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Many quantum computational tasks have inherent symmetries, suggesting a path to enhancing their
efficiency and performance. Exploiting this observation, we propose representation matching, a generic
probabilistic protocol for reducing the cost of quantum computation in a quantum network. We show that
the representation-matching protocol is capable of reducing the communication or memory cost to almost
the minimum in various tasks, including remote execution of unitary gate arrays, permutation gates, and
unitary conjugation, as well as the storage and retrieval of unitary gates.
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I. INTRODUCTION

The past few years have witnessed tremendous progress
in quantum computing and quantum communication. The
union of technologies coming from these two directions
will lead to a quantum internet [1], where remote nodes
can exchange quantum data, execute protocols, and share
computational power [2–5] via quantum communication
channels [Fig. 1(a)].

One of the key issues for such a quantum network is the
communication cost, quantified by the number of qubits
needed to be sent via the communication channels. Any
proposal for reducing the communication cost will have
increasing importance, as the scale of quantum computa-
tion and quantum networks is expected to increase rapidly
in the near future.

One possibility for reducing the communication cost is
to consider probabilistic protocols. Many quantum pro-
tocols or algorithms, e.g., quantum key distribution [6],
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magic state distillation [7], and error mitigation [8], are
probabilistic, where one repeats the protocol multiple times
until it succeeds. Probabilistic protocols play a pivotal role
in circumventing no-go theorems of quantum information
[9–11]. Also, in discussing the classification of quantum
complexity classes, e.g., the nondeterministic quantum
polynomial-time complexity class, protocols with a small
success probability play an important role (see Theorem 7
in Ref. [12], Theorem 1 in Ref. [13], and Ref. [14]). Here,
in a network setting, the remote parties can communicate
the desired computation using probabilistic protocols such
as gate teleportation [15,16]. In communication scenarios,
probabilistic protocols can overcome limitations, including
restricted bandwidth and short memory life, and accom-
plish tasks that are impossible for deterministic protocols.
Therefore, it may still be beneficial to employ a proba-
bilistic protocol even if its expected communication cost,
i.e., the expected amount of communication required until
the protocol succeeds, is higher than that of deterministic
protocols.

Another less explored observation is that many quantum
computational tasks are associated with inherent symme-
try. In other words, the relevant quantum gates form a
group. For example, regarding computations on n qubits,
there are the Pauli group P(n), the Clifford group C(n),
the permutation group S(n), the braiding group B(n), and
the special unitary group SU(2). Many fundamental tasks
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FIG. 1. (a) Quantum internet. In a quantum network, multi-
ple parties are linked via quantum communication channels. (b)
Remote quantum computation. The task is for David to apply
a quantum gate to a quantum state, held by a remote party,
Christa. The goal is to accomplish this objective while keeping
the communication cost as low as possible.

in quantum information processing have group-theoretic
structures, including cloning of states [17–20] and of gates
[21–23], universal gate programming [24–30], storage and
retrieval of unitary gates [31,32], and the inversion of gen-
eral unitary operations [33]. A natural question is: Can
we utilize the inherent symmetry of a task to enhance
the performance and, in particular, to reduce the cost of
communication in the remote setting?

In this work, we consider remote quantum computation
in a network, where one party, David, would like to run
a unitary gate on a quantum state held by Christa, who
is far away from him [Fig. 1(b)]. We propose representa-
tion matching: a generic probabilistic protocol capable of
reducing the communication cost of this task by exploiting
the inherent symmetry of the task. We then prove a general
lower bound on the communication cost of such a setting
for remote quantum computing. When the computation is
done with an array of n identical unitary gates of dimen-
sion d, our protocol attains the lower bound up to a small
overhead that is independent of n. Moreover, the success
probability of our protocol is much higher than that of a
protocol based on gate teleportation. In particular, the ratio
between the two success probabilities grows as nd2−1. We

also apply our protocol to various tasks such as permu-
tational quantum computing [34–38], unitary conjugation
[33,39–41], and the storage and retrieval of gates [30–32].

The remaining part of the paper is organized as fol-
lows, In Sec. II, we introduce a few results and notations
that are essential for our discussion. In Sec. III, we intro-
duce the setting and the representation-matching protocol,
and in Sec. IV we prove a general lower bound on the
communication cost in the same setting. In Secs. V–VIII,
we apply the representation-matching protocol to concrete
quantum computational tasks. Finally, in Sec. IX, we con-
clude the paper with some discussions on future directions
for research.

II. PRELIMINARY CONSIDERATIONS

For a Hilbert space H and a vector |ψ〉 ∈ H, we use the
notation ψ := |ψ〉〈ψ | to denote the projector on the one-
dimensional subspace spanned by |ψ〉. The space of linear
operators from a Hilbert space H to another Hilbert space
K is denoted by L(H,K). When the two Hilbert spaces
coincide, we use the shorthand L(H) := L(H,H). In this
paper, we focus on finite-dimensional quantum systems,
with dim(H) < ∞. For a quantum system with a Hilbert
space H, the set of quantum states is denoted by S(H) :=
{ρ ∈ L(H)|Tr[ρ] = 1, 〈ψ |ρ|ψ〉 ≥ 0 ∀|ψ〉 ∈ H}.

A quantum process that deterministically transforms an
input system into a (possibly different) output system is
called a quantum channel. A quantum channel transform-
ing an input system with a Hilbert space Hin into an output
system with a (possibly different) Hilbert space Hout is
a completely positive trace-preserving map C : L(Hin) →
L(Hout). A probabilistic quantum process transforming an
input system with a Hilbert space Hin into an output sys-
tem with a (possibly different) Hilbert space Hout is called
a quantum operation and is described by a completely pos-
itive trace-nonincreasing map M : L(Hin) → L(Hout). A
quantum operation takes a quantum state in Hin as input
and produces a subnormalized state in Hout as output.

