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This study presents a theoretical framework for calculating acoustic scattering fields, as

well as radiation force and torque resulting from the interaction between an incident wave

and an axisymmetric object positioned at arbitrary orientations. Grounded in the partial-

wave expansion method, it formulates scattering products using beam-shape and scalar

scattering coefficients. The incorporation of geometric features into the scalar scattering

coefficients is achieved through conformal transformation approach. Notably, its applica-

bility is restricted to scenarios where the object is positioned at its standard orientation,

a limitation circumvented by employing rotational transformations to extend the model

to non-standard orientations. A rotational transformation tunes the original frame [obser-

vation coordinate system, OCS] into a reference frame [computation coordinate system,

CCS], compensating for any deviated orientation and facilitating solution of scattering

products. While the non-intuitive nature of rotational transformations disrupts the inheri-

tability of the partial-wave expressions for the scattering products, an alternative approach

is provided based on rotation addition theorem. This method directly incorporates object

orientations into the beam-shape and scalar scattering coefficients, bypassing rotational

transformations and preserving the partial-wave format. Comparative analysis with full

3D numerical simulations shows theoretical methods are computationally more efficient

while ensuring substantial consistency.
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I. INTRODUCTION

The precise manipulation of micro-objects is a crucial capability for studies involving cells

and microorganisms, as well as for applications in biotechnology in general1. Acoustic methods

have emerged as potential tools for effectively manipulating objects2,3. The general analytical

expressions for acoustic radiation force and torque exert on objects because of the momentum

and angular momentum transfers, respectively, that arise from acoustic scattering effects of the

wave-particle interaction were given subsequently by Westervelt and Mardanik in 1950s4–6. An

alternative expression to evaluate the acoustic radiation torque was provided by Fan7, and the

relation with Maidaniks formulation was carefully discussed by Zhang and Marston8. Different

from the Gorkov potential theory, which is commonly employed to manipulate Rayleigh objects

dominated by monopole and dipole scattering9,10, through decomposing the external and scattering

fields as the partial-wave expansion series11 and inserting them into the formulations provided by

Westervelt and Mardanik, the higher-order scattering contributions from complex objects can be

accounted for, making this method suitable for both Rayleigh and Mie scattering regimes.

For spherical objects, explicit expressions for the acoustic radiation force and torque are de-

rived based on the expansion coefficients. Within the spherical coordinate system, the boundary

conditions of spherical particles and the orthogonality of spherical wavefunctions are employed

to decouple each mode and obtain a system of linear equations for the unknown scattering field,

thereby determining the radiation force and torque12–16. While an analytical model exists for the

radiation force and torque in spherical geometries, few theories can effectively quantify the impact

of non-spherical geometrical features on scattering properties, including acoustic radiation force

and torque. Actually, affected by the acoustic radiation pressure, the shape of the levitated spher-

ical droplet is flattened to be an oblate spheroidal object17,18. Further experiments demonstrated

that the non-spherical shape parameter can be regarded as an additional degree of freedom for

particle manipulation that remains largely unexplored19,20. For a vortex beam propagating along

the symmetric axis of the objects, an general analytical framework for acoustic radiation torque

on an axisymmetric absorbing object suggested that the axial radiation torque exerted by the non-

paraxial acoustic vortex beam21 on such an object is directly proportional to the power absorbed

by the object22, and the relationship between the radiation torque and viscous dissipation was also

established23. In on-axis cases, the direction of the radiation torque and consequently the spin of

an axisymmetric object are determined by the helicity of the vortex beam. However, in illumina-
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tion of an off-axis-located object by vortex waves, a radiation torque could spin an axisymmetric

object around its center of mass in a direction opposite to the wave vortex’s handedness, and this

reversal effect depends on the offset distance of the off-axis object away from the core of the

beam24. When dealing with non-spherical objects, the radial distance to any point on the object

surface depends on angular coordinates, and the spherical wavefunctions may not be necessarily

orthogonal. This complexity makes closed-form exact solutions of the scattering field challenging

within the spherical coordinate system. Within the partial-wave framework, explicit expressions

quantifying the acoustic radiation force and torque on prolate spheroids can be derived by intro-

ducing a surface shape function to accurately formulate the boundary conditions25,26. Additional

insights and connections were further explored in Ref.27 Another accessible method to calculate

the radiation force and torque on a prolate spheroid is to directly analyse the problem within the

spheroidal coordinate system so that the radial distance to any point on the object surface is a

constant28. For general axisymmetric geometries, a natural approach is to analyse the problem

within their asymptotical (quasi-spherical) coordinate system, allowing the boundary condition

to be expressed solely by the radial coordinates. In this context, the use of conformal mapping

becomes valuable for transforming the physical surface of geometries into a spherical surface un-

der a quasi-spherical coordinate system29,30. This approach ensures that the locus of all points

corresponding to the mapped radial coordinate being constant aligns with the scatterer surface, fa-

cilitating the enforcement of boundary conditions. Consequently, the separation of variables can be

employed to solve the mapped Helmholtz wave equation, subject to the boundary conditions31–33.

Moreover, this strategy ensures consistency and logical coherence with the approach employed to

address spherical geometries, thereby demonstrating robust inheritability.

Although the conformal transformation approach can be utilized to calculate the scattering

products of axisymmetric objects, it is only valid when the symmetric axis of the objects coin-

cides with one of the coordinate axes in Cartesian coordinate system. Once the orientation of

the axisymmetric object changes, breaking the axisymmetric condition, the approach becomes

invalid. Considering that the orientations of axisymmetric objects constantly change under the

influence of radiation torque, it is necessary to extend the framework to make the approach appli-

cable in different orientations. Naturally, the rotation of the particle can be treated as the opposite

rotation of the external field, achieved by employing a rotational transformation to adjust the ex-

ternal field. Mathematically, this case is equivalent to the external field being at rest while the

particle rotates34–36. However, the rotational transformation and its reverse are cumbersome and
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non-intuitive. More importantly, due to the existence of both direct and reverse rotational trans-

formations, the scattering acoustic field cannot be directly expressed as a partial-wave expansion

series. This implies that the analytical formulations for acoustic radiation force and torque will

also include rotational transformation processes, making it challenging to represent them directly

as a series of expansion coefficients. This disrupts the inheritability of the partial-wave frame-

work, hindering its subsequent extension, such as its potential application to multi-object systems

for evaluating the interaction radiation force and torque. In this study, we aim to introduce a com-

pact alternative that directly incorporates the effect of rotations on the expansion coefficients, i.e.,

the beam-shape coefficients and the scattering coefficients, utilizing the addition theorem37, which

ensures the retainment of partial-wave inheritability.

