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(Almost-)Quantum Bell Inequalities and Device-
Independent Applications
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Investigations of the boundary of the quantum correlation set have gained
increased attention in recent years. This is done through the derivation of quan-
tum Bell inequalities, which are related to Tsirelson’s problem and have signifi-
cant applications in device-independent (DI) information processing. However,
determining quantum Bell inequalities is a notoriously difficult task and only
isolated examples are known. In this paper, we present families of (almost-
Jquantum Bell inequalities and highlight four foundational and DI applications.
Firstly, it is known that quantum correlations on the non-signaling boundary
are of crucial importance in the task of DI randomness extraction from weak
sources. In the practical Bell scenario of two players with two k-outcome mea-
surements, we derive quantum Bell inequalities that demonstrate a separation
between the quantum boundary and certain portions of the boundaries of the
no-signaling polytope of dimension up to 4k—8, extending previous results from
nonlocality distillation and the collapse of communication complexity. Secondly
as an immediate by-product, we give a general proof of Aumann’s Agreement
theorem for quantum systems as well as the almost-quantum correlations, which
implies Aumann’s agreement theorem is a reasonable physical principle in the
context of epistemics to pick out both quantum theory and almost-quantum
correlations from general no-signaling theories. Thirdly, we present a family
of quantum Bell inequalities in the two players with m binary measurements
scenarios, that we prove serve to self-test the two-qubit singlet and the cor-
responding 2m measurements. Interestingly, this claim generalizes the result
for m = 2 discovered by Tsirelson-Landau-Masanes and shows an improve-
ment over the state-of-the-art Device-Independent Randomness-Amplification
(DIRA). Lastly, we use our quantum Bell inequalities to derive the general
form of the principle of no advantage in nonlocal computation, which is an
information-theoretic principle that serves to characterize the quantum corre-
lation set.
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1 Introduction

One of the most striking features of quantum mechanics is nonlocality, the phenomenon of
violation of Bell inequalities by separated physical systems. The correlations between local
measurement outcomes on such systems show, in a fully device-independent manner, that
quantum theory differs fundamentally from all classical theories that are constrained by the
principle of local causality |1, 2]. Besides their foundational interest, in recent years, the
quantum correlations have been shown to be a vital resource in device-independent (DI)
information processing applications, such as quantum key distribution [3, 4], randomness
extraction and expansion [5, 6], self-testing of quantum states and measurements [7, 8],
and reduction of communication complexity [9].

The Bell inequalities delineate the boundary of the classical correlation set, and any
violation of a Bell inequality indicates that the observed distribution is nonlocal. More-
over, the verification of nonlocal correlations (and the correct execution of DI tasks built
upon these) can be performed by simple statistical tests of the measurement devices and
a fundamental rule of nature, viz. the no-superluminal signaling principle of relativity.
While the classification of the entire set of Bell inequalities for arbitrary numbers of mea-
surement systems, inputs and outputs is a challenge, at least a systematic method for the
identification of novel Bell inequalities is known since the work by Pitowsky [10].

On the other hand, the quantum correlation set, denoted Q, is known to lie in between
the classical set L and the general no-signaling set NS [11]. It’s essential to more precisely
characterize the quantum correlations set, and understand where it stands between the
classical and general non-signaling correlations polytopes. For instance, this characteri-
zation is crucial to identify the optimal quantum correlations for different applications.
However, the task of characterizing the quantum correlation set has proven to be a much
more challenging task compared to the classical one [12|. Indeed, for a given correlation
there is no general method to determine whether it belongs to the quantum correlation
set, no need to mention the difficulty of finding the quantum system that saturates this
correlation. Several different approaches have been proposed in the literature from differ-
ent perspectives in an attempt to partially answer this question. For instance, the NPA
hierarchy [13, 14| provides a numerical approximation of the quantum correlation set from
the outside, the convexity of the quantum correlation set and its extremal points (for some
specific scenarios) have been studied in [15, 12, 16, 17]. It has been proven that for the
scenarios involving any number of parties with binary inputs, the classical correlation poly-
tope is dual to the no-signaling polytope [18], the duality of the quantum correlation set,
which is convex but is in general not a polytope unlike L and NS, is less known and has
been studied for some specific scenarios [20, 21, 15, 18, 22, 19]. Analogs to using Bell in-
equalities to delineate the boundary of the classical correlation set, one can also derive the
quantum Bell inequality to study the boundary of the quantum correlation set, however,
these quantum Bell inequalities are more complicated compared to Bell inequalities, usually
non-linear and only a few examples have been found so far [25, 26, 24, 27, 23, 28, 22, 29].

Even though much effort has been put in, the boundary of the quantum correlation set is
still not completely understood. One question that is highly related to the characterization
of the quantum correlation set is to exclude the no-signaling correlations (usually termed
as no-signaling boxes) from the quantum set. It’s proven by one of us in [30] that all
nonlocal vertices of the no-signaling polytope are not quantum realizable, this result is
pretty general since it holds for any Bell scenario with the arbitrary number of parties,
inputs and outputs. Apart from that, in the simplest Bell scenario, the authors in [26]
looked for all the boxes on the coincident boundary of the quantum correlation set and
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no-signaling set, and the nonlocal boxes that collapse communication complexity [31] are
also outside of the quantum set. It has been observed that the physically achievable boxes
set must be closed under wirings [32]. In [33], the authors provided tools to systematically
construct sets of non-local boxes that are closed under wirings and by applying these tools
to the noisy PR box (isotropic boxes), they found a continuum of sets of non-local boxes
that are closed under wirings, thus partially answering the question of finding the feasible
non-local boxes in nature. Afterward, also in the simplest Bell scenario, the authors [25, 34|
identified a board class of ‘quantum void’ in the no-signaling set by utilizing the nonlocality
distillation protocol.

The practical implications of Quantum Bell Inequalities are profound, particularly in
the realm of DI applications. One important task that has gained prominence in recent
years is self-testing [35], namely the unique identification (up to local isometries) of a quan-
tum state and measurements, solely from the observed correlations in a Bell test without
trusting the internal workings of the devices. As such, this task requires the identification
of quantum correlations that can be generated in such a unique manner. The study of
Quantum Bell Inequalities is also important from a fundamental viewpoint in the prob-
lem of identifying appropriate physical and information-theoretic principles that single out
the set of quantum correlations from amongst general no-signaling ones. Of particular
importance are the principle of information causality [36], macroscopic locality [37], local
orthogonality [38], no advantage in nonlocal computation 28], the collapse of communica-
tion complexity [39], as well as Aumann’s Agreement theorem which is recently generalized
to the quantum system [40], all of which have been shown to lead to non-trivial bounds on
the set of quantum correlations. The identification of nonlocal no-signaling boxes that are
excluded from the quantum set serves as a useful testing ground and pointers towards the
ultimate principle picking out the quantum set.

In this paper, we explore the boundary of the quantum correlation set with specific
regard to regions coinciding with a no-signaling or a local boundary, and non-trivial regions
leading to self-testing. To do this, we expand on a class of non-linear (Almost-)Quantum
Bell Inequalities defining the boundary of the almost-quantum Set [41]. Such inequalities
were used to exclude all nonlocal vertices of the no-signaling polytope (for arbitrary number
of parties, inputs and outputs) by one of us in [30]. Here, we explore these inequalities to
exclude further non-trivial regions of the no-signaling polytope. Specifically, in the (2,2, k)
Bell scenario (with two players performing two k—nary measurements), we derive optimal
inequalities that show the exclusion of nonlocal correlations on certain portions of the
boundaries of the no-signaling polytope of dimension up to 4k — 8. This extends the known
region of excluded boxes from the no-signaling boundary obtained in other approaches
introduced before. As a direct consequence, we prove that Aumann’s Agreement theorem
holds for the quantum systems as well as the almost-quantum correlations. This result not
only corrects the proof presented in [40] but also answers the open question that Aumann’s
Agreement theorem is a reasonable physical principle in the context of epistemics and a
common feature of both the quantum thoery and almost-quantum correlations. Secondly,
we derive a class of tight quantum Bell inequalities in the (2,m,2) Bell scenario (with
two players performing m binary measurements) and show their usefulness in self-testing
the two-qubit singlet state. In this regard, we generalize the results regarding the self-
testings of the singlet in the (2,2,2) scenario obtained in [42| and the self-testing of the
correlations leading to the optimal violation of the chained Bell inequality in [43]. Finally,
we study the faces of the (2,m,2) correlation set (excluding the local marginals), and
identify low-dimensional regions in which the quantum correlation set coincides with the
classical correlation polytope. In this regard, we generalize the results obtained in [28].
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2 Almost-Quantum Bell Inequalities

2.0.1 Bell scenario and the set of quantum correlations

We label a Bell scenario as (n,m, k), in which n space-like separated parties perform mea-
surements on a shared physical system, each party has m choices of local measurement
and each measurement yields k possible outcomes. Specifically, we focus on the bipartite
scenario (2, m, k) (experimenters Alice and Bob), in which we label the local measurements
as z,y € [m] (where [m] = {1,2,...,m}) and the possible outcomes of each measurement
are a,b € [k] (where [k] = {1,2...,k}) respectively. Let p(a,blz,y) denote the probabil-
ity of obtaining the outcomes a,b given that Alice and Bob chose measurement settings
x,y, these probabilities obey non-negativity p(a,b|z,y) > 0,Vz,y,a,b and are normalized
>appla,blz,y) = 1,Vr,y. A box then refers to a collection of conditional probability
distributions P := {p(a, b|z,y)}» ye[m);a,per] (We will also write a box in terms of a vector
P or [P)). There are three different physical models of our interest which can be translated
into three different types of constraints on the boxes. The first set of interest consists of
general no-signaling boxes. This set is defined by the requirement that the local marginal
probabilities of one party are well defined and not affected by the input of the other party,
i.e., the experimenters cannot signal their inputs to each other.