We frequently consider the Hilbert space H⊗n, i.e., the
Hilbert space of n identical systems, each with a Hilbert
space H. We treat it using a basic knowledge of represen-
tation theory, and we refer interested readers to textbooks,
e.g., Ref. [42] or Chapter 6 of Ref. [43], for more informa-
tion. Here we introduce a few useful results without further
explanation.

The structure of H⊗n is characterized by the Schur-
Weyl duality, which states that there exists an isometry
transforming H⊗n into block diagonal form:

H⊗n 

⊕

λ∈Rn

Hλ ⊗ Mλ, (1)

where Rn is the collection of all Young diagrams of n
boxes; Hλ is the irreducible-representation subspace of
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SU(d), the special unitary group of degree d, characterized
by the Young diagram λ; and Mλ is the irreducible-
representation subspace of S(n), the symmetric group of
degree n. The isometry, called the Schur transform, can be
implemented efficiently on a quantum computer [44–46].
Since the irreducible representations are in one-to-one cor-
respondence with the Young diagrams, the set Rn is the
collection of all Young diagrams with (at most) d rows and
n boxes, defined as

Rn :=
{
λ = (λ1, . . . , λd) : λi ∈ N,

λi ≥ λj , ∀i, j ;
d∑

i=1

λi = n

}
. (2)

Finally, we introduce a few dimensional factors that will be
useful. The first is the total number of irreducible represen-
tations in the decomposition in Eq. (1), i.e., the cardinality
of the set Rn. By the definition of Rn [Eq. (2)], we have
the following bound:

|Rn| ≤ (n + 1)d−1. (3)

Next, the dimension of an SU(d) irreducible representation
λ can be obtained via the following formula:

dλ =
∏

1≤i<j ≤d(λi − λj − i + j )
∏d−1

k=1 k!
. (4)

The dual of dλ, the dimension mλ of an S(n) irreducible
representation λ, has the following expression (see, e.g.,
Ref. [42]):

mλ = n!
∏

1≤j<k≤d(λj − λk − j + k)
∏d

i=1(λi + d − i)
. (5)

Denoting by dR the maximum of dλ over λ ∈ Rn, from the
above formula we have [43, Eq. (6.16)]

dR := max
λ∈Rn

dλ ≤ (n + 1)[d(d−1)]/2. (6)

We denote by dtot the sum of all dλ in Rn,

dtot :=
∑

λ∈Rn

dλ, (7)

which can be bounded as

dtot ≤ dR|Rn| ≤ (n + 1)[(d+2)(d−1)]/2. (8)

Finally, we denote by dtot,sq the sum of the squared dimen-
sions of all irreducible representations,

dtot,sq :=
∑

λ∈Rn

d2
λ =

(
n + d2 − 1

n

)
, (9)

having used [47, Eq. (57)]. It follows that

log dtot,sq = (d2 − 1) log n + O(1), (10)

where O(1) denotes a term that does not depend on n.

III. REPRESENTATION-MATCHING PROTOCOL

Consider a common remote quantum computing sce-
nario as shown in Fig. 1(b). The task is for David to execute
a target computation Utarget on a state ψ in, held by another
remote party, Christa. That is, the final output should be
Utargetψ in(Utarget)†, located on Christa’s side. The goal is to
design a protocol for the two stations A and B, which pro-
vide the data transmission service for Christa and David,
that reduces their total communication cost. The setting is
blind, which means that the stations do not know Utarget or
ψ in a priori. This is also the case in most practical appli-
cations, since the users of a communication link would
usually require their information to be kept private.

When the target computation is a unitary representation
of a group G on a fixed Hilbert space, we can express it as

Utarget
g = V†

(
∑

r∈R
|r〉〈r|I ⊗ (Ur

g)R ⊗ (Imr)M

)
V, g ∈ G.

(11)

Here Ur is an irreducible representation of G indexed by r,
V is a (g-independent) unitary gate, {|r〉} is an orthonormal
basis for indices of the irreducible representations, and mr
denotes the multiplicity of the irreducible representation
Ur in the decomposition of U. In Eq. (11), the first regis-
ter is referred to as the index register, I, the second as the
representation register, R, and the third as the multiplicity
register, M. For instance, for g ∈ SU(2) we have U⊗n

g 

∑n/2

j =0 |j 〉〈j | ⊗ Uj
g ⊗ Imj (assuming for simplicity that n is

even), where each irreducible representation Uj is char-
acterized by a spin number j . We discuss special unitary
groups more in later sections.

To fulfill the computational task, a straightforward
approach is to communicate both the index register and
the representation register, and, as Utarget

g acts trivially on it,
the multiplicity register can be stored locally on Christa’s
side. The overall transmission cost, in terms of qubits, is
thus twice of the cost of transmitting the index register and
the representation register. By merging these two registers
into one (see Step 4 of Protocol 1 later), the cost can be
reduced to

cmax = 2 �log dtot
, (12)

where

dtot :=
∑

r∈R
dr (13)
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and �·
 denotes the ceiling function [48]. In the decom-
position in Eq. (11), the index register I contains no
information on the desired computation g. Meanwhile,
it is usually rather costly to transmit the register I. For
example, the transmission cost of the index register for
U⊗n

g [g ∈ SU(2), n � 1], i.e., multiple parallel uses of
a qubit gate, is nearly half of the total transmission
cost. Nevertheless, for any input state living in more
than one irreducible representation, the index register is
indispensable.

