
2023). This approach reduces the requisite data for optimal control
learning while retaining the dynamical intricacies of the original non-
linear system, eliminating the need for an exact model. Recently,
neural network-based adaptive control problems for switched nonlinear
systems have been investigated (Li, Ahn, Guo, & Xiang, 2020), using
only sampled system output. The approach conserves communication
resources by intermittently monitoring an event-triggering mechanism.
It ensures semiglobal uniform ultimate boundedness of closed-loop
system states under arbitrary switchings and is validated through ap-
plication to a continuous stirred tank reactor system. However, few
studies concern the safe control of switched nonlinear systems via
safe certification. Only Kıvılcım, Karabacak, and Wisniewski (2019)
reported on barrier functions for safety verification of switched nonlin-
ear systems, but it lacks practical instructions for constructing control

barrier functions while simultaneously synthesizing controllers.
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One even more challenging problem is that learning-based ap-
proaches usually require a large amount and diversified data to train
the universal function approximator: neural networks. However, data
may be problematic in many cases, including instances where the data
used for model training is influenced by disturbances and noise (Chu,
Lam, Fan, & Li, 2021). Furthermore, there are situations where data is
either inaccessible or unavailable, such as the task of generating images
with limited available data (Karras et al., 2020), and learning control
policies in partially observable environments (Littman, Cassandra, &
Kaelbling, 1995). The situation could be even worse in switched sys-
tems as there are multiple subsystems in the switched system and not
all subsystem dynamics can be involved in the data collection process.
In other words, a subset of subsystem data may not be included in the
dataset for different reasons, such as unmeasurable data or the need
to conserve resources, causing a potential data distribution mismatch
issue between model training and execution. Therefore, we have to be
prepared for the safe control of switched nonlinear systems with limited
available data.

In this paper, we address the safe control problem of switched non-
linear systems where data of certain subsystems may not be available.
Inspired by AI-based control and the necessity of safe certificate, we
propose a state transition learning approach to train a neural Lyapunov
function, a neural barrier function, and a neural control policy for the
switched nonlinear systems in the scenario where data of some sub-
systems is not available to the model training. The proposed approach
trains a neural control Lyapunov and barrier function, and the neural
policy is jointly trained with the neural safe certificate to ensure the
safety requirement of the policies. The training of policy with limited
data is achieved by the policy loss from available subsystem data and
forward state estimation for unavailable subsystems, which learns to
reflect the subsystem transition effect of the switched systems to the
control signal. We evaluate the proposed approach with a numerical
example and a switched robotic manipulator setting. The experimental
results indicate that the proposed approach can safely control the
switched system with a satisfactory controlling performance.

The primary contributions can be summarized as follows:

(1) We establish a safe control scheme for switched nonlinear sys-
tems by developing control design conditions using control bar-
rier functions and Lyapunov functions to ensure both safety and
stability performance.

(2) We propose a state transition learning approach to handle
switching dynamics, constructing a loss function that comple-
ments missing/unavailable subsystem data with forward state
estimation, which relaxes the knowledge requirement of model
dynamics compared to the existing approaches. This approach
avoids the data distribution mismatch issue appearing in the
existing supervised learning methods in switched nonlinear sys-
tems with limited data circumstances.

(3) We compare various control approaches with different data
availability scenarios. The experiment results suggest that the
proposed approach can safely control the switched nonlinear
with limited training data, comparable to another control
method with a complete dataset.

he remainder of this work is structured in the following manner.
he problem formulation is outlined in Section 2, followed by the
resentation of the developed methodology in Section 3. The validation
f the proposed techniques is demonstrated through experiments in
ection 4, and finally, the paper concludes in Section 5.
Notation: The notations used in this paper adhere to standard con-

entions. R𝑛 and R𝑛
+ represent the set of 𝑛-dimensional vectors with real

and nonnegative real components, respectively. The Lie derivative is
introduced as 𝐿𝑓𝑊 (𝑥) = 𝜕𝑊 (𝑥)

𝜕𝑥 𝑓 (𝑥), 𝐿𝑔𝑊 (𝑥) = 𝜕𝑊 (𝑥)
𝜕𝑥 𝑔(𝑥). A continuous

unction 𝛽: [0, 𝑐) → [0,∞) with constant 𝑐 > 0 belongs to -class
function if 𝛽 is strictly increasing and 𝛽(0) = 0. A continuous function 𝛼:
(−𝑐1, 𝑐2) → (−∞,∞) with 𝑐1, 𝑐2 > 0 belongs to extended -class function
if 𝛼 is strictly increasing and 𝛼(0) = 0. The symbol E stands for the

expectation operator. The superscript 𝑇 indicates the matrix transpose.
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Fig. 1. Block diagram of the controller design principle.
2. Problem formulation