> pla,blz,y) = pla,bl’,y) Vb, o,y

(1)
> p(a,blz,y) = pla,ble,y)  Va,z,y,y
b b

The set of all boxes satisfying the above no-signaling constraints forms the no-signaling
convex polytope NS(2,m, k). The second set of interest consists of the Quantum boxes. In
this case, there exists a quantum state p in some Hilbert space and a set of measurement
operators (positive operator valued measure (POVM) elements) {A%} and {B]} such that
the joint conditional probabilities obey the Born’s rule:

pla, bz, y) = Tr(pA% @ BY)  Va,b,z,y (2)

All such quantum boxes form the quantum convex set Q(2,m, k). The third set of interest
consists of the Local Causal (Classical) boxes. In this case, there exist hidden variables A
with distribution p(\), and corresponding local response functions p(alz, A), P(b|y, A) such
that

p(a,blz,y) ZP p(alz, \)p(bly,\)  Va,b,z,y (3)

We denote by L(2,m,k) the local convex polytope, and the extreme points of this set
L(2,m, k) are the local deterministic boxes. In general, the relationship of these three sets
is L(na m, k) -,C«- Q(na m, k) -,C«- NS(TL, m, k)

2.0.2 Almost-quantum set and the Theta body of the Orthogonality Graph

In [13, 14], Navascues, Pironio, and Acin introduced a hierarchy of semi-definite pro-
grams (SDPs) that form an outer approximation of the quantum set. In the SDPs, the
requirement of tensor product structure of measurement operators of space-like separated
parties is replaced with the commutation requirement of the operators, thus the conditional
probabilities are expressed as

pla,blz,y) = (W|ALBYY)  Va,bx,y (4)
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with projection operators { A%}, {Bg} and the commutation requirement [AZ, BS] =0,Va,b,
z,y. In the hierarchy, let S; := {I} U {A%} U {Bg}, and the set Sg,k > 1 contains
Si—1 and products of k elements of S;. For example, S; = {I} U {A%} U {BS}, Se =
S U{A2A%} U {BbBb’}U {A“Bb} etc The moment matrix T(%) is associated with the set

x* !

Sk, the entry of moment matrix is F <1/1|s k) |¢) where sl(-k) € S, Vi € [|Sg|] and the
size of the moment matrix is [Sg| x |Sk| It’s clear that the moment matrix T*) is positive
semi-definite T*®) = 0, Vk. A box P belongs to the set Qy, if the elements of the box P are
equal to the corresponding entries of the moment matrix %), The sets Qy, are convex and
they converge toward the quantum set Q from outside Q1 2 Q2 2 Q3 2 --- 2 Q. Thus,
for a box P, the lack of existence of I'®) = 0 at any level k of the hierarchy means P is
outside of the quantum set. A particular level of the hierarchy between levels 1 and 2 is
of great interest, which is labeled as level 1 + ab. And this set has been highlighted as the
Almost-Quantum set Q [41], in the sense that the set Q satisfies almost all the reasonable
information-theoretic principles (except the principle of information causality, for which a
proof is not known), that pick out quantum correlations from general no-signaling ones.

The orthogonality graph Gp [44, 45| can be constructed for any Bell scenario. Take
the Bell scenario (2, m, k) as an example, each event (a, bz, y) in the Bell scenario (2, m, k)
corresponds to a distinct vertex of the graph, and two vertices are connected by an edge if
the two events involve different outcomes for the same local measurement by at least one
of the parties (such events are termed locally orthogonal). The Theta body TH(G) of any
graph G = (V, E) is the convex set defined as follows.

Definition 1. ([46]) For any graph G = (V,E), TH(G) := {P = (|(@|u)> : i € |V]) €
]RLY' O = [lui) |l = 1, {|wi) } is an orthonormal representation of G}.

We consider the orthogonality graph G g for a Bell scenario, and define a subset of the
Theta body TH®(Gp) € TH(Gp), in which additional clique constraints are applied to
the maximum cliques {c} of the orthogonality graph Gp as:

Definition 2. ([}5]) For the orthogonality graph Gp corresponding to the Bell scenario
(n,m, k), define the set TH(G) as

TH)(Gp) = {ﬁ = (|(Wlu)[*) € TH(Gp) : 3 [(]us)* =1,vc € c} (5)
i€c
Here, Cy, s denotes the set of mazimum cliques of orthogonality graph Gp.

It has been shown that the set TH(C)(G B) is equivalent to the almost-quantum set.

Theorem. ([/7]) For any Bell scenario (n,m, k), the almost quantum set is equivalent to
the Theta body with mazimum clique constraints, i.e., Q = TH®(Gp).

In summary, for a Bell scenario (2, m, k), we get the following important relationships:

TH(Gp) 2 THO(GR) = Q= Qiia 2 Q (6)

Thus, the exclusion of a box P from the set TH(G p) implies that this box has no quantum
realization, i.e., P ¢ Q(2,m, k). Now, we utilize the following dual characterization of the
set TH(GR) [48]:

H(Gp) = {|P) e RV - (PIM|P) — Y M;;|P); < 0,¥M € M} (7)

i€|v]
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with
M = {MES‘V‘ :Mu,v:O(U7é’U,U’>°U),MiO}. (8)

The set of inequalities (P|M|P) — >7;ciy Mii|P)i < 0 therefore defines a set of almost-
quantum Bell inequalities for any number of players, inputs and outputs separating (almost-
) quantum from the post-quantum set. Choosing appropriate M satisfying (8) allows us to
identify non-trivial boundaries of the almost-quantum set (and recovers some of the bound-
aries identified by principles such as macroscopic locality [49, 50| or local orthogonality
[38]). In certain Bell scenarios such as when two players perform binary measurements,
this class of inequalities also allows to identify tight boundary regions of the quantum set.

3 Excluding nonlocal no-signaling Boxes from the Quantum Set

We have seen a class of inequalities that provide a boundary on the (almost-)quantum set.
In [30], the authors used these inequalities to exclude, from the quantum set, all nonlocal
vertices of the no-signaling polytope for any number of players, inputs and outputs. In
this section, we generalize this statement and identify optimal quantum Bell inequalities to
exclude specific nonlocal regions of the no-signaling polytope. We thereby extend known
results regarding the excluded region of the no-signaling polytope, that were previously
obtained using the method of nonlocality distillation (any box that can be distilled to
a PR box through local operations and shared randomness must be excluded from the
quantum set) [25, 34] and the collapse of communication complexity [31]. The purpose of
this section is more generally to illustrate the utility of the class of inequalities in (7) in
easily exclude nonlocal regions of the no-signaling polytope from the quantum set.

To identify the optimal M satisfying (8) that serves to exclude a nonlocal box P, we
solve the following SDP:

max  (P|M[P) — > M;i|P);
€|V|
st. M>»=0 (9)
My =0(u # v,u ~v)
M eslV

where |P) is the vector form of the box P. If the solution to the SDP is a strictly positive
value, then the corresponding quantum Bell inequality certifies that the box P is not in
the quantum set. In this section, for specific regions of the no-signaling boundary in the
(2,2,2) and the (2,2, k) Bell scenarios we analytically present psd matrices M satisfying
(8) such that (P|M|P) — eyl M;;|P); > 0, thereby excluding these regions from the
quantum set.

Theorem 1. In the (2,2,2) Bell scenario, let P be a point on a face of the no-signaling
polytope NS(2,2,2) of dimension d <4, such that P ¢ 1(2,2,2), then P ¢ Q(2,2,2).

It’s well-known that in this simplest (2, 2,2) Bell scenario, there are 24 extreme vertices
of NS(2,2,2) and 8 of them are nonlocal denoted as PR boxes and the other 16 are local
deterministic boxes. The PR boxes [11]| are equivalent up to relabeling of the inputs and
outputs. Due to the symmetries of the (2,2, 2) scenario, each PR box is neighboring to 8
local deterministic boxes and they form an 8-dimensional simplex [51], to understand the
behavior of boxes on the boundary of the no-signaling polytope, we focus on the boxes on
the faces of this simplex. For the sake of readability, we provide the proofs for d = 0,1
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here, while the detailed proofs of other faces are deferred to the Appendix A. The main
idea is that we present quantum Bell inequalities associated with M for any nonlocal box
on the faces of the simplex up to dimension 4 which indicates that all nonlocal boxes on
the corresponding faces are outside of the quantum correlation set.