Here we propose a probabilistic protocol for this task.
Our protocol reduces the cost by executing the compu-
tation on the representation register based on an ansatz
of r and postselecting the case where the ansatz holds.
In this way, the communication cost can be reduced (see
Fig. 2).

FIG. 2. Procedure of the representation-matching protocol.
The part in green describes the action of station A, and the part in
red describes the action of station B. Station A sends only the rep-
resentation register and stores the index register locally. Station
B prepares an ansatz state |f ans〉 and executes the target computa-
tion jointly on it and the representation register received from A.
Station B then returns the output to A, which performs a coherent
matching test to see if the target computation has been performed
correctly. In this way, the cost of transmitting the index register
can be avoided.

In Protocol 1, the communication cost consists of two
parts: the cost of sending R, which has dimension

dR := max
r∈R

dr, (17)

to station B and the cost of sending both A and R, which
have dimension dtot in total, back to station A. Since the
index register is transmitted only once, the communication
cost of the representation-matching protocol is

crm = �log dR
 + �log dtot
, (18)

where dR is defined by Eq. (17) and dtot is defined by Eq.
(13). Compared with Eq. (12), the representation-matching
protocol achieves a reduction of

�c := cmax − crm = �log dtot
 − �log dR
 (19)

qubits. The price of the reduction is a risk of failure.
The success probability of the representation-matching
protocol can be straightforwardly evaluated as

prm = 1
|R| . (20)

There may be some scenarios where the input state ψ in

from Christa contains valuable information, e.g., outcomes
of previous computations. As a result, Christa might not
know ψ in and cannot reprepare it arbitrarily. Since the
representation protocol is probabilistic, it seems that ψ in

will be lost or corrupted if the protocol fails. Given this
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concern, Christa may want to avoid corruption of ψ in.
However, in the following we show that, if we modify the
coherent matching test slightly, we can avoid corrupting
ψ in even when the representation protocol fails. The mod-
ification is based on the following observation: the stations
extract no information onψ in by doing the coherent match-
ing test, because the success probability in Eq. (20) and the
measurement outcome are independent of it (even though
the postmeasurement state does depend on ψ in).

To modify the coherent matching test, we now spec-
ify the quantum operation Mno for the failure case. We
assume an additive group structure for R and define the
unitary gate Vr̂ := ∑

r∈R |r + r̂〉〈r|I on HI. The set of
measurement outcomes for the modified coherent match-
ing test is given as R. The measurement operation Mr̂
corresponding to the outcome r̂ ∈ R is the following:

Mr̂(·) := Mr̂(·)M †
r̂ , (21)

Mr̂ :=
∑

r

〈r + r̂|A ⊗ |r〉〈r|I. (22)

The outcome r̂ = 0 corresponds to “yes,” and other out-
comes correspond to “no.” The protocol continues even
if the outcome is “no.” When the outcome r̂ is observed,
the resultant state is V−r̂VUtarget

g V†Vr̂V|ψ in〉. Hence, if
we apply the unitary gate (V−r̂VUtarget

g V†Vr̂V)−1, we can
recover the original state ψ in, which can be considered
as a special case of the quantum rewinding lemma [49,
Lemma 8].

When the outcome r̂ is not zero, i.e., when the proto-
col fails, the parties can perform another round and apply
the representation protocol with the target unitary gate
Utarget

g (V†V−r̂VUtarget
g V†Vr̂V)−1 = Utarget

g V†V−r̂V(U
target
g )†V†

Vr̂V to the above resultant state, i.e., David applies the uni-
tary gate Utarget

g V†V−r̂V(U
target
g )†V†Vr̂V in the second round.

When the outcome of the coherent matching test in the
second round is 0, the resultant state is the desired state.
Therefore, it is possible to repeat our protocol for multiple
rounds until it succeeds. The probability that the protocol
succeeds within n rounds is 1 − (1 − prm)

n, and thus we
have the following result.

Remark 1. The success probability of Protocol 1 can be
amplified to 1 − ε for arbitrarily small ε. This requires
executing the protocol for O( log(ε)/ log(1 − prm) rounds
with target gates Utarget

g , (Utarget
g )†, and Vr, where prm is

given by Eq. (20).

In addition to the blind setting, Protocol 1 works in
another setting, the so-called visible setting, in which sta-
tion B has access to the target group element g ∈ G and can
execute any arbitrary g-dependent computation. Remem-
ber that station B is given only black-box access to Utarget

g

in the blind setting. Apparently, the visible setting may
require a lower communication cost, as the constraint is
more relaxed. In the following, we show a lower bound on
the communication cost in the visible setting, and the lower
bound is asymptotically achieved by Protocol 1 even in the
blind setting.

IV. LOWER BOUND ON THE COMMUNICATION
COST

Here we prove a lower bound on the communication
cost of remote quantum computing, where one party per-
forms a computation Utarget

g for a state held by another
faraway party. We consider any arbitrary deterministic
or probabilistic protocol, i.e., we show a bound on the
required communication cost that holds no matter how
small the success probability is. We also consider the vis-
ible setting, where, in contrast to the previous setting,
station B and David are now considered as one single party.
Notice that any bound for the visible setting also holds for
the blind setting, and thus the lower bound can be used to
evaluate the performance of representation matching.

In the visible setting, the action of station A is still
required to be independent of the input state, whereas the
action of station B (together with David) can be described
by a quantum operation Sg : L(HM, in) → L(HM, out) act-
ing on a memory system, as illustrated in Fig. 3. On the
side of station A, an encoder is first performed to package
(part of) the input state, and a decoder is performed after
receiving the state from station B. The encoder is given as
an isometric quantum channel E : L(Htot) → L(HM, in ⊗
HM). The decoder, on the other hand, is given as a quan-
tum operation D : L(HM, out ⊗ HM) → L(Htot). Here HM

denotes the Hilbert space of a local memory. Notice that
E is assumed to be isometric without loss of generality,
because any postselection or partial trace can be postponed
to D. The dimension of HM,x (x = in, out) is denoted by
dM,x.

