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We investigate operator dynamics and
entanglement growth in dual-unitary cir-
cuits, a class of locally scrambled quan-
tum systems that enables efficient simu-
lation beyond the exponential complexity
of the Hilbert space. By mapping the
operator evolution to a classical Markov
process, we perform Monte Carlo sim-
ulations to access the time evolution of
local operator density and entanglement
with polynomial computational cost. Our
results reveal that the operator density
converges exponentially to a steady-state
value, with analytical bounds that match
our simulations. Additionally, we observe
a volume-law scaling of operator entan-
glement across different subregions, and
identify a critical transition from maxi-
mal to sub-maximal entanglement growth,
governed by the circuit’s gate parameter.
This transition, confirmed by both mean-
field theory and Monte Carlo simulations,
provides new insights into operator entan-
glement dynamics in quantum many-body
systems. Our work offers a scalable com-
putational framework for studying long-
time operator evolution and entanglement,
paving the way for deeper exploration of
quantum information dynamics.
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1 Introduction

In quantum many-body physics, the study of op-
erator dynamics is an active area of research. The
dynamics of quantum operators under Heisen-
berg picture time evolution can provide insights
into the complex behavior of quantum many-
body systems, including operator spreading [1—
10], scrambling and thermalization [11-21]. Sim-
ulating operator dynamics in quantum many-
body systems is generally challenging due to the
curse of dimensionality—the exponential growth
of the Hilbert space with system size. While ef-
ficient computational methods exist in specific
cases, such as Clifford circuits [22], time-evolving
block decimation (TEBD) [23-25], or systems
with partial integrability |26, 27|, a general so-
lution remains elusive.

When focusing solely on the statistical prop-
erties of operator dynamics, i.e. how the size and
support of an operator evolves on average without
concern for the specific operator content, more ef-
ficient approaches become available [3, 4, 7, 28—
30].  For locally scrambled quantum dynam-
ics [15, 16], where the unitary evolution operators
are weakly symmetric [31, 32| under local basis
transformations, the operator dynamics can be
mapped to an effective classical diffusion model
in the space of operator supports |3, 29, 33|. This
mapping simplifies the quantum evolution into a
tractable classical Markov process, allowing for
efficient simulation via Monte Carlo (MC) sam-
pling.

Furthermore, to characterize the internal com-

Accepted in (Yuantum 2025-03-20, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Monte%20Carlo%20Simulation%20of%20Operator%20Dynamics%20and%20Entanglement%20in%20Dual-Unitary%20Circuits&reason=title-click
https://quantum-journal.org/?s=Monte%20Carlo%20Simulation%20of%20Operator%20Dynamics%20and%20Entanglement%20in%20Dual-Unitary%20Circuits&reason=title-click
mailto:yzyou@physics.ucsd.edu
mailto:zymeng@hku.hk
mailto:pengfeizhang.physics@gmail.com

plexity and correlations within an operator, the
concept of operator entanglement has been intro-
duced [34-37]. Operator entanglement quantifies
the entanglement of the corresponding Choi state
representation |38, 39| of the operator in the oper-
ator Hilbert space (a.k.a. doubled Hilbert space).
In the context of operator dynamics, it character-
izes how the information encoded by the initial
operator scrambles with time and becomes cor-
related across different parts of the system over
time. Nicely, we found that the second Rényi op-
erator entanglement can also be studied under
reasonable assumptions using above-mentioned
Monte Carlo approach for operator dynamics on
multiple replicas, enabling efficient computation
of these quantities in complex systems.

In this work, we investigate the operator
dynamics and operator entanglement in dual-
unitary circuits — a class of quantum circuits
consisting of dual-unitary gates, which are uni-
tary in both space and time directions [36, 37, 40].
Dual-unitary circuits, like Haar random unitary
circuits, are examples of locally scrambled quan-
tum dynamics that enable operator dynamics to
be studied efficiently by mapping to classical dif-
fusion processes. However, compared to Haar
random unitary gates, dual-unitary gates form a
family of random unitary ensembles with tunable
scrambling power controlled by a single param-
eter. This tunability allows us to systematically
explore different scrambling behaviors within the
same theoretical framework.

We demonstrate, via Monte Carlo simulations
of the local operator density and entanglement
in a dual-unitary circuit, that the operator den-
sity near the light cone converges exponentially
to %7 with a rate determined by the gate pa-
In the long-time limit, we derive
analytical bounds for the density profile, vali-
dated by Monte Carlo simulations. For oper-
ator entanglement, we observe volume-law scal-
ing across different subregions, with the volume-
law coefficient’s dependence on « varying. A key
finding is the transition from maximal to sub-
maximal entanglement growth for left movers at
the left light cone, consistent with prior theoret-
ical work [36, 37, 40, 41|. We provide a concrete
physical explanation for the emergence of the en-
tanglement transition based on operator emis-
sion, and clarify the setup for observing the tran-
sition in the physical regime by focusing on left-

rameter o.

Figure 1. Schematic plot of a dual-unitary circuit
which evaluates the Pauli weight w(P) on a Pauli
string P. (a) The brick-wall structure of local dual-
unitary gates as transfer matrices T'. The circuit takes
a Pauli string P = ®;P; as an input, where local Pauli
matrix P; € {I,X,Y,Z}. Operators {X,Y,Z} and I
are capsuled as |1) (occupied) and |0) (unoccupied)
respectively. The final measurement layer projects the
Pauli weight onto the basis {|0), £[1)} at each site. (b)
Each transfer matrix (rectangular 4-leg tensor) describes
a segment in the Markov process that converts the state
of two adjacent sites into another in the 2-site Hilbert
space, i.e., {|00),|01),|10),|11)}. We denote an occu-
pied site |1) as a blue right-mover (red left-mover) if
its space-time coordinate follows z 4+ ¢ = 0(1) mod 2,
and unoccupied state |0) as lack of left or right movers.
The eight vertices with non-zero probability are shown.
(c) demonstrates one configuration generated by Monte
Carlo simulation according to the Markov process in (b),
with only one site being occupied in the middle at ¢ = 0.
Both left and right movers evolve at the speed of light
and create a light-cone trajectory.

movers only. Furthermore, our study provides a
direct mapping of the volume-law coefficient to «,
confirmed by mean-field (MF) theory and Monte
Carlo simulations. Our results offering new in-
sights into operator dynamics and entanglement
transitions in dual-unitary circuits.
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2 Locally-scrambled Dual-unitary Dy-
namics

To introduce the concept of a dual-unitary gate,
we consider an arbitrary two-qubit gate U. In the
computational basis, its space-time dual U can be

defined as

U =" |kl) (ik|U|j1) (ij|, (1)
ijkl

The unitary U is called dual-unitary when its
space-time dual U is also a unitary operator, sat-
isfying UTU = UTU = I [40]. For qubit sys-
tems, dual unitary gates are parameterized by
four single-qubit unitaries u+, v4+, and a single
parameter J:

U(J) = (uy @ u_)e  FEXAN)—iI 2122, ).