Proof. In the proof, we relabel the entries of |P) which is the vector form of the box
{p(a,blx,y)}, such that the first five entries of |P) correspond to the probability of events
(1,10,1),(0,0/0,0), (1,1]0,0), (0,0[1,0), (1,01, 1).

L

I1.

0-dimensional faces (Nonlocal Vertices).
Since the 8 PR boxes in (2,2, 2) scenario are equivalent (up to relabeling the indexes
of inputs and outputs), we will just analyze one with p(a, bz, y) = 1/2 for a®b = x-y.
We construct the matrix M as:

5

Mo =Y legiitn) (eiirn | = luao) ezl + lees) (hes)] (10)
=1

+ e@,a) aayl + lvas) (as)l + i) el =0

where |¢(;;41)) is an indicator (with 0/1-entries) vector of length 5, with non-zero
entries in the positions i and i + 1. Mj is positive definite, so there exists an € > 0,
such that My = Mo — €|t(1)){¢(1)| = 0. We therefore obtain the inequality

(P[Mo[P) = 3" (Mo). [P)i = —e[P)1(|P)y — 1) > 0, (11)
i=1 ’
recovering the well-known fact that the PR box P has no quantum realization. Note
that here |P) is a vector of length 16 and the M matrix in the definition of Theta
body TH(G) in this scenario is of size 16 x 16, but we have only picked five events
and constructed the matrix Mg of size 5 x 5. So that we implicitly extend the matrix
M) with suitable 0 entries to obtain (11).

1-dimensional faces. These are the convex combination of a PR box and one neigh-
boring Local deterministic box, that is

PZCNS-PR—I—(I—CNs)-Li (12)

where i € {1,2...,8} and 0 < e¢ys < 1. Without loss of the generality, here we
assume the local box in Eq. (12) is the one that p(0|x) = 1,p(0ly) = 1,Vz,y € {0,1}.
In this case, we construct a matrix M; as:

4
My =4 o) vl + i) (sl + lee) (b)) = (13)

i=1

—_ O O R
S = 00
= 00 = O
o = O O
= o O

0 0 4 4

which can be verified to be positive definite by applying elementary row operations
to transform M to an upper triangular matrix with all the diagonal entries positive.
We obtain the inequality

5
(P|M;|P) — ; (Ml)(m) IP); = 2[P); - |P)5 > 0. (14)
Thus all the boxes on the 1-dimensional faces of the no-signaling polytope NS(2, 2, 2)
are excluded from the quantum set Q(2,2,2) in the same manner.
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Note that the optimal quantum point for the well-known Hardy paradox shows that the
quantum set reaches a five-dimensional nonlocal boundary of the non-signaling set, so that
the theorem is optimal. We now proceed to extend Thm. 1 to more general Bell scenarios
(2,2,k) for £ > 2. To do this, we first study the structure of the no-signaling polytope
NS(2,2, k), specifically focusing on identifying the regions that connect a non-local vertex
with certain local vertices.

Lemma 1. ([51]) The nonlocal vertices of NS(2,2,k) for two inputs x,y € {0,1} and
outputs a € {0,...,k —1} and b € {0,...,k — 1} are equivalent under local relabelling to

1/d: (b—a)modd=uz-y
p(a,blz,y) = a,be{0,...,d—1} (15)

0: otherwise
for each d € {2,...,k}.

Similar to the case of the PR box in (2,2,2) Bell scenario, all nonlocal vertices in the
above lemma with d = k are equivalent up to relabeling, and without loss of generality we
will only focus on the one listed above in Eq. (15) with d = k, and denote it by PR®).

We now define a nonlocal game g, associated with the PR*) box and examine the
corresponding classical value and the optimal local deterministic winning strategies for this
game. Later, we will demonstrate how to exclude nonlocal correlations on the boundary of
the no-signaling correlation set, with a dimension of up to 4k — 8, provided the correlations
can be decomposed as a convex combination of the PR®*) box and certain optimal local
deterministic behaviors of the game gy.

The nonlocal game gy, which is the unique game defined by PR®) _is defined as follows:
the input distribution is uniform, i.e., II(z,y) = 1/4,V(x,y), and the winning condition is
set to be W(a,b,z,y) = 1 for all events (a,b, x,y) for which p(a, b|z,y) # 0 in PR¥) and
W(a,b,z,y) = 0 for all other events. It’s clear that the no-signaling value of this game g,
is 1, since this is achieved by the behavior PR*). On the other hand, the classical value of
the game gy is 3/4, this can be seen as follows. The classical value is necessarily achieved
by a local deterministic strategy (being the extreme points of the classical polytope) and

for any local deterministic strategy LZ(-k), the winning condition can be satisfied for at
most three out of the four pairs of inputs (z,y) (and in fact this is achievable by simply
outputting a = b = 0 for z,y € {0,1}). Thus, if Lgk) is an optimal local deterministic
strategy for the game g, it achieves the optimal classical value of 3/4. We now proceed
to show that there are 4k local deterministic boxes Lgk),i € {1,...,4k}, that achieve this
classical value. To see this we apply the notion of a no-signaling graph defined in [30] to

the game g, denoting the corresponding no-signaling graph by Gg.

Definition 3 ( [30]). For any non-local game g, we define the no-signaling graph Gngs(g) =
(V, E) associated with the game to have set of vertices v € V', each of which is labeled by

a set of inputs and outputs that wins the game, v = (a(”),:c(”)). Two vertices v,v' € V
are connected be an edge if 3S C [n] with |S| = n — 1 such that (agv) = agvl) /\a;l(v) =
AV vies.

See the illustration of g3 and one of its optimal local deterministic winning boxes, along
with the no-signaling graph G in Fig. 1.
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x\y 0 1 x\y 0 1
a\b[[0 1 2|0 1 2 a\bll0 1 2|0 1 2
0 > 0 ||% X
0 1 X 0 1
2 X X 2
0 [|% X 0 (|%
1 1 X X 1 1
2 XX 2
(a) The game g3 and its corresponding (b) One optimal local deterministic
no-signaling graph Gs. box for gs and its no-signaling graph

Figure 1: (a) gs is a non-local game in the (2,2,3) Bell scenario with its input distribution being
uniform and the winning conditions are labeled by X. The no-signaling graph G3 is represented with
the vertices labeled by X and the red lines denoting edges. (b) One local deterministic box that achieves
the optimal classical value % of the game g3. The probabilities for the events labeled by X are 1 and
others are 0. The no-signaling graph of this local deterministic box is shown with vertices labeled by
X and the red lines denoting edges. One can see that the intersection of these two graphs is a path

consisting of 3 vertices and 2 edges.

Note that the original definition of the no-signaling graph is associated with non-local
games, but it naturally extends to graphs G7; representing local deterministic boxes Ll(k)

in which the vertices v of G ; are labeled by the events v = (a, ) for which p (a|z) =1 in
L

., and the edges are defined as before. Thus, suppose that Lgk) is an optimal classical

strategy of gr, meaning that exactly three of the winning conditions are satisfied by Lgk),
then the intersection of their no-signaling graphs is directly seen to be a path consisting
of 3 vertices and 2 edges (see the example of k¥ = 3 in Fig. 1). Under this consideration,
given a no-signaling graph G;; of LZ(-k) that is optimal for the game gi, we can therefore
define a unique 2-edge path in Gi. On the other hand, given any 2-edge path in Gy, we
can also clearly construct a unique optimal local deterministic strategy for gix. Thus there
is a one-to-one correspondence between the optimal local deterministic strategies of g, and
the 2-edge paths in Gi. On the other hand, the number of 2-edge paths of G, is the same
as the number of vertices in GG, which is 4k.

Due to this structure, we can label each of these 4k local deterministic boxes by its
event that is not in common with the no-signaling graph of PR®*), these are written as

(k) (k) 0]
L(a:b+l,b|x:0,y:0)’ Vb e {O’ T k;_l}’ L(a,b=a+1|x:0,y=l)va € {O’ M k;_l}’ L(a,b:a+1|x:1,y:0)

Va €{0,...,k—1} and Lgs)b:alle y—1), V@ € {0,...,k—1} (here we denote k := 0). Addi-

tionally, PR is adjacent to these 4k local deterministic boxes in the NS(2,2, k) polytope.
Due to the structure of the no-signaling graph G and these 4k optimal local determin-
istic strategies discussed above, the convex hull of PR*) and any one of these 4k local
deterministic boxes is equivalent under the relabeling of the input and output indices.

(k)
(a=0,bp=0lz=1,y=1)" O

other local deterministic box lies on the region formed by the convex hull of PR*) and

Without loss of generality, we take the local deterministic box to be L

LE];):O b=0lz=1,y=1)» &S ANy other local deterministic box contributes probabilities to events
that have zero probability in both PR*) and L™ Additionally, no nonlocal

(a=0,b=0|z=1,y=1)"
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extreme box lies on this region. If such a nonlocal extreme box {p(a, b|x,y)} existed, then
pla =0,b=0]z =1,y = 1) # 0, otherwise, it would coincide with PR®*). On the other
hand, for any box that lies on this region, due to the definition of PR®*)  the non-zero
probability events for settings z,y where x - y = 0 must be correlated, i.e., a = b. These
two conditions together contradict the fact that all nonlocal vertices in this scenario are of
the form shown in Eq. (15).