FIG. 3. The visible setting of remote quantum computing. In
the visible setting of gate compression, the goal is still to imple-
ment Utarget

g on an input ψ held by Christa. The only difference
from the blind setting is that station B knows which gate to per-
form or, equivalently, the value of g. Therefore, station B is
allowed to perform a generic g-dependent quantum operation,
which we denote by Sg .
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Here the overall communication cost is c := �log dM, in

+ �log dM, out
, regarding which we have the following
result.

Theorem 1. Consider probabilistic remote computing of
a target gate Utarget

g as defined by Eq. (11). The total com-
munication cost in the visible setting is lower bounded
as

c ≥ cmin := �log dtot,sq
 (23)

regardless of the success probability, where

dtot,sq :=
∑

r∈R
d2

r . (24)

The proof can be found in Appendix A. We stress that
Theorem 1 is the ultimate limit for all protocols. That is,
no matter how small a success probability we allow, the
lower bound always holds.

By Theorem 1, the representation-matching protocol
(see Protocol 1) has at most an overhead of

δc := crm − cmin = �log dR
 + �log dtot
 − �log dtot,sq
.
(25)

As we show soon, in many concrete applications the over-
head δc is only a few qubits, and thus Protocol 1 is almost
optimal in terms of communication efficiency.

V. COMPRESSION OF GATE ARRAYS

In the following, we demonstrate several concrete appli-
cations of Protocol 1. The first task we consider is the
compression of an array of n identical d-dimensional uni-
tary gates, i.e., U⊗n

g with g ∈ SU(d). By the Schur-Weyl
duality [Eq. (1)], there exists a unitary gate (the Schur
transform) USch transforming U⊗n

g into block diagonal
form:

USchU⊗n
g U†

Sch =
∑

λ∈Rn

|λ〉〈λ|I ⊗
(

Uλ
g

)

R
⊗ (

Imλ

)
M , (26)

where Uλ
g is now the SU(d) irreducible representation char-

acterized by the Young diagram λ and mλ is the dimension
of the S(n) representation, now serving as the multiplicity
of Uλ

g .
In the remote computing setting, this amounts to saying

that David would like to run n parallel uses of Ug on a
remote state of Christa. Such a setting is also frequently
encountered in quantum sensor networks [50,51], where
the preparation of the sensor state and the application of
the unknown unitary gates happen at different locations.
The objective is to communicate U⊗n

g with a lower cost,
i.e., to “compress” the gate array. Protocol 1 can be readily

applied to fulfill the task, with Utarget
g [see Eq. (11)] being

U⊗n
g for g ∈ SU(d).
Next, we discuss the performance of Protocol 1. Using

Eq. (20), the probability of success is

prm = 1
|Rn| . (27)

Therefore, by using the bound in Eq. (3), we have

prm ≥
(

1
n + 1

)d−1

. (28)

Meanwhile, combining Eq. (18) with Eqs. (6) and (8), the
communication cost of Protocol 1 is upper bounded by

crm ≤ (d2 − 1) log (n + 1)+ 2, (29)

which, according to Theorem 1, attains the optimal scal-
ing with n. Let us now examine the communication-cost
saving �c, defined by Eq. (19), which equals the gap
between crm and cmax (the communication cost without
compression). Observing that dtot ≥ dtot,sq/dR, we have

�c ≥ log
(

dtot

dR

)
− 1 (30)

≥ log
(

dtot,sq

2d2
R

)
(31)

≥ log

⎛

⎝
(n+d2−1

d2−1

)

2(n + 1)d(d−1)

⎞

⎠ , (32)

having used Eqs. (6) and (9) in the last step. In the large-n
asymptotics, the above implies that

�c ≥ (d − 1) log n − O(1). (33)

On the other hand, employing Eqs. (3) and (8), we have

�c ≤ log
(

dtot

dR

)
+ 1 (34)

≤ log |Rn| + 1 (35)

≤ (d − 1) log(n + 1)+ 1. (36)

Summarizing the above inequalities, we identify the scal-
ing of �c as

�c = (d − 1) log n + O(1). (37)

Next we show the asymptotic optimality of Protocol 1.
According to Eq. (10), the gap between the cost of Protocol
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1 and the lower bound cmin is at most

δc = O(1) (38)

qubits. In particular, consider the qubit case, where g ∈
SU(2). Assuming first that n is even, the lower bound can
be explicitly evaluated as

cmin =
⎡

⎢⎢⎢
log

⎛

⎝
n/2∑

j =0

(2j + 1)2

⎞

⎠

⎤

⎥⎥⎥

≥ log
(

1
6
(n + 1)(n + 2)(n + 3)

)
. (39)

On the other hand, the cost of Protocol 1 is

crm = �log (n + 1)
 +
⎡

⎢⎢⎢
log

⎛

⎝
n/2∑

j =0

(2j + 1)

⎞

⎠

⎤

⎥⎥⎥

≤ log
(

1
4
(n + 1)(n + 2)2

)
+ 2. (40)

The overhead is

δc = crm − cmin ≤ log
(

6(n + 2)
(n + 3)

)
< log 6. (41)

Similarly, for n odd one can also show that δ < log 6.
Therefore the overhead is no more than 2 qubits. In
Fig. 4, we numerically compare the communication cost
crm with cmin and cmax, from which one can observe that
the asymptotic optimality of Protocol 1 matches the above
discussion.