The paper focuses on considering a class of switched nonlinear
dynamic systems in the following form:

̇ = 𝑓𝜎(𝑡)(𝑥) + 𝑔𝜎(𝑡)(𝑥)𝑢, 𝑥(𝑡0) = 𝑥0, (1)

where 𝑥 ∈  ∈ R𝑥 and 𝑢 ∈  ∈ R𝑢 represent the system state and
control input, respectively. The function 𝜎(𝑡) represents the switching
signal, which is defined as 𝜎(𝑡) ∶ [0,∞) →  = {1, 2,… , 𝑁}. It is a
piecewise constant function that is continuous from the right. Denoting
a strictly increasing switching sequence as {𝑡𝑘}, 𝑘 = 0, 1, 2,…, for any
𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝜎(𝑡) = 𝑖 ∈  indicates that the 𝑖th subsystem is activated.
𝑓𝜎 (𝑡) and 𝑔𝜎 (𝑡), can be rewritten as 𝑓𝑖 and 𝑔𝑖, 𝑖 = 1, 2,… , 𝑁 , which are
assumed to be locally Lipschitz continuous regarding 𝑥. The switching
law considered in this work is arbitrary switching.

The nonlinearity of subsystems (𝑓𝑖(𝑥) and 𝑔𝑖(𝑥), 𝑖 ∈  , are nonlinear
items from dynamic system (1)) introduced challenges for analytical
control design methods compared to linear items. Our objective in this
work is to devise a state-feedback controller 𝑢 that ensures both the
stability and safety of the switched nonlinear system (1) under arbitrary
switching. The block diagram for illustrating the design principle of
controller that guarantees both stability and safety is shown in Fig. 1.

In light of addressing the safety concerns associated with the
switched nonlinear system (1), we establish a safe set, denoted by
 ⊂  . Inspired by the set invariance of safe set (Athanasopoulos,
Smpoukis, & Jungers, 2016; Gurriet, Mote, Singletary, Feron, & Ames,
2019), we can define safety for system (1) as follows:

Definition 1 (safety). Given the initial conditions within the safe set,
the switched system (1) under arbitrary switching is safe if the system
state trajectory consistently remains within the safe set, i.e., 𝑥(𝑡) ∈ ,
for all 𝑡 ≥ 0 for all initial conditions 𝑥0 ∈ .

Control Barrier Function (CBF): The control barrier function is an
effective tool for investigating safety scenarios. It is assumed that the
safe set  of system state is related to a superlevel set of a continuously
differentiable function ℎ ∶  → R, i.e.,

ℎ(𝑥) ≥ 0, ∀𝑥 ∈  . (2)

Based on the property of control barrier functions, for switched systems
(1) subjected to arbitrary switching, ℎ is qualified as a control barrier
function if the following condition holds:

sup
𝑢∈

[𝐿𝑓𝜎(𝑡)ℎ(𝑥) + 𝐿𝑔𝜎(𝑡)ℎ(𝑥)𝑢 + 𝛼(ℎ(𝑥))] ≥ 0, (3)

where 𝛼 is an extended -class function, and 𝛼(ℎ(𝑥)) can be often
chosen as a linear form 𝜆ℎ(𝑥), 𝜆 > 0. Since 𝜎(𝑡) takes the value from
 = {1, 2,… , 𝑁}, 𝐿𝑓𝜎(𝑡)ℎ(𝑥) = 𝜕ℎ(𝑥)

𝜕𝑥 𝑓𝑖(𝑥) and 𝐿𝑔𝜎(𝑡)ℎ(𝑥) = 𝜕ℎ(𝑥)
𝜕𝑥 𝑔𝑖(𝑥),

under arbitrary switching law, ℎ(𝑥) can be regarded as a common
control barrier function for all subsystem 𝑖, 𝑖 = 1, 2,… , 𝑁 .

Besides safety, we need to employ Lyapunov functions for investi-
gating the stability of the controlled switched system (1). This is also
3 
called a stabilization problem of system (1) to find control 𝑢 to stabilize
the system to an equilibrium point 𝑥∗ = 0.

Lyapunov Function (LF): Consider a continuously differentiable func-
tion 𝑉 ∶  → R+, if (i) it is positive definite, i.e., 𝑉 (𝑥∗) = 0 and
𝑉 (𝑥) > 0, ∀𝑥 ∈  ⧵ {0}, (ii) it can satisfy the following condition:

inf
𝑢∈

[𝐿𝑓𝜎(𝑡)𝑉 (𝑥) + 𝐿𝑔𝜎(𝑡)𝑉 (𝑥)𝑢 + 𝛽(𝑉 (𝑥))] ≤ 0, (4)

where 𝛽(⋅) is a class of  function, and can be chosen as 𝛾ℎ(𝑥), 𝛾 > 0.
With 𝜎(𝑡) = 𝑖 ∈  , 𝑉 (𝑥) can also be called a common control Lyapunov
function for all subsystems.