Prior to the study, it is essential to establish the coordinate systems and define the rotational

principles for subsequent use. To ensure consistency with the work34, we define an observation

coordinate system (OCS) where the origin coincides with the center of mass of the manipulated

particle, denoted as (x′,y′,z′) system, which is acceptable as an absolute coordinate system to

further discuss the dynamic problem since it is established under the well-known Cartesian coor-

dinate system. By contrast, a computation coordinate system (CCS), denoted as (x,y,z) system,

is introduced to better characterize the axisymmetric particle. The origin of these two systems is

spatially coincident, while the z-axis of the computation system is defined by the symmetric axis of

the particle. Note that both sets of axes, Ox′y′z′ and Oxyz, are right-handed system and these two

systems are depicted in Fig. 1(a). We further define the standard orientation of an axisymmetric

object as the alignment of its symmetric axis with the z-axis (or z′-axis) within the corresponding

coordinate system. It has been observed that the particle naturally aligns with the standard orien-

tation within the CCS. This inherent alignment serves as the fundamental basis for implementing

the conformal transformation approach within the CCS, as discussed in Sec. II. Suppose that

the OCS [or Ox′y′z′] is rotated into the CCS [or Oxyz] through three successive finite rotations,

quantified by three Eulerian angles α , β , and γ , which are defined as [the finite rotational princi-

ples]: (i) rotate (particle) anti-clockwise by about the z′-axis. This takes the y′-axis into a new line

called the line of nodes; (ii) rotate (particle) anti-clockwise by about the line of nodes. This takes

the z′-axis into the z-axis; (iii) rotate (particle) anti-clockwise by about the z-axis. This takes the

line of nodes into the y-axis (thus the x′-axis is finally projected into the x-axis). The prescription

’anti-clockwise’ denotes a positive angle under the right-handed rule. In Secs. III and IV, we

introduce the theoretical frameworks for predicting the acoustic scattering fields resulting from
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the interaction of an incident wave with axisymmetric objects at arbitrary orientations, utilizing

the rotational transformation and the rotation addition theorem, respectively. Subsequently, the

radiation force and torque exerted on the objects are formulated based on the obtained scattering

fields. Results and discussions are presented in Sec. V, followed by comprehensive validations

against full three-dimensional numerical simulations. A summary is made in Sec. VI.

II. SCATTERING PROBLEM OF AXISYMMETRIC GEOMETRIES

A. Conformal transformation approach

A time-harmonic wave of angular frequency ω is described by a velocity potential function

ϕ̂e−iωt, where r denotes position vector with respect to the system origin and t is time. In the

source-free regions of the physical space, the total velocity potential amplitude ϕ̂ (⃗r) [denoted as

ϕ̂ ] satisfies the Helmholtz wave equation

(
∇2 + k2) ϕ̂ = 0, (1)

where ∇2 is the Laplacian operator. The time-dependent term e−iωt is omitted for the sake of

simplicity. The total potential amplitude includes the external potential amplitude ϕ̂ex (⃗r) [denoted

as ϕ̂ex] and the scattering potential amplitude reflected by the scatterer ϕ̂sc (⃗r) [denoted as ϕ̂sc],

ϕ̂ = ϕ̂ex + ϕ̂sc. (2)

We consider a time-harmonic acoustic wave with arbitrary wavefront interacting with an ax-

isymmetric object. The linearity of the problem allows us to represent the external field with

wavenumber k as a partial-wave series as11

ϕ̂ex = ∑
n,m

anmJm
n , (3)

where the hat symbol ·̂ represents the complex amplitude of the corresponding variable. Abbrevia-

tion ∑n,m ≡∑∞
n=0 ∑+n

m=−n. Abbreviation variable Jm
n defines as a function Jm

n (k⃗r)≡ jn (kr)Y m
n (θ ,ϕ)

with r⃗ = (r,θ ,ϕ) in terms of the spherical coordinate system. jn (kr) is the spherical Bessel func-

tion of order n at a position r, and Y m
n (θ ,ϕ) is the spherical harmonic function of n-th order and
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m-th degree at the angular position (θ ,ϕ).

For any external wave satisfies the homogeneous Helmholtz equation, the method of quadra-

tures stands out as the direct and intuitive approach for isolating the beam-shape coefficients,

denoted generally as anm. This is achieved by leveraging the orthogonality properties inherent in

spherical harmonics34,38:

anm =
1

jn (kR)

∫ 2π

0

∫ π

0
ϕ̂anyl

(⃗
R
)

Y m
n (θ ,ϕ)∗ sinθdθdϕ , (4)

where R⃗ = (R,θ ,ϕ) specifies a spherical space with a radius of R that encompasses the scatterer

but not the sound sources. ϕ̂anyl

(⃗
R
)

is the analytical expression of the (external) potential am-

plitude at the surface R⃗. The asterisk symbol ∗ means taking conjugation of the corresponding

variable.

Correspondingly, the scattering potential amplitude derives from any axisymmetric object can

be expressed in terms of a partial-wave series as:

ϕ̂sc = ∑
n,m

anmsnmHm
n , (5)

where snm are the scalar scattering coefficients, depending on the geometric features. Function

Hm
n ≡ Hm

n (k⃗r)≡ h(1)n (kr)Y m
n (θ ,ϕ). h(1)n (kr) is the first kind of spherical Hankel function of order

n at a position r. For the sound-soft and sound-hard boundary conditions, the scalar scattering

coefficients are obtained, respectively, by solving the following equations31

∞
∑

n=0
anm′Γn′,m′

n +
∞
∑

n=0
snm′anm′Λn′,m′

n = 0,

(n′ = 0,1, · · · ,∞;m′ =−∞, · · · ,0, · · · ,∞)
(6)

and
∞
∑

n=0
anm′Γn′,m′

n,u +
∞
∑

n=0
snm′anm′Λn′,m′

n,u = 0,

(n′ = 0,1, · · · ,∞;m′ =−∞, · · · ,0, · · · ,∞)
(7)
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Here, the structural functions, Γn′,m′
n and Λn′,m′

n , and their partial derivatives Γn′,m′
n,u and Λn′,m′

n,u , are



Γn′,m′
n =

∫ 2π
0

∫ π
0 jn (kr(u,w))Qm

n Pm′
n (cosθ(u,w))Pm′

n′ (cosw)sinwdwdv
∣∣∣
u=u0

Λn′,m′
n =

∫ 2π
0

∫ π
0 hn (kr(u,w))Qm

n Pm′
n (cosθ(u,w))Pm′

n′ (cosw)sinwdwdv
∣∣∣
u=u0

Γn′,m′
n,u = ∂Γn′,m′

n
∂u

∣∣∣∣
u=u0

Λn′,m′
n,u = ∂Λn′,m′

n
∂u

∣∣∣∣
u=u0

, (8)

where Pm′
n′ (·) represents the associated Legendre function of n′-th order and m′-th degree for the

variable therein, and Qm
n =

√
(2n+1)

4π
(n−m)!
(n+m)! .

In evaluation of the structure functions in Eq. (8), we need to provide the conformal mapping

relationship between the physical space (r,θ ,ϕ) and the mapping coordinates (u,w,v)31. Specif-

ically, for any axisymmetric object, a general three-dimensional geometry can be equivalently

described by a two-dimensional cross-sectional slice plane (u and w) and an azimuthal coordinate

variable (v). Since the profile of any cross-sectional slice is identical, the geometric features de-

pend solely on the cross-sectional slice. Here, conformal transformation method is employed to

map the slice into a quasi-spherical coordinate system, in where the locus of all points of the slice

boundary is equal to a constant (u = u0), and the spherical coordinates r, θ , and ϕ are connected

with the mapping coordinates u, w, and v by
r (u,w) =

√
f (u,w)2 +g(u,w)2

θ (u,w) = cos−1 (g(u,w)/r (u,w))

ϕ = v

, (9)

with the mapping functions g(u,w) and f (u,w) as g(u,w) = c−1eu cos(w)+∑∞
n=0 cne−nu cos(nw)

f (u,w) = c−1eu sin(w)−∑∞
n=0 cne−nu sin(nw)

, (10)

where the mapping coefficients cn are used to map the physical coordinate system to the mapping

(quasi-spherical) coordinate systems [referred to Appendix A of our previous work31 for the de-

termination of mapping coefficients]. Finally, by inserting the structural functions (Γn′,m′
n , Λn′,m′

n ,

Γn′,m′
n,u , Λn′,m′

n,u ), and the beam-shape coefficients (anm) into matrices (6) or (7), the unknown scalar
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scattering expansion coefficients (snm) of the non-spherical particle are determined.