We summarize the performance in the following
theorem.

Theorem 2. Protocol 1 fulfills the task of compressing
U⊗n

g [g ∈ SU(d)] perfectly. The total communication cost
is given by Eq. (29) and attains the optimal scaling with n.
The success probability is given by Eq. (28) and scales as
n−(d−1).

We can compare the performance of Protocol 1 with
that of another protocol, which is based on the gate
teleportation approach [15,16]. One can retrieve a d-
dimensional unitary gate Ug from the maximally entangled
state |�+

g 〉 := (Ug ⊗ I)|�+〉 [|�+〉 := ∑
i(1/

√
d)|i〉 ⊗ |i〉]

by performing a generalized Bell test jointly on part of it
and an arbitrary input state |ψ〉:

(I ⊗ Bj )(|�+
g 〉 ⊗ |ψ〉) = 1

d
(Ugσj |ψ〉)⊗ (I ⊗ σj )|�+〉

(42)

for j = 0, . . . , d2 − 1, where Bj := (I ⊗ σj )�
+(I ⊗ σj )

and σj is a generalized Pauli operator. In particular, σ0 := I

(a)

(b)

FIG. 4. Communication cost of Protocol 1. The communica-
tion cost of compressing U⊗n

g [g ∈ SU(d)] is plotted as a function
of n for (a) d = 2 and (b) d = 5. In both plots, the red solid lines
represent crm, the cost of representation matching (Protocol 1);
the blue dashed lines represent cmin, the lower bound on the cost
given by Theorem 1; and the black dash-dotted lines represent
cmax, the original cost. Notice that Protocol 1 is asymptotically
optimal: for n = 100, the overhead δc := crm − cmin is only 1 for
d = 2 and 2 for d = 5.

is the identity. Therefore, with probability (1/d)2, we get
the outcome j = 0 and Ug|ψ〉 as desired. A naive approach
to compressing gate arrays runs as follows:

(1) Station B lets David apply each of the n unitary gates
in the array to |�+〉 and sends the resultant state,
which is |�+

g 〉⊗n, to station A.
(2) Station A performs gate teleportation locally with

the received state and the input from Christa.

Evidently, this approach fares much worse than the
representation-matching protocol in terms of both the com-
munication cost and the success probability. Indeed, the
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communication cost is n �log(d2)
, which is exponen-
tially higher, and the success probability is (1/d)2n, which
vanishes exponentially with n.

Instead, we can consider an improved version of
the gate-teleportation-based approach by exploiting the
decomposition in Eq. (26) (Protocol 2). The communica-
tion cost of the teleportation-based protocol is cmin, which
is very close to that of Protocol 1 according to Eq. (38).
However, as the success probability of gate teleporta-
tion is inversely proportional to the square of the system
dimension, the success probability of Protocol 2 is only

ptele = 1
d2

tot
, (44)

where dtot is defined by Eq. (7). In contrast, Protocol 1 has
a much higher probability of success. The ratio between
the two success probabilities is

prm

ptele
= O

(
nd2−1

)
. (45)

The advantage of Protocol 1 is obvious even in the
nonasymptotic regime, as illustrated in Fig. 5. In con-
clusion, our representation-matching protocol outperforms
even the improved version of gate teleportation in the task
of gate-array compression.

VI. COMPRESSION OF PERMUTATION GATES

Quantum computation consisting only of permutations
of subsystems has gained increasing interest, for it offers
new insight into topological quantum computing [34–38].
In the following, we show that Protocol 1 applies not only
to SU(d) but also to finite groups such as the permutation
group of n particles S(n).

Success probability for d = 2

FIG. 5. Success probability of Protocols 1 and 2. The success
probability for compressing U⊗n

g [g ∈ SU(d)] is plotted as a func-
tion of n for d = 2. The red solid line represents prm, the success
probability of representation matching (Protocol 1), while the
black dash-dotted line represents ptele, the success probability of
gate teleportation (Protocol 2).

Consider all permutations of n qudits. By the Schur-
Weyl duality [see Eq. (1)], we can decompose a unitary
permutation gate Vn

g with g ∈ S(n) as

USchVn
gU†

Sch =
∑

λ∈Rn

|λ〉〈λ|I ⊗ (Idλ)M ⊗ (Vλ,n
g )R, (46)

where USch is the Schur transform, Rn is defined by Eq.
(2), Vλ,n

g is the irreducible representation associated with
the Young diagram λ, and dλ is the dimension of the SU(d)
irreducible representation Uλ, now serving as the multi-
plicity of Vλ,n

g . In particular, the dimension of Vλ,n
g , mλ, is

given by Eq. (5).
Since mλ is usually quite large, even the minimum com-

munication cost, given by Theorem 1, grows linearly with
n instead of with log n. Nevertheless, Protocol 1 is still
capable of reducing the communication cost by a moderate
amount. Here we examine the quantity �c, defined by Eq.
(19), which is the communication-cost saving achieved by
Protocol 1. In Fig. 6, one can see that �c grows as a func-
tion of n. In the meantime, the gap δc between the cost of
Protocol 1 and the minimum cost (see Theorem 1) remains
very low (less than 3 qubits).

We can also characterize the scaling of �c analytically.
Consider the case of qubits. The dimension of each spin-j
irreducible representation [Eq. (5)] reduces to

mj = 2j + 1
n + 1

(
n + 1
n
2 − j

)
. (47)
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FIG. 6. Cost reduction of Protocol 1 for permutation gates.
The red solid line represents the communication-cost saving of
Protocol 1 [see Eq. (19)] for the task of compressing permutation
gates of n qudits for d = 4. The blue dashed line represents the
gap δc [see Eq. (25)].