The safe control problem of switched nonlinear system (1) can be
established by the following theorem based on the above-proposed
common control barrier function and Lyapunov function.

Theorem 1. If switched nonlinear system (1) under arbitrary switching
has a control barrier function ℎ(𝑥) ≥ 0, ∀𝑥 ∈  and a Lyapunov function
𝑉 (𝑥), and scalars 𝜆 > 0, 𝛾 > 0, satisfying

𝐿𝑓𝑖ℎ(𝑥) + 𝐿𝑔𝑖ℎ(𝑥)𝑢 + 𝜆ℎ(𝑥) ≥ 0, (5)

𝐿𝑓𝑖𝑉 (𝑥) + 𝐿𝑔𝑖𝑉 (𝑥)𝑢 + 𝛾𝑉 (𝑥) ≤ 0, (6)

where 𝑖 ∈  . Then, the controller 𝑢 satisfying (5) and (6) can guarantee
that the switched system (1) is safe and stable.

Proof. It is evident that 𝜎(𝑡) can be replaced by 𝑖, 𝑖 = 1, 2,… , 𝑁 . Then,
from any initial condition 𝑥0 ∈ , an arbitrary subsystem 𝑖, 𝑖 ∈  ,
operates, resulting in the ℎ(𝑥) ≤ 0 in terms of (5). When switching, 𝑥
in the switching instant satisfies ℎ(𝑥) ≤ 0 and will be the initial state of
the next arbitrary subsystem 𝑗, 𝑗 ≠ 𝑖 ∈  . Therefore, the subsequent
subsystem also operates with an initial condition belonging to , and
ensures ℎ(𝑥) ≤ 0 based on (5). And so on, 𝑢 satisfying constraint (5) can
guarantee the safety of switched system (1) under arbitrary switching
in terms of Definition 1.

Meanwhile, 𝑢 should also satisfy (6), that is 𝑉̇ (𝑥) = 𝐿𝑓𝑖𝑉 (𝑥) +
𝐿𝑔𝑖𝑉 (𝑥)𝑢 ≤ −𝛾𝑉 (𝑥), 𝑖 ∈  . Since 𝛾 > 0, it is obtained that 𝑉̇ (𝑥) ≤
−𝛾𝑉 (𝑥) ≤ 0 for all subsystems arbitrary switching. Thus the stability
of system (1) is held with 𝑢 also satisfying constraint (6). The proof is
done. □

Theorem 1 develops the conditions that a safe and stable controller
of switched nonlinear systems (1) under arbitrary switching should
meet. In this work, we consider the state-feedback controller 𝑢(𝑥). In
general, the controller is designed by solving a quadratic programming
problem in terms of Theorem 1 as

𝑢∗(𝑥) = argmin
𝑢

1
2
𝑢𝑇 𝑢,

subject to 𝐿𝑓𝑖ℎ(𝑥) + 𝐿𝑔𝑖ℎ(𝑥)𝑢 + 𝜆ℎ(𝑥) ≥ 0,

𝐿𝑓𝑖𝑉 (𝑥) + 𝐿𝑔𝑖𝑉 (𝑥)𝑢 + 𝛾𝑉 (𝑥) ≤ 0. (7)

However, it is hard to compute the controller 𝑢 directly by solving
the above quadratic programming problem without the specific form
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Fig. 2. Data collection phase.
of ℎ(𝑥) and 𝑉 (𝑥), especially when dealing with complex switching
nonlinear dynamics. Learning-based methods are powerful to address
such problems effectively. Additionally, when dealing with switched
systems comprising a number of subsystems, we encounter situations
where the state of certain subsystems is inaccessible for use. Designing
controllers with limited subsystem data requires the exploration of
specific techniques.

3. Methodology

We introduce the state transition learning approach called Com-
plementary neural Lyapunov and Barrier function with Forward State
Estimation (CLBFSE) to address the problem discussed in Section 2.
There are three main components parameterized using a neural net-
work: neural Lyapunov function 𝑉𝜃𝑉 ∶  → R+, neural control barrier
function ℎ𝜃ℎ ∶  → R, and neural control policy 𝜋𝜃𝜋 ∶  → R𝑢. All these
three networks can be trained either offline or online. To simplify the
algorithm, we discuss the offline version throughout this paper. The
algorithm can be extended to an online version if the sequential order
of the data is a concern.