It should be emphasized that the potential amplitude [ϕ̂ex, ϕ̂sc, and ϕ̂ ] are directly dependent

on the mapping coordinates (u,w,v) through position vector r⃗ = (r(u,w),θ(u,w),ϕ) in Eq. (9).

While consider the constraint for each mapping coordinates (u,w,v), there should be only a set of

one-to-one correspondance spherical coordinates (r,θ ,ϕ). In this way, the potential amplitude can

be also regarded as the direct functions of position vector r⃗ = (r,θ ,ϕ) with respect to the spherical

coordinate system.

B. Acoustic radiation force and torque

After calculating both the external and scattered acoustic fields through the partial-wave expan-

sion method, the radiation force and torque can be derived as a surface integration of the object

as31  F⃗rad =
ρ0ω2

c2
0

∫
R

[
⟨ϕexϕsc⟩ e⃗r + ⟨ϕscϕsc⟩ e⃗r +

⟨
ic0
ω ϕsc∇ϕsc

⟩]
dAR

T⃗rad =−ρ0
∫

R

⟨
i∂ (ϕex+ϕsc)

∂ r K⃗(ϕex +ϕsc)
⟩

dAR

, (11)

where ρ0 and c0 are the density and speed of sound of the host fluid, respectively. Angle bracket

⟨·⟩ denotes the time average of the variable therein. Note that the spherical surface R surrounding

the scattering particle should be sufficiently far to involve the scatterer, and the direction of the a

unit vector e⃗r is along the outer normal of the surface. K⃗ = −i (⃗r×∇) representing the angular

momentum operator39. We can eliminate the time-averaged effects of the potential field using

relationship ⟨ϕexϕsc⟩ = 1
2Re

(
ϕ̂exϕ̂∗

sc
)
, and thus the radiation force and torque can be obtained by

inserting the potential amplitude [Eqs. (3) and (5)] into Eq. (11). A detailed derivative is given

in Appendix A. Consequently, the Cartesian components of the radiation force and torque exerted

on any axisymmetric object can be expressed as14,36


Frad,x = Re

[
iρ0
4 ∑n,m anm (1+ snm)

(
A m+1

n+1 b∗n+1,m+1−Bm+1
n−1 b∗n−1,m+1+C m−1

n+1 b∗n+1,m−1 −Dm−1
n−1 b∗n−1,m−1

)]
Frad,y = Re

[
ρ0
4 ∑n,m anm (1+ snm)

(
A m+1

n+1 b∗n+1,m+1−Bm+1
n−1 b∗n−1,m+1−C m−1

n+1 b∗n+1,m−1 +Dm−1
n−1 b∗n−1,m−1

)]
Frad,z = Re

[
iρ0
2 ∑n,m anm (1+ snm)

(
E m

n+1b∗n+1,m−F m
n−1b∗n−1,m

)] ,

(12)
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and 
Trad,x = Re

[
ρ0
4k ∑n,m anm (1+ snm)

(
G m

n b∗n,m+1+G−m
n b∗n,m−1

)]
Trad,y =−Re

[
iρ0
4k ∑n,m anm (1+ snm)

(
G m

n b∗n,m+1−G−m
n b∗n,m−1

)]
Trad,z = Re

[ρ0
2k ∑n,m anm (1+ snm)mb∗n,m

] , (13)

where bnm = anmsnm defined as the scattering coefficients, and symbol Re means taking the real

part of the expression. The weighting coefficients A m
n = −C−m

n = −
√

(n+m−1)(n+m)
(2n−1)(2n+1) , Bm

n =

−D−m
n =

√
(n−m+2)(n−m+1)
(2n+1)(2n+3) , E m

n = F m
n−1 =

√
(n−m)(n+m)
(2n−1)(2n+1) , and G m

n =
√
(n−m)(n+m+1).

III. RADIATION FORCE AND TORQUE: USING ROTATIONAL TRANFORMATION

A. Rotational tranformation of external products

Generally, the CCS does not align with the OCS, and the orientational deviation of the CCS [de-

noted as Oxyz] from the OCS [denoted as Ox′y′z′] can be precisely quantified by considering finite

rotational effects, as shown in Fig. 1(a). The rotational effect is characterized by θ⃗rot = (α,β ,γ),

where α , β , and γ denote the rotational angles around the respective axes. The finite rotational

principles are elaborated upon in the Introduction. Mathematically, the coordinate variables be-

tween the CCS and the OCS can be mutually expressed with the help of the rotational transforma-

tion matrices40 as:

R1(α)=


cos(α) −sin(α) 0

sin(α) cos(α) 0

0 0 1

 ,R2(β )=


cos(β ) 0 sin(β )

0 1 0

−sin(β ) 0 cos(β )

 ,R3(γ)=


cos(γ) −sin(γ) 0

sin(γ) cos(γ) 0

0 0 1

 .

(14)

To incorporate geometric features into our calculations, we intend to utilize the conformal

transformation approach. However, the conformal transformation approach discussed in Sec. II is

only applicable when the particle remains in the standard orientation, i.e., within the CCS. Note

that the expression of external field, ϕ̂anyl, is typically formulated in the OCS. From the perspective

of the CCS, the external field can be conceptualized as undergoing a rotational transformation of

−θ⃗rot around the origin of the CCS. Therefore, an ’opposite’ rotational transformation (i.e., by

−θ⃗rot) is applied on the external field, which allows us to simulate the effects of the external field
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FIG. 1. (a) Geometric description of the position relationship between the OCS [denoted as Cartesian system
Ox′y′z′] and the CCS [denoted as Cartesian system Oxyz]. The CCS is derived from the OCS through three
finite rotational effects, quantified by rotation angles θ⃗rot =(α,β ,γ). (b) A rotational transformation −θ⃗rot is
needed to rotate the acoustic external field within the CCS. (c) A reverse rotational transformation In(−θ⃗rot)

is employed to recover the expressions of the scattering products within the OCS.

within the CCS. As depicted in Fig. 1(b). The rotated external potential amplitude is expressed as ϕ̂ CCS,RT
anyl = ϕ̂anyl(x′,y′,z′)

[x′,y′,z′] = [x,y,z] ·R1 (−α)R2 (−β )R3 (−γ)
, (15)

with the superscripts CCS and RT represent the computation coordinate system and the rotational

transformation products, respectively. As a result, the corresponding beam-shape coefficients are

accessible by Eq. (4) as

aCCS,RT
nm =

1
jn (kR)

∫ 2π

0

∫ π

0
ϕ̂ CCS,RT

anyl

(⃗
R
)

Y m
n (θ ,ϕ)∗ sinθdθdϕ . (16)