(2)
Here, {X},Y;,Z;} are the Pauli operators on
the j-th qubit. Single-qubit gates provide lo-
cal basis rotations but do not entangle different
sites. The non-trivial entanglement arises from
the XXZ coupling, where J € [0,7/4] charac-
terizes the scrambling ability of the dual-unitary
gate. For J = 7/4, U reduces to a SWAP op-
eration, simply interchanging operators between
two sites. Conversely, for J = 0, it maximally
spreading single-site operators to operators sup-
ported on both sites.

In this work, we study the operator dynamics
of random dual-unitary circuits for qubit systems
arranged in a brick-wall architecture, as shown
in Fig. 1 (a). The evolution operator is given by

Utot (tf) = Hile Uy, where

{@k Usak—1.2k
U; =
R Uak 2k+1

Here, U,, represent two-qubit dual-unitary
gates acting on nearest-neighbor qubits x and z’.
We note that throughout this paper, we use U
to denote the quantum evolution operator and
T the transfer matrix after mapping the dual-
unitary quantum circuit to the classical Markov
process. We sample each two-qubit gate U inde-
pendently in the locally-scrambled dual-unitary
ensemble from the distribution p(U|J) condition
on the parameter J, and define the random uni-
tary ensemble E;:

if t € odd,

if t € even.

3)

Er={U ~pU|J) = duydu_dvidv_}, (4)

where du4+ and dv+ represent the Haar measure of
single-qubit rotations. This choice eliminates lo-
cal basis dependence and is essential to mapping
the full quantum dynamics to a classical Markov
process [15], which then admits efficient Monte
Carlo simulations, as we showed in this paper.
We are interested in the dynamical evolution
of simple operators O. At time ¢, the Heisen-
berg evolution is given by O(t 4+ 1) = U O(t)U.
For later convenience, we represent the opera-
tor O as a state |O) in a doubled Hilbert space,
known as the Choi representation [38, 39]. On
a complete set of orthonormal basis {|¢)} of the
Hilbert space, under the operator-state map-
ping, any generic operator O = .. i) Oj; (j
gets mapped to a corresponding doubled state as
|0) = 2-L/2 >2i Oijli) ® |7). Here, L denotes
the system size. In this language, the Heisenberg
evolution reads |O(t+1)) = (UtT®UtT)|O(t)>. We
choose a orthogonal basis in the operator space
at site z as {|1)z,|X)z,|Y)z,|Z)z}, where each
basis state corresponds to having the operator
{I,X,Y,Z} acting on the qubit z, respectively.
The operator wavefunction can be expanded as

0(t)) =D _cp(t)|P), ()
P

where |P) = |P_poP_1/241.--Ppj2—1) with P, €
{I,X,Y,Z}. Westudy the growth of a local oper-
ator that initially acts near the middle of the sys-
tem (around x = 0), focusing on the time regime
before it reaches the system boundaries under the
operator dynamics, so that boundary effects re-
main irrelevant.

2.1 Operator Density

We investigate the operator dynamics by moni-
toring both the evolution of operator density [3|
and the operator entanglement entropy [37]. The
operator density p(z,t) is defined as the proba-
bility of finding a non-trivial operator on site x:

pay= Y TerMF= Y welt). (6)

{P|P#I} {P|P#I}

Here, the overline denotes the ensemble average
over the realizations of random single-qubit gates
in the dual-unitary ensemble. There are great
simplications if we focus on locally-scrambled
quantum circuits: the phase of ¢p(t) exhibits ran-
dom fluctuations due to the random single-qubit
rotations, and the evolution of wp(t) becomes
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Markovian [15]. The evolution generated by each
two-qubit gate Uy, reads

wp(t) = wp(t+1)

(7)
where the summation 3’ is restricted to the sub-
space where P, = P, for any z # x,y. The 16x16
transfer matrix 73 is computed in a two-qubit
system by

TP, P') = [(PI(UT 0 UT)|P)?
1
— ot

2 (8
/ dU ‘tr(PUTP’U)’ - ®
Ue&;

The completeness of Pauli operators guaran-
tees the conservation of the probability, as
SpT@ (PP =1.

Furthermore, we observe that the absence of
local basis dependence suggests that 72 (P, P')
only depends on the support of P and P’. As a
consequence, wp(t) at ¢ > 0 also depends only
on the support of P rather than on the spe-
cific content of the Pauli string P. To eliminate
the redundancy in wp, we introduce a bit string
b=0b_r/2b_r/241.--br/2—1 to denote the support
of a Pauli string, where b, € {0,1}. We use
b, = 0 to indicate the case where the site z is
not occupied by the operator and b, = 1 for the
occupied case. Then, we can rewrite the Markov
process in this occupation basis, where the trans-
fer matrix can be reduced to a 4 x 4 matrix 7.
Introduce wy(t) = 3lwp(t), where P is an arbi-
trary Pauli operator of support b, with |b| denot-
ing the number of occupied sites in the bit string
b (i.e. the operator size), and the factor 3/°l counts
the total number of Pauli operators of the same
support b. The operator density p(z,t) can be
expressed as

Z wp(t). 9)

{blbz=1}

p(z,t) =

Defining T'(b,t') = 3T (P, P), the evolution
generated by each two-qubit gate remains

wb(t) — UJ(; t+ 1 Z T b byvably wb'(t)v (10)

where the summation Y’ is again restricted to
the subspace where b, = b, for any z # x,y. The
full Markovian dynamics is then represented by a
brick-wall circuit of local transfer matrices 1", as
illustrated in Fig. 1 (a). For the locally-scrambled

Z T@(P, Py, PLP)) wpi(t),

~—A— ~—A—

N T T T T T T
(. on |- [qw |]
rTrr 1 TUUouuy

Figure 2: lllustration of operator-state mapping and op-
erator entanglement in region A.

dual-unitary ensemble, the explicit expression of
T(b,b') for each two-qubit gate has been com-
puted [41], which reads

1 0 0 0
n_ |0 0 l1-«a a/3
T,v) = 0 1-a 0 /3 . (11)
0 « a  1-=2a/3)
with parametrization o = 2 cos?(2J) € [0,2/3]

that controls the information scrambling power
of the dual-unitary gate ensemble: o = 0 cor-
responds to the SWAP gate with no scrambling,
and a = 1 corresponds to the fastest scrambling
dual unitary gates.