3.1. Operation

The proposed CLBFSE is depicted in Figs. 2–4. There are three
phases: data collection, training, and testing. In the data collection
phase (Fig. 2), random states 𝑥(𝑡) are sampled and fed to an expert
controller to generate the control signal 𝑢(𝑡). The states 𝑥(𝑡), control
signal 𝑢(𝑡), and next states 𝑥(𝑡+𝛥𝑡) are stored in the dataset for training.
In our problem, a subset of subsystems may be inaccessible and thus
the dataset may not contain the data of inaccessible system 𝑗. In the
training phase (Fig. 3), the three neural functions are trained based on
the dataset and loss functions 𝑉 , 𝜋 , and ℎ to be discussed in later
subsections. The purpose of this training is to update the parameters
𝜃𝑉 , 𝜃ℎ, and 𝜃𝜋 such that they can perform the tasks we designed. In the
testing phase (Fig. 4), we may deploy the model and use the functions
with trained parameters to control a switched nonlinear system. During
testing, any subsystems can be switched which challenges the training
because of the unseen control pair data (𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡+𝛥𝑡)) in the dataset.
The training algorithm of the proposed approach is given in Algorithm
1.

3.2. Neural Lyapunov function

The Lyapunov function is positive definite and satisfies (4) as dis-
cussed in Section 2. Therefore, the neural Lyapunov function should
also structured and trained based on the conditions.

Using the Rectified Linear Unit (ReLU) activation function is a
straightforward way to guarantee that a neural network is nonnegative.
However, it just forces the negative outputs to be zero without re-
flecting the mathematical definition of positive definiteness. To ensure
positive definiteness, we use an uncommon neural network composed
of a bilinear form of fully connected layers. To be specific, we define
the neural Lyapunov function 𝑉𝜃𝑉 (𝑥) = 𝑤(𝑥)𝑇𝑤(𝑥), where 𝑤 is a multi-
layer perceptron. With this neural network structure, we ensure that
the neural Lyapunov function 𝑉 is positive definite.
𝜃𝑉

4 
For condition (4), we define a Lyapunov loss function so that it
satisfies constraint (6) in the case of a switched nonlinear system. The
Lyapunov loss function 𝐿𝑦𝑎 is defined as

𝐿𝑦𝑎 =𝜆𝐿𝑦𝑎1𝑉𝜃𝑉 (𝑥
∗)2 + 𝜆𝐿𝑦𝑎2𝑅𝑒𝐿𝑈 (𝐿𝑓𝑖𝑉𝜃𝑉 (𝑥)

+ 𝐿𝑔𝑖𝑉𝜃𝑉 (𝑥)𝜋(𝑥) + 𝛾𝑉𝜃𝑉 (𝑥) + 𝜖), (8)

where 𝑅𝑒𝐿𝑈 is the rectified linear unit activation function, 𝜖 is a small
positive constant to serve the function of incentivizing the rigorous
adherence to inequalities, and 𝜆𝐿𝑦𝑎1 and 𝜆𝐿𝑦𝑎2 are the hyperparameters
of loss terms.

3.3. Neural control barrier function

A control barrier function can ensure the safety of a control system if
it is properly defined, which includes conditions (2) and (3). Therefore,
we must ensure the neural barrier function has the same properties
during the design and training phase.

Different from the Lyapunov function which is a positive definite,
the control barrier function does not have to be positive definite if
condition (2) is satisfied. To mitigate unnecessary restrictions on the
output of the control barrier function, we use a fully-connected layer
without a ReLU activation function as the last output layer.

To train the neural network to behave as a control barrier function
according to conditions (2) and (3), we define the training loss function
ℎ to be

ℎ =𝜆ℎ1E𝑥∈ (𝑅𝑒𝐿𝑈 (𝜖 − ℎ𝜃ℎ (𝑥))) (9)
+ 𝜆ℎ2E𝑥∉ (𝑅𝑒𝐿𝑈 (𝜖 + ℎ𝜃ℎ (𝑥)))

+ 𝜆ℎ3𝑅𝑒𝐿𝑈 (−𝐿𝑓𝜎(𝑡)ℎ𝜃ℎ (𝑥) − 𝐿𝑔𝜎(𝑡)ℎ𝜃ℎ (𝑥)𝜋(𝑥) − 𝜆ℎ𝜃ℎ (𝑥)),

where 𝜖 is a small positive constant similar to the one in the Lyapunov
loss function, and 𝜆ℎ1, 𝜆ℎ2 and 𝜆ℎ3 are the hyperparameters of loss
terms. With this loss function, we can obtain a neural control barrier
that satisfies the conditions.

