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Abstract

In this paper, we develop an appropriate set of hydrodynamic equations for a U(N) invariant
superfluid that couple the dynamics of superflow and magnetization. In the special case when both
the superfluid and normal velocities are zero, the hydrodynamic equations reduce to a generalized
version of Landau—Lifshitz equation for ferromagnetism with U(N) symmetry. When both
velocities are non-zero, there appears couplings between the superflow and magnetization
dynamics, and the superfluid velocity no longer satisfies the irrotational condition. On the other
hand, the magnitude of magnetization is no longer a constant of motion as was the case for the
standard Landau-Lifshitz theory. In comparison with the simple superfluid, the first and second
sounds are modified by a non-zero magnetization through various thermodynamic functions. For
U(2) invariant superfluid, we get both (zero-) sound wave and a spin wave at zero temperature. It
is found that the dispersion of spin wave is always quadratic, which is consistent with microscopic
analysis. In the appendix, we show that the hydrodynamic equation for a U(N) invariant superfluid
can be obtained from the general hydrodynamic equation with arbitrary internal symmetries.

1. Introduction

The low-energy and long-wavelength dynamics of a many-body system can be usually described by
hydrodynamics. The relevant hydrodynamic variables typically refer to the densities of conserved quantities,
for example, the particle density, the momentum density [1]. In addition, when symmetry breaking is
involved, extra hydrodynamic variables may arise. For example, in superfluid Helium-4 or Bose—Einstein
condensate of a single component atomic Bose gas, the hydrodynamic variable also include the symmetry
broken variable, the superfluid velocity v, [2].

On the other hand, the patterns of symmetry breaking in a multi-component Bose or Fermi system are
more complicated and provide a new platform to explore interplay between various different orders. One
classic example is that of superfluid Helium three where, depending on the external parameters, different
phases are realized with different broken symmetries [3]. The hydrodynamic behavior is, as a result, much
richer than its Helium-4 counterpart. In cold atom physics, multi-component Bose gases have also attracted
a lot of interest because of its various ground states with different magnetic structures. For example, in a
spinor-1 Bose—Einstein condensate (BEC), depending on interaction and applied Zeeman field, there may
exist ferromagnetic phase, antiferromagnetic phase or polar phase [4-6]. Another interesting example is the
spin-orbit coupled atomic gas [7—18] that can host plane-wave phase, strip phase and zero-momentum
phase. In the last case, the superfluid properties is also very unique with superfluid density greatly suppressed
due to enhanced effective mass by spin—obit coupling [19], and an anisotropic response in hydrodynamics
[20—24]. Recently, the physics of SU(N) atomic gas have also attracted a lot interests [25-29]. The enlarged
symmetry can lead to unconventional magnetisms [30], spin-liquid [31], superfluid [32], itinerant
ferromagnetism [33], valence-bond solid phase [34] and novel trion states [35] etc. The collective excitation
have been measure experimentally [36, 37]. The equation of state of SU(N) Fermi—Hubbard model is
measured in both continuum [38, 39] and in lattices [40].
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In a typical Bose—Einstein condensate of atomic gases, due to the weak inter-atomic interaction, the
superfluid behaviors can be described by Gross—Pitaevskii (GP) equation. Furthermore, based on GP
equation, by introducing the amplitude and the phase of the condensate wave functions, one can obtain the
hydrodynamic description of the system in terms of particle number density n and superfluid velocity v;
[41-47]. We note, however, that there are several limitations of this method. First of all, the standard GP
equation only applies when the interaction is weak and the quantum depletion is negligible. It is much
harder to justify the use of GP equation when inter-atomic interaction is strong. Secondly, at finite
temperature, the generalization of the GP equation is fairly complicated and the reduction of which to the
standard hydrodynamics is not straightforward [48]. Thirdly, even if we restricted ourselves to the
zero-temperature case, a straightforward generalization of the phase-amplitude method to multi-component
gas does not bring out the magnetic order explicitly. It is thus useful to construct the low-energy
hydrodynamic theory by appealing to symmetry and conservation law directly.

In this paper, we overcome the above difficulties by choosing density of conserved quantities as
hydrodynamic variables. Using Hamilton method, we develop the hydrodynamic theory for a
multi-component superfluid system with U(N) invariant interactions. In this approach, the physical
meaning of hydrodynamic variables are clear and apply to both zero and finite temperatures. We find that
due to coupling of superflow and magnetization, the superfluid velocity does not in general satisfy the
irrotational condition and the magnitude of magnetization is not a constant in general, in contrast with the
case for the standard ferromagnetic theory without damping. Furthermore, based on the hydrodynamic
equations obtained, we calculate the velocities of the first and second sound, and the spin wave excitation in a
U(2) invariant superfluid. It is found that both sound velocities are modified by nonzero magnetization.

2. Hydrodynamics for a classical fluid

To set the stage for our discussion of U(N) superfluid, let us first start with the application of the Hamilton
method [49] in classical fluid to derive the ideal hydrodynamic equations. From thermodynamics, we know
(2, 24, 50]

de = Tds+ pdn +v - dg,

f=e—Ts—v-g,

df = —sdT+ pdn — g - dv,

p=—€+Ts+v-g+pun,

dp=sdT+g-dv+ndu, (1)

where € is energy density (energy per unit volume), f is free energy density (free energy per unit volume), T
is temperature, s is entropy density (entropy per unit volume), v is liquid velocity, g is momentum density
(momentum per unit volume), 4 is chemical potential and 7 is the particle number density (particle number
per unit volume). Here the hydrodynamic variables are taken as the number density #, momentum density g,
and entropy density s. In an ideal fluid, these are densities of conserved quantities. In order to get
hydrodynamic equations within Hamilton method, we use the energy density € to construct an energy
functional (Hamiltonian), i.e.