Consequently, we are able to obtain the scalar scattering coefficients for sound-soft bound-

ary condition with respect to the CCS, sCCS,RT
nm , through inserting aCCS,RT

nm into matrix (6) and

solving it [or solving Eq. (7) for sound-hard boundary condition]. In this way, the scattering

potential amplitude on the CCS can be expressed as ϕ̂ CCS,RT
sc = ∑n,m sCCS,RT

nm aCCS,RT
nm Hm

n . The cor-

responding radiation force and torque, F⃗CCS,RT
rad =

[
FCCS,RT

rad,x ,FCCS,RT
rad,y ,FCCS,RT

rad,z

]
and T⃗ CCS,RT

rad =[
T CCS,RT

rad,x ,T CCS,RT
rad,y ,T CCS,RT

rad,z

]
, are given in Eqs. (12) and (13) while replace anm and snm with

aCCS,RT
nm and sCCS,RT

nm , respectively.
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B. Reverse rotational transformation of scattering products

Following calculations within the CCS to obtain the acoustic scattered field, radiation force, and

torque, we subsequently apply an reverse rotational transformation to acquire the corresponding

values in the OCS. From the standpoint of the OCS, the scattering products can be conceptualized

as undergoing an reverse rotational transformation [denoted as In(−θ⃗rot) with symbol In indicat-

ing reverse] around the origin of the OCS, as depicted in Fig. 1(c). As a result, the scattering

potential amplitude becomes ϕ̂ OCS,RT
sc = ϕ̂ CCS,RT

sc (x,y,z)

[x,y,z] = [x′,y′,z′] ·R−1
3 (γ)R−1

2 (β )R−1
1 (α)

, (17)

the radiation force and torque are given as

F⃗OCS,RT
rad = F⃗CCS,RT

rad ·R−1
3 (γ)R−1

2 (β )R−1
3 (α) , (18)

and

T⃗ OCS,RT
rad = T⃗ CCS,RT

rad ·R−1
3 (γ)R−1

2 (β )R−1
3 (α) , (19)

with the superscript OCS indicates the observation coordinate system. In this way, the scattered

potential amplitude, radiation force, and torque acting upon an axisymmetric particle with an

arbitrary orientation can be calculated.

IV. RADIATION FORCE AND TORQUE: USING ROTATION METRICS

A. Rotation of beam-shape coefficients

As mentioned previously, the rotation from the OCS to the CCS is described by θ⃗rot = (α,β ,γ).

Similarly, to proceed with the conformal transformation, the axisymmetric particle must be posi-

tioned in its standard orientation, i.e., within the CCS. Therefore, it is necessary to rotate the

external field by an angle of −θ⃗rot = (−α,−β ,−γ) to maintain the incident angle of the external

field and the orientation of the particle unchanged [referred to Fig. 1(b)]. Differing from the ap-

proach based on rotational transformation, a more concise approach involves directly rotating the
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spherical harmonics using rotation matrices37. Specifically, we have

ϕ̂ CCS,RM
ex =

∞

∑
n=0

+n

∑
m=−n

anm jn(kr)
+n

∑
l=−n

Dm,l
n (−θ⃗rot)Y l

n(θ ,ϕ)

=
∞

∑
n=0

+n

∑
l=−n

[
+n

∑
m=−n

anmDm,l
n (−θ⃗rot)

]
jn(kr)Y l

n(θ ,ϕ)

=
∞

∑
n=0

+n

∑
m=−n

[
+n

∑
l=−n

anlDl,m
n (−θ⃗rot)

]
jn(kr)Y m

n (θ ,ϕ)

= ∑
n,m

aCCS,RM
nm Jm

n , (20)

where the superscript RM represents the products based on the rotation addition theorem using

rotation matrices, and the corresponding beam-shape coefficients becomes

aCCS,RM
nm =

+n

∑
l=−n

anlDl,m
n (−θ⃗rot). (21)

In the above equations, Dm,l
n (⃗θ) is defined as the elements of rotation matrices. An explicit formula

for Dm,l
n (⃗θ) can be found in Appendix B. Then, we can bring coefficients aCCS,RM

nm into matrices

(6) and (7) for the corresponding scalar scattering coefficients (sCCS,RM
nm ) of the sound-soft and

sound-hard boundary conditions, respectively.

B. Reverse rotation of scalar scattering coefficients

To determine the scattering field within the OCS, a reverse rotational effect is needed, as il-

lustrated in Fig. 1(c). Similarly, the reverse rotational effect can be considered conveniently by

employing another rotation matrices as:

ϕ̂ OCS,RM
sc =

∞

∑
n=0

+n

∑
m=−n

aCCS,RM
nm sCCS,RM

nm h1
n(kr′)

+n

∑
l=−n

Dm,l
n (In(−θ⃗rot))Y l

n(θ ′,ϕ ′)

=
∞

∑
n=0

+n

∑
l=−n

[
+n

∑
m=−n

aCCS,RM
nm sCCS,RM

nm Dm,l
n (In(−θ⃗rot))

]
h1

n(kr′)Y l
n(θ ′,ϕ ′)

=
∞

∑
n=0

+n

∑
m=−n

[
+n

∑
l=−n

aCCS,RM
nl sCCS,RM

nl Dl,m
n (In(−θ⃗rot))

]
h1

n(kr′)Y m
n (θ ′,ϕ ′)

= ∑
n,m

bOCS,RM
nm Hm

n
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= ∑
n,m

anmsOCS,RM
nm Hm

n , (22)

where the rotated scattering coefficients, bOCS,RM
nm , and the rotated scalar scattering coefficients,

sOCS,RM
nm , are 

bOCS,RM
nm =

+n
∑

l=−n
aCCS,RM

nl sCCS,RM
nl Dl,m

n (In(−θ⃗rot))

sOCS,RM
nm = 1

anm

+n
∑

l=−n
aCCS,RM

nl sCCS,RM
nl Dl,m

n (In(−θ⃗rot))
. (23)

In the above equations, we use the notation In(−θ⃗rot) = (γ,β ,α) where convenient, representing

the effects of reverse rotations. It is essential to note that, to maintain consistency with the format

of Eq. (5), we have extracted the beam-shape coefficients, anm, from the scattering coefficients

bOCS,RM
nm , resulting in scalar scattering coefficients, sOCS,RM

nm . However, it is crucial to highlight

that the denominator of the scalar scattering coefficients is anm. This implies that when anm equals

zero, sOCS,RM
nm tends towards infinity, rendering the computation infeasible. Considering this as-

pect, in subsequent calculations, whether for the computation of the scattered acoustic field or the

calculation of radiation force and torque, we directly utilize the scattering coefficients bOCS,RM
nm

to avoid potential numerical errors. In this manner, referring to Eqs. (12) and (13), the radiation

force and torque can be expressed directly in terms of aOCS,RM
nm and bOCS,RM

nm as follows:
FOCS,RM

rad,x′ = Re
[

iρ0
4 ∑n,m

(
aOCS,RM

nm +bOCS,RM
nm

)(
A m+1

n+1 bOCS,RM
n+1,m+1−Bm+1

n−1 bOCS,RM
n−1,m+1+C m−1

n+1 bOCS,RM
n+1,m−1 −Dm−1

n−1 bOCS,RM
n−1,m−1

)∗]
FOCS,RM

rad,y′ = Re
[

ρ0
4 ∑n,m

(
aOCS,RM

nm +bOCS,RM
nm

)(
A m+1

n+1 bOCS,RM
n+1,m+1−Bm+1

n−1 bOCS,RM
n−1,m+1−C m−1

n+1 bOCS,RM
n+1,m−1 +Dm−1

n−1 bOCS,RM
n−1,m−1

)∗]
FOCS,RM

rad,z′ = Re
[

iρ0
2 ∑n,m

(
aOCS,RM

nm +bOCS,RM
nm

)(
E m

n+1bOCS,RM
n+1,m −F m

n−1bOCS,RM
n−1,m

)∗] ,

(24)

and
T OCS,RM

rad,x′ = Re
[

ρ0
4k ∑n,m

(
aOCS,RM

nm +bOCS,RM
nm

)(
G m

n bOCS,RM
n,m+1 +G−m

n bOCS,RM
n,m−1

)∗]
T OCS,RM

rad,y′ =−Re
[

iρ0
4k ∑n,m

(
aOCS,RM

nm +bOCS,RM
nm

)(
G m

n bOCS,RM
n,m+1 −G−m

n bOCS,RM
n,m−1

)∗]
T OCS,RM

rad,z′ = Re
[

ρ0
2k ∑n,m

(
aOCS,RM

nm +bOCS,RM
nm

)(
mbOCS,RM

n,m

)∗] . (25)