3.4. Neural control policy

A neural control policy network 𝜋 can be defined to control the
switched nonlinear system such that 𝑢 = 𝜋𝜃𝜋 (𝑥). One way to train the
network is to formulate the problem as a supervised learning problem,
which mimics the control signals of an expert controller. We can update
the network parameters using a supervised loss composed of the control
signal samples from a pre-defined expert controller, such as Linear
Quadratic Regulator (LQR), which is given by

expert = E𝑖[(𝜋𝜃𝜋 (𝑥𝑖) − 𝜋expert(𝑥𝑖))2]. (10)

However, as we have discussed in Section 2, the optimal control policy
of subsystems may not be available in the dataset due to the nonlin-
earity. We have to consider the scenario where the available dataset
cannot capture the distribution of control policy of all the subsystems,
leading to sub-optimal control. Similar issues were reported in behavior
cloning (Codevilla, Santana, López, & Gaidon, 2019). Therefore, to
avoid the aforementioned data distribution mismatch issue, we regulate
the supervised policy loss function with an additional forward state
estimation which is given by

 = E [(𝐹 (𝑥 , 𝜋 (𝑥 )) − 𝑥′)2], (11)
FSE 𝑖𝑗 𝑗 𝑖 𝜃𝜋 𝑖 𝑖
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Fig. 3. Training phase.
Fig. 4. Testing phase.
where data of subsystem 𝑖 are given while subsystem 𝑗 is not accessible,
𝐹𝑗 is an estimated function to approximate the forward dynamics of
subsystem 𝑗, and 𝑥′𝑖 is the next state of 𝑥𝑖 controlled by an expert
controller (e.g., LQR). By minimizing the forward state estimation, we
are guiding the policy 𝜋𝜃𝜋 to control the subsystem 𝑗 (data of subsystem
𝑗 are not given) with a similar next state as if it was controlled by
an expert controller. Furthermore, we need to ensure the safety and
stability of the policy by imposing Eqs. (5) and (6) as the constraints. To
facilitate the training of the neural control policy network, we integrate
the control policy loss functions (10) and (11) with the constraints (5)
and (6) by applying Lagrangian relaxation, resulting in a single loss
function as follows.

𝜋 =𝜆𝜋1expert + 𝜆𝜋2FSE (12)
+ 𝜆𝜋3𝑅𝑒𝐿𝑈 (−𝐿𝑓𝜎(𝑡)ℎ(𝑥) − 𝐿𝑔𝜎(𝑡)ℎ(𝑥)𝜋𝜃𝜋 (𝑥) − 𝜆ℎ(𝑥))

+ 𝜆𝜋4𝑅𝑒𝐿𝑈 (𝐿𝑓𝑖𝑉 (𝑥) + 𝐿𝑔𝑖𝑉 (𝑥)𝜋𝜃𝜋 (𝑥) + 𝛾𝑉 (𝑥) + 𝜖),

where 𝜆𝜋1, 𝜆𝜋2, 𝜆𝜋3, and 𝜆𝜋4 are the weights (Lagrange multipliers) of
the corresponding terms.

Remark 1 (Convergence analysis). The Eq. (12) represents the loss
function used to obtain the neural control policy. It is worth noting
that 𝜕2expert > 0, and 𝜕2FSE = 2E [𝑔 (𝑥 )2] ≥ 0. Additionally,
𝜕2𝜋𝜃𝜋 𝜕2𝜋𝜃𝜋
𝑖𝑗 𝑗 𝑖

5 
ReLU is a convex function. As a result, we can conclude that the loss
function 𝜋 is convex since it is a nonnegative weighted sum of four
convex functions. Moreover, the training of the neural control policy
will guarantee convergence in terms of the direction provided by the
gradient-descent-based approach to minimize the loss function 𝜋 .

4. Experiments

4.1. Experimental systems

We evaluate our proposed method on a numerical system and a
single-link robotic manipulator system. The details are given as follows:

Example 1. Consider a numerical example of a switched nonlinear
system derived from Noghreian and Koofigar (2018), which consists of
two subsystems with the following parameters:

𝑓1(𝑥) =

⎛

⎜

⎜

⎜

⎝

𝑥2 − 𝑥21
𝑥21𝑥2 + 𝑥3 + 𝑥21

𝑥1𝑒𝑥1

⎞

⎟

⎟

⎟

⎠

, 𝑓2(𝑥) =

⎛

⎜

⎜

⎜

⎝

𝑥2
𝑥21𝑥2 + 𝑥3
sin 𝑥1

⎞

⎟

⎟

⎟

⎠

(13)

𝑔1(𝑥) =
⎛

⎜

⎜

0
0
⎞

⎟

⎟

, 𝑔2(𝑥) =
⎛

⎜

⎜

0
0
⎞

⎟

⎟

. (14)

⎝2⎠ ⎝0.5⎠
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Algorithm 1 Complementary Neural Lyapunov and Barrier Policy
Input: Dataset 𝐷𝑖 of subsystem 𝑖
Output: Parameters 𝜃𝑉 , 𝜃ℎ, 𝜃𝜋