H:/d3re(r). (2)

By equation (1), the Hamilton equation of hydrodynamic variable A is given by

O0A(r))
o = (Ar),H}
= [ #n oy e gy e g st
:/d3rz [T(r2){A;s(02)} + p(r2) {A,n (1) } +v(12) - {A, 8(r2) }], (3)

where {A, B} denotes the classical Poisson’s bracket.

Based on equations (1)—(3), we see that in order to get the equation of motion in terms of hydrodynamic
variables, we need to know the commutation relations (Poisson’s brackets) among #, g, and s. For mechanical
quantities, n and g, we adopt Landau’s method to calculate their Poisson bracket [51, 52]. First of all, we
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know the particle number density n and momentum density can be written in terms of the position and
momentum of the particles, i.e.

n(e) =38 (- x):
g(r) = pr (ri—1), (4)

where r;, p; are respectively the position vectors and momentum of ith particle, which form the canonical
conjugate pairs, i.e.

{rip;} = —{p;ri} = i

{rux} = {pop;} =0, (5)

and the classical Poisson’s bracket between A and B is given by
0A 0B O0A OB
{A,B}:Z[~—-] (6)

Using equations (4) and (5), we find the commutation relations

{n(rl)’n(r2>}:07 (7)
{n(r1),g(r2)} = n(r;) V20> (ry — 1), (8)
{gi(r1).g(r2) } = gi(r2) Vi (r1 — 1) — g (1) V16’ (1, — 12) , 9)

where V, stands for 9/0r; and index i,j = x,y,z.

In order to get the commutation relations between s and g and between s and #, one can make use of
their properties under the general coordinate transformation [53]. It is found that the commutation relations
are given by

{s(r1),n(r)} ={s(r1),s(r2) } =0, (10)
{s(r1),g(r2)} =s(r2) V26’ (r1 — 12). (11)

Note that the Poisson bracket for entropy density s(r; ) with momentum density g(r,) are of the same form
as that of particle density n(r; ) with g(r,). This is expected as both n(r;) and s(r;) are scalar density variables
that transform in the same way under the general coordinate transformation.

Based on the commutation relations equations (7)—(11), the Hamilton equation (3) gives the
hydrodynamic equation

O fnHy =V (), (12)
0% _ (o HY = —niipt— 0T — e — 0 (v

or {ng} = —”@M—SQT—&@V; —0; (Vzgj)a (13)
9

5 = {sHY ==V (). (14)

Moreover, using thermodynamic relations equations (1)—(13) is reduced into the momentum conservation
equation, i.e.

0gi
873; = {gi,H} = —0; (m;) , (15)

where the stress tensor
i :p51j+givj. (16)
Furthermore we introduce particle current density j and velocity v by

j=g/m=nv, (17)
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where m is the mass of the particle in the liquid. In terms of current density j and velocity v,
equations (12)—(14) becomes the standard Euler’s equations [54], i.e.

on

E_Fv.]:o, (18)
ov _Vp

E—i—(v-V)v— rE (19)
Os

5tV () =0, (20)

where p = mn is mass density (mass per unit volume). The first equation (18), expresses particle number
conservation; the second equation (19) is the famous Euler’s dynamical equation for velocity and the third
equation (20) is the entropy conservation equation. In the following section, we use a similar method to get
the hydrodynamic equation for a superfluid.

3. Hydrodynamics for a simple superfluid

Comparing with the classical fluid, superfluid distinguishes itself by the additional thermodynamic variables,
the superfluid velocity v; that characterize the motion of the superfluid component. As a result, in a
superfluid, the whole liquid can be viewed as two interpenetrating parts, i.e. the normal part with the particle
number density #, and the superfluid part with the particle number density #; the total particle density is
given by n = n, + n,. The superfluid component suffers no viscosity and is governed by dynamical laws that
is very different from the normal component [51, 52, 55]. The normal fluid is characterized by a velocity v,.
For a superfluid system, the free energy density takes the form of [2, 24]
_ mnv,, L s (Vs —Vn)®

> 5 (21)

f:fo(T,ﬂ)

where f is the free energy density when liquid is stationary, i.e. v; = v, = 0. The particle number current
density j and the conjugate variable, h, to the superfluid velocity v, are given respectively by [24]

. of 8
)= mow, = Ny Vy + NsVs = m (22)
h= %fs =nm (Vs —v,). (23)

The thermodynamic relations of a superfluid takes the form [24]

de = Tds+ pdn+v, - dg+h - dv,, (24)
f=e—Ts—v,-g, (25)
df = —sdT + pdn — g - dv,, +h - dv, (26)
p=—e+Ts+v, g+ un, (27)
dp=sdT+g-dv,+ ndp—h-dv,. (28)

Similarly, the effective Hamiltonian is given by

H= /d3re (r). (29)

In order to get the equation for v;, we need to know the commutation relations between v, and other
hydrodynamic variables, #, g and s. To this end, we can either make use of the transformation law of v, under
the general coordinate transformation [53] or introduce the Clebsch’s representation [49, 57-59] for the
momentum density g, i.e.,

g =nmv,+sVp (30)

where #, s are particle number density and entropy density, respectively. Here 3 is the Clebsch variable.
Together with #, s, they form two independent canonical conjugate pairs with Poisson brackets [49]:

{n(r),mve(r2)} = V26’ (r; —12), (31)
{s(r1),8(r2)} =8 (r; — 1), (32)

4
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{n(r1),6(r2)} = {s(r1) Vs (12)} = {n(r1) ,5(r2)} = 0. (33)

One can verify that the above relations equation (30)—(33) can recover the correct commutation relations
equations (7)—(11). The introduction of Clebsch variables provides a convenient way of defining the
Hamiltonian structure of hydrodynamics and facilitates the construction of hydrodynamic equations. In the
superfluid system, the Clebsch variable 5 was introduced in [49] which demonstrated that it reproduces the
correct two fluid equations. For classical fluid, the mathematical foundation has been discussed by, for
example, Morrison [60].

