
manuscripta math. 175, 513–519 (2024) © The Author(s) 2024

Felix Schremmer

Newton strata in Levi subgroups

Received: 10 December 2023 / Accepted: 17 May 2024 / Published online: 4 June 2024

Abstract. Certain Iwahori double cosets in the loop group of a reductive group, known
under the names of P-alcoves or (J, w, δ)-alcoves, play an important role in the study of
affine Deligne–Lusztig varieties. For such an Iwahori double coset, its Newton stratification
is related to theNewton stratification of an Iwahori double coset in a Levi subgroup.We study
this relationship further, providing in particular a bijection between the occurring Newton
strata. As an application, we prove a conjecture of Dong-Gyu Lim, giving a non-emptiness
criterion for basic affine Deligne–Lusztig varieties.

1. Introduction

LetG be a reductive group over the local field F , whose completion of the maximal
unramified extension we denote by F̆ . In the context of reduction of Shimura
varieties, one would choose F to be a finite extension of p-adic rationals, whereas
in the context of moduli spaces of shtukas, F would be the field of formal Laurent
series over a finite field. In any case, the Galois group Gal(F̆/F) is (topologically)
generated by the Frobenius σ . We moreover pick a σ -stable Iwahori subgroup
I ⊆ G(F̆). Then the affine Deligne–Lusztig variety associated to two elements
x, b ∈ G(F̆) is defined as

Xx (b) = {g ∈ G(F̆)/I | g−1bσ(g) ∈ I x I }.
Evidently, the isomorphism type of Xx (b) only depends on the σ -conjugacy

class

[b] = {g−1bσ(g) | g ∈ G(F̆)} ⊆ G(F̆)

and the Iwahori double coset I x I . The latter Iwahori double cosets are typically
indexed using the extended affine Weyl group ˜W , so that each coset is given by
I x I for a uniquely determined element x ∈ ˜W . The set B(G) of σ -conjugacy
classes has an important parametrization due to Kottwitz [9,10], characterizing
each [b] ∈ B(G) by its Newton point ν(b) and Kottwitz point κ(b).
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Following [3, Section 2], we assume without loss of generality that the group
G is quasi-split over F . We choose a maximal torus T whose unique parahoric
subgroup T0(F̆) is contained in I and a σ -stable Borel subgroup T ⊂ B such that,
in the corresponding appartment of the Bruhat–Tits building of GF̆ , the alcove
fixed by I is opposite to the dominant cone defined by B. With this notation, the
Kottwitz point κ(b) for b ∈ G(F̆) lies in (X∗(T )/Z�∨)� , where �∨ is the set of
coroots and � the absolute Galois group of F . The dominant Newton point ν(b) is
an element of X∗(T )�0 ⊗ Q, where �0 ⊂ � is the absolute Galois group of F̆ . We
identify the extended affine Weyl group ˜W as the semidirect product of the finite
Weyl group W = NG(T )/T with X∗(T )�0 .

Geometric properties of the affine Deligne–Lusztig variety Xx (b) are closely
related to those of the correspondingNewton stratum [b]∩I x I ⊂ G(F̆). Obviously,
one is empty if and only if the other is empty. Further properties can be related
following [12, Section 3.1].

2. Reduction to Levi subgroups

It is an important question to study which of these affine Deligne–Lusztig varieties
are non-empty, i.e. to determine the set

B(G)x = {[b] ∈ B(G) | [b] ∩ I x I 	= ∅}.

An important breakthrough result of Görtz–He–Nie [3] is a characterization of
all elements x ∈ ˜W where B(G)x contains the basic σ -conjugacy class. For this
purpose, they introduce the notion of a (J, w, σ )-alcove, generalizing the previous
notion of a P-alcove known for split groups. Write � ⊆ � for the set of simple
roots.

Definition 1. Let x ∈ ˜W , w ∈ W and J ⊆ � such that J = σ(J ). Then we say
that x is a (J, w, σ )-alcove element if the following conditions are both satisfied:

(a) The element x̃ = w−1xσ(w) lies in the extended affine Weyl group ˜WM of the
standard Levi subgroup M = MJ ⊇ T defined by J .

(b) For all positive roots α ∈ �+ that are not in the root system �J generated by
J , the corresponding root subgroup Uα ⊆ G(F̆) satisfies

Uwα ∩ x I ⊆ Uwα ∩ I.