2.2 Operator Entanglement

We also examine the growth of operator entangle-
ment in the random dual-unitary circuit [36, 37].
After mapping the operator to a state, the oper-
ator entanglement O(t) for a subregion A of the
original qubit system is defined as the conven-
tional entanglement entropy of the correspond-
ing Choi state |O(t)) for the same subregion, as
illustrated in Fig. 2.

More explicitly, we first construct the reduced
density matrix in the operator space

palO@)] = trz]0())(O()]-

Here, A denotes the complement of the subregion
A. We can compute either the von Neumann en-
tropy Sa(t) = —tra(palogpa) or the n-th Rényi

entropy 51(4”) (t) = =L logtr(p). In this work, we

(12)

focus on small subsystem size |A| < |A|, where
theoretical analysis becomes more tractable after
the following approximations regarding the disor-
der average:

j 1 _
Tlogtr(p}) ~ ——— logtr(p})

%
|

1
— logtr(pa™).
(13)
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In the first step, we approximate the disorder
average of the entropy by the disorder average
of tr(p”). This approximation assumes that the
corresponding variance is negligible within the
ensemble of random circuits [42, 43].
the calculation still requires the disorder average
over 2n-replicas U®?"@(UT)®2", where the Schur-
Weyl duality suggests that the effective degrees of
freedom are elements of the Sa,, group. To further
simplify the calculation, we assume that Sgn) is
dominated by the ‘“replica diagonal” contribution
for small subsystems |A|, allowing us to replace
p"4 with pa™, which constitutes our second step.
It is known that these approximations become ex-
act if we consider a system with qudits and take
the limit of a large local Hilbert space dimension
(d — o0) [37].

Under this approximation, we can express
the second Rényi entropy in terms of wy(t).
As explained in Sec. 2.1, the disorder-averaged
operator density matrix contains only the di-
agonal components: p = |O))(O(t) =
S pwp(t)|P)(P|. Tracing out the subregion A,
we obtain the reduced density matrix

However,

= Y wpyp;(t) [Pa)(Pal
Pa-Pa (14)
—ZwPA |Pa)(Pal,

where we have decomposed P = P4 ® P; and
introduced the marginal distribution wp,(t) =
ZPA wp,p;(t). The purity of the system is then
computed by

(n—1) S(n
e ZwPA

1 n
= E 3lbal(n—1) Vba (1),

(15)
where b4 denotes a bit string defined in region A.

2.3  Monte Carlo Simulation

Since wy(t) contains an exponentially large num-
ber of components, indexed by the bit string
b = {bg} (with by € {0,1}) that labels the op-
erator support. Direct analytical or numerical
study of the evolution of wy(t) following Eq. (10)
is impractical. To this end, we would like to use
the Monte Carlo method to carry out important
sampling and reduce the exponential computa-
tion to polynomial complexity. We may interpret
the operator support b as an occupation configu-
ration of some fictitious “particles”, and visualize

the Markovian dynamics of operator evolution as
the evolution of classical particles, where each lat-
tice site x is either empty (b, = 0) or occupied by
a particle (b; = 1). The system is initialized ac-
cording to the support of the initial operator O.
The application of a transfer matrix in Eq. (11)
on sites « and x 4 1 is then implemented by the
following local update rule, parametrized by the
scrambling parameter « of the dual unitary gate:

1. If both sites are unoccupied, no update is
needed.

2. If only site x is occupied, we move the parti-
cle from site x to site x+1. With a probabil-
ity of 1 — «, site x is left empty. Otherwise,
a new particle is added at site z.

3. If only site « 4+ 1 is occupied, we move the
particle from site x + 1 to site z. With a
probability of 1 — «, site x + 1 is left empty.
Otherwise, a new particle is added at site
x4+ 1.

4. If both sites are occupied, the configura-
tion is kept unchanged with a probability
1—2a/3. Otherwise, one of the two particles
is randomly removed, and the probability to
remove either particle is /3.

These update rules are graphically shown in
Fig. 1 (b) and they reveal a central feature of
dual-unitary circuits with a brick-wall architec-
ture. In the absence of scattering with other par-
ticles, a particle continues to move in a single spa-
tial direction. Therefore, it is natural to distin-
guish lattice sites corresponding to right movers
and left movers based on the parity of x +¢. As
an illustration, we depict right movers in blue and
left movers in red in Fig. 1 (c¢) for a typical evo-
lution history.

Starting from any initial configuration of the
operator support (equivalently viewed as “parti-
cle” occupation configuration) at time ¢t = 0, we
can stochastically generate the configuration b at
later time ¢ following the update rules described
above. These update rules ensure that the un-
derlying probability distribution of b at time ¢
will precisely match wy(t), as if we can effectively
sample b from the distribution wy(t).

After collecting many independent samples,
we can estimate the operator density p(z,t) by
counting the average particle number at the cor-
responding space-time position. On the other
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hand, the operator entanglement entropy 51(4”) (t)

is a non-linear function of the probability distri-
bution wy(¢). In the Monte Carlo simulation, we
focus on the second Rényi entropy with Rényi
index n = 2. This first requires generating two
independent configurations of classical particles
at time ¢, labeled by their occupation bit strings
bD and b@. Then, we compute

o
1M, 6®) = [T 37" 6,0, (16)

€A

as an estimator of Eq. (15). Here, 5b<1>b(2) is the

Kronecker delta symbol that enforces b(*) and b(2)
have identical configurations inside the entangle-
ment region A of interest, otherwise the quantity
I(6M b?) will be zero. Averaging I(bV),5?)
over many pairs of samples gives <e*S£12 )>, and
then S = — In(I(bM), p))).