In contrast to the method relying on rotational transformations, which directly manipulates the

solved acoustic scattering fields, radiation force, and torque [referred to Eqs. (17), (18), and (19)],

the scattering products [given in Eqs. (22), (24), and (25)] based on rotation addition theorem can

be used to obtain the beam-shape and scalar scattering coefficients relative to the object orienta-

tions. This approach preserves inheritability within the partial-wave framework and maintains a
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FIG. 2. The percentage difference of acoustic radiation force and torque as a function of maximum element
size around the object used in numerical simulations. The red, black, and blue lines denote the distributions
of radiation force on the z′-axis, radiation force on the x′-axis, and radiation torque on the y′-axis, respec-
tively. Sub-figures (a), (b), and (c) represent the radiation force/torque on the cone with orientations of 0,
π/4, and π/2, respectively, while sub-figures (d), (e), and (f) illustrate the radiation force/torque on the disc
with the same arrangement. Due to the symmetric properties, the radiation force on the x′-axis and radiation
torque on the y′-axis vanish at orientations of 0 and π/2

more intuitive and compact expressions.

V. RESULTS AND DISCUSSION

A series of comprehensive three-dimensional simulations of wave-particle interactions have

been performed to validate the acoustic scattering potential field, radiation force and radiation

torque. The simulations are implemented in commercial software COMSOL MULTIPHYSICS.

Given that the pressure and the particle velocity can be represented by the potential field as

−ρ0
∂ϕ
∂ t = p and ∇ϕ = u⃗, the pressure p and particle velocity u⃗ obtained through numerical sim-

ulations allow for the direct calculation of radiation force and torque using Eq. (11) [a detailed

derivation is provided in Appendix D of our previous work31].

The sound-hard boundary conditions for the different axisymmetric particles (all averaged ra-

dius of a = 50 µm) with different orientations in water have been simulated. A plane wave with

a unit pressure amplitude [or p0 = 1 Pa] is set in COMSOL as a background pressure field with

the frequency of 12 MHz [or the size parameter ka ≈ 2.5], proporgating along the +z′-axis. The
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FIG. 3. The summation of absolute values of rotated beam-shape coefficients based on the rotational trans-
formation (RT, |aRT

nm| in Eq. (16)) and the rotation matrices (RM, |aRM
nm | in Eq. (21)) at different rotation

angles, β [α = γ = 0]. The inserted contours illustrate the data distribution of |aRT
nm| and |aRM

nm | at β = 1◦,
45◦, 70◦ and 85◦.

maximum element size is set to λ/6 in the entire computational domain, while a much denser

mesh distribution is necessary on the integration surface surrounding the particles for accurately

evaluating of the radiation force and torque. To mitigate the numerical errors, a mesh conver-

gence analysis has been conducted by gradually increasing the mesh density on the integration

surface. The percentage difference of acoustic radiation force/torque as a function of maximum

element size around the cone/disc with different orientations are listed in Fig. 2. Considering that

all values do not vary significantly after λ/25, we have ultimately set the maximum element size

to λ/25 since further increasing the mesh density does not significantly impact the numerical re-

sults. In theoretical calculations, we need to truncate the infinite summation ∑n,m ≡ ∑∞
n=0 ∑+n

m=−n

to ∑n,m ≡ ∑N
n=0 ∑+n

m=−n using a truncation number N = 8 so that we could perform the predictions

of Eqs. (5), (6), (7), (12), (13), (20), (22), (24) and (25) properly31,35,38. It is noteworthy that

the computational time for each numerical simulation (10 minutes) is considerably higher than

the time required in our method (1 second for radiation forces/torques and 1 min for scattering

fields using parallel computing) on a standard general personal computer (CPU: Intel i9-13900K

3.0 GHz with 24-core, Maximum memory usage: 128 GB).
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A. Comparison of rotated beam-shape coefficients

Figure 3 compares the absolute values of the rotated beam-shape coefficients using both rota-

tional transformation [in Eq. (16)] and rotation matrices [in Eq. (21)] for different rotation angles

β [α = γ = 0], corresponding to the rotation of the Ox′y′z′ system about the y′-axis to the Oxyz

system. An excellent agreement of the rotated beam-shape coefficients based on the rotation ma-

trices (RM) is observed compared to that based on the rotational transformation (RT). When the

object is located at the standard orientation, the rotated beam-shape coefficients, |aRT
nm| and |aRM

nm |,

are initially confined to the central domain [with m = 0], while |aRT
nm| and |aRM

nm | vanish for m ̸= 0.

With the increase of rotation angle β , |aRT
nm| and |aRM

nm | start to spread to the non-central domain

[with m ̸= 0]. Physically, the object deviating from its standard orientation in the OCS is math-

ematically equivalent to the plane wave undergoing an opposite rotation process within the CCS

[referred to Fig. 1]. In order to better approximate the rotated plane wave, additional non-central

data is required.

It is noteworthy that the beam-shape coefficients of a plane wave propagating with arbitrary

orientation can be analytically expressed as11

aanly
nm = in4πY m

n (θinc,ϕinc)
∗, (26)

where the polar and azimuthal angles, θinc and ϕinc, quantify the propagating orientation. Exam-

ining Eq. (26), it is evident that when θinc = 0, Y m
n (0,ϕinc)∼ δm,0 [with δnm the Kronecker Delta]

and thus aanly
nm is non-zero only when m = 0; conversely, when θinc ̸= 0, non-zero aanly

nm will spread

to m ̸= 0, confirming the characteristics of the rotated beam-shape coefficients.

We can also observe a slight deviation in Fig. 3 as β approaches zero. This discrepancy arises

during the computation in Eq. (21), where the first step involves evaluating the rotation matri-

ces Dm,l
n (−θ⃗rot). However, the determination of the reduced rotation matrices dm,l

n (−β ), using

Eqs. (B9) and (B10), incorporates the evaluation of the term
(

tanβ
2

)2k+l−m
. It is well-established

that as β tends to be zero, the term tanβ
2 also tends to zero. Consequently, if 2k+ l −m ≪ 0,(

tanβ
2

)2k+l−m
tend toward infinity, significant numerical errors may occur. Therefore, when ap-

plying rotation matrices to address cases with small rotational angles, it is advisable to maintain

a small truncation number N to ensure higher accuracy. It is important to note that the same

numerical errors exist when computing the scattering coefficients in Eq. (23).
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FIG. 4. The pressure amplitude of the acoustic scattering fields generated by a plane wave propagating
along the z′-axis with a unit pressure amplitude, interacting with a sound-hard cone-like object undergoing
rotations about the y′-axis by β = 15◦, 45◦, and 75◦. The pressure amplitudes are obtained through (a)
numerical simulations, and theoretical model incorporating (b) the rotational transformations and (c) the
rotation matrices.