Initialization : neural Lyapunov function parameters 𝜃𝑉 , neural
control barrier function parameters 𝜃ℎ, and policy parameters 𝜃𝜋

1: for epoch = 1 to N do
2: Shuffle dataset 𝐷𝑖
3: Divide dataset 𝐷𝑖 into batches
4: for each batch in 𝐷𝑖 do
5: Update 𝜃𝑉 according to the loss (8)
6: Update 𝜃ℎ according to the loss (9)
7: Update 𝜃𝜋 according to the loss (12)
8: end for
9: end for

10: return 𝜃𝑉 , 𝜃ℎ, 𝜃𝜋

Example 2. The single-link robotic manipulator serves as a foun-
dational and versatile building block for the development of more
intricate robotic systems. We evaluate our proposed approach in a
single-link manipulator composed of a rigid link connected via a gear
train to a DC motor (Lian & Li, 2020; Spong, Hutchinson, & Vidyasagar,
2020).

Consider the robotic manipulator moves with varying loads, result-
ing in a switching behavior among several subsystems with different
parameters. The switching dynamics are described by

𝐽𝜎(𝑡)𝑞 + 𝐵𝑞̇ +𝑀𝜎(𝑡)𝑔𝐿𝜎(𝑡) sin(𝑞) = 𝐾𝜏𝑢. (15)

By letting 𝑥 =
[

𝑞 𝑞̇
]𝑇 , (15) can be rewritten as a switched system (1)

with

𝑓𝜎(𝑡)(𝑥) =
⎛

⎜

⎜

⎝

𝑞̇

−( 1
𝐽𝜎(𝑡)

)(𝐵𝑞̇ +𝑀𝜎(𝑡)𝑔𝐿𝜎(𝑡) sin 𝑞)

⎞

⎟

⎟

⎠

, (16)

𝑔𝜎(𝑡)(𝑥) =
⎛

⎜

⎜

⎝

0
𝐾𝜏
𝐽𝜎(𝑡)

⎞

⎟

⎟

⎠

. (17)

We borrow the parameters from Lian and Li (2020), which are 𝜎(𝑡) = 𝑖,
𝑖 ∈ {1, 2}, and 𝐾𝜏 = 2, 𝐵 = 1 kg m2 s−1, 𝐽1 = 1 kg m2, 𝐽2 = 2 kg m2,
𝑀1𝑔𝐿1 = 10 kg m2 s−2, and 𝑀2𝑔𝐿2 = 30 kg m2 s−2.

To show the arbitrary switching law, two switching signals are
evaluated: dwell time switching and random switching. The first means
that each subsystem maintains for a dwell time before switching to
another subsystem. In random switching, we randomly generate a
switching signal and thus there is no constraint on the dwell time. The
dwell time and random switching signal are plotted in Figs. 5 and 6,
respectively. The training data was collected by executing the nominal
control on a random initial state. I.e., (𝑥𝑡, 𝑢𝑡, 𝑥𝑡+1) is a data sample in
the dataset. 100 samples were recorded for each parameter setting and
subsystem.

4.2. Compared methods

Several methods are compared in the experiments:

• No control: No control signal is fed to the system. In other words,
𝑢 is always zero in this case.

• Linear Quadratic Regulator (LQR) (Bemporad, Morari, Dua, &
Pistikopoulos, 2002): The system dynamics is linearized and the
control policy is computed by an LQR controller.

• Supervised learning (Bain & Sammut, 1995): The 𝜋𝜃𝜋 is trained
with data from all subsystems based on a mean square error
supervised loss (first term in (12)).
6 
Fig. 5. Dell time switching signal.

Fig. 6. Random switching signal.

• Supervised learning with limited data (Wang et al., 2023): The
𝜋𝜃𝜋 is trained with limited data of subsystem 𝑖 only based on a
mean square error supervised loss (first term in (12)).

• CLBFSE: Proposed approach presented in Section 3. It is trained
with limited data of subsystem 𝑖 only.

4.3. Experiment results

4.3.1. Test 1: Numerical example system
Example 1 represents a category of switched nonlinear systems

characterized by exponential, square, and sine functions. Furthermore,
it presents an underactuated system, as evidenced by the function 𝑔𝑖(𝑥),
thereby exacerbating control challenges. Initial conditions are set to
𝑥1 = 0.5, 𝑥2 = 0.5, and 𝑥3 = 0.5, with the imposition of reference safety
constraints: |𝑥1| ≤ 1.5, |𝑥2| ≤ 1.5, and |𝑥3| ≤ 1.5. The objective of the
controllers is to regulate the states towards a reference value of zero
during experimentation.