As one can see from Eq. (16), a non-zero [ is
sampled only if b&l) = bg),V:E € A, which is an
exponentially rare event to happen. This makes
the sampling exponentially inefficient for estimat-
ing the operator entanglement. In practice, we
mitigate this issue by computing the probability
distribution at time t condition on the configu-
ration generated at time t — 1, where ¢ denotes
the time slice where operator properties are mea-
sured. Recall that each local transfer matrix T
acts on one pair of left and right movers, and
is unrelated to the others pair of movers in the
same time slice due to the brick-wall architecture.
Therefore, for every two sites (a pair of movers),
we can explicitly compute the probability of all
four possible states in the 2-site state space oc-
curring at ¢, conditioned on the current state at
t — 1. Let’s denote the particle configuration at
time ¢ by the bit string b = {b,}, and that at
time ¢ — 1 by the bit string b = {b/;}. Then we
can compute the quantity I as a function of &'(})
and b, which are independently sampled in two
replica up to the t — 1 time step,

1YWy
2kEA boj,_1,bar,

(17)
which amounts to directly summing over all the
final-time configurations b based on the condi-
tional probability Wy (1) Wy (2) - Here wypy corre-
sponds to the conditional probability to generate
b given ' in a single replica, which is given by (the

_ ~(bok—14bar) > .
) = H Z 3= (b2k—1 Zk)wb|b’(1)wb|b’(2)

tensor product) of the transfer matrix 7'(b, '), de-
fined in Eq. (11),

Wy = [ [ T (b2k—1b2; by _1bg 1), (18)
k

assuming the last time step is an odd step with-
out lost of generality. In this way, averaging
I(¥M ¥ also gives unbiased estimation of the

operator entanglement S( ) = —In(I(¥'M, ¥ ?)).
Since the summation of conﬁgurations b can be
factorized to that on each pair of sites at (2k —
1,2k), which can computed efficiently, we can
now obtain a finite real number I(5'M, ) from
each Monte Carlo sampling instead of waiting an
exponentially long time for 5b(1)b<g) = 1 to oc-
cur. Similar approach in spiritg,c to overcome the
exponential observable with log-normal distribu-
tion to a typical observable with normal distri-
bution [44-46], has been employed in the recent
computation of entanglement entropy and other
exponential observables in the quantum many-
body systems within quantum Monte Carlo and
Tensor Network setup [45, 47-56]. All code used
for generating the results in this work can be ac-
cessed online [57].

3 Results

In the following, we will investigate the operator
dynamics and operator entanglement growth in
dual-unitary circuits using the Monte Carlo sam-
pling approach described above, and compare the
results with mean-field theoretical understand-
ings.

For the operator dynamics, we focusing on two
initial operators: O = ZyZ7 and O = Z;. For
O = ZyZy, we find that the operator density evo-
lution closely follows the mean-field approxima-
tion, with our analytical solutions in both the
long-time limit and near the light-cone match-
ing well with Monte Carlo simulations. Con-
versely, for O = Z7, the operator density near the
left light-cone deviates significantly from mean-
field predictions due to strong correlations aris-
ing from the stochastic emission time of the first
left-moving operator. By incorporating a condi-
tional probability framework, we derive analytical
expressions that accurately capture these correla-
tions, achieving excellent agreement with numer-
ical results.
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Additionally, we explore operator entangle-
ment growth in three different subregions near
the light-cone and identify entanglement transi-
tions as the parameter a varies. Our analyti-
cal predictions of critical values for these tran-
sitions are validated by Monte Carlo simula-
tions, which has not been observed in previous
works [36, 37, 40, 41]. Our discovery therefore
highlights the sensitivity of entanglement growth
to initial conditions and system parameters.

Overall, our findings demonstrate the intri-
cate interplay between operator dynamics, corre-
lations, and entanglement scaling in dual-unitary
circuits, enhancing the understanding of infor-
mation spreading, thermalization, and quantum
information scrambling in quantum many-body
systems.

3.1 Operator Density Evolution

We begin with the analysis of operator density
evolution. For illustration, we focus on two dif-
ferent initial operators: O = ZyZ; (two-site op-
erator) or O = Z; (single-site operator), which
turns out to show different features. According
to our convention in Eq. (3), Zy represents a left
mover, while Z; corresponds to a right mover.
We present typical results of the operator density
evolution in Fig. 3 (a) and (b) using solid lines for
a = 0.2 and t = 16, 32. The data presented is av-
eraged over 107 Monte Carlo steps such that error
bars are negligible from bare-eye observation.

3.1.1 Balanced operator growth from two-site op-
erator

Let us first focus on the scenario with O = ZyZ;.
On both the left (z+t = 0) and right (z —t = 1)
light-cones, the operator density is 1, consistent
with the ballistic transport of the initial operator.
Within this light-cone, the operator density con-
tinues to increase due to the creation of new parti-
cles at finite splitting probability «. In the long-
time limit, the operator density on each site x
approaches 3/4, indicating that each single-qubit
Pauli operator {I, X,Y,Z} appears with equal
probability, as expected for generic chaotic quan-
tum systems [58]. To gain a more quantitative
understanding, we adopt the zeroth-order mean-
field approximation [41], which approximates the
joint distribution wy, of the operator support b as
product of independent Bernoulli distribution of

p(z,t), a=0.2

1 [
t=16
—_—t =232

Figure 3: Comparing density profile obtained from
the recurrence relation in Eq. (20) with Monte Carlo
data at « = 0.2. Initially, panel (a) has two sites occu-
pied in the middle and panel (b) has a single site occu-
pied in the middle. In both panels, solid lines represent
the Monte Carlo data with ~ 107 samplings such that
the error bar is negligible in the figure. The dashed lines
are generated from the recurrence relation Eq. (20). The
MF prediction matches well with the MC data with the
two-site initial condition at any time ¢, while it deviates
from the MC result at large ¢ with a single-site initial
condition.