B. Comparison of scattering fields

The pressure amplitude of the acoustic scattering fields resulting from a plane interacting with

a cone-like and a disc-like object at various orientations are depicted in Figs. 4 and 5, respec-

tively. Note that the potential amplitude of the scattered waves based on rotational transformation
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FIG. 5. The same as in Fig. 4, but with the scatterer replaced by a sound-soft disc-like object.

and rotation metrics are given in Eq. (17) and (22), respectively. The pressure amplitude can

be solved from the potential amplitude using the relationship of −ρ0
∂ϕ
∂ t = p. Theoretical calcu-

lations, employing the rotational transformation (RT, sub-figure (b)) and rotation matrices (RM,

sub-figure (c)), are validated against three-dimensional numerical simulations (sub-figure (a)). A

substantial agreement is observed in the scattering pressure amplitudes between our methods and

the numerical simulations. In Eqs. (9) and (10), a conformal transformation is performed to map

a non-spherical object to a sphere. Objects with greater deviation from the spherical shape require

more complex combinations of mapping coefficients, cn, which can lead to numerically unstable
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calculations and distortions in the near-field acoustic fields. In contrast, as the mapping coordinate

system asymptotically approaches the spherical coordinate system in the far-field, the prediction

results show good agreement in regions where the distance from the object increases.

In the near-field region, noticeable discrepancies in the acoustic pressure amplitudes in Fig.

5 may arise due to mapping errors in the projection of non-spherical geometries onto a sphere

through the conformal transformation approach. Given the substantial differences in geometric

features between the disc-like object and a sphere, this introduces mapping errors during the near-

field data transfer between the original and mapping coordinate systems. Conversely, the geomet-

ric similarities between the cone-like object and a sphere result in relatively small mapping errors.

Consequently, errors in the near-field scattering field exist for the disc-like object, while ensuring

a relatively accurate near-field scattering field for the cone-like object. It is crucial to note that the

mapping coordinate system is specifically designed to asymptotically match the spherical coordi-

nate system at the far-field31. As a result, accurate far-field information has been captured. Noted

that the acoustic radiation force and torque depend on far-field information [referred to Eq. (11)],

any inaccuracies in the near-field could not compromise the precision of these two parameters.

C. Comparison of radiation force and torque

In this section, we validate the theoretical evaluations of the acoustic radiation force and torque

using Eqs. (18), (19), (24), and (25) with those calculations from full numerical simulations

[referred to Eqs. (D.2) and (D.3) of work31] on the cone-like and the disc-like objects. Given

the exceptionally small computed values for radiation force and torque, we have dimensionlessed

these parameters to enhance visualization. Specifically, the radiation force efficiency is scaled

as F̃rad,i = Frad,i/[(πa2 p2
0)/(2ρ0c2

0)], i = x′, y′, or z′, and the radiation torque efficiency is scaled

as T̃rad,i = Trad,i/[(πa3 p2
0)/(2ρ0c2

0)], i = x′, y′, or z′. Considering the axisymmetric nature, the

acoustic radiation force on y′-axis, Frad,y′ , and the acoustic radiation torque on x′- and z′-axes,

Trad,x′ and Trad,z′ , are considerably weaker than their counterparts along other sensitive directions,

i.e., |Frad,x′| or |Frad,z′| ≫ Frad,y′ ≈ 0 and |Trad,y′| ≫ Trad,x′ or Trad,z′ ≈ 0. Therefore, our focus is

directed towards plotting and discussing the acoustic radiation force efficiencies along the x′- and

z′-axes, F̃rad,x′ and F̃rad,z′ , as well as the acoustic radiation torque efficiency along the y′-axis,

T̃rad,y′ . Observing Figs. 6 and 7, it is evident that the radiation force efficiency and torque efficiency

obtained through our method [utilizing rotational transformation (RT) and rotation matrices (RM)]

20



FIG. 6. Theoretical calculations [based on rotational transformation (RT) and rotation matrices (RM)] and
numerical simulations (Num) of (a) the radiation force efficiency on the x′-axis [denoted as F̃rad,x′], (b) the
radiation force efficiency on the z′-axis [denoted as F̃rad,z′], and (c) the radiation torque efficiency on the y′-
axis [denoted as T̃rad,y′], resulting from a unit plane wave (p0 = 1 Pa) propagating along +z′-axis interacting
with a sound-hard cone-like object with an average radius of a = 50 µm as a function of the rotationa angle,
β .

FIG. 7. The same as in Fig. 6, but with the scatterer replaced by a sound-soft disc-like object.
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align well with the results from numerical simulations (Num) across varying rotational angles, β .

It is noteworthy to reiterate that our formulations exhibit significantly shorter computational times

compared to those reliant on the full finite-element method [approximately 1 second versus 10

minutes].

VI. CONCLUSIONS

In this study, we outline a theoretical framework based on partial-wave expansion series for

the evaluation of acoustic scattering fields arising from the interaction between an incident wave

and an axisymmetric object with arbitrary orientations. The derived scattering fields subsequently

facilitate the computation of the radiation force and torque acting on the object.

Specifically, the conformal transformation approach is employed to integrate the influence of

non-spherical geometric features into the calculations, while its applicability is limited to scenar-

ios where the object is positioned at its standard orientation. Both rotational transformations and

rotation addition theorem are crucial for addressing objects positioned at non-standard orientations

The approach utilizing rotational transformation directly manipulates the solved acoustic fields, as

well as the radiation force and torque, disrupting their inheritability within the partial-wave frame-

work. In contrast, the method based on rotation addition theorem modulates the partial-wave ex-

pansion coefficients [including the beam-shape coefficients and the scalar scattering coefficients].

This ensures that the formulations of scattering products remain consistent and compact, which

holds greater theoretical value. For instance, within the partial-wave framework, there is the po-

tential to solve the multiple scattering fields, as well as the interaction radiation force and torque,

in a system with multiple non-spherical objects, following a similar procedure as in a multi-sphere

system16,41. Regarding computational accuracy, it can be observed that the scattering field [re-

ferred to Figs. 4 and 5] and the derived radiation force and torque [referred to Figs. 6 and 7] for

different axisymmetric objects at various orientations can be effectively addressed with the assis-

tance of either rotational transformation or rotation matrices. These results demonstrate a high

level of agreement with full three-dimensional numerical simulations, yet the computational time

is significantly lower than that of numerical method.

Considering the high computational accuracy and efficiency, the current study provides crucial

theoretical support for manipulating axisymmetric objects at arbitrary orientations. In particular,

due to the inherent consistency of the rotation addition theorem in computational format, there

22



is hope that the theoretical model originally designed for spherical objects could be seamlessly

extended to axisymmetric objects.