From the equations (7)—(9), (30) and (31)—(33), we can get

{vi (r1),8 (12) } = v (r2) [V2i8’ (2 = 11) | = 6 (12 — 11) [Vjvsi = Vivg] , (34)

{VS,‘ (1'1) ;Vsj (1‘2)} = —%53 (I‘z — 1'1) [vjVsi — V,’Vsj] . (35)

Using commutation relation equations (7)—(11), equations (31)—(35) and thermodynamical relation
equations (24)—(28), the two-fluid equations can be written in the form of a set of Hamilton equations, i.e.

0
5’: = {mH}y =~V (n-v,)—V-(h/m) =V j, (36)
0gi
S0 = gty == om;, (37)
j
Os
a H}=-V- n)s
5 = SHE= =V (sv) (38)
Ov;
= saH
5 — e H}
s) X h
— V() m) =V (V- V5) — (VX V) XV — %
v S nvn sYs
=V (afm) ¥ (v ) - YL ), )
with the constitutive relations
hi = mn; (Vsi - Vni) y (40)
ji = Ny Vi + NsVsi, (41)
g = mjj, (42)
mij = p&ij + MmN, ViV + MGV, (43)

From equations (36)—(39), we see that if initially the superfluid velocity is irrotational, i.e. V X v, = 0, then
the superfluid velocity would stay irrotational in the future [51]. Therefore, the equation for superfluid
velocity becomes:

Ov;
E—G—V(u/m—l—vn-vs)zo. (44)

In the following, we shall see that in a multi-component superfluid with U(N) invariant interactions, due to
coupling between superfluid motion and magnetization, the superfluid velocity inevitably has non-vanishing
vorticity in general.

4. Hydrodynamics for a U(N) invariant superfluid

To be concrete, let us first start with the general Hamiltonian with U(N)-invariant interactions and
introduces the necessary notations,

R _h2V2
=Y [t () =5 )

+ ;Z/drldrzwl (71)7/);[,/ (r2) VI (11 = 12) Yo r (12) 00 (11)

b2 30 [dndnh, Tt ()98, () VS (1= 52) o, (1) e (), (45)

01020304
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where T* is the generator of SU(N) group and V¥, VS are density—density and spin—spin interactions,
respectively. 1] (r) is a bosonic creation operator that satisfies the standard commutation relations. It is clear
that the Hamiltonian equation (45) is U(N) invariant and completely general. In the next section, specific
forms for VI{(r; —r,) and V¥5(r; — r,) will be used in the case of weakly interacting atomic gas.

At low temperature, condensation occurs which can be viewed as ), (r) acquiring an expectation value in
thermal equilibrium. Let us denote it as (1)) which should be viewed as a column vector consisting of
elements (¢, ). Furthermore, it is known that the U(N) group can be viewed as a direct product by U(1) and
SU(N), i.e. U(N) = U(1) ® SU(N). A general rotation R that acts on order parameter can then be expressed
as

R(p) = &0 T+ (y), (46)

where T? = I is an identity matrix (the generator of U(1) subgroup), and T" is the generator of SU(N).
Phases #° and 6“ are the corresponding (real number) rotation angles of general rotations. The
corresponding conserved charges are given by [61]

n(r) =y ()1 () =" ()¢ (r), (47)
n (r) =7 (1) T (r). (48)

The commutation relations among them can be found easily, using [T°, T"] = 0 and [T*, T*] = if,;, T* where
the structural constant of SU(N) group f¢,; are completely antisymmetric with respect to indices (abc),

[n(r1),n" (r2)] =0, (49)
[n® (1)), n’ (1)] = if<apn® (1) 8 (11 — 12). (50)

In addition, the structure constant f%;. should satisfy the Jacobi identity [62]

0 :féaﬁfeé'y +f6'yaf€66 +f5[3'yf65a' (51)

For a U(2) invariant superfluid, the system has four generators, i.e. T® = Lx,, T' = 0*/2, T> = ¢”/2 and
T® = 0%/2 (for definiteness, we assume the dimension of representation of U(2) is two, i.e. its fundamental
representation). The corresponding conserved charges are particle number # = 1 (r)4(r), spins (or
magnetization) M*# = 14T (r)o*”#1)(r). Now their commutation relations are

[n (r1),M* (1‘2)} =0,

[M* (r1) MP (r)] = i€ M (1) 8% (1) — 1), (52)
where the structural constant e is the Levi-Civita tensor, which is completely antisymmetric with respect to
indices (abc) and €'* = 1. Let us comment that so far all the commutation relations are exact as operator
relations.