b, on each site x, parametrized by the operator
density p(z,t) as

wb(t) ~ H [bxp(x7t) + (1 - bx)(l - p(x,t))] :

xX

(19)
This mean-field approximation neglects any cor-
relation between different sites. The evolution of
p(z,t) is then derived by applying a layer of trans-
fer matrix 7' and computing the post-evolution
density p(z,t + 1) [41]. For a transfer matrix T’
applied to sites x and x 4 1, the evolution reads

pla.t+1) = pla+1,6) + ap(e, ) (1 - %p(l‘ +1.9).

plx+1,t+1)=p(x,t) + ap(z + 1,t)<1 - %p(w,t)).
(20)
The evolution generated by these equations is
plotted in Fig. 3 (a) using dashed lines. The re-
sults match the Monte Carlo simulation with high
accuracy for O = ZyZ;. Additionally, we provide
analytical solutions in two limits:

1. In the long-time limit ¢ > 1 for a fixed lattice
site x, we can neglect the spatial dependence

of the operator density and expand p(t) =
3/4 — dp(t). The evolution then becomes

Spt+1) = (1 —a)dp(t) +0(5p%). (21)

This equation can be solved exactly, which
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—Ae™™, with A= —In(1 — o).

(22)

2. Now, we consider the near-light-cone steady
state for the operator density. Specifically,
we examine the case where d = x+t ~ O(1)
ord=t—x+1~ O(1) with ¢ > 1. Numeri-
cal results suggest the existence of a steady-
state distribution p{jc, where LC stands for
“light-cone”, which satisfies p“§ = 0, p§© =1
and

5 = o + ok (1 - S050). o
PEh1 = PEi1 + aP%kC(l - gﬂ%kCA)'

Using the first equation, we find
P = 3/4 (24)

for any £ > 0. Substituting this into the
second equation, we have (k > 0)

=5 (F-a)a-af @

We test both predictions through the Monte
Carlo sampling of the p(z,t) at various « for O =
ZoZ1. Since p becomes spatially independent at
t > 1, we focus on the density evolution at x =0
without loss of generality. By fitting the density
evolution with Eq. (22), we find an exponential
growth coefficient A that is consistent with the
analytical solution in Eq. (22), as shown in Fig. 4.
For the near-light-cone steady state, MC data of
both p%k,c and p%k,CH exponentially converges to
the MF prediction in Eq. (25) at large-enough ¢,
as exemplified in Fig. 5 (a) and (b) for k = 1,2,3
at « =0.2,0.3,0.4.

3.1.2 Skewed operator growth from single-site op-
erator

We then consider the operator density evolution
for O = Z, as shown in Fig. 3 (b). In this case,
the right light-cone (x — ¢ = 1) has an operator
density of 1, while the density on the left light-
cone (r+t = 2) is «, determined by the probabil-
ity of operator emission at the first step. Unlike
the previous example with O = ZyZ7, numerical
results show that the operator density evolution

1.0 — —ln(l—a)

¢  Monte Carlo

P
@
0.5r g b
s
085 0.2 0.4 0.6
a

Figure 4: X in Eq. (22) as a function of a. The
blue dots are fitted from the MC data of p(0,¢) with
O = ZyZ, initial condition. The red solid line denotes
the mean-field solution in the long-time limit ¢t > 1.

() k=1 k=2 k=3
0.75[ [ (
= 0.50}
Q.
<
0.25¢
—a=0.2
0.0055%0 100 20 a=03 [750 100
(b) — —a=04
0.75¢ F
@ r —
= 0.50F = /
ot o ﬁ
-
Loasp7 2 »
0.00567%0 100 20 60 100 20 60 100
t t t

Figure 5: Converge of the near-light-cone operator
density p"C obtained from Monte Carlo sampling
with O = Z;Z; initial condition. Panels (a) and (b)
display the density evolution of left movers (pkC) and
right movers (p%,&l) respectively. Colored lines rep-
resent the Monte Carlo data with ~ 107 samplings,
whereas the horizontal black lines in panels (a) and (b)
denote the mean-field result p5¢ = 3/4 and Eq. (25) at
corresponding k values, respectively.

near the left light-cone differs significantly from
a direct mean-field solution. This discrepancy
arises because the mean-field analysis is valid only
when the operator occupations on different sites
are nearly independent, allowing correlations to
be neglected. However, strong correlations exist
near the left light-cone for O = Z;, and this can
be explained in the following way.

We consider the conditional probability
p(z,tltg) of the full operator dynamics, where
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to = 1,2,... labels the time when the initial
operator emits a left mover for the first time.
This left mover becomes the leftmost particle
and will never disappear in subsequent evolution.
The probability distribution of ¢y is given by

p(to) = a1l — oz)to_l. (26)

After the emission of the first left mover, we have
two nearest neighbor particles, and the evolution
of operator density matches previous discussions
for O = ZyZ;. This results in

p(x,t |to) = p(x — to,t — to)zz- (27)

Here, p(z,t)zz is the operator density for O =
ZyZy. Specifically, we have p(z, t|tg) = 0if x4+t <
2ty and p(x,tltg) = 1 if x + ¢t = 2¢ty, indicating a
long-range correlation between different sites near
the left light-cone after summing up contributions
from different ¢3. Therefore, a naive mean-field
theory does not apply. However, since it has been
established that p(z,t)zz can be described by the
mean-field equation, we can still make predictions
using a superposition of mean-field results:

o) = 3 plto)ole — tort — to)zz.  (28)
to—1

Since p(ty) exponentially localizes at small ¢, ev-
ident from Eq. (26), it does not change the long-
time relaxation to p(z) = 3/4 and the steady-
state operator density near the right light-cone,
which is still given by Eq. (25). For the steady-
state near the left light-cone, the dependence on
to becomes significant. Defining d = z +t — 2 ~
O(1), we have p§¢ = a,

k

phy = itozlp(to) +p(k+1) 29)
— z (1 —(1- a)k_1> +a(l - oz)k.
and
e ey 3 §_a _ g)kti—to
P21 t02:21p(t0) <4 (4 ) (1-a) )
zz—ﬁ(l—a)k {l—a(ga—l-k(—l—i-%oc))} .
(30)
for any k > 0.