We proceed to determine the quantum realization of a box P that belongs to the re-
gion formed by the convex hull of PR®) and 4k — 8 of the 4k local deterministic boxes

: : (k) (k)
listed above. The eight excluded boxes are L 0=0 b=k—1]2=0,5=0)" L(a=k—1,b=k—2w=0,y=0)’

(k) (k) (k) (k)
Lamk—2,b=k—1]2=0,y=1) "L (a=k—1,6=0[z=0,y=1) L{a=k—2,b=k—1}z=1,y=0)> L{a=k—1,b=0]s=1,y=0) 1]
LE];):O b=0lz=1,y=1)’ L(];):k_l b1 |z=1,y=1)" More specifically, we consider a box P that can
be decomposed as foilows:

k-3 ® k-3 ®
— k
P = cysPRY) + Z C(a=b+1,b|0,0) * L(a:b+1,b|z:o,y:o) + Z C(ap=a+1|z=0,y=1) * L(a,b:a+1\x=0,y:1)
b=0 a=0
k-3 ®) k—2 )
+ Z C(a,b=a+1[z=1,y=0) - L(a,b:a+1|x:1,y:0) + Z C(ab=alz=1,y=1) L(a,b:a|x:1,y:1)
a=0 a=1

(16)

where the coefficients ¢ are non-negative and their sum is equal to 1 and cyg # 0.
We claim that P ¢ Q(2,2, k). This is because we find an almost quantum Bell inequality
represented by M) that rules out P.

4 415 (k—1)2 0 01%(k—1)2 1
- dp—zxr Br—12x(k-1)2  4h-12x1  O—12x(k-12 Om—1)2x1
MW" = 0 41 (k12 8 41 (k12 0 (17)
Or—1)2x1 Or—1)2x(k=1)2 41(h—1)2x1 Bh=12x(k-1)2 4k-1)2x1
1 01 (k—1)2 0 41%(k—1)2 4

where 41, (,_1)2 refers to a 1 x (k — 1)? submatrix with all entries being 4. This matrix
Eq. (17) can be seen as an extension of the matrix Eq. (13) which is used to exclude points
on the 1-dimensional faces of NS(2,2,2) from Q(2,2,2). The matrix Eq. (13) has M; = 0,
so that automatically we have M®*) = 0.

If we relabel the entries of |P) which is the vector form of the box P, such that
the first 2(k — 1)2 + 3 entries of it correspond to the probabilities of events (k — 1,k —
110, 1), (a, b|0,0)Va,b € {0,k —2}, (k—1,k—1]0,0), (a, b|1,0)Va,b € {0,k—2}, (k—1,0[1,1)
in order, we obtain the following inequality:

2(k—1)2+3

PIMBPP)— S MNPy =2p(k —1,k—1]0,1) - p(k — 1,01,1) > 0. (18)
=1

Thus all points P that can be written as Eq. (16) are outside of Q(2,2, k).

Note that the correlations P considered in Eq. (16) lie on the boundary of the no-
signaling polytope NS(2,2, k) of dimension up to 4k — 8. On the one hand, the region
formed by the convex hull of PR®) and the 4k — 8 local deterministic boxes listed above is
part of a face of NS(2,2, k). This follows from the definition of the no-signaling polytope,
where the half-space representation is defined by normalization conditions and no-signaling
conditions (both equality constraints), along with non-negativity conditions (inequality
constraints). A face of a polytope is defined when some of these inequality constraints are
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saturated, here meaning that the probability of certain events becomes zero due to the
saturation of non-negativity conditions. This is exactly the property that P, as considered
in Eq. (16), possesses. Thus, while we cannot conclusively state that this convex hull forms
a whole face of NS(2,2, k), we can still assert that it lies on some face of NS(2,2,k). On
the other hand, in the convex combination of PR®*) and the 4k — 8 local deterministic
boxes, each local deterministic box contributes uniquely to an event that no other box can.
Therefore, these 4k — 7 boxes (PR®*) and the 4k — 8 local deterministic boxes) are linearly
independent, and the dimension of the region formed by their convex hull is at most 4k — 8.

4 Aumann’s Agreement theorem and its quantum generalization

In the last section, we have seen how to use the quantum Bell inequality associated with
the matrix M to identify whether a no-signaling box belongs to the almost-quantum set.
This tool can be even applied to parameterized no-signaling boxes and by using this tool,
we excluded several classes of no-signaling boxes from the almost-quantum set (and so the
quantum correlation set). In this section, we show that these theorems can be directly
used as a crucial step in the proof of the quantum generalization of Aumann’s Agreement
theorem, which is recently defined in [40] as a candidate physical principle in the context
of epistemics to pick out the quantum theory from general no-signaling ones.

Aumann’s celebrated Agreement theorem states that ‘rational’ agents cannot agree to
disagree. More specifically, suppose a group of agents assign a probability to a given event
based on their own partial information, and if the individual probabilities of each agent
are common knowledge (or common certainty), then these individual probabilities must be
the same, even though the probabilities are obtained by different Bayesian updates due to
their different partial information. In plain language, the common knowledge (between two
agents) means an infinite list of A knows B’s probability (B knows A’s probability), and
B knows that A knows his probability (and also A knows that B knows her probability),
and so on. This Agreement theorem is a basic requirement in classical epistemics and has
been extensively used in decision theory and game theory.

Recently, the quantum generalization of the Agreement theorem has been studied in
[40]. In particular, the authors establish two analogous notions of the Agreement theorem
for the post-quantum (no-signaling) systems and characterize the no-signaling boxes that
display these behaviors. And then they discuss the possibility of the quantum realizations
of these no-signaling boxes, which concludes that the Agreement theorems still hold for
observers of quantum systems. We list the main theorems of [40] in the following. In short,
‘disagreement’ is the opposite concept of ‘agreement’, i.e., the agents can agree to disagree.

Theorem 2. (Theorem 3 and Theorem 7 in [40])

A two-input two-output no-signaling box gives rise to common certainty of disagreement
if and only if it takes the form of Table 1.

A two-input two-output no-signaling box gives rise to singular disagreement if and only if
it takes the form of Table 2.

In definition, the singular disagreement means to replace the common certainty (com-
mon knowledge) requirement for a given event with the requirement that Alice’s probability
is 1 and Bob’s probability is 0.
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[zy\ab| 00 [OL[ 10 11 ] [ay\ab| 00 01 10 11
00 r 0 0 1—7r 00 s t l—s—u—t U
01 r—s| s | —-r+t+s|1—-t—s 01 0 s+t r l—s—t—r
10 t—u | u r—t+u |[1—7r—u 10 l—u—t|u+t+r—1 0 1—r
11 t 0 0 1—t¢ 11 r 0 0 1—r

Table 1: Parametrization of two-input Table 2: Parametrization of two-input two-output no-
two-output no-signaling boxes with com-  signaling boxes with singular disagreement. Here, r,s,t,u €
mon certainty of disagreement. Here, [0,1] are the values that ensure all entries of the box are
r,s,t,u € [0,1] are the values that ensure  non-negative, with s > 0, and s +¢ # 0 and u +t # 1.

all entries of the box are non-negative,

with » >0 and s —u #r —t.

Theorem 3. (Theorem 4 and Theorem 8 in [40]) No two-input two-output quantum box
can give rise to common certainty of disagreement or singular disagreement.

The authors prove this theorem by deriving contradictions with Tsirelson’s theorem and
then use this theorem as the building blocks to extend to general scenarios with arbitrary
numbers of agents, inputs and outputs. However, Tsirelson’s theorem only holds for a
subset of nonlocal games named the correlation Bell expressions (XOR games), in which
only the correlators of the form (A;By) appear but no local marginals (A4;) or (By). And
by using Tsirelson’s theorem, one can only get the quantum box that is achieved by the
maximally entangled state with the local marginals being (A,) = 0, (By) = 0,Vx,y. Thus
these quantum boxes are not general and a general proof of this theorem is needed.

Theorem 4. No two-input two-output quantum box or almost-quantum box can give rise
to common certainty of disagreement or singular disagreement.

We present a general proof of this theorem by showing that these two tables are on
the 4-dimensional faces of the (2,2,2) no-signaling polytope (we defer the details to Ap-
pendix. B). Thus according to Theorem 1, a direct consequence of it is that both tables
are outside of the quantum correlation set and also the almost-quantum set. This result
also answers the open question left in the discussion section of [40] that the Agreement
still holds in the almost-quantum correlations. Almost-quantum correlations is one of the
generalized quantum theories that is strictly larger than the quantum correlation set and
satisfies almost all the reasonable physical and information-theoretic principles (except the
principle of information causality, for which a proof is not known). This result then adds
one more common feature in the context of epistemics to quantum theory and almost-
quantum correlation.