For large n, the maximum of mj is achieved with j ∼ √
n.

On the other hand, one can verify that

dtot =
n/2∑

j =0

mj = n + 2
n + 1

(
n + 1

n
2

)
, (48)

having assumed n even for simplicity. By Eq. (19), we have

�c ≥ log
(

dtot

dR

)
− 1 (49)

≥ 1
2

log n − O(1). (50)

Therefore, the communication-cost saving of Protocol
1 goes to infinity with n. In particular, comparing Eq.
(50) with Eq. (37), we conclude that, for large n, the
communication-cost saving achieved by Protocol 1 for per-
mutation gates is at least half of the saving for unitary gate
arrays, when d = 2.

VII. CONJUGATION OF UNITARY GATES

Besides compression, Protocol 1 also fits the task of
conjugating quantum gates remotely. Consider the same
remote quantum computing setting as in previous sections,
but suppose that the goal now is to execute n parallel uses
of the gate U∗

g for an unknown g ∈ SU(d) on an arbitrary
input state of Christa, with David performing m parallel
uses of Ug . Here U∗ denotes the complex conjugate of U.

From representation theory, it is known that the com-
plex conjugate of an irreducible representation λ of SU(d)
is isomorphic to the irreducible representation with Young
diagram λ̄. Here λ̄ is the Young diagram associated to λ,

which is obtained by changing the box number of each col-
umn from k to d − k. That is, for every λ, there exists a
unitary gate Vλ such that

(Uλ)∗ = VλUλ̄(Vλ)†. (51)

For example, the two-dimensional irreducible representa-
tion of SU(2) satisfies U∗ = σyUσy , where σy is the Pauli
y matrix.

In order to apply our approach, we need the computa-
tion to include Uλ̄ for every λ ∈ SU(d). In particular, the
λ̄ associated to λ = (n, 0, . . . , 0) has (d − 1)n boxes. It is
also straightforward that all other associated Young dia-
grams have more boxes. Therefore, we need U⊗m

g with
m = (d − 1)n to implement the computation (U∗

g)
⊗n.

The computation can be implemented remotely and
probabilistically using Protocol 1, where in Step 3 station
B performs (by querying Ug m times from David)

U = VUSchU⊗m
g U†

SchV†, (52)

V :=
∑

λ∈Rn

|λ〉〈λ| ⊗ Vλ, (53)

with Vλ defined by Eq. (51) and m = (d − 1)n. The com-
munication cost and the success probability are exactly the
same as in the case of unitary-gate-array compression, and
the (asymptotic) optimality can be shown in the same way
using Theorem 1. Therefore we have the following result.

Theorem 3. Protocol 1 fulfills the task of the gate conver-
sion U⊗m

g → (U∗
g)

⊗n perfectly for every m ≥ (d − 1)n. The
total communication cost is given by Eq. (29) and attains
the optimal scaling with n. The success probability is given
by Eq. (28) and scales as n−(d−1).

VIII. STORAGE AND RETRIEVAL OF GATE
ARRAYS

The idea of representation matching applies not only to
quantum networks over space, which we have considered
in the previous sections, but also to quantum networks over
time. Here, as a typical example, we apply representation
matching to the task of storage and retrieval of unitary gate
arrays [32]. As shown in Fig. 7, the goal is to store m
instances of an unknown unitary gate Ug and to retrieve
n (≤ m) instances later on. In comparison with remote
quantum computing, the task is for David to apply a com-
putation to a quantum state held by Christa, who is located
at a future location of David. This task is also known as
quantum learning [31,52] and has recently been shown to
be closely related to the optimal programming of quantum
gates [30].

Here we employ the idea of representation matching and
propose Protocol 3 for the storage and retrieval of gate
arrays.
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FIG. 7. The task of storage and retrieval of unitary gates. The
task is separated into two stages: storage (in red) and retrieval
(in green). In the storage stage, U⊗m

g [g ∈ SU(d)] is applied to
(part of) a state 
 of the memory, followed by postprocessing,
P . In the retrieval stage, a retrieval operation R is applied to
extract U⊗n

g from the memory and apply it to an arbitrary input
state. The whole process is probabilistic, and (heralded) failure is
allowed.

Next, we analyze the performance of our protocol. The
input state |ψ〉 [see Eq. (1)] and the memory state that
stores U⊗n

g can be jointly expressed as

|ψ ′〉 =
∑

λ′,λ∈Rn

cλdλ′
√

dtot,sq
|λ′〉A ⊗ |λ〉I ⊗ |ψλ〉RP ⊗ |�+

g,λ′ 〉R1R2 .

(58)

The role of the quantum operation Nyes is twofold. First,
it checks whether A and I are in the same state; sec-
ond, if so, it performs a gate teleportation, extracting
Ug,λ from R1 and applying it to R. Therefore, Proto-
col 3 integrates our representation-matching idea into the

gate-teleportation approach. The protocol succeeds if and
only if both the representation matching and the gate tele-
portation are successfully performed, and then the state
becomes

|ψout〉 =
∑

λ∈Rn

cλ|λ〉I ⊗ (Uλ
g ⊗ IP)|ψλ〉RP, (59)

which is exactly as desired. Therefore, the protocol has no
error.