Again, we test the above prediction near the
left light-cone with O = Z; initial condition by
directly comparing with Monte Carlo simulations,

(a) k=1 k=2 k=3
0.75} .
= 0.50F — F
9 - f
QL
025} -
. . , L. | —a=0.2 . .
0.005560 100 20 w03 | 60 100
(b) T -
0.75¢ F —a=04
%0.50- - s
SX | -
'R 0.25F F
0.0055760 100 20 60 100 20 60 100
¢ t t

Figure 6: Converge of the near-left-light-cone oper-
ator density 5C obtained from Monte Carlo sam-
pling with O = Z; initial condition. Panels (a) and
(b) display the density evolution of left movers (p5<)
and right movers (p5C, ;) respectively. Colored lines
represent the Monte Carlo data with ~ 107 samplings,
whereas the horizontal black lines in panels (a) and (b)
denote the mean-field results in Egs. (29) and (30) at
corresponding k values, respectively.

as exemplified in Fig. 6 (a) and (b) for k =1,2,3
at @ = 0.2,0.3,0.4. The operator density near
the left light-cone for both left and right movers
converges to the mean-field results in Egs. (29)
and (30) as ¢ increases.

3.1.3 Summary of results on operator density

In this subsection, we investigated the operator
growth dynamics in dual-unitary circuits with a
brick-wall arrangement of two-qubit gates, char-
acterized by the gate parameter «. Near the
center of the light cone of the growing opera-
tor, the operator density converges exponentially
to 2, following p(t) = 2 — Ae™, with the rate
A = —In(1 — a) determined by «. In the long-
time limit, the operator density will converge to
the profile depicted in Fig. 7, which oscillates
between upper and lower bounds. We derived
analytical expressions for these bounds based on
a mean-field-like theory, where operators spread
like diffusive “particles”, and correlations among
these particles are retained only to the minimal
necessary order. Their expressions and verifica-
tions are summarized in the table within Fig. 7.
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(a) 1 (b) 1
LC LC L
3| |P2k P2 3. P2k
o R < e
) ,' ‘| \i_%: l'll ‘|
< | R A | 2| MRS, AT
oll=d de 0 i—d de
-t 0 t -t 0 t
x x
Bound Expression Verification
p5e Eq. (24) Fig. 5(a)
plikc_s_1 Eq. (25) Fig. 5(b)
ﬁg,g Eq. (29) Fig. 6(a)
pyc  Eq. (30) Fig. 6(b)

Figure 7: Schematic plot the operator density distribu-
tion p(z,t) in the long-time limit, for operator dynamics
starting with (a) O = Zy and (b) O = ZyZ;. The
shaded area indicates the operator density oscillates be-
tween the upper and lower bounds alternatively. The
bounds near the light-cone edge are denoted as p5© or
ﬁdLC, with d being the distance away from the light-cone
edge. Their mean-field expressions and verifications with
Monte Carlo simulations are summarized in the follow-
ing table.

3.2 Operator Entanglement Growth

Next, we study the dynamics of operator entan-
glement, focusing on the steady-state entangle-
ment for subregions near the light-cone starting
from the single-site operator O = Z;. As estab-
lished in Sec. 3.1, the results obtained near the
right light-cone for O = Z; should also apply
to both light-cone edges for the two-site opera-
tor O = ZyZ1, so we will not further discuss the
operator entanglement dynamics for O = Zy 7,
and we will focus our discussion on the case of
O = Zj only. Given the initial operator O = Z,
as it evolves under the dual unitary circuit, the
operator spreads into a light-cone in the space-
time.

We consider three different cases with different
choices for subregion A to study the operator en-
tanglement entropy, after evolving O = Z; by the
dual unitary circuit for time ¢, as shown in Fig. 8:

1. A contains consecutive sites from the right
light-cone edge.

2. A contains consecutive sites from the left
light-cone edge.

3. A contains consecutive left movers from the

A Case 3

K

dual unitary
evolution

' o

0 T

Figure 8: lllustration of three different choices of the
operator entanglement region A in the spacetime. As-
suming a single-site operator at the spacetime origin
evolve under dual unitary circuits for sufficiently long
time, Cases 1 and 2 concerns the operator entanglement
near the two inequivalent light-cone edges. Case 3 con-
sider the operator entanglement of the left movers only,
which can be effectively separated from right movers by
a subsequent circuit of swap gates.

left light-cone edge.

It worth mention that the Case 3 can be viewed as
the operator entanglement on the left light-cone
after further evolving the operator by a brick-wall
circuit of swap gates (i.e. quenching dual unitary
gates to swap gates after time t), such that the
left- and right-movers are separated. We will be
most interested in the scaling of operator entan-
glement entropy with the region size [4 in the
long-time limit ¢ — oo, as the operator has been
sufficiently scrambled by the dual unitary circuit
to exhibit equilibrium behavior.

3.2.1 Case 1: from the right light-cone edge

We begin with the Case 1, which allows for a
direct mean-field description. With the mean-
field approximation Eq. (19), we can estimate the
nth Rényi operator entanglement Eq. (15) as

SO~ ——— 3 (1= p(a )" + (2,1 /3"

n—1 €A
(31)
Near the right light-cone, the steady-state op-
erator density, given by Eq. (25), approaches
p = 3/4 within a length scale of —2/log(1 — «).
Therefore, to extract the volume law coefficient
of operator entanglement, defined as

™= 1m0
@ slas1 A /1,

we can safely approximate pé‘c = 3/4. This leads
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Figure 9: Scaling the operator entanglement en-
tropy for Case 1. (a) The linear growth of the operator
entanglement entropy with respect to the entanglement
region length [4 at & = 0.15 as an example. Notice that
the evolution time at small « should be long enough to
manifest the linear growth. (b) The fitted leading vol-
ume law coefficient as a function of « obtained at various
evolution times ¢. a(lg) values at t = oo are extrapolated
from the finite-t results at each a with a power-law fit-
ting. The horizontal black line represents the maximal
growth speed 21n2. The entanglement entropy data is
averaged over ~ 10% samplings.

to the expression SX”% ~ (2In2) 14+ O(1), yield-
ing

a{” =2In2. (32)

Since the local operator space has a dimension of
4, this result demonstrates that operator entan-
glement near the right light-cone is nearly max-
imal. We demonstrate the maximum growth of
the operator entanglement entropy at n = 2, i.e.,
second Rényi entropy in Fig. 9. As one can see in