Observe that x is a (J, w, σ )-alcove element if it is a (J, w′, σ )-alcove element for
anyw′ ∈ wWJ , whereWJ is the subgroup ofW generated by the simple reflections
coming from J (or equivalently the finiteWeyl group of MJ ). Following Viehmann
[13, Section 4], we say that x is a normalized (J, w, σ )-alcove element if w has
minimal length in its coset wWJ . This extra assumption is independent of x , i.e.
any (J, w, σ )-alcove element will also be a normalized (J, w′, σ )-alcove element
for a more refined choice of w′.
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Assume that x is a (J, w, σ )-alcove element and write x̃ = w−1xσ(w) ∈ ˜WM .
If [b] ∈ B(G)x , it is a result of Görtz–He–Nie [3, Theorem 3.3.1] that each element
in Newton stratum I x I ∩ [b] is of the form i−1wmσ(w−1i) for some i ∈ I and

m ∈
⋃

[b′]

(

(I ∩ M(F̆))x̃(I ∩ M(F̆)) ∩ [b′]
)

⊆ M(F̆),

with the union taken over all [b′] ∈ B(M) contained in [b]. Our main result states
that, whenever x is a normalized (J, w, σ )-alcove element, this union is spurious.

Theorem 2. Let x be a normalized (J, w, σ )-alcove element and x̃=w−1xσ(w)∈
˜WM. Then we get a bijective map

B(M)x̃ → B(G)x ,

sending a σ -conjugacy class [b]M ∈ B(M)x̃ to the unique σ -conjugacy class
[b]G ∈ B(G) with [b]M ⊆ [b]G. In this case, the dominant Newton points νM (b)
and νG(b) agree as elements of X∗(T )�0 ⊗ Q.

Unfortunately, the relationship discussed here has been a source of confusion in
the past. While surjectivity of the map B(M)x̃ → B(G)x follows from [3, Theo-
rem 3.3.1], it should be noted that the natural map B(M) → B(G) is neither injec-
tive nor surjective. In particular, for [b]G ∈ B(G)x , the intersection [b]G ∩ M(F̆)

may consist of more than one σ -conjugacy class of M . We would like to make the
following remarks regarding previous literature:

• The reader will notice that the published version of [3, Proposition 3.5.1] does
not hold true in the claimed generality. It is actually only proved for basic
σ -conjugacy classes, as explained in the erratum1.

• In [13, Example 5.4], Viehmann claims to provide a counterexample to the
injectivity statement in Theorem 2. However, the situation considered there
does not give rise to a normalized (J, w, σ )-alcove. Her example does explain
how crucial this assumption is for our present work.

We remark that for split G, the bijection of Theorem 2 is known from [1, Corol-
lary 2.1.3].

We can use the correspondence in Theorem 2 to study affine Deligne–Lusztig
varieties. In the setting of Theorem 2, [3, Theorem 3.3.1] gives us a closed immer-
sion of the affine Deligne–Lusztig variety Xx̃ (b) (for M) into Xx (b):

Xx̃ (b) → Xx (b), g(I ∩ M) �→ gw−1 I.

This map is usually not surjective. However, we can make it surjective as follows:
For b ∈ G(F̆), denote its σ -centralizer by

Jb(F) := {g ∈ G(F̆) | g−1bσ(g) = b}.
Observe that Jb(F) acts on Xx (b) by left multiplication.

1 Cf. https://www.esaga.uni-due.de/f/ulrich.goertz/pdf/Erratum-GHN.pdf.

https://www.esaga.uni-due.de/f/ulrich.goertz/pdf/Erratum-GHN.pdf
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Corollary 3. The affine Deligne–Lusztig variety Xx (b) is a disjoint union of closed
subsets

Xx (b) =
⊔

j∈Jb(F)/(Jb(F)∩M(F̆))

( jM(F̆)w−1 I/I ∩ Xx (b)).

For each j ∈ Jb(F), we get an isomorphism

Xx̃ (b) → jM(F̆)w−1 I/I ∩ Xx (b), g(I ∩ M) �→ jgw−1 I.

Proof. Similar to the proof of [1, Theorem 2.1.4], using Theorem 2 instead of [1,
Corollary 2.1.3]. ��
The geometric correspondence between the affine Deligne–Lusztig varieties Xx̃ (b)
and Xx (b) is mirrored by a corresponding representation-theoretic result of He–Nie
[7, TheoremC], comparing class polynomials of x and x̃ . These are certain structure
constants describing the cocenter of the Iwahori–Hecke algebra of ˜W resp. ˜WM . If
one knows all class polynomials for a given element x ∈ ˜W , one can use these to
determine many geometric properties the affine Deligne–Lusztig varieties Xx (b)
for [b] ∈ B(G), cf. [5, Theorem 6.1]. These properties include dimension as well
as the number of top dimensional irreducible components up to the action of the σ -
centralizer of b ∈ G(L). Moreover, in a certain sense, the number of rational points
of the Newton stratum I x I ∩ [b] can be expressed using these class polynomials
[8, Proposition 3.7]. In this sense, it already follows from [7] that these numerical
invariants agree for Xx̃ (b) and Xx (b).