Appendix A: Determination of radiation force and torque

The acoustic radiation force on an object due to scattering phenomena was obtained as a surface

integration R, which should involve the object4,5:

F⃗rad =
∫

R
⟨L⟩dA⃗R −ρ0

∫
R

dA⃗R · ⟨⃗u⃗u⟩, (A1)

where the angle bracket ⟨ · ⟩ denotes the time average of the variable therein. L is the acoustic

Lagrange density defined as L = 1
2ρ0⃗u · u⃗− 1

2ρ0c2 p2, where ρ0⃗u · u⃗ is the flux of momentum density.

The acoustic velocity and the acoustic pressure are decomposed as u⃗ = u⃗ex + u⃗sc and p = pex +

psc, respectively. The spherical surface R surrounding the scattering particle is sufficiently far to

involve the scatterer, and the direction of the integration element dA⃗R = dAR⃗er is along the outer

normal of the surface. Three factors are now considered: (i) for the external incident wave which

does not contribute to the radiation force, i.e.,
∫

R ⟨Lex⟩dA⃗R −ρ0
∫

R dA⃗R · ⟨⃗uex⃗uex⟩= 0; and (ii) the

Sommerfeld radiation condition requires the acoustic Lagrange density for the scattering wave to

satisfy Lsc =
1
2ρ0⃗usc · u⃗sc − 1

2ρ0c2 p2
sc = 0. Equation (A1) is reduced to

F⃗rad =
∫

R

ρ0ω2

c2

[
⟨ϕexϕsc⟩ e⃗r + ⟨ϕscϕsc⟩+

⟨
ic
ω

ϕsc∇ϕex

⟩]
dAR, (A2)

where e⃗r is the unit outer normal vector of the spherical surface R.

Using the relationship ⟨XY ⟩ = 1
2Re

(
X̂Ŷ ∗), the force components in the Cartesian coordinate

system can be expressed as F⃗rad,x = F⃗rad · e⃗x, F⃗rad,y = F⃗rad · e⃗y, F⃗rad,z = F⃗rad · e⃗z or


F⃗rad,x =

ρ0ω2R2
0

2c2 Re
∫ 2π

0
∫ π

0

[(
ϕ̂ex − i

k
∂ ϕ̂ex
∂ r

)
ϕ̂∗

sc +
∣∣ϕ̂sc

∣∣2]cos(φ)sin2 (θ)dθdφ,

F⃗rad,y =
ρ0ω2R2

0
2c2 Re

∫ 2π
0

∫ π
0

[(
ϕ̂ex − i

k
∂ ϕ̂ex
∂ r

)
ϕ̂∗

sc +
∣∣ϕ̂sc

∣∣2]sin(φ)sin2 (θ)dθdφ,

F⃗rad,z =
ρ0ω2R2

0
2c2 Re

∫ 2π
0

∫ π
0

[(
ϕ̂ex − i

k
∂ ϕ̂ex
∂ r

)
ϕ̂∗

sc +
∣∣ϕ̂sc

∣∣2]cos(θ)sin(θ)dθdφ.

(A3)

Considering that the integration spherical surface is far away from the object [i.e., R0 → ∞],

the external and scattering potential amplitudes given in Eqs. (3) and (5) can be further simplified
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using the relationships11 jn (kr)≈ sin(kr− πn
2 )

kr , ∂ [ jn(kr)]
∂ r ≈ cos(kr− πn

2 )
r , and h(1)n (kr)≈ i−(n+1)eikr

kr as:



ϕ̂ex = ∑n,m anmY m
n (θ ,ϕ) sin(kr− πn

2 )
kr ,

ϕ̂sc = ∑n,m anmsnmY m
n (θ ,ϕ) i−(n+1)eikr

kr ,

∂ ϕ̂ex
∂ r = ∑n,m anmY m

n (θ ,ϕ) cos(kr− πn
2 )

r ,

ϕ̂∗
sc = ∑n,m a∗nms∗nm[Y

m
n (θ ,ϕ)]∗ i(n+1)e−ikr

kr .

(A4)

Consequently, the acoustic radiation force on the irregular body can be evaluated by substituting

Eq. (A4) into
(

ϕ̂ex − i
k

∂ ϕ̂ex
∂ r

)
ϕ̂∗

sc +
∣∣ϕ̂sc

∣∣2, which yields:

(
ϕ̂ex −

i
k

∂ ϕ̂ex

∂ r

)
ϕ̂∗

sc +
∣∣ϕ̂sc

∣∣2 = 1

(kr)2 ∑
n,m

∑
n′,m′

anma∗n′m′(1+ snm)s∗n′m′Y
m
n (θ ,ϕ)

[
Y m′

n′ (θ ,ϕ)
]∗
. (A5)

Additionally, considering the orthogonality and the recurrence properties of the spherical har-

monics function39, we have:



∫ 2π
0

∫ π
0 Y m

n (θ ,ϕ) [Y m′
n′ (θ ,ϕ)]

∗ cos(φ)sin2 (θ)dθdφ =

1
2

(
A m+1

n+1 δn′,m+1δm′,m+1 +Bm+1
n−1 δn′,n−1δm′,m+1 +C−m−1

n+1 δn′,n+1δm′,m−1 +Dm−1
n−1 δn′,n−1δm′,m−1

)
,∫ 2π

0
∫ π

0 Y m
n (θ ,ϕ) [Y m′

n′ (θ ,ϕ)]
∗ sin(φ)sin2 (θ)dθdφ =

−i
2

(
A m+1

n+1 δn′,m+1δm′,m+1 +Bm+1
n−1 δn′,n−1δm′,m+1 −C−m−1

n+1 δn′,n+1δm′,m−1 −Dm−1
n−1 δn′,n−1δm′,m−1

)
,∫ 2π

0
∫ π

0 Y m
n (θ ,ϕ) [Y m′

n′ (θ ,ϕ)]
∗ cos(θ)sin(θ)dθdφ = −i

2

(
E m

n+1δn′,n+1δm′,m−1 +F m
n−1δn′,n−1δm′,m

)
,

(A6)

where δnm represents the Kronecker Delta. Finally, through inserting Eqs. (A5) and (A6) into Eq.

(A3), we can explicitly express the acoustic radiation force as Eq. (12).

The acoustic radiation torque on an object has also been derived as a surface integration over

the object6:

T⃗rad =−ρ0

∫
R

⟨(
dA⃗R · u⃗

)
· (⃗r×u⃗)

⟩
, (A7)

Following relationships −ρ0
∂ϕ
∂ t = p and ∇ϕ = u⃗, the potential form of Eq. (A7) is

T⃗rad =−ρ0

∫
R

⟨
∂ϕ
∂ r

· iK⃗ϕ
⟩

dAR, (A8)

where K⃗ =−i (⃗r×∇) represents the angular momentum operator39. Similarly, we decompose the

total potential field ϕ into the potential fields of external wave ϕex and scattered wave ϕsc and
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eliminate the time-averaged effects using relationship ⟨XY ⟩ = 1
2Re

(
X̂Ŷ ∗). The acoustic torque

given in Eq. (A8) becomes

T⃗rad =−ρ0

2
Re

∫
R

[
∂ ϕ̂∗

ex
∂ r

iK⃗ϕ̂sc − ϕ̂∗
exiK⃗

∂ ϕ̂sc

∂ r
+

∂ ϕ̂∗
sc

∂ r
iK⃗ϕ̂sc

]
dAR. (A9)

Considering the partial-wave expressions of Eqs. (3) and (5), we have:

∂ ϕ̂∗
ex

∂ r K⃗ϕ̂sc = k ∑n,m ∑n′,m′ anma∗n′m′snmh(1)n (kr)∂ [ jn′(kr)]
∂ r

{
[Y m′

n′ (θ ,ϕ)]
∗
[
K⃗Y m

n (θ ,ϕ)
]}

,

ϕ̂∗
exK⃗ ∂ ϕ̂ sc

∂ r = k ∑n,m ∑n′,m′ anma∗n′m′snm jn′(kr)
∂
[
h(1)n (kr)

]
∂ r

{
[Y m′

n′ (θ ,ϕ)]
∗
[
K⃗Y m

n (θ ,ϕ)
]}

,

∂ ϕ̂∗
sc

∂ r K⃗ϕ̂sc = k ∑n,m ∑n′,m′ anma∗n′m′snms∗n′m′h
(1)
n (kr)

∂
[
h(1)n′ (kr)

]∗
∂ r

{
[Y m′

n′ (θ ,ϕ)]
∗
[
K⃗Y m

n (θ ,ϕ)
]}

.