Fig. 9 (a), linear scaling of 51(42,)1 against the entan-

glement region [4 (volume law) is observed only
after a long enough evolution time ¢, especially
at small « values. The fitted volume law coeffi-
cients a§2) against « at different t are presented

in Fig. 9 (b). At large «, a§2) is found to be max-
(

imum 21In 2, even at small t. However, a12) drifts

drastically against ¢ at small . Therefore, we

extrapolate the t — oo limit from finite-¢ agz) val-

a=0.15

1LOF —— =120
S —— Mean-field

080 02 04 06 08 1.0
a

Figure 10: Scaling the operator entanglement en-
tropy for Case 2. (a) The fitted linear growth of the
operator entanglement entropy with respect to the en-
tanglement region length [4 at @ = 0.15 as an exam-
ple. The operator entanglement entropy measured at
different times is nearly identical such that the markers
overlap with each other. (b) The leading volume law co-
efficient as a function of « obtained at various evolution
times ¢ = 120. A transition between a maximal and a
sub-maximal growth of the entanglement entropy man-
ifests. The horizontal black line represents the maximal
growth speed 21n 2, whereas the vertical one indicates
the transition point & = 3/4. The shaded area marks
the unphysical region where « exceeds 2/3. The entan-
glement entropy data computed by averaging over ~ 108
samples.

ues, denoted as the purple dots with error bars in
Fig. 9 (b). The extrapolated values demonstrate
a maximum growth of the operator entanglement
entropy for all a € [0,2/3] at ¢t — oo, consistent
with the mean-field analysis above.

3.2.2 Case 2: from the left light-cone edge

Now, let us consider Case 2 near the left light-
cone. Similar to the calculation of the operator
density, we introduce the conditional joint distri-
bution function wp, (t|tg) given an emission of a
left-mover for the first time at ¢y and express the
reduced density matrix as follows:

A= plto) 3wy (tlto) [Py (P (33)

to P;(‘: 0)
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Here, wp,(t|tp) matches the joint distribution
with the initial operator O = ZyZ;, with shifted
space-time indices. An important observation is
that tg determines the position of the leftmost
particle. Therefore, for to,t[ < (la + 1)/2 and
to # ty, we have <Pf(1t0)\Pjgt6)> = 0. On the
other hand, for t9 > (l4 + 1)/2, the subsystem
A contains only the identity operator |I). Conse-
quently, we can rewrite the reduced density ma-
trix as

pPa= Z p(to) Z wpfj(l)(tlt()) |PX°)><PXU)|

1o <latl plo)
0=7"3 A (34)
+ Y plto)lD).

to>1atl

Here, all different terms are orthogonal. Taking
the mean-field approximation for the conditional
distribution, we can express the operator entan-
glement entropy as

(n)
e—(n—l)SA2 _ Z

1<to<tatt

+< > p(to)>~

to>-45—

—(n—1)5"™
pn(to)e (n 1)51411

(35)

In this equation, we have identified the contribu-
. ¢ ¢
tion from ZP/(;O) U)Péto)(t“:(]) |P£0)><P£10)| as the

operator entanglement of a subsystem A, which
contains [4 — 2ty + 2 sites near the left light-cone
for the initial operator O = ZyZ;. The corre-
sponding result matches the findings of Case 1
for O = Z;.

To extract the volume-law coefficient, we use

S%"i ~ (g — 2ty +2) x 2In 2. Moreover, for large
4, we can neglect the last term in Eq. (35). The

result reads

(n)
e—(n—l)s&2 — " Z

1<to<iatl

(36)
Instead of a direct calculation of the summation,
we can estimate by extracting the ¢y dependence,
which scales as % with g := 24=1(1 — a).
When we have 8 > 1, the dominant contribution
is from tg =~ (l4 +1)/2, while for g < 1, the dom-
inant contribution comes from t¢ ~ 0. Therefore,
we have
o =

4(n—1)

n . _ A1)
sy n(l —a) fa<l-—27"",
ifa>1-2"""=

21In2
(37)

(1 _ a)"(t0_1)4_(n_1)(lA_2t0+2)'

This suggests a possible transition in operator en-
tanglement as we tune «. Unfortunately, since
the mapping from the original quantum circuits

to the Markovian process requires o < 2/3, the
.- . _4=1) .
transition point a. = 1—2" " = is never accessi-

ble for integers n > 2. On the other hand, taking
the limit n = 1 leads to o, = 0. A non-trivial
entanglement transition at finite o only exist for
1<n<(1—(logy3)/4)~1 ~ 1.66.

From Eq. (37), the transition for the second
Rényi entanglement, n = 2 appears at a, = 3/4.
Although o = 3/4 is out of the legitimate do-
main of the dual unitary gate parameter, we can
nonetheless perform Monte Carlo sampling in the
entire range « € [0, 1]. Fig. 10 (a) demonstrates
the volume law growth of the entanglement en-
tropy. In this case, entanglement entropy con-
verges very quickly against the evolution time ¢
such that the data measured at t = 40 is almost
identical to that measured at t = 120, in contrast
to the strong time-dependent feature observed in
Case 1. A transition at a, = 3/4 is successfully

detected by the volume law coefficient aéQ): below

a = 3/4, agZ) increases as —In(1 — «) consistent
with mean-field analysis and remains the maxi-
mum value when o > 3/4.