For the gate-retrieval-and-storage protocol, the proba-
bility of success is given by

prs = Tr
[Nyes ⊗ IP R1(ψ)

] = 1
dtot,sq

. (60)

Meanwhile, the protocol requires a quantum memory of
size

crs = ⌈
log dtot,sq

⌉ = (d2 − 1) log n + O(1), (61)

where we have used Eq. (10). On the other hand, a
lower bound on the required memory size can be deter-
mined using Theorem 1. Indeed, notice that a storage-
and-retrieval protocol can always be employed to fulfill a
remote computation. To do so, station B stores the gate in
a memory and sends it to station A, which retrieves it from
the memory later; the communication cost of such a proto-
col is equal to the size of the memory. Therefore, the lower
bound in Theorem 1 also applies here to the storage-and-
retrieval task. By comparing Eq. (61) and Theorem 1, we
find that

crs = cmin. (62)

Therefore, Protocol 3 is optimal in terms of memory effi-
ciency for the task of storage and retrieval of unitary gates.
Summarizing, we have the following theorem.

Theorem 4. Protocol 3 fulfills the task of storage and
retrieval of U⊗n

g [g ∈ SU(d)] perfectly. The memory cost is
given by Eq. (61) and is optimal. The success probability
is given by Eq. (60) and scales as n−(d2−1).

Our result extends that of Ref. [32], where the n →
1 task (i.e., storing n uses and retrieving one use) was
considered. We conclude this section by remarking that
adaptations of Protocol 3 can be applied in other tasks. For
instance, one can consider the problem of reversing quan-
tum computation: the gate conversion U⊗n

g → (U†
g)

⊗n. To
this end, notice that U† = (UT)∗, where U∗ and UT are
the complex conjugate and the transpose, respectively, of
U. We thus divide the gate-reversal task into two sep-
arate steps: U → U∗ and U∗ → (U∗)T. The former can
be accomplished using the techniques described in Sec.
VII, while the latter can be achieved with a variant of
Protocol 3.

020327-10



REPRESENTATION MATCHING... PRX QUANTUM 2, 020327 (2021)

IX. CONCLUSION AND DISCUSSION

We have studied how to reduce the communication or
memory cost for certain types of computational tasks in the
quantum internet. Our main contribution is twofold. For
one thing, derive a lower bound on the cost. For another,
we propose representation matching, a generic probabilis-
tic protocol capable of asymptotically achieving our lower
bound in many practical scenarios. In addition, the success
probability of representation matching is also much higher
than that of protocols based on existing ideas, e.g., gate
teleportation. Compared with existing protocols for remote
quantum computing, e.g., Ref. [53,54], our protocols make
more use of the specific structure of the problem (i.e., by
implementing multiple uses of a gate drawn from a group)
to achieve higher cost reduction.

From the previous examples, one can see that, while
the communication-cost reduction grows with n, the suc-
cess probability also vanishes. One may ask if there are
certain values of n for which even the average cost of
representation matching, i.e., crm/prm, can be lower than
that of a deterministic protocol. The answer is negative:
indeed, according to Eqs. (12), (18), and (20), the aver-
age cost of representation matching cannot be lower than
cmax if |R| ≥ 2. Nevertheless, there are still good reasons,
both practically and conceptually, to consider probabilistic
protocols such as representation matching. For example,
representation matching serves as an excellent means of
deterrence. Imagine, in the same setting as that shown in
Fig. 1(a), that Christa is now an authority who needs to
ensure that David is being honest and is performing the
desired computation. She could do this by sending a state
to David and letting him run some quantum gates on it. If
David is caught cheating, he has to pay an extremely heavy
fine. For such a task, it is more favorable to use represen-
tation matching rather than to use deterministic protocols:
even if the protocol has a chance of failure, in which case
Christa may fail to detect David’s dishonesty, David will
not risk it if the fine is high enough. Notice that the coher-
ent matching test (see Protocol 1) is performed after David
returns the output state, so he cannot predict whether the
protocol will succeed (or whether Christa will decide to
perform the coherent matching test at all). Representation
matching could also be used if the bandwidth of the com-
munication channel is limited and deterministic protocols
are prohibited by this limitation. Finally, it is always fun-
damentally meaningful to explore the ultimate limits of
quantum information theory, even at the cost of a small
success probability. Instances of such research include
quantum cloning [20], quantum metrology [55], quantum
programming [32], and, here in this work, reduction of the
cost of remote quantum computing.

In this work, we have focused on zero-error protocols,
but our idea of representation matching can be extended
to the approximate setting, which could be an interesting

direction for future research. In particular, the commu-
nication cost of deterministic and approximate remote
execution of unitary gate arrays has been shown to be
closely related to quantum metrology [56], which raises
the intriguing question of whether a similar phenomenon
exists in the probabilistic setting.

The key of point of our protocol is the zero-error prop-
erty. When no error is allowed at all and the commu-
nication cost is huge, our method is useful. To increase
the success probability under the zero-error condition, we
may need to increase the amount of quantum commu-
nication. In this work, we have not studied how much
quantum communication is needed to achieve a certain
success probability under the zero-error condition. It seems
that this trade-off requires a new technical tool. Therefore,
it is an interesting future problem to study the trade-
off between the success probability and the amount of
quantum communication under the zero-error condition.
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APPENDIX: LOWER BOUND ON THE
COMMUNICATION COST OF ZERO-ERROR

REMOTE COMPUTATION

Given a group G, the task under consideration is to per-
form Utarget

g , which is a projective unitary representation on
Htot for any g ∈ G, on a remote state. This representation
contains the irreducible representations {Ur

g}r∈R, i.e.,

Utarget
g =

⊕

r∈R
Ur

g , (A1)

where the irreducible-representation space of Ur
g is Hr,

with dimension dr.
We prepare two lemmas before proving the main result.

Lemma 1. The dimension of the linear subspace spanned
by {〈ul′ |Utarget

g |ul〉}l,l′ as a function space over G is∑
r∈R d2

r , where |ul〉 is a basis of Htot.