(A10)

Substituting Eq. (A10) into Eq. (A9), we yield:

T⃗rad =
kρ0

2
Im

∫
R
∑
n,m

∑
n′,m′

{[
Y m′

n′ (θ ,ϕ)
]∗ [K⃗Y m

n (θ ,ϕ)
]}

(anma∗n′m′snm)h(1)n (kr)
∂ [ jn′(kr)]

∂ r
− jn′(kr)

∂
[
h(1)n (kr)

]
∂ r

+ s∗n′m′h
(1)
n (kr)

∂
[
h(1)n′ (kr)

]∗
∂ r

dAR. (A11)

For the far-field region, we further simplify the above equation using the relationships11

jn (kr)≈ sin(kr− πn
2 )

kr , ∂ [ jn(kr)]
∂ r ≈ cos(kr− πn

2 )
r , h(1)n (kr)≈ i−(n+1)eikr

kr ,
[
h(1)n (kr)

]∗
≈ i(n+1)e−ikr

kr ,
∂
[
h(1)n (kr)

]
∂ r ≈

i−neikr

kr , and
∂
[
h(1)n (kr)

]∗
∂ r ≈ ine−ikr

kr , as:

T⃗rad =− ρ0

2kR2
0

Re
∫

R
∑
n,m

∑
n′,m′

{[
Y m′

n′ (θ ,ϕ)
]∗ [K⃗Y m

n (θ ,ϕ)
]}

(anma∗n′m′snm) i(n
′−n)(1+ s∗n′m′)dAR.

(A12)

Finally, with the help of relationships39 (Kx ± iKy)Y m
n (θ ,φ)=G m

n Y m±1
n (θ ,φ) and KzY m

n (θ ,φ)=

mY m
n (θ ,φ) [Kx, Ky, and Kz are the Cartesian components of K⃗], we have:

 Trad,x ± iTrad,y =
ρ0
2k Re∑n,m G±m

n an,m∓1a∗nmsn,m∓1 (1+ s∗nm),

Trad,z =
ρ0
2k Re∑n,m manma∗nmsnm (1+ s∗nm).

(A13)

Based on Eq. (A13), e acoustic radiation torque on the irregular body can be explicitly formulated

in the Cartesian coordinate system as shown in Eq. (13).
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Appendix B: Determination of rotation matrices

Suppose that a set of Cartesian axes Ox′y′z′ is rotated into axes Oxyz following the finite rota-

tional principles, and the rotation angle is θ⃗rot = (α,β ,γ). It should be further emphasized that by

employing the rotational concept, the components of radiation force (or torque) can be expressed

in a unified format. This is achieved by rotating the coordinate system and utilizing rotation ma-

trices to transform the coefficients42. Based on the addition theorem37,42, the effects of rotations

is enforced on the spherical harmonics function as

Y m
n (θ ,ϕ) =

+n

∑
l=−n

Dm,l
n (⃗θrot)Y m

n (θ ′,ϕ ′), (B1)

and the entries of rotation matrices Dm,l
n (⃗θrot) can be calculated by

Dm,l
n (α,β ,γ) = e−ilαdm,l

n (β )e−ilγ , (B2)

where the reduced rotation matrices dm,l
n (β ) satisfy43

dm,l
n (β ) = (−1)m+lUm,l

n

(
β
2

)√
(n+ l)!(n− l)!
(n+m)!(n−m)!

, (B3)

with entities Um,l
n (τ) are defined as

Um,l
n (τ) = (−1)n+lCn−l

n+m(cosτ)l+m(sinτ)l−mF l+m+1
l−n,n+l+1

(
cos2τ

)
(for l +m ≥ 0)

, (B4)

where Cm
n = n!

m!(n−m)! and F l
n,m (x) are the binomial coefficients and the hypergeometric function,

respectively.

In order to explicitly express the hypergeometric function, we introduce the Jacobi polynomial,

given by

P(a,b)
N (cos2τ) =

1
2N

N

∑
k=0

CN−k
N+aCk

N+b(cos2τ −1)k(cos2τ +1)N−k. (B5)

Considering that the Jacobi polynomial can be represented by the hypergeometric function by44

P(a,b)
N (cos2τ) =

(−1)N(N +b)!
N!b!

Fb+1
−N,N+a+b+1

(
cos2τ

)
, (B6)
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the hypergeometric function in Eq. (B4) for l +m ≥ 0 can be solved by equating Eqs. (B5) and

(B6) [replacing N = n− l, a = l −m, and b = l +m]:

F l+m+1
l−n,n+l+1

(
cos2τ

)
=

[
n−l
∑

k=0

(n−m)!(n+m)!
(n−l−k)!(l+k−m)!(n+m−k)!k!(−1)k(cosτ)2n−2l(tanτ)2k

]
(n−l)!(l+m)!
(−1)n−l(n+m)!

=
n−l
∑

k=0
(−1)k+l−n (n−m)!(n−l)!(l+m)!

(n−l−k)!(l+k−m)!(n+m−k)!k!(cosτ)2n−2l(tanτ)2k,

(B7)

Thus, inserting Eq. (B7) into Eq. (B4), we have

Um,l
n (τ) =

n−l
∑

k=0
(−1)k (n−m)!(n+m)!

(n−l−k)!(l+k−m)!(n+m−k)!k!(cosτ)2n(tanτ)2k+l−m

(for l +m ≥ 0)
. (B8)

Finally, we obtain the explicit expression of the reduced rotation matrices by insert Eq. (B8) into

Eq. (B3), which is

dm,l
n (β ) =

n−l
∑

k=0
(−1)k+l+m

√
(n+l)!(n−l)!(n+m)!(n−m)!

(n−l−k)!(l+k−m)!(n+m−k)!k!

(
cosβ

2

)2n(
tanβ

2

)2k+l−m

(for l +m ≥ 0)
. (B9)

Note that Eq. (B9) can be only used to evaluate the reduced rotation matrices when l +m ≥ 0; for

other values of l and m, we can use

dm,l
n (β ) = (−1)m+ld−m,−l

n (β )

(for l +m < 0)
, (B10)

with d−m,−l
n (β ) is evaluated by Eq. (B9) since (−l) + (−m) ≥ 0. Once the reduced rotation

matrices dm,l
n (β ) is determined, the rotation matrices Dm,l

n (⃗θrot) [or Dm,l
n (α,β ,γ)] can be calculated

by Eq. (B2).
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