Proof of Theorem 2. We follow the reduction method of Deligne–Lusztig, adapted
to the affine case by Görtz–He [2]. I.e. we do an induction on 
(x).

If x is of minimal length in its σ -conjugacy class, then B(G)x contains only
one element, being the σ -conjugacy class defined by x . Moreover, He–Nie [7,
Proposition 4.5] prove that in this case x̃ is of minimal length in its σ -conjugacy
class in ˜WM . Hence we only have to show that νM (x̃) agrees with νG(x).

Following the definition of Newton points, we consider σ -twisted powers

xσ,n = xσ(x) · · · σ n−1(x) ∈ ˜W .

Observe that each xσ,n is a (J, w, σ n)-alcove element. Let n be sufficiently large
such that xσ,n is a pure translation element, i.e. equal to the image of some μ ∈
X∗(T )�0 in ˜W , and such that σ n is the identity map on ˜W . Then the Newton point
νG(x) is the unique dominant element in theW -orbit ofμ/n. Similarly, the Newton
point νM (x̃) is the unique dominant (with respect to B∩M) element in theWJ -orbit
of w−1μ/n.

The fact that xσ,n is a (J, w, 1)-alcove element implies that 〈w−1μ, α〉 ≥ 0
for all α ∈ �+\�J . Hence νM (x̃) is already dominant with respect to B, and
thus νG(x) = νM (x̃). This finishes the proof in case x has minimal length in its
σ -conjugacy class.

If x is not ofminimal length in its σ -conjugacy class, we can use [6, TheoremA]
to obtain a sequence

x = x1
s1−→ · · · sn−→ xn+1,
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for simple affine reflections si ∈ ˜W and elements xi+1 = si xiσ(si ) such that

(x1) = · · · = 
(xn) > 
(xn+1). From [7, Lemma 7.1], we find elements
w1, . . . , wn ∈ W such that each xi is a normalized (J, wi , σ )-alcove element.
Denote the corresponding elements by x̃i = w−1

i xiσ(wi ) ∈ ˜WM , so that the proof
of [7, Corollary 4.4] shows



˜WM

(x̃1) = · · · = 

˜WM

(x̃n) > 

˜WM

(x̃n+1).

Said proof moreover reveals that each x̃i+1 is conjugate to x̃i either by a simple
affine reflection in ˜WM or a length zero element in ˜WM .

The Deligne–Lusztig reduction method of Görtz–He [2] yields

B(G)x = · · · = B(G)xn = B(G)xn+1 ∪ B(G)sn xn ,

B(M)x̃ = · · · = B(M)x̃n .

Wemoreover know from the aforementioned article ofHe–Nie that x̃n+1 = s̃ x̃nσ(s̃)
for some simple affine reflection s̃ = wnsnw−1

n ∈ ˜WM of M . Hence

B(M)x̃n = B(M)x̃n+1 ∪ B(M)s̃ x̃n .

By induction, we get bijective and Newton-point preserving maps

B(M)x̃n+1 → B(G)xn+1 , B(M)s̃ x̃n → B(G)sn xn .

We conclude that the map B(M)x̃ → B(G)x is well-defined, surjective and
Newton-point preserving. If [b1]M , [b2]M ∈ B(M)x̃ have the same image [b]G ∈
B(G)x under this map, then νM (b1) = νG(b) = νM (b2) and κM (b1) = κM (x̃) =
κM (b2), hence [b1]M = [b2]M . This finishes the induction and the proof. ��
Let us note the following consequence of Theorem 2.

Corollary 4. If x is a (J, w, σ )-alcove element and [b1], [b2] ∈ B(G)x , then

νG(b1) ≡ νG(b2) (mod �∨
J ). ��

3. Lim’s conjecture on the nonemptiness of the basic locus

As an application of Corollary 4, we prove a conjecture of Dong-Gyu Lim [11,
Conjecture 1], yielding an alternative criterion to the one from [3] for the non-
emptiness of the basic Newton stratum in I x I .

Definition 5. Let x ∈ ˜W be written as x = ωs1 · · · s
(x) for a length zero element
ω and simple affine reflections s1, . . . , s
(x) ∈ ˜W . We define the σ -support of x to
be the smallest subset J ⊆ ˜W containing s1, . . . , s
(x) and being closed under the
action of the composite automorphism σ ◦ ω. Denote it by suppσ (x). We say that
x is spherically σ -supported if the subgroup of ˜W generated by suppσ (x) is finite.