In the following, we assume that it is possible to describe the quantum fluid by a set of hydrodynamic
equations that treat the related quantities as classical variables, ignoring their quantum fluctuations. In the
present work, we do not investigate the hydrodynamic fluctuations of SU(N) superfluid, for which it is
necessary to quantize the hydrodynamic Hamiltonian (see equation (61)) a la Landaus; see also discussion in
[63]. The quantum commutation relation will be replaced by classical Poisson’s brackets, i.e.

[A,B]/i= {A, B}, then the commutation relation in equations (49) and (50) is replaced by

{n(r1),n"(r2)} =0, (53)
{n (r,),n (1)} =flapn (11) 8 (11 —12). (54)

In comparison with equations (49) and (50), we drop the imaginary unit i in the right-hand sides of
equations and replace the quantum commutator by classical Poisson’s brackets on the left-hand sides.

The U(1) rotation generated by T° = I plays a special role because it commutes with other generators T*.
The spatial derivative of the U(1) phase V#° corresponds to a superfluid motion of the total density with the
velocity v,. For the SU(N) part, we will choose the density of SU(N) conserved charges (generalized spins) n*
as independent variables in constructing our hydrodynamic equation, instead of the phases 6 or their
derivatives V6°. In fact, it can be shown that, under the assumption of a specific form of free energy [see
equation (154) in the appendix] that is consistent with the Gross—Pitaevskii analysis, the generalized spin
densities suffice to provide a complete description for low-energy hydrodynamics of a U(N) invariant
superfluid.
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Let us elaborate a bit more on this point. Taking ferromagnetic system as an example, it is known that in
the magnetic ordered phase, if a rotation is along magnetization direction, the magnetization would not be
affected. However, if the rotation is not uniform, then usually superflow of mass occurs. Such a superflow
motion can be described by a superfluid velocity v; (see appendix). Then the superfluid velocity v, would in
general be a linear combination of the spatial derivatives of U(1) phase and SU(N) rotation angles. As a
consequence of this, it is found later that such a superfluid velocity would not satisfy the irrotational
condition in general. On the other hand, if the axis of a rotation is perpendicular to the magnetization
direction which corresponds to magnetization distortion, this can then be described by Landau—Lifshitz
equation that only involve magnetization density and its spatial derivatives.

Thus it is possible to determine the form of free energy density for a U(N) invariant system by first
considering the free energy in the rest frame fo(T,n,1n%). As explained above, we expect the dependence on n*
to take the standard Landau-Lifshitz form (see appendix) while the free energy density f in moving frame to
have the same dependence on v, and v,, as in equation (21) and will be a function of T,n, n*, v, and v,,.

As a result, similar to the case of simple superfluid, the particle number current and the conjugate
variable of superfluid velocity v, are given respectively by

of

=y, = Vi + nvy = g/m, (55)

_o
h= 3

=nm(v,—V,).

Since there are now additional conserved charge densities 1%, the thermodynamic relations need to be
generalized by introducing Lagrange multipliers x4 to enforce the spin conservation

de = Tds+ pdn+ v, - dg+h - dv, + p*dn”, (56)
f=e—Ts—v,-g, (57)
df = —sdT + pdn — g - dv, +h - dv, + p*dn’, (58)
p=—e+Ts+v, g+ un+un, (59)
dp =sdT+g- dv, + ndp —h - dv, + n®dp, (60)

where n” is density for other conserved charges except for particle number. p* are generalized chemical
potential for conserved charge . Similarly, the hydrodynamic Hamiltonian for hydrodynamic equation is
given by

H:/dSre(r). (61)

In order to get the equation of motion of conserved charges n”, we need to know the commutation
relations between n* and the other independent variables #, g, v, s which appear in the above
thermodynamic relation equation (56). First, let us write

:253 ri—71); (62)
ZT”63 i—1) (63)

= Zpi63 1‘1'—1‘ . (64)

From equations (53), (54) and equation (62)—(64), we get the Poisson brackets

{n(r),n(r)}= (65)
{n(r),n"(r2)} = (66)
{n(r),g(r)} = (1‘2)[ 8 (ry—r)], (67)
{n (r1),n" (r2)} = fapn® (12) 6 (12 —11), (68)
{n"(r1),g(r2)} = n"(r2) [V28’ (; —11)] (69)
{gi(r1),8(r2)} = gi (1) V0> (11 — 15) — & (11) Vi (11 — 12) . (70)

Similarly, we introduce the superfluid velocity v, by

g = nmv, +sVp, (71)

7
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with the elementary Poisson brackets

{n(r),mve(r2)} = V26’ (r; —12),
{s(r1),8(r2)} =& (11 — 1),
{n(r1),B(r2)} = {s(r1),vs(r2)} = {n(r1),s(r2)} = 0.

After a straightforward calculation, we get commutation relations for superfluid velocity, i.e.

{n(r)),mv;(r2)} = V20’ (r; = 11), (72)
{(n°(11), v, (r2)} = :;((rrzz)) V283 (1, — 1), (73)
{vi(r1),g(r2)} = {vg(r2) [V2i6’ (r2 = 11)] = 6° (12 — 11) [V}vsi — Vivg] }5 (74)
(v (1) vy (12) } = 7%53 (12— 1) [Vjva — Vivg] (75)
{gi(r1),s(r2)} = (fl) V2id® (1 —12), (76)
{vs(r1),s(r2)} = (77)

In addition, as usual, the commutation between #n? and entropy are zero, i.e.