Figs. 7–9 and Figs. 10–12 illustrate the behavior of 𝑥1, 𝑥2, and
𝑥3 under various control policies, considering random and dwell time
switching, respectively. Notably, the system exhibits instability, as
evidenced by the observed values without control, which tend to
diverge exponentially. In general, all compared control policies ef-
fectively maintain the states within the safe boundary of ±1.5 and
converge towards a value proximal to the reference value of zero.
Moreover, from Figs. 7–12, it can be observed that our proposed
method shows great potential in faster convergence speed. Differences
among these control policies manifest in their respective convergent
values and rates, quantifiable through 𝑥𝑖(𝑇 ) and MAE𝑥𝑖(𝑡), as presented
in Table 1. We use state value at the final timestep and the corre-
sponding MAE as the metrics to evaluate the proposed method. This
table encapsulates the numerical states at 𝑡 = 𝑇 and the average
mean absolute error relative to the reference for all time 𝑡. Given
the reference’s zero value, smaller magnitudes denote superior control
performance. Notably, despite possessing additional information such
as model dynamics and subsystem data, traditional control methods
such as LQR and supervised control are surpassed by the proposed
approach in efficacy.
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Table 1
Error of each control method for Example 1.

Methods Random switching

𝑥1(𝑇 ) 𝑥2(𝑇 ) 𝑥3(𝑇 ) MAE𝑥1(𝑡) MAE𝑥2(𝑡) MAE𝑥3(𝑡)

Expert control (LQR) 0.0063 −0.0174 0.0233 0.5254 0.2109 0.3746
No control – – – – – –
Supervised control −0.0910 0.0216 −0.0276 0.3416 0.1599 0.2340
Supervised (limited data) 0.0203 0.0198 −0.0083 0.3789 0.1614 0.2734
Proposed approach −0.0564 −0.0041 0.0037 0.1770 0.1055 0.1609

Methods Switching with dwell time: 0.5 s

𝑥1(𝑇 ) 𝑥2(𝑇 ) 𝑥3(𝑇 ) MAE𝑥1(𝑡) MAE𝑥2(𝑡) MAE𝑥3(𝑡)

Expert control (LQR) −0.0023 0.0013 0.0016 0.3494 0.1450 0.2450
No control – – – – – –
Supervised control −0.0862 0.0063 −0.0362 0.2800 0.1343 0.1934
Supervised (limited data) 0.0363 0.0090 −0.0052 0.2733 0.1223 0.1988
Proposed approach −0.0580 −0.0048 −0.0033 0.1670 0.1002 0.1559
Fig. 7. Value of 𝑥1 under random switching for Example 1.

Fig. 8. Value of 𝑥2 under random switching for Example 1.

Fig. 9. Value of 𝑥3 under random switching for Example 1.

4.3.2. Test 2: Single-link robotic manipulator
By setting a reference safe constraint as |𝑞| ≤ 4.5, |𝑞̇| ≤ 4.5 and given

the initial conditions as 𝑞0 = 2.5 and 𝑞̇ = 2.5, the safe control results
via different compared methods under random switching and dwell
time switching are depicted in Figs. 13 and 14, and Figs. 15 and 16,
7 
Fig. 10. Value of 𝑥1 under 0.5𝑠 dwell time switching for Example 1.

Fig. 11. Value of 𝑥2 under 0.5𝑠 dwell time switching for Example 1.

Fig. 12. Value of 𝑥3 under 0.5𝑠 dwell time switching for Example 1.

respectively. For the values of 𝑞 and 𝑞̇ (Figs. 13–16), all control meth-
ods can be generally converged (stable) and operate within the safe
region except the ‘‘no control’’. It can be observed that our controller
has similar controlling performance when compared to the supervised
learning trained with a complete dataset. Recall that our controller
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Fig. 13. Value of 𝑞 under random switching for Example 2.

Fig. 14. Value of 𝑞̇ under random switching for Example 2.

was trained with only one subsystem. Therefore, it is satisfactory to
see the superior learning ability of our training approach. Moreover,
it is obvious that our proposed method with limited data outperforms
the supervised learning with limited data in terms of convergence
speed, which verifies the effectiveness of the complementary idea with
forward state estimation. To examine the convergence in more detail,
we record the last timestep error difference and mean absolute error
(MAE) of 𝑞 and 𝑞̇ to the goal in Table 2. We use state value at the
final timestep and the corresponding MAE as the metrics to evaluate
the proposed method. From the table, we can find that the system
controlled by our proposed approach has the lowest error in most of
the cases if we exclude the expert control (optimal control). Similar
convergence properties can be observed from Figs. 13–16. Regarding
the peak value of 𝑞̇, it can be seen from Figs. 14 and 16 that our
proposed method has the potential for a safer performance when close
to the boundary. Therefore, it can be concluded that the switched
nonlinear system under arbitrary switching is safe and stable with our
designed control policy.