It follows from [4, Proposition 5.6] that x has spherical σ -support if and only if
B(G)x = {[b]} for a basic σ -conjugacy class [b].
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Proposition 6. Assume that the Dynkin diagram of � is σ -connected, i.e. that the
Frobenius σ acts transitively on the set of irreducible components of the root system
�.

Let x ∈ ˜W, and denote by [b] ∈ B(G) the unique basic σ -conjugacy class with
κ(b) = κ(x). Then Xx (b) = ∅ if and only if the following two conditions are both
satisfied:

(a) The element x does not have spherical σ -support, i.e. B(G)x contains a non-
basic σ -conjugacy class.

(b) There exists J � � and w ∈ W such that x is a (J, w, σ )-alcove element.

Proof. If x has spherical σ -support, we get I x I ⊆ [b], so that indeed Xx (b) 	= ∅.
In the case that x is not a (J, w, σ )-alcove element for any J � �, we easily obtain
Xx (b) 	= ∅ by [3, Theorem A].

Assume now conversely that (a) and (b) both hold true, so we have to show
Xx (b) = ∅. Let (J, w) be as in (b) such that moreover x is a normalized (J, w, σ )-
alcove element. Let [bx ] ∈ B(G)x denote the generic σ -conjugacy class.

Assume that [b] ∈ B(G)x . From (b) together with Corollary 4, we see

ν(b) ≡ ν(bx ) (mod �∨
J ).

In particular

〈νG(bx ) − νG(b), 2ρ − 2ρJ 〉 = 0.

Since νG(bx ) is dominant and b is basic, we conclude 〈νG(bx ), α〉 = 0 for all
α ∈ �+\�J . Thus � = �J ∪ �J ′ where J ′ ⊆ � is the stabilizer of ν(bx ).

Each irreducible component of � contains a unique longest root, and by σ -
irreducibility, these longest roots form a single σ -orbit. Since �J and �J ′ are two
σ -stable subsets of � covering the entire root system, one of these two sets must
contain all longest roots. This is only possible if J = � or J ′ = �.

We assumed J 	= � in (b), so we conclude that νG(bx ) must be central. Thus
[bx ] is basic itself. This contradicts (a). ��

Acknowledgements We thank Dong-Gyu Lim for explaining his conjecture and Eva
Viehmann, Xuhua He and Quingchao Yu for helpful discussions, in particular X. He for
pointing out the paper [7] and Q. Yu for pointing out [1,4]. We thank Sian Nie and X. He
for their comments on a preliminary version of this article. We thank the anonymous referee
for their helpful comments.

Open Access This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if changes were made.
The images or other third party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to thematerial. If material is not
included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly



Newton strata in Levi subgroups 519

from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Declarations

Data Availability Statement None

Conflict of interest None

Funding The author was partially supported by the Chinese University of Hong Kong. He
was moreover partially supported by the New Cornerstone Foundation through the New
Cornerstone Investigator grant, and by Hong Kong RGC grant 14300122, both awarded to
Prof. Xuhua He.

References

[1] Görtz, U., Haines, T.J., Kottwitz, R.E., Reuman, D.C.: AffineDeligne–Lusztig varieties
in affine flag varieties. Compos. Math. 146, 1339–1382 (2010)

[2] Görtz, U., He, X.: Dimension of affine Deligne–Lusztig varieties in affine flag varieties.
Doc. Math. 15, 1009–1028 (2010)

[3] Görtz, U., He, X., Nie, S.: P-alcoves and nonemptiness of affine Deligne–Lusztig
varieties. Ann. Sci. Ec. Norm. Super. (4) 48, 647–665 (2015)

[4] Görtz, U., He, X., Nie, S.: Fully Hodge–Newton decomposable Shimura varieties.
Peking Math. J. 2, 99–154 (2019)

[5] He,X.: Geometric and homological properties of affineDeligne–Lusztig varieties. Ann.
Math. 179, 367–404 (2014)

[6] He, X., Nie, S.: Minimal length elements of extended affine Weyl groups. Compos.
Math. 150, 1903–1927 (2014)

[7] He, X., Nie, S.: P-alcoves, parabolic subalgebras and cocenters of affine Hecke alge-
bras. Sel. Math. New. Ser. 21, 995–1019 (2015)

[8] He, X., Nie, S., Yu, Q.: Affine Deligne–Lusztig varieties with finite Coxeter parts
(2022). ArXiv: 2208.14058

[9] Kottwitz, R.E.: Isocrystals with additional structure. Compos. Math. 56, 201–220
(1985)

[10] Kottwitz, R.E.: Isocrystals with additional structure. II. Compos. Math. 109, 255–339
(1997)

[11] Lim, D.G.: Nonemptiness of single affine Deligne–Lusztig varieties (2023). ArXiv:
2302.04976
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