{n"(r1),s(r)} =0. (78)

This is natural considering that both transform in exactly the same way under general coordinate
transformation.
Using the above commutation relations, we can write the equation of motion as follows:

nD_ vj (79)

%~ ai(m), (50)

Z 1V (w) =0, 8D

P = 0 0. HY = () - (1), )

8v5 {vS,H}——V( )—V(v,,-vs)—(vas) X Vi (83)
W (Vi) (¥ xv) xh o)
o n

Because n is conserved in a U(N) invariant superfluid, its equation can be written in a form of
continuity equations. To guarantee that, we take generalized chemical potential as

p' = —aVin + pf, (85)

where o is a constant, p§ o< n” is determined by a minimization of free energy when the system is in
thermodynamic equilibrium [see appendix]. We emphasize that this is equivalent to taking the
Landau-Lifshitz’s energy functional Ae oc a(VM?*)? for magnetization distortions in ferromagnetic system
[52] . By equations (82)—(85), we get the current j* for n*

“h
:a _ B v/ b a . n
i* (r) = af (wnVn’ +n'v +mn

— aft gyt 4 Tt %)
- a

s
= afcahn”an + )

n
= afaanan + ny. (86)

In the above equation, we introduce the average velocity ¥ = j/#. This shows that the current of SU(N)
charge n* includes two contributions. The first part af<,;,nVn! arises from the magnetization distortion, the
second part n*¥ comes from non-zero average velocity .

8



New J. Phys. 26 (2024) 103044 Y-C Zhang and S Zhang

To summarize, we obtain the hydrodynamic equations for the coupling between superfluid motion and
magnetization distortion, i.e.

on
0g;
j
0s
on*
5 +V-j" =0, (90)
a N n'n SsvS a4 V a
0 (£ ) (9 e M) =
t m n mn
with again the constitutive relations
ji = NyVpi + NsVsi, (92)
g = mjj, (93)
T ji = POij + MV iV + MAVGV (94)
“h
a B v/ b a . n
i = aof wn'Vn’ +nv, + o

a
— af i Vnt 4 T TV (nnv,;—i- %) ;

= afcaanan + n*y. (95)

The above equations (87)—(91) are the main results of this paper. In appendix, we show that the same set of
equations can be also derived from a general hydrodynamic equation with an arbitrary internal symmetry
group. The above equations have several important characteristics that are worth emphasizing.

First, when v,, = 0 and v, = 0, the equation for n* reduces to generalized Landau-Lifshitz’s equation in
ferromagnetization theory. For general cases, the superfluid motions and magnetization motions are coupled
together.

Second, we see that the superfluid velocity is not irrotational due to source term — %, which arising
from the coupling to magnetization. Furthermore, it is found that, different from the usual two-fluid case,
here the superfluid velocity is a mixture of several velocities defined by both the U(1) and SU(N) groups [see
equation (165) in the appendix]. The breaking of irrotationality arises from the mixture of several velocities.
A similar phenomenon where superfluid velocity does not satisfy the irrotational condition also appears in
spinor-1 Bose-FEinstein condensate [45] and in spin-orbit coupled Bose gases [56].

Third, the motion of magnetization is also affected by superfluid motion. Due to the coupling between
magnetization and superfluid motions, the magnitude of magnetization M = v/n%n“ is no longer a constant
of motion, i.e., n*0;n® # 0. This is because by equation (90), we get

0 (n*n")
ot

=2n0m" = -2n"V - [nn]} =-2n'V-(n"v) £ 0 (96)

which is different from the usual Landau-Lifshitz theory where the magnitude of magnetization is always a
constant.

5. Sound waves and spin waves

Having established the general hydrodynamic equation for a U(N) invariant superfluid that applies to both
boson and fermion systems, irrespective of the strength of inter-atomic interaction, let us investigate its
possible collective excitations, including sound wave and spin wave. When the oscillation amplitudes are
small, we can neglect the second order terms in velocities of equation (87)—(91), i.e.,

on .

E +V )= 07 (97)
0gi _

E +Vip=0 (98)
Os

&—FV'(SVn)—O (99)
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on” v

otV =0 (100)
v, 1N 1a(Via)

ot —l—V(;) a mn (101)

with constitutive relations

ji = Ny Vyi + NV = gi/ma

. n® (n,v, + nyv.
i* = af pnVn + (¥ + V) S).
n

After introducing the entropy per unit mass, i.e. § = s/(mn) and using thermodynamic relation
equations (56)—(60), we get

Pn V?p

- £ 102
or m’ (102)
%5 nF_,
— = T 103
7" VT, (103)
on* o2y ntOn

Using the thermodynamic relation equations (56)—(60), once we know the free energy, we can get the first,
second sounds and spin wave.

We take U(2) invariant superfluid as an example and furthermore assume that when the system is in
thermodynamic equilibrium, #%") = 7, = m, = 0,n=n# 0, n* = m, # 0. The above equations reduce into

Pn Vi
- - _F 105
92 ot (105)
5 ns_,
— = T 106
ot n, v’ (106)
Oy iV, = 0 (107)
ot A
0
% — am,Vim, =0, (108)
om, B m,on (109)
ot ot
Choosing n, n* and § as independent variables, we have
_Op dp op }
dp a % mxyz,Edn - E n,mxyzdg—’_ 8mx n,3,my, dmx
op . op .
“r it difi, 110
- am)’ 7,5,My, 7+ 31’112 11,5, My " ( )
oT oT oT
T=2" el 3 i
1= 5 mm,d“ i n,mmder R . s
oT oT
P — 7 n,. 111
" am)’ n,s,m dmy+ amz nsm;xdmz ( )