4.4. Discussions

4.4.1. Discuss the insights of the proposed approach
First, our controller via a state transition learning approach pos-

sesses a good convergence and safe performance. Many existing works
use a unified neural Lyapunov-barrier function, but we trained separate
neural Lyapunov function and neural control barrier function. The
unified neural Lyapunov-barrier function will impose an additional con-
straint that the control barrier function is positive definite. However,
the safe constraints can be given or characterized with various kinds of
functions not limited to positive definite functions. Thus compared with
the unified neural Lyapunov-barrier function, separate neural Lyapunov
8 
Fig. 15. Value of 𝑞 under 0.5𝑠 dwell time switching for Example 2.

Fig. 16. Value of 𝑞̇ under 0.5𝑠 dwell time switching for Example 2.

Table 2
Error of each control method for Example 2.

Methods Random switching

𝑞(𝑇 ) 𝑞̇(𝑇 ) MAE𝑞(𝑡) MAE𝑞̇(𝑡)

Expert control (LQR) 0.0004 0.0023 0.4263 0.5978
No control 6.3964 0.2227 5.7101 1.3600
Supervised control 0.1307 −0.0200 0.5840 0.4993
Supervised (limited data) 0.1409 −0.0224 0.8397 0.5227
Proposed approach 0.0284 −0.0005 0.5766 0.6245

Methods Switching with dwell time: 0.5 s

𝑞(𝑇 ) 𝑞̇(𝑇 ) MAE𝑞(𝑡) MAE𝑞̇(𝑡)

Expert control (LQR) −0.0017 −0.0023 0.4345 0.5977
No control 6.7144 1.5798 5.8956 2.2320
Supervised control 0.0206 −0.0556 0.4458 0.5960
Supervised (limited data) 0.0213 −0.0611 0.4919 0.6693
Proposed approach −0.0391 −0.0909 0.3941 0.5030

function and neural control barrier function in our work may be less
conservative.

On another aspect, the highlight of the proposed state transition
learning for switched systems can reduce the dependence on the
dataset. It should be noted that in switched systems, many efforts are
devoted to mitigating the impact of switching behavior by studying
each subsystem individually. The intuitive idea behind our proposed
approach is that one can control one subsystem with the desired
performance, and then collect the data only from this subsystem to
drive other systems among switching to follow a similar trajectory.
This will make a switched system operate like a single system, and
thus mitigate the impact of switching behavior, just as our proposed
approach does. Therefore, our state transition learning is suitable for
dealing with the control of switched systems.
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4.4.2. Discuss the limitations of the proposed approach
The limitation of using the neural control barrier function is that

safety is guaranteed by a neural network, which is an approximator
of the safety certificate. Thus, it may not rigorously guarantee safety
as in the conventional safe control. During our experimental trials,
we observed that insufficient training iterations resulted in the po-
tential violation of the safe bound. One of the unaddressed technical
challenges is to theoretically analyze the relationship between the
system state boundedness and parameters of neural networks. In this
case, by adjusting the parameters or adding relaxed compensators, the
certainty of ensuring safety may be further enhanced. Moreover, all
the considered scenarios are that the safe region is not in conflict
with stability. Because we focus on the effectiveness of state transition
learning methods in handling the limited data of switched systems, our
method no longer focuses on making trade-offs when safe constraints
conflict with stability.
5. Conclusion

This study addresses safe control problems of switched nonlinear
systems with limited data by a state transition learning approach.
We have synthesized a controller to ensure both safety and stability
performance using control barrier functions and Lyapunov functions.
To avoid difficulties in constructing these functions, We have developed
neural control barrier functions and neural Lyapunov functions to find
the safe control policy via a machine learning approach. In view of the
limited data and data distribution mismatch issues during the training
of control policy, we constructed a complementary loss function that
estimates the next state to complement the missing subsystem data.
Simulation experiments have been conducted to verify the effectiveness
of the developed safe control scheme for switched nonlinear systems.
In particular, the control policy trained by the proposed approach can
achieve a similar control performance to the one with a complete
dataset. There are several possible directions for future work. One
potential area is to explore robust and safe control strategies to deal
with the disturbances and uncertainties in the system dynamics. Addi-
tionally, in the context of multi-robot systems, where communication
networks may be subject to switching dynamics, there is an opportunity
for an extension of our work that explores safe cooperative control
strategies under switching networks. Furthermore, We considered the
supervised learning setting where the dataset is available for offline
training. If the real-world switched system is available for numerous
training and testing iterations such as a digital twin system, the problem
can be solved by reinforcement learning-based approach.
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