5 Quantum Bell Inequalities and Self-testing

In the previous sections, we proved that there are no quantum realizations for nonlocal
boxes on the boundary of NS(2,2, k) of dimension d < 4k — 8, with & > 2. As stated
earlier, the well-known Hardy paradox shows that quantum theory allows for a realization
of a point on a five-dimensional face of the no-signaling set NS(2,2,2). In [52], we extended
this point to a whole region on the five-dimensional face that admits quantum realization
(in an effort to find an optimal point for DI randomness extraction). Furthermore, we
showed that these points allow to self-test all pure two-qubit entangled states except the
maximally entangled state.

In this section, we present a class of tight quantum Bell inequalities in the (2,m,2)
Bell scenario where each player performs m > 2 binary measurements. Let’s denote by A;
and B; (i = 1,...,m) the binary observable (outcomes +1) of Alice and Bob respectively.
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From the Tsirelson characterization of the set of quantum correlations in this scenario and
by considering the positive semidefinite completion problem for the set of correlators in
this cycle scenario [53], we obtain one boundary of the set of quantum correlations (A, B,)
as follows.

Proposition 1. In the (2,m,2) scenario, consider the 2m operators{ A1, ..., Am,B1,...,Bn}
with binary outcomes £1 and assumed to fulfill [A;, By] = 0 and an unknown state |1).
Define the unit vectors A, = Ag|y) and éy = Byly), and the observed correlations
E.y = (Y]|AzBylY) = Z;B)y = CcOS .y, where ag, > 0 is the angle between A, and
éy. The set of correlations E,,, achievable in quantum theory (up to relabeling the index

of operators) has the boundary:

m—1

(i + it1,i) = QLm — (19)
i=1

If this set of correlations F, , are available in quantum theory, then one can construct
a Gram matrix by using these unit vectors /Tm, B'y such that the corresponding entries of
the Gram matrix are equal to the value of correlations F,,. The real positive definite
matrix completion problem for simple cycle graphs is studied in [53|, where the vertices
of the cycle graphs are defined by the entries of the real positive definite matrix and two
vertices are connected by an edge if and only if the corresponding entries of the matrix are
in the same column or in the same row. Thus, by listing the vectors ffx, Ey as the column
of Vyram in the order that Vyrqm = [El,él,gz,gg, e ,gm,ém} and defining the Gram
matrix as Mgram = ng;am\/;,mm, the solution of this Gram matrix completion problem
then suggests the above result Eq. (19). However, the semidefinite completion problem for
the cycle only considers correlations of the form F, , for y = x,x 4+ 1, and as such only
gives an outer approximation boundary to the quantum set. In the following, we prove the
self-testing nature of the correlations satisfying Eq. (19) and in the process show that the
boundary is tight for the set of quantum correlations (excluding the marginals).

This statement generalizes the well-known boundary of the set of quantum correlations
in the (2,2, 2) scenario characterized by Tsirelson-Landau-Masanes as [20, 21, 15]:

Z arcsin ((A;By)) — arcsin ((4;B;)) = &, (20)
(z,y)#(i.5)

where 4,5 € {1,2} and & = +1. One can also see that the corresponding points on
the Q(2,m,2) boundary optimally violate a weighted Braunstein-Caves chained inequality
expression of the form

m—1

gfl = Z (Cm'<AZ‘Bi> + Ci+l,i<Ai+lBi>) + Cm,m<AmBm> - Cl,m<Ale> (21)
i=1

with appropriate coefficients ¢; ;. We now proceed to show that points on this boundary
serve to self-test the singlet state (along with suitable reference measurements). This gen-
eralizes the characterization of singlet self-testing boundary points in the (2,2, 2) scenario
obtained in [42] and the self-testing of the chain inequality proven in [43| (where a robust
result was derived).

It’s easy to verify that the singlet is self-tested by this circuit shown in Fig. 2 if these
control operators are unitary (if they are not unitary, one can perform a regularization on
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Figure 2: Local isometry ® used to self-test the singlet. H is the Hadamard gate.

the non-unitary operators) and satisfy [35]:

ZalY) = Zply)

Xaly) = Xpl) (22)
XaZal) = —ZaXal)
XpZplY) = —ZpXp[Y)

We will see how to construct these control operators Z4,p, X4,p from the binary mea-
surements A, By in the weighted chain inequality Eq. (21).

Let’s denote by 6; ;(> 0) the angles between A; and ffj. Given the scalar products of
A;-, sz’+1 with éi, the angle 0;,11,Vi = 1,...m — 1 must satisfy:

| — iti] < Oiipr < g+ (23)

The lower and upper bounds are reached when B} lies in the same plane of /_1;-, A;-H. And
the angle 0, 1 satisfies:

‘am,m - al,m| < gm,l < Qmm + X1m (24>

Together with the boundary condition Eq. (19), this implies that all vectors ffi, B;Vi =
1,...,m lie on the same plane, inequalities in Eq. (23) reach the upper bound and inequal-
ities in Eq. (24) reach the lower bound. See Fig. 3.

Figure 3: All vectors /L,éi Vi=1,...,m lie on the same plane. And a1 + az1 + a2 = ai 2.
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In particular, we have

sin (011’1) zIQ + sin (a271) jl
sin (ov1,1 + a2.1)

sin (04272) él + sin (oz271) gg
sin (2,1 + a2,2)

B =

(25)

Ay =

Using the commutativity [A;, B,] = 0, and the fact that A2 = Bg = I (the outcomes
of the operators are binary outcomes +1), we obtain:
(A1Ag + Az Ay) |¢h) = 2cos (a1 + az,1) [¢)

(B1B2 + B2Bq) |¢) = 2cos (a2 + a21) |¥) (26)

Now, we can construct the control operators as:

Zs= A

Ay —cos(a1,1 + 1) Ay
Xa = -

sin (1,1 + a2,1)
A sin (01172) Bl — sin (04171) BQ (27)
B — N
Sin (05172 — 04171)

cos (a1,1) By — cos (a1 2) By

XB — ) )

sin (a2 — a1,1)
We now verify these control operators satisfy the conditions listed in Eq. (22).

A1A2 + A2A1 — 2cos (041,1 + 04271) ‘1/)) _0
sin (a1,1 + a2,1)

i By By + ByBy) — [sin (2 in (2
(ZsXp + XpZp) ) = (12 +a11) (B 2.-1; 9B1) — [sin (2a1 1) + sin (2a1 2)] ")
sin® (a2 — a11)
_ sin (2 +a11)[B1B2 + BaBy — 2cos (a2 — a1.1)] )

sin2 (OéLQ — 04171)

_ 2sin (a2 + a1,1) [cos (g2 + 1) — cos (12 — a1.,1)] ) =0

Sin2 (OZLQ — 011’1)
(28)

(ZAXA—l-XAZA) ’1/)> =

Note that we use sin (2aq,1) + sin (20m,2) = 2sin(ag,1 + o1,2) cos(a1,1 — a1,2) to simplify
above calculation. And we also have:

(1ZaZ5l) = (9 ZAZEL 2024 )

= (¢ sin (o,2) (A1B1 + B1 A1) —sin (a1,1) (A1 B2 + By Ay) ) 2

2sin (OéLQ — Oz1,1)

sin(alg)él—i—sin(al,l)gg
Sin(oq,l-‘rocl’g)

From Fig. 3, we have A =
to

, thus we simplify the above Eq. (29)

2sin?(ay ) — 2sin?(ay 1)
2sin (06172 — 041,1) sin (041,1 + 061’2)
cos(2aq 1) — cos(2a1 2)
2sin (OLLQ — 041,1) sin (041,1 + 041,2)

(Y1 ZaZBlY) = (Y] |¥)
(30)

= (¢]

) = 1.
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Note that we use the equality cos (2a,1) — cos (21 ,2) = —2sin(ay,1 + g 2) sin(og1 — aq2)
in above calculation. And similarly, (1| X4 Xp|¢) = 1 holds. Together with Eq. (28), (30)
this implies that the self-testing conditions Eq. (22) hold.