Substituting equations (110) and (111) into equations (105) and (109), we obtain two sound (the first and
second sound) waves w. (q) = c4|q| and one spin wave, wyyin(q) = a71;|q|*. Here the sound velocities are
given by

cy = lzﬁ (Ai \/E)l/2 (112)

N

with

A= (an +ax)h+asm,,

2 2 -
B = ajsm; + 2a15 (a1, — ap,) Airn,

+n {46112012577% + (40120121 + (an — ‘122)2> 7_1} )

10
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where the coefficients a;;’s are given by

op op op
611127a ;WzZ? ; a5 = p) ;
mon Mayz,S maos Myyz, 1 maom, Myy, 1,5
ns? OT ns? OT ns? 0T
ay = I ;an = K ; s = 7 (113)
Mn n mxyﬂg n S Miyxyz, 1 "n e Myxy,1,S

with all other a;; = 0. In the above equations, all the physical quantities take their values at thermodynamic
equilibrium. We see that in comparison with a simple superfluid, the first and second sound have been
modified by the magnetization in U(N) invariant superfluid through thermodynamic function p and T. In
the case of a simple superfluid, m, = a;5 = a5 = 0, the first and second sounds are given by

\/(6111 +ay)+ \/4ﬂ12ﬂ21 + (an — 6122)2
V2 o

\/(011 +a) — \/461126121 + (an — 022)2
V2

wy =cq= (114)

q. (115)

Wy = 6q =

At zero temperature T=0,5 =0, ay; = a, = d5 = 0, by equation (112), we get only a zero sound and a

spin wave, i.e.
5m
wo (lq]) =wx (Iq]) = =4{/au+ Z| |_\/m8rz

Wspin = amzq . (116)

mzap

mnom,

4,

My, 1

Near the ground state, the spin-wave dispersion is quadratic, which is consistent with detailed microscopic
analysis [61].

Furthermore, for weakly interacting ultra-cold atomic gas, the interaction potentials take following form,
i.e.

Vi = 200 (r; —13),
58 =0 (r — 1),

where g is density—density interaction parameter and g, is the spin—spin interaction parameter. After taking
mean-field approximation (the field operator replaced by its expectation value), i.e. 1, — (1), the energy
density is given by interaction potentials of equation (45), i.e.

1 _ 1 _ 1 1
= Egon2 + Egznﬁ = Egonz + Egzmﬁ (117)

where particle density 71 = | (1) |*> + |(12)|* and magnetization i, = w Then by
equations (56)—(60), p = 1gyn* + g m?2 and the sound velocity is reduced to

_ | op
o= \/man .

We get a linear dispersion phonon wy(q) = cog with sound velocity ¢y = 1/ &= + gzmz and a quadratic
dispersion spin wave wpin(q) = ain,q*. We see the spin—spin interaction also has contrlbutlon in the sound
velocity when a nonzero magnetization appears. From equation (118), we can see that the spin—spin
interaction parameter g, enters the formula of ¢,. If the interaction g, is negative, the sound velocity ¢y may
become imaginary and the system would loss its stabilities. For weakly interacting ultra-cold atomic gas, the
parameter o = 1/7.

m,0p
mnom,

2
\/gon el (118)

My, 1
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6. Conclusions

In summary, we generalize the hydrodynamic equation to a superfluid system with U(N) invariant
interactions. By choosing the densities of the conserved quantities as the hydrodynamic variables, we obtain
a set of hydrodynamic equations that describes the low energy and long wave-length physics of a U(N)
superfluid. Generally speaking, the superfluid motion and magnetization motion are coupled together.
When the superfluid is stationary, our equations can be reduced to Landau-Lifshitz equation in
ferromagnetism theory. Due to the coupling of superfluid motion and magnetization distortion, the
superfluid velocity does not satisfy the irrotational condition and the magnitude of magnetization is no
longer a constant. In addition, it is found that a non-zero magnetization modifies the sound velocities
through thermodynamic relations. Our work should be useful for future studies of hydrodynamic behavior
of multi-component Bose and Fermi systems currently explored in cold atomic gases.
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Appendix

In this appendix, we review the main results in [58, 59] which provide a general formalism for
hydrodynamics in a superfluid with arbitrary internal symmetry. Based on the general hydrodynamic
equations and an assumption of free energy of a U(N) invariant superfluid, we can re-derive the
hydrodynamic equations (87)—(91) for a superfluid with U(N) invariant interactions in the main text.

A.1. The hydrodynamics with arbitrary symmetry group

The basic idea in [58, 59] is to define a set of physical quantities for hydrodynamic description and then
calculate their commutation relations. Equations of motions are then obtained from Hamilton equations. Let
us thus first consider the variations of order parameter for multi-component system (to simplify the
notation, we use v to denote a column vector of 1),):

8t = iT°60%) + iT60%) = i66° + iT*660%p. (119)

In the above equation, we have neglected the variations of amplitude of order parameter . The superfluid
velocities v? and v/, and the scalar function 2% are defined by

Vi = iv2eh +iTV), (120)
Onp = i 4+ TP, (121)

By equations (120)—(121) and 0;(V1)) = V(9x)), we obtain the equation of motion for v*

VY 0

L= -V, 122
31? 1 ) ( )
ov2
8: = —V,Q 4 [ 5 O (123)

In the following, we will determine the specific function form of Q° and ¢ [see equation (152) below].
From equations (120) and (121), we get

0=V x Vb = iV % vOT + (—i) (i) T x Vi)
=iV xvIT + %vf x V2 [T*TY — T'T%] ¢
— iV X VT o+ %vg WV BT = 0, (124)

12
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that is, because 4 is arbitrary
1 a . b
VXV;::_EfTubSXVS.