3.2.3 Case 3: from the left light-cone edge, focus-
ing on left-movers only

We can construct a scenario where an entangle-
ment transition can be observed at a finite «
within the physical range of the gate parameter.
This is described in Case 3, where we consider
only the subsystem A of left movers. Following
the analysis of Case 2, the only difference is a re-

duction of S,(aini by a factor of two. Therefore, we
expect 7

(=187 om S (1 )ttt
1<to<la+1
(38)
This results in a change in the critical a:
2(n—1)
(n) —fen(l—-a) fa<l-2"""",
= . 2
2In2 fa>1—-2""7= .
(39)

An entanglement transition exists for 1 < n <
(1 — (logy3)/2)~! ~ 4.82. In particular, we find
a. = 1/2 for the second Rényi operator entangle-
ment, which is also verified via numerical simula-

tion in Fig. 11 (b). The growing behavior of aéQ)
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Figure 11: Scaling the operator entanglement en-
tropy for Case 3. (a) The linear growth of the operator
entanglement entropy with respect to the entanglement
region containing only left-movers at & = 0.15 as an ex-
ample. The operator entanglement entropy measured at
different times is nearly identical such that the markers
overlap with each other. (b) The fitted leading volume
law coefficient as a function of « obtained at various evo-
lution times ¢ = 120. A transition between a maximal
and a sub-maximal growth of the entanglement entropy
manifests. The horizontal black line represents the max-
imal growth speed 21n 2, whereas the vertical one indi-
cates the transition point o = 1/2. The entanglement
entropy data is averaged over ~ 10% samplings.

at the sub-maximal growth region, i.e., o < 1/2,
also agrees with the mean-field prediction, which
reads —2In(1 — ) at n = 2.

3.2.4 Summary of results on operator entangle-
ment

In this subsection, we studied the dynamics of
operator entanglement in dual-unitary circuits,
examining three distinct cases based on different
subregions near the light-cone with the initial op-
erator O = Zy, as illustrated in Fig. 8. Across all
three cases, the nth-Rényi operator entanglement

entropy 51(4”) (t), as defined in Eq. (13), exhibits
a volume-law scaling on both edges of the light
cone in the long-time limit ¢ — oo, i.e.

S o oyt (40)

2 (a) Case 1 (b) Case 2 (c) Case 3
%
00 r 1 1 29 1 1 1 29 1 1 1 2
6 3 2 3 6 3 2 3 6 3 2 3
a a (0%
—n=1 —n=2 —n=3 —n=5
Coefficient Expression Verification (n = 2)
al" Eq. (32)  Fig. 9(b)
al" Eq. (37)  Fig. 10(b)
al" Eq. (39)  Fig. 11(b)

Figure 12: Summary of the volume-law coefficient a(™)
of the mth-Rényi operator entanglement entropy, de-
pending on the dual unitary gate parameter « for three
cases of entanglement regions: (a) from the right light-
cone edge, (b) from the left light-cone edge, (c) from the
left light-cone edge focusing on left-movers only. Max-
imal to sub-maximal volume-law transition in operator
entanglement only happens in the last case.

growing linearly with the subregion size [ 4. How-
ever, the dependence of the volume-law coefficient
a™ on the gate parameter o and the Rényi in-
dex n differs between the cases, as summarized in
Fig. 12.

The transition from maximal to sub-maximal
volume-law growth in operator entanglement is
observed specifically in Case 3, when focusing
on the left movers in the left light-cone entan-
glement region. This result highlights how the
gate parameter « influence the degree of opera-
tor entanglement among the leading left movers
emitted from the expanding operator. Such op-
erator entanglement transitions, characterized by
the abrupt drop in the volume-law coefficient at a
critical value of «, have been previously discussed
in the literature [36, 37, 40]. Notably, Ref. [37]
first identified the operator entanglement transi-
tion in a setup akin to our Case 2 and derived the
following formula for qubit systems:

n 2 2 _2n=-1)
a(n)_{—nlln|/\| S T

2In2 otherwise,

where A is the leading non-trivial eigenvalue of a
transfer matrix defined therein. However, the ex-
plicit dependence of X on the gate parameter was
not fully established. Our study builds upon this
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foundation by demonstrating that this behavior
actually aligns precisely with our Case 3 scenario
when we identify [A\[? =1—a =1 — 2 cos?(2J).
As a result, we clarify the appropriate entan-
glement region setup necessary to observe the
operator entanglement transition in dual-unitary
circuits, providing a mean-field formula for the
volume-law coefficient directly in terms of the
gate parameter. This result is supported by
Monte Carlo simulations, which show excellent
agreement with our theoretical predictions.

4 Discussion

In this manuscript, we systematically investigate
the operator density evolution and entanglement
entropy scaling in dual-unitary circuits by map-
ping the dynamics to a classical Markov process,
enabling efficient Monte Carlo simulations. For
operator density, we demonstrate that near the
center of the light cone, the operator density con-
verges exponentially to a steady value of %, with
a rate governed by the gate parameter . In the
long-time limit, we derive analytical expressions
for the operator density profile’s upper and lower
bounds, which are verified through simulations.

For operator entanglement, we analyze three
distinct subregions near the light cone and find
that the operator entanglement entropy consis-
tently follows a volume-law scaling. However,
the volume-law coefficient’s dependence on « dif-
fers across cases. Notably, we identify a transi-
tion from maximal to sub-maximal volume-law
growth when focusing on left movers near the
left light cone. This transition, characterized by
a sudden drop in the volume-law coefficient at
a critical «, aligns with prior theoretical predic-
tions in the literature |36, 37, 40]. Additionally,
we extend this understanding by providing a di-
rect mapping of the volume-law coefficient to the
gate parameter, supported by mean-field theory
and validated through Monte Carlo simulations.
Our work not only clarifies the conditions un-
der which operator entanglement transitions oc-
cur but also offers a comprehensive framework for
studying operator dynamics and entanglement in
dual-unitary circuits.

Our result could have implications in classical
shadow tomography [59] and can be extended to
random quantum circuits with symmetries. Clas-
sical shadow tomography is a recently developed

method for efficiently predicting many proper-
ties of quantum systems using a limited num-
ber of measurements [59-62]. By understand-
ing operator dynamics and entanglement growth,
we can improve the efficiency of classical shadow
protocols, leading to more accurate reconstruc-
tions of quantum states and observables in many-
body systems [63-89]. More specifically, the ad-
vantage of using dual unitary circuit in classical
shadow tomography has been recently discussed
in Ref. [41].

An interesting future direction is to extend our
stochastic simulation framework to random quan-
tum circuits with symmetries, which play a cru-
cial role in modeling realistic quantum systems
that conserve quantities such as particle num-
ber or spin [5, 90-95]. Incorporating symmetries
into operator dynamics affects the spreading and
entanglement properties, offering deeper insights
into the role of conserved quantities in quantum
information scrambling and thermalization. Our
approach provides a pathway to study these ef-
fects efficiently, bridging the gap between solvable
models and more complex, realistic systems.
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