Any pair of vectors A;, Ej can be written as

A = a.; Zalb) + ag i Xal¥)
Ej =b.;ZB|Y) + by ; XB|Y)
where a,; = A; - ZalY), api = Ai - Xa|th), b, ; = Bj - Zg|1h),bs; = B; - Xp|t)). Thus when
the isometry is applied to any pair of operators, we get
® (AiB; |1)|00)) = az,:b: @ (ZaZp 1) [00)) + az,ibe ;P (ZaXp [¢) [00))
+ ag,:b., ;P (XaZp [1) |00)) + az,ib2 ;P (XaXp [4) [00))

= (aZ,isz + axﬂ'bx’j) P (WJ> |00>) + ((ijil)z’j — az,ibx,j) P (XAZB ’w> |00>)
(32)

(31)

And the first term in Eq. (32) is

@ (|¢)[00)) = % (T4 Za) @+ ZB) [¢) [00) + Xa (I = Z4) I+ ZB) [¢) [10)
+Xp ([ +24) (I=Zp) [¢) |01) + XaXp (I = Za) (1= Zp) [¢) [11))

= % (T4 Za) [¢) |00) + XaXp (I— Za) [) [11) + 0 - [¢) [10) + 0 - |¢) [01))
1

NG (100) +[11)) = |junk)|¢™)

=j§<H+ZA>rw>

(33)
The second term in Eq. (32) is

D (XaZp [¢)|00)) = %((H +Za) I+ Zp) XaZp ) [00) + Xa (I — Za) I+ Zp) XaZp [1) [10)

+ Xp I+ Za) (I - Zp) XaZp[¢) [01) + XaXp (I - Za) (I - Zp) XaZp [¢) [11))
1

= Z(XA (]I— ZA) (]I—i—ZB) ZB ‘w> ’00> + (]I+ZA) (]I—l— ZB) ZB W)) ‘10>

+ (14 Za) (14 Zp) XaXpZp [¢) [01) + Xp (14 Z4) (1 — Zg) Zg |1) |11))
= %((H +Za) L+ Zp) [¥) 10) + (I+ Za) (I+ Z) XaXpZp 1) [01) +0 - [¢) [00) + 0 - [¢)) [11))
1 1

NG NG (110) —101)) = |junk)os,a0:,5l¢")

I+ Za) )
(34)
So Eq. (32) can be written as:
@ (AZB] W]> ’OO>) = (aZ,ibz,j + az,ibaz,j) P (Wj> ’00>) =+ (aar,ibz,j - az,ibaz,j) P (XAZB W)> ’00>)
= (az,ibzj + Gaibr 3) [junk)|¢") + (azibzj — 0z,iba j) |junk) oz, 402 Blé™)
= ‘]unk> (az,iaz,Abz,jUz,B + aw,io—x,Abw,jO—x,B + aw,igw,Abz,jaz,B + az,iaz,Ab:ﬂ,ij,B) ’¢+>
= |junk)4;B;|¢)
(35)
Note that o4 404, 8|¢T) = 02,40, 8|¢T) = |¢T). Similarly for the local operators

D (A; [1) [00)) = [junk)A;|¢t) and @ (B; [1)|00)) = |junk)B;j|¢), where A;, B; are the
reference measurements.
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6 Common faces of the Quantum and Classical Correlation sets

In the previous sections, we have studied the boundary of the quantum set with specific
regard to its relation with the no-signaling boundary and to self-testing applications. In
this section, we explore the region of the boundary of the quantum set that also serves as
the boundary of the classical set. Motivated by finding the nonlocal games that have no
quantum advantage, Linden et al. in [28] first discovered a family of two-party inequalities
that do not admit any quantum violation. These inequalities define the NLC (no advantage
in nonlocal computation) information-theoretic principle. As such, these regions serve as
testing grounds and pointers towards information-theoretic means of constraining general
non-signaling correlations and picking out quantum theory from among non-signaling the-
ories. It was proven in [54, 28, 23| that NLC games do not define facets of the classical
correlation set. In [55, 23|, the authors studied the geometry of the common faces of the
quantum and classical correlation set and found that none of them are tight.

Specifically, we focus on the set of correlations alone, i.e., the correlators (A,B,) for
binary observables A,, By excluding the local marginals (A;), (By). Such correlation Bell
inequalities are also termed XOR games, and we present systematic constructions of non-
trivial XOR games with mg, mp inputs for Alice and Bob respectively such that the quan-
tum value of the game equals the classical value.

In this bipartite m, X mp-inputs, 2 x 2-outputs Bell scenario, we can represent the
extreme points of the local set as a column vector with 2™ rows with all entries equal
to either plus or minus one. Using the well-known Tsirelson characterization [20, 56| of the
set of quantum correlations in this scenario as an elliptope, and leveraging results on the
facial structures of the set of correlation matrices [57], we obtain the following statement.

Theorem 5 ([57]). If there exists a subset R = {v1,...,v|g} C L, with cardinality r =
|R| < logy(mg + myp), and for any subset I C {1,...,|R|}, we have

Ojeft,....rp0r5 7 0
where

IQma+m,b - Uj ’l/f] ¢ I

and Iymq+m, s a column vector with 2Mat rows and all entries equal to one and ® is
the Hadamard product. Then R forms the boundary of the local set which the quantum set
saturates to. In such a case, the subset R = {v1, ...,U|R|} 1s said to be in general position.

{I2ma+mb +v; ifjel
VL =

We utilize Theorem 5 to construct a class of low-dimensional faces of the set of classical
correlations that also serves as the boundary of the quantum set. In this respect, we recover
the class of games discovered by Linden et al. in [28] for the special case that m, = m; = 2*
for k > 2. To do that, we first show that the set of vectors satisfying the conditions in
Theorem 5 are unique in the following sense:

Lemma 2. Let mg,mpy € N and N 3 r < logy(mg + myp). Let {vi,...,v.} be a set of
general positions vectors of 2™aT™ rows. Then up to swapping rows and re-indexing, the
first 2" rows of them are unique. In particular, the unique choice for the first 2" rows is
the lexicographical ordering.

We defer the proof of this lemma to Appendix. C. By this lemma, if m, = my = 2,
where k > 2, r = logy(mgq + mp) = k + 1 and {vy,...,v,} are in general positions, then
{v1,...,v,} are unique up to swapping rows and re-indexing. We now focus on this case.
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For convenience reason, we first concatenate vy, ..., v, into one matrix, denoted by Gar (
Gor is a 2871 by r matrix). We then define the 2% by 2% game matrix Gy as follows. The

(1,7) position of the game matrix G« associates with Alice’s i*" input and Bob’s j** input.
In other words, the (i, j) position of Gy« associates with the i** row and the (2% + j)th row
of Gor. Let r; = (21, ...,z,) and 7j = (y1, ..., yr) be the i" row and the (2¥ + 5)'* row of
Gor respectively. We define the (i, j) entry of Gox by using an operator % on the it row

and the (2% + j)** row of G as follows:

1 if ;i1 + ... + 20y >0
(Gor)ij=mrixrj=<—1 ifz1y1 + ... + 2y, <0
0 if vyyr + oo+ 2y =0

Under this construction, the game matrix Gor with k > 4 is of a specific form:

Lemma 3. Consider the game matriz Gor, where k > 4 and denote d = dim(Gyr) = 2F.
The game matrix Gor has form

Ag;ic)_g g2k—2 g2k—2 Béi)_g
Gy o AD, B g,

ok =
* g BY, A, G
BYW, Guo Gy A,
ASS Gage Gy BY
U)he’l“e Aécl?_Q = 2k ’ %72k ’ ) Béi)—Q = %72]6 ’ 2k ’ 3] Agd) == ]- and Bgd) =

Ga s AYs By Ga s

Gok ,, is defined to be the top left corner square block of Gor with dimension x by x and

Gok ,, s the top-most right-most corner square block of Gor of dimension x by x.

This lemma and two concrete examples for k£ = 2 and k£ = 3 allow us to prove that
for any k£ > 2, the game matrix Gy is diagonal in the Hadamard basis (details are in
Appendix. C), which reproduces the class of games discovered by Linden et al. in [28].

7 Conclusions and Open problems

The boundary of the set of quantum behaviors is notoriously difficult to characterise and
yet of fundamental and practical interest for device-independent applications. In this work,
we investigated the boundary by means of studying the class of almost-quantum Bell in-
equalities. We proved the utility of this class of inequalities in ruling out a large portion of
post-quantum no-signaling behaviors, extending previous results obtained through nonlo-
cality distillation and the collapse of communication complexity. As a direct consequence
of this investigation, we prove that Aumann’s Agreement theorem holds for the quantum
systems as well as the almost-quantum correlations, the investigation of the utility of this
principle in picking out quantum theory is of great interest for the future. In the scenario of
two players with m binary measurements, we provide a tight set of quantum Bell inequali-
ties and prove the self-testing property of the correlations therein. Finally, we utilised the
almost quantum Bell inequalities to derive a general form of the principle of no advantage
in nonlocal computation.
The following are few of the possible directions for extending this work:
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1. In the future, it would be very interesting to derive a class of quantum Bell inequali-
ties from SDP approximations of the quantum set going beyond the almost-quantum class.
2. Quantum realizations of the no-signaling boundary being crucial for device-independent
randomness amplification, our study of the experimentally friendly two-input inequalities
serves to pick out the optimal quantum correlations suited for this task. 3. The Braunstein-
Caves chained Bell inequality has found applications in many device-independent protocols,
specifically in the scenario of achieving security against non-signaling adversaries. We have
explored the boundary of the quantum correlation set in this scenario and demonstrated
their usefulness in self-testing the two-qubit singlet along with appropriate measurements.
In the future, it would be interesting to see if such weighted chain inequalities achieve
better performance in specific DI tasks [58, 59].
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A Excluding Nonlocal no-signaling Boxes from Q(2,2,2)

Proof of Theorem 1

Theorem Al. In the (2,2,2) Bell scenario, let P be a point on a face of the no-signaling
polytope NS(2,2,2) of dimension d < 4, such that P ¢ 1.(2,2,2), then P ¢ Q(2,2,2).