Or in component form

c c
ViVsj - v]'Vsi +fc abV?IVS]

If we interpret v¢ as gauge potential A%, then equation (125) is the zero-curvature condition for v¢, i.e.

FS, T'¢ = [D;,D}] ¢ = [viAgj — VA ff ;,A“Ab} T =0

sittsj

where D; = V; —iA? T" is the covariant derivative, F is curvature, ¢ is matter field in the standard

Yang—Mills theory.

(125)

(126)

(127)

In order to get the commutation relations, we promote the order parameter ) as quantum mechanical

field operator. Its Hermitian conjugate is 1, satisfying quantum commutation brackets, i.e.

[ty (1), 0] (r2)] = 67 (11 = 12) 600,
Wm (r1), 2y (r2)] = W,L (r1) ﬂ/’l (1'2)} =0.

The particle number density n and conserved charge (generalized spin) density n* [61] are given by

n=vl; n =yLT b,

The momentum density is (setting i = m = 1)

B(6) =~ () V() = i}, () Vi ().

In the above equation, the repeated indices are summed.
Now the thermodynamic relations can be written as

de = Tds + vydg + p’dn + hodv + pdn® + hidvg
f=e—Ts—v,-g,
df = —sdT+ pdn — g-dv, +h" - av? +h* - av® + ptdn®,

p=—e+Ts+vyg+pu'n+ pu'n®
dp = sdT +g- dv, + ndp’ + n"du” — h](-)dvg — hidvg.

(128)
(129)

(130)

(131)

(132)
(133)
(134)
(135)
(136)

From equation (120), we can see that definitions of superfluid velocities only involve 1), rather than ’(/}T. So

we can assume they commutate each other, i.e.

[V (r1), V! (r2)] =0.

(137)

Using equations (120) and (128)—(131), the commutation relations can be obtained straightforward, i.e.

[n” (r1) 7n )] if* apn(r1)0 (1) — 12),
[ (r1) ﬂ/’( 2)] = =6 (11 —12) T (1),
[n” (ry) 7V )] 100y V2i0° (1] — 13) — if° aVe (1) 8% (1] — 1),
[ (r1) 8 (12)] = in” (12) V2i6” (11 — 12) ,
(811,82j] = igV2i0" (11 —12) +1 [Vigj] 8 (11 —12) +ig2Vi6° (r1 — 12),,
[gh,vzj} =iv§; V36 (1 — 1) +i[Vva] 8 (1) — 12)
+i[Vivy = V] 8 (n ),
where gy; stands for g;(r;). Similarly to that in the main text, we can write

[gi (r1) 5 (r2)] = is (r1) V26 (11 — 1),
[s(r1),n" (1r2)] = [s(11) , ¥ (r2)] = 0.
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Now, with the replacement [A, B] /i = {A, B}, the equations of motions are

on 0

a - _vz [nvm + hz] ) (146)
on’ a a b c
&=—wa+hHﬂmW e+ hvg] (147)
VY

5 = Viln' v, (148)
av?z a b c

ol = Vil v e [0 AV V] Vs (149)
0gi

= = —Vim;, (150)
Os

5 = Vi (Vi) (151)

where mj; = pdi; + givy,; + Vgh]O + v’;h]“ Comparing it with equations (122), (123) we see that the scalar
function

Q=0+ v,
Q" =p +v¢ v, (152)

From equation (148), we can see the superfluid velocity of U(1) part v? is still irrotational, i.e. V x v? = 0.
If the energy density € or free energy f density is invariant under a general U(N) (global) rotation, e.g.

on® = 7 665, S = f* b 66<, Sh* = f* 1, hP56° and ove = f* bcvsh(sﬁc, the last term for n“ in

equation (147) is zero, i.e.

f* e [bn + Hvg] = 0. (153)

It means that n“ satisfies a continuity equation and generalized spin (magnetization) n” is conserved in a
U(N) invariant superfluid. Equations (146)—(151) can be applied to a system with arbitrary symmetry group.
We see that there are many superfluid velocities v¢ in general.

In the following, we will see that for a U(N) invariant superfluid, we can use a single superfluid velocity
v; in the hydrodynamic description. In this case, the hydrodynamic equation is simplified greatly. Now for a
U(N) invariant superfluid, we take a specific form for free energy density as

f :ﬁ) (T7 n, ”a) +fLandau +ﬁ<ineticv

o (Vn®)?
fLandau = #7
2
mnv:  mng (V) —v,
fkinetic = D z+ S( 52 ?1) ) (154)

where ¥0 = v 4 (n%/n)v? is an effective superfluid velocities. f(T,n,n%) is the free energy density when
superfluid is in equilibrium (stationary), i.e. v, = ff? = Vn® = 0. fLandau 18 the energy of magnetization
distortion (gradient energy) in ferromagnetic system, which is consistent with SU(N) and spatial inversion
symmetry [2]. The remaining part fiinetic is kinetic energy when v,, # 0 or v, # 0, which can be obtained by
considering Galilean transformation and statistical mechanics when fluid is in motion [2, 24]. Here we
should identify ¥0 with v, in the main text. We see that the superfluid velocity ¥° is mixture of superflow
motion and spin rotation (magnetization distortion). Using equations (120) and (130), fLandau can be
rewritten as