Proof. This is due to the following basic property of irre-
ducible representations: the matrix elements (Ur

g)i,j for
different irreducible representations r are linearly indepen-
dent, and therefore the total dimension is

∑
r∈R d2

r . �
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Lemma 2. Assume that two linear maps U and V from H1
to H2 satisfy

U|ψ〉 = cψV|ψ〉, (A2)

and also that the kernel of U is {0}. Then, cψ does not
depend on ψ .

Proof. Assume that |ψ1〉, |ψ2〉 are linearly independent.
Considering their superposition, we have

U(|ψ1〉 + |ψ2〉) = cψ1+ψ2V(|ψ1〉 + |ψ2〉) = cψ1V|ψ1〉
+ cψ2V|ψ2〉. (A3)

By assumption, V|ψ1〉 and V|ψ2〉 are also indepen-
dent. Therefore, the above equalities imply cψ1 = cψ2 =
cψ1+ψ2 . �

We consider the less stringent visible setting, i.e., when
station B knows what Utarget

g is. In the visible setting,
the action of station B can be described by a quantum
operation Sg : L(HM, in) → L(HM, out) acting on a mem-
ory system, as illustrated in Fig. 3. As for station A, an
encoder is first performed to package (part of) the input
state, and a decoder is performed after receiving the state
from station B. The encoder is given as an isometric quan-
tum channel E : L(HM, in) → L(Htot ⊗ HM). The decoder,
on the other hand, is given as a quantum operation D :
L(HM, out ⊗ HR) → L(Htot). Notice that E is assumed to
be isometric without loss of generality, because any post-
selection or partial trace can be postponed to D. The
dimension of HM,x (x = in, out) is denoted by dM,x.

Now, we impose the perfect-recovery condition, which
reads

Utarget
g ρ(Utarget

g )† = cg,ρD ◦ Sg ◦ E(ρ) (A4)

for any g ∈ G and ρ ∈ S(HM, in). Here cg,ρ is the recipro-
cal of the success probability of the postselection.

Theorem 5. Under the condition of Eq. (A4), we have

dM,indM,out ≥
∑

r∈R
d2

r . (A5)

Proof. First, we invoke Stinespring dilations for all the
channels (operations) involved. We choose the environ-
ment systems HE1 and HE2 and the postselection systems

HS1 and HS2 . Station B’s operation can be purified as

Sg(·) = TrE1

[
〈ψS1 |Vg(·)V†

g|ψS1〉
]

(A6)

for an isometry Vg : HM, in → HM, out ⊗ HE1 ⊗ HS1 and a
pure state |ψS1〉 on HS1 . Similarly, for the decoder we have

D(·) = TrE2

[
〈ψS2 |VD(·)V†

D|ψS2〉
]

, (A7)

with VD : HM, out ⊗ HM → Htot ⊗ HE2 ⊗ HS2 being an
isometry and |ψS2〉 being a pure state on HS2 . Moreover,
by definition, the encoder is of the form

E(·) = VE(·)V†
E , (A8)

with VE being an isometry.
With the above dilations, the condition of Eq. (A4) can

be rewritten as

Utarget
g ρ(Utarget

g )† = cg,ρTrE1,E2

×
(
〈ψS1 ,ψS2 |VDVgVEρ

(
VEVgVD

)† |ψS1 ,ψS2〉
)

,

(A9)

with a coefficient cg,ρ for g ∈ G and ρ ∈ S(HM, in).
Now, we choose a basis on {|ek〉} on HE1 and a basis on

{|fj 〉} on HE2 . Then, we have

Utarget
g ρ(Utarget

g )† = cg,ρ

∑

i,j

〈ei, fj ,ψS1 ,ψS2 |VDVgVEρ

(
VEVgVD

)† |ei, fj ,ψS1 ,ψS2〉. (A10)

Since ρ = |ψ〉〈ψ | is a pure state, for i, j we have

Utarget
g |ψ〉〈ψ |(Utarget

g )† = cg,ψ ,i,j 〈ei, fj ,ψS1 ,ψS2 |VDVgVE |ψ〉
〈ψ | (VEVgVD

)† |ei, fj ,ψS1 ,ψS2〉,
(A11)

with coefficients {cg,ψ ,i,j }. We define the map Vg,i :=
〈ei,ψS1 |Vg from HM, in to HM, out and the map VD,j :=
〈fj ,ψS2 |VD from HM, out ⊗ HM to Htot, which are both
linear. Substituting into Eq. (A11), we have

Utarget
g |ψ〉〈ψ |(Utarget

g )†

= cg,ψ ,i,j VD,j Vg,iVE |ψ〉〈ψ |(VD,j Vg,iVE)†. (A12)

Thus, there exists a θg,ψ ,i,j such that

Utarget
g |ψ〉 = √

cg,ψ ,i,j eiθg,ψ ,i,j VD,j Vg,iVE |ψ〉. (A13)
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Because of Lemma 2, √cg,ψ ,i,j eiθg,ψ ,i,j is independent of
|ψ〉, and so we rename it as αg,i,j . Thus, we have

Utarget
g = αg,i,j VD,j Vg,iVE . (A14)

Defining the matrix Vg,i,j := αg,i,j Vg,i from the space HM, in
to the space HM, out, we have

Utarget
g = VD,j Vg,i,j VE . (A15)

On the one hand, the dimension of the linear space
spanned by {〈ul′ |Vg,i,j |ul〉}l,l′ is at most dM, indM, out. On
the other hand, since Utarget

g can be obtained by a linear
transformation on Vg,i,j , we know that the dimension of
Span{〈ul′ |Vg,i,j |ul〉}l,l′ is lower bounded by the dimension
of Span{〈ul′ |Utarget

g |ul〉}l,l′ . Applying Lemma 1, we get Eq.
(A5). �
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