Proof. In the main text, we have provided the proof to exclude the point P on the faces of
the no-signaling polytope NS(2, 2, 2) of dimension d = 0 (non-local vertices) and d = 1 from
the Quantum correlation set Q(2,2,2). Here we continue the proof for other cases. We first
show how to exclude P on the three-dimensional faces of NS(2,2,2) which automatically
includes the faces of lower dimensions and then discuss the 4-dimensional faces. The PR
box we mention in this proof is the one that p(a,blz,y) =1/2 fora®d b=z -y.
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I If P is on the three-dimensional faces of NS(2,2,2), it can be decomposed as the
convex combinations of a PR box and three neighboring Local deterministic boxes:

P=cns-PR+c1-Li+-co-Lj+c3- Ly (36)

where 7,5,k € {1,2...,8},i # j # k and cng, c1, ¢2, c3 are positive and cyg + ¢1 +

ca + c3 = 1. Here we need to discuss the following two cases of the local boxes

LZ‘, Lj, Lk in Eq. (36)

(1) Each of L;, Lj, Ly, contains a non-zero probability event that is also the zero prob-

ability event of the PR box, and these events are in the settings (z;, i), (25, y;), (k, Yx)
that x; = x; = Tk, ¥ = Yj # Yk O Ty = Tj # Tk, Y = Yj = Yr. Without loss of

generality, we assume L; is the local box that p(0|z) = 1,p(0ly) = 1,Vz,y € {0, 1},

L; is the local box that p(1|z) = 1,p(1|y) = 1,Vx,y € {0,1} and Ly, is the local box

that p(1|lx =0) =1,p(0lz = 1) = 1,p(1|ly) = 1,Vy € {0,1}.

In this case, the matrix ngl is constructed as:
Ms; =8 (’L(1,2)><6(1,2)| + [e@23)) (L3 + ’%3,4))@(3,4)\)
+ s (lew) eyl + lay) (qw + 2 () )
+ 2cns (|L(1)><L(5)\ + e ) ey | + ey ()l + |L(5)><L(4)\)

S+cks 8 0 0 2eys (37)
8 16 8 0 0
— 0 8 16 8 0
0 0 8 8+ckg 2cns

2cys 0 0 2cns  2dg

M. 3,1 can be verified to be positive definite for all 0 < cyg < 1 by applying elementary
row operations to transform the matrix to an upper triangular matrix with all the
diagonal entries positive. We find the five pivots of M3 are ¢X.¢ +8,16 —64/(c% g+
8), (12¢% 5 +32)/(Ag +4), (3ckg +16cX5)/(3ck g +8), (6ckg +8c%g)/(3ck ¢ + 16).
As before, we relabel the entries of |P) which is the vector form of the box {p(a, b|z, y)},

such that the first five entries of |P) correspond to the probability of events (1,10, 1),
(0,0(0,0), (1,1[0,0), (0,01,0), (1,01, 1). And we see that

(P|M31|P) ZM:s 1(i,) P
= Rs(IP)i — |P>1 + [P)i — [P)s + 2[P)3 — 2[P)5) + dens(|P)1[P)s + [P)a|P)s)
= s ()7 + 1PV + 20P)2) + s (1Ph( < P)s = 1)+ [P)s(——[Ph — 1)
CNS CNS
HPY(—|P)s = 1)+ [P)s(——[P}a — 1))
CNS CNS
(39

Since [P); > &=, Vi € {1,...,5}, we see that (38) is positive.

(2) Each of L;, Lj, Ly, contains a non-zero probability event that is also the zero prob-
ability event of the PR box, and these events are in the settings (z;, vi), (25, y;), (k, Yi)
that ; = x; # zr,y;i # y; = yr. Without loss of generality, we assume L; is
the local box that p(0|z) = 1,p(0ly) = 1,Vz,y € {0,1}, L; is the local box that
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p(l]z =0) = 1,p(0lx = 1) = 1,p(1l]y) = 1,Va,y € {0,1} and Ly is the local box that
POz = 0) = Lp(lJz = 1) = Lp(1]y = 0) = 1,p(Oly = 1) = 1,y € {0,1}. Tn this

case, the matrix M3 o is constructed as:
Msz=8- (\L(Lz))(b(m)l + |L(2,3)><L(2,3)|) +cns (IL(1)><L(1)| + |b(3)><b(3)\>

+ (2ens + i) (Iiw) (el + 1e) v4s) )

+2ens (Jyn) (k)| + 1)) e + 1) ] + 1) (@) + liw) ()] + L) )

8+cns 8 0 0 2eNs
8 16 8 0 0
= 0 8 8+4cng 2cNs 0
0 0 2cns 2cns+ g 2cNs
2cng 0 0 2cN g 2ens + g

(39)

Mgg can be verified to be positive definite for all 0 < ¢y g < 1 by applying elementary
row operations to transform the matrix to an upper triangular matrix with all the
diagonal entries positive. We find the five pivots of ]\7372 are cys+8,16 —64/(cns +
8), (cks +8ens)/(ens +4), (g + 6cks)/ (ens +8), (ks +4cks)/ (ens + 6).

Here we relabel the entries of |P) which is the vector form of the box {p(a,b|z,y)},
such that the first five entries of |P) correspond to the probability of events (1,10, 1),
(0,0[0,1), (1, 1]0,0), (0,0]1,0), (1,0[1,1), we have

5
(P|Ms|P) = Ms5(;)|P)i = ens (!P)f — [P)1 + [P)3 — [P)s + 2[P)] — 2[P)4
=1

+2[P)2 — 2[P)s ) + ks (IP) — [P)a+ [P)2 = |P)s ) + dens (IP)1[P)s + [P)s[P)as
+[P)4[P)s5) = 2cns(|P)1 + [P)a + [P)s)(IP)1 + [P)a + [P)s — 1)

+cis(IP)] + [P)2) — g (IP)a + [P)s).
(40)

Note that |P); = |P)3 = cnys/2 4 c2 and |P)1 + |[P)s + |P)5s = %CNS +c1+c2+c3=
1+ %CNs, so that (40) is positive.

Thus all the boxes on the 3-dimensional faces of the no-signaling polytope NS(2, 2, 2)
are excluded from the quantum set Q(2,2,2) in the same manner.

II . Now we discuss the 4-dimensional faces, point P that are on these faces can be
decomposed as the convex combination of one PR box and four neighboring Local
deterministic boxes:

P=cnys-PR+c1-Li+-co-Lj+cg-Li+cs-Ly (41)

where 4,7, k,h € {1,2...,8},i # j # k # h and cng, c1, o, c3, ¢4 are positive and
cNs +c1 4+ co+ ¢34+ cg = 1. Similarly, different relationships of the local boxes
Li,Lj, Ly, Ly, in Eq. (41) corresponds to different type of faces of NS(2,2,2).

(1) Each of L;, Lj, Ly, Lj, contains a non-zero probability event that is also the zero
probability event of the PR box, and these events are in the settings (x;, v:), (;, y;),
(ks Yr), (xn,yn) that z; = xj, 2, = xn,Yi = Y5, Yk = Yn. Without loss of generality,
we assume L; is the local box that p(0lz) = 1,p(0ly) = 1,Vz,y € {0,1}, L; is
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the local box that p(1|x) = 1,p(1ly) = 1,Vz,y € {0,1}, Ly is the local box that
p(0jlz =0) =1,p(ljlz = 1) = 1,p(0ly) = 1,Vy € {0,1} and Ly, is the local box that
p(llz =0)=1,p(0)]z =1) = 1,p(1ly) = 1,Vy € {0,1}. In this case, the matrix Mg,z
can be directly used to exclude points P on this face with the first five entries of
P being the probability of events (1,1|0,1),(0,0|0,0), (1, 1]0,0), (0,0]1,0), (1,01, 1).
We have

5
(P|M32|P) = " M;oi|P)i = ens(|P)] — [P)1 + [P)3 — [P)s + 2[P)] — 2|P)4 + 2|P)2
=1

—2|P)5) + X5 ([P — [P)a +[P)3 = [P)5) + dens(IP)1[P)s + [P)3[P)a + [P)a[P)s)
=2ens([P)1 + [P)a+ [P)s)(IP)1 + [P)a + [P)s — 1)

+civs([P)] + [P)2) — g (IP)a + [P)s).
(42)

where ‘P>1 = ’P>3 = CN5/2—|-CQ—|—C4 and |P>1+|P>4—|—|P>5 = %CNS—FCl +co+c3+cqg =
1+ Zens, so that (42) is positive.

(2) Each of L;, Lj, Ly, Lj, contains a non-zero probability event that is also the zero
probability event of the PR box, and these events are in the settings (z;, v;), (;,v;),
(ks Yr), (xn,yn) that x; = xj # Tk, T = Tn,Ys = Yj = Yk 7# Yp OF Ty = Tj = Tf, #
Th, Vi = Yj # Yk, Yk = Yp. Similar to case (1), the matrix Mgg can be directly used
to exclude points P on this face with a suitable labeling of P, we omit the proof here.