Vn —fa bch s

2
_ ( ) 7fa bCfﬂ efnbne ; ]; (155)

f Landau )

In the following, we will label all the physical quantities with tilde, which would be identified with the
corresponding ones in the main text. By equations (154) and (155), and comparing two thermodynamic
relations equations (56)—(60), (132)—(136), the relations between old and new ones are :

B = ]~1? = mn, (904 — Vm') , (156)
h¢ = of paf? fn n° Vsl + 7h0 = h“ h?, (157)

14



10P Publishing

New J. Phys. 26 (2024) 103044 Y-C Zhang and S Zhang

nve
10 =i’ — nthjo, (158)
Ve
= o af? VG +§)fﬂ+ T = it (159)
0 _ O _ 9o
i = —aV;[Vin®] + o = Vi [f" bel ]+8na' (160)

To show that our assumption of the effective superfluid velocity v0 = v? + (n?/n)v? satisfies the
equation (91) that was derive in the main text, we calculate the equation of motion of ¥ and show that they
are consistent. From equations (146)—(149), we get

(9‘7?,-_3V?i+navfl v nt
at ot  n oot

+V- v, Vi(n'/n)

a
+v50, (n®/n) + if“ be [0+ V2] ¥
n

=-V; [,U/O + v, {'?] -

n“V,—u“
n

=i, 9] -

+ Vv Vi (n /1) — VvV (n” /n)

Bl ALl W IR
= Vi [ v, ) - T

vy [V (V5 /) = 9 )|
—nvaVhe + nove

n2

h“ [V Ve Vjv?,}
n'vVip®

==V, [,LLO + v, \7(5)]
_”V?ivjhja + n“V?ith

n2

+ Vi [V Vi Vﬁl?,}

h“ [V Ve Vjv?,}
n

—-V; [ﬂo—i—vn-Vg] - — [(V XV?) ><VnL

— (V) <],

VA8 e axy.[fa _
st I ]_nvz[ﬂ ,u]. (161)

] a a
+ ; |:Vivsj - VJ‘VSi

n n

In the above derivation, we have used the zero-curvature condition equation (125), the U(N) invariance of
the energy density, equation (153), equations (156)—(160) and the fact that V x ¥0 = V x (n%v?/n) (due to
V xv?=0).

Similarly, the equation for g; is

ag,‘

N = —Vﬂrij = —Vj [[761‘]' + &iVai +Vs]hl:|

— VGV g [V = Vvs] - Vi [t — . (162)

If the last line in equation (161) or equation (162) is zero, both equations would reduce to the equations
of v, and g; in the main text [see equations (87)—(91)]. The last line is proportional to

— VGV [V = V] Vi [ - ]
=— afd ;mfd efnbne (Vﬂ@) Ve —af* bcfb o n’ (Vjvgj) V];
= O‘fd bﬂfd efnbne (Vij) Vg — O‘fd aefd bfnb”e (vjV{]) Vg — O‘fd ebfd ﬂj‘nbne (Vjvj:j> Vg

:—Oé[f bafd ef+f aefd bf+fd Ebf af] (VV )
o (163)
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In the above calculation, the zero-curvature condition equation (125) and Jacobi identity equation (51) in
the main text are used. In addition, using Jacobi identity equation (51), we can prove that

[f Yoo o+ o o “a nenlvvivk
= [lmdlfabk +fﬂdbfakz] fdef‘nerlbvalv;(
= — [ af w) f g "V
= [f"akf 1) fpenn" VIV

1

=3 [fkadfalbfdfe +  daf s ) nenbv/vivk

:i [ aaf uf e + Fraof “ef 1o+ faaf 0 + o aaf f ") PV
o, (164)

which is also used in equation (163).

Finally, one can also show that the other remaining equations for 1, #* and s in equations (146)—(151) are
the same as we have derived in the main text. Therefore, we conclude that under an assumption of free
energy equation (154), the hydrodynamic equation of U(N) invariant superfluid equations (87)—(91) can be
obtained from the general hydrodynamic equation equations (146)—(151) with arbitrary internal symmetry

group.

A.2. The origin of breaking of irrotationality of superfluid velocity v,

One may wonder why the superfluid velocity v, does not satisfy the irrotational condition in U(N) invariant
superfluid. This is because of the coupling between the superfluid motions of U(1) part and SU(N) part. The
unique superfluid velocity v; is identified as

n*v*
v,=V"=v+ , (165)
n

which is a mixture of several superfluid velocities. Now it is assumed that there is a variation of order
. cen00 | scpb cen0m0  onb .
parameter v (or field operator) under a rotation () — ¢ T +i9¢ 7471/}, Pt — qpfemi00° T —io0 Tb), ie.

Sy = 0T HOOT Yy oy — (iT60° 4 iT?66%) 1. (166)
By equations (131) and (120), such a rotation would induce a momentum density g
aye
g:nv?—l—n“v‘::n(v?—&—ns> =n¥. (167)
n
Then we find that the effective superfluid velocity
- nv?

v, =V =V + ns’ (168)

is a mixture of the velocities of the U(1) part and SU(N) part. Because the superfluid velocity v, cannot be
written as a derivative of a scalar function, then the irrotational condition (V X vy = 0) cannot be satisfied in
general.

At last, we notice that the correct commutation relations (equations (72)—(77)) between v and n, n%, s, g
in the main text can be also obtained by using the fundamental commutation relation equations (139)—(143)
and the definition v, = v? + # Such a method provides another derivation of the hydrodynamic
equations (87)—(91) in the main text.
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