(3) Each of L;, Lj, Ly, Lj, contains a non-zero probability event that is also the zero
probability event of the PR box, and these events are in the settings (x;, v:), (z;, y;),
@k, Yr), (T, yn) that z; = x; = @ # 2p,yi = y; = yn # Yp- Again similar to case
(1), the matrix Ms3o can be directly used to exclude points P on this face with a
suitable labeling of P, we omit the proof here.

(4) Each of L;, Lj, Ly, Lj, contains a non-zero probability event that is also the zero
probability event of the PR box, and these events are in the settings (z; = 0,y; =
0),(z; =0,y; =1), (zx = 1,yx = 0), (x, = 1,yp, = 1). Without loss of generality, we
assume L; is the local box that p(0|z) = 1,p(0ly) = 1,Vz,y € {0,1}, L; is the local
box that p(ljlz = 0) = 1,p(0lz = 1) = 1,p(lly) = 1,Vz,y € {0,1}, Ly is the local
box that p(0]z) = 1,p(0ly = 0) = 1,p(lly = 1) = 1,Vx € {0,1} and Ly, is the local
box that p(0|z = 0) = 1,p(1lz = 1) = 1,p(1ly = 0) = 1,p(0]y = 1) = 1. In this case,
we construct a matrix My 1 as an extension of M3 2 that:

8+ cns  Bix2 0 0 2¢eNs
- 8ax1  162x2  8ax1 O2x1 O2x1
My = 0 8ix2 8+cng 2cNg 0 (43)
0 O1x2 2cns 2cns + C?VS 2cNg
2cNs O1x2 0 2cNs 2¢ns + C%\/S

\ivvhere 81x2 refers to a 1 x 2 submatrix with all entries being 8. Tilis matrix
My 1 is positive definite for all 0 < cyg < 1 is due to the fact that M3 is pos-
itive definite. With labeling the first six entries of P as the probability of events
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(1,10,0), (0,0/0,0), (0, 1]0,0), (1,10, 1), (1,0[1,1), (0,0[1,0) we have

5
(P[M32|P) — 3" Ms o |P)i = ens(|P)} — [P)1 + [P)] — [P)g + 2|P)2 — 2|P)5 + 2|P)2
=1
—2|P)6) + cXs(IP)2 — |P)s + |P)§ — [P)6) + dens(IP)1[P)6 + [P)a|P)s + [P)5[P)g)
=2cns(IP)1 +[P)s + [P)6)(IP)1 + [P)s + [P)e — 1)

+civs(IP)5 +IP)) — chvs(IP)s + [Phe).-
(44)

‘P>1 = ’P>4 = CN3/2 + ¢9 + ¢4 and |P>1 + |P>5 + ‘P>6 = %CNS +c1+co+c3+cqg =
1+ Zensg, so that (44) is positive.
]

B Aumann’s Agreement theorem and its quantum generalization

Proof of theorem 4

Here we prove that these two tables Table 1 and Table 2 are on the 4-dimensional faces
of the (2,2, 2) no-signaling polytope. This combined with the theorem 1 in the main text
concludes that the Agreement theorems hold for observers of quantum systems.

The proof is quite straightforward, we first rewrite the two tables into our usual form
of no-signaling boxes. Then decompose each of these two tables as the convex combination
of 1 PR box and 4 local deterministic boxes which are neighboring to the PR box. The
convex combination coefficients are directly written below each box, and it’s clear to see
their sum is 1. The non-negativity of these convex combination coeflicients is since the
entries in the original tables are non-negative.

Table 1 and Table 2 can be rewritten as the following Tables A1 and Table A2:

z\y 0 1 z\y 0 1

a\b 0 1 0 1 a\b 0 1 0 1
0 0 T 0 r—s s 0 s t 0 s+t

1 0 1—r —r+t+s 1—t—s 1 l—-s—u—t U r l—-s—t—r
0 0 t—u u t 0 0 1—-—u—t u+t+r—1 r 0

1 r—t+u l—r—u 0 1—-t 1 0 1—r 0 1—r

Table Al: Reformatted table of Table 1. All the
entries of the box are non-negative. r > 0, and

s—u#r—t.

1. Decomposition of Table Al with s —u > r —¢.

Table A2: Reformatted table of Table 2. All the
entries of the box are non-negative. s > 0, and
s+t#0and u+t#1

z\y 0 1 z\y 1 z\y 1
ab] 0 1]0 1 abl] 0 110 1 a\b] 0 1]0 1
o Otz 0o 12 o Ot o1 o0 o Ot ofo 1
1o 1/2/12 o0 1o oo o0 1o o]o o
o O[22 0 o O T 01T o0 o 0o 0o o
1o 120 172 1o oo o0 11 o]o 1
Table A3: 2(s+t—r —u) Table A4: r —s Table A5: r —t+u
z\y 0 1 z\y 0 1
ab| 0 1]0 1 ab| 0 1|0 1
0 0 0 0 0 0 0 0 0 0 0 0
10 1]1 0 10 1]0 1
0 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 1 0 1
Table A6: u Table A7: 1 -t —s
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2. Decomposition of Table Al with s —u < r —t.

z\y 0 1 z\y 0 1 z\y 0 1
ab| 0 1] 0 ab| 0 1]0 1 a\b| 0 1]0 1
o O 1z 012 0 o O[T of1 0 o OfJ1 oo 1
1| o 1/2] 0 1/2 1o o]0 o 1o o]0 o
o O [0 1212 0 o O[T of1 0 o OO0 ofo 0
1|12 o] 0 1/2 1o o]o o 11 oo 1
Table A8: 2(u+71 —1t —s) Table A9: t —u Table A10: s
z\y 0 1 z\y 0 1
a\b 0 110 1 a\b 0 110 1
0 0 0 0 0 0 0 0 0 0 0 0
10 1]1 o0 10 10 1
0 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 1 0 1
Table A1l: —r+t+s Table A12: 1 —r —u
3. Decomposition of Table A2.
z\y 0 1 z\y 0 1 z\y 0 1
ab| 0 1|0 1 ab| 0 1]0 1 a\b| 0 1]0 1
o 01z o]0 12 o 0o ofo o o 0o ofo o
1o 1/2]1/2 o0 1o 1]1 o0 11 o)1 o0
o O [12 012 0 o O[O0 TT]1 0 o 0T o1 o
1o 1/2] 0 1/2 1o o]o o 10 o]0 o
Table A13: 2s Table Al4: u+t+r—1 Table A15: 1 —s—u—t
z\y 0 1 z\y 0 1
ab| 0 1]0 1 ab| 0 1]0 1
0 0 0 0 0 0 0 0 0 1 0 1
1o 1]0 1 10 o]0 o
o O [0 ofo o0 o O [0 ofo 0
1o 1[0 1 1o 1[0 1
Table A16: 1 —s—t—1r Table A17: t

C Common faces of the Quantum and Classical Correlation sets

In this section, we show proofs of lemmas we used in the main text, construction of the
game matrix Gor for the special case that m, = my = 2¥ with k& > 2, and prove that Gy is
diagonal in the Hadamard basis which reproduces the class of games discovered by Linden
et al. in [28|

Lemma A1l. Let my,mp € N and N 3 r < logy(mg+myp). Let {v1,...,v.} be set of general
positions vector of 2™ rows. Then up to swapping rows and re-indexing, the first 2"
rows are unique. In particular, the unique choice for the first 2" rows is the lexicographical
ordering.

Proof. Denote (v;); to be the i*" row of the vector vj. Fix I C {1,...,r}. Since ®;v;; # 0,
there exists 7 € {1,...2"} such that J[;(vr ;)i # 0. Thus (v;); # 0 for all j € {1,...,7}.
Therefore, we have (vj); = 1if j € I and (v;); = —1if j & I. Thus for every choice of I,
there is a unique row setting such that it ensures ©;v; ; # 0. Since we have r vectors and
we need 2" difference row settings, up to swapping rows and re-indexing v;’s, the first 2"
rows are in a lexicographical ordering. In other words, up to swapping rows and re-indexing
v;’s, the first 2" rows are unique and are ordered by lexicographical ordering. O
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By Lemma Al, if mq = my = 2F, where k > 2, r = logy(maq + mp) = k + 1 and
{v1,...,v,} are in general positions, then {vy,...,v,} are unique up to swapping rows and
re-indexing. We now focus on this case. For convenience reason, we first concatenate
V1, ..., vy into one matrix, denoted by Gyr. Notice that Gyr is a 2FF1 by r matrix. We then
define the 2¥ by 2% game matrix Gy as follows. The (i, ) position of Gy associates with
Alice’s " input and Bob’s j* input. In other words, the (4, j) position of Gy associates
with the " row and the (2F —i—j)th row of Gy respectively. Let r; = (z1,...,2,) and
ri = (y1,..,yr) be the i row and the (2% + j)* row of Go respectively. We define the
(i,7) entry of Gox be using an operator « on the i'® row and the (2% 4 7)* row of G as
follows:

1 ifxlyl—i—...—l—xryr >0
(g2k)i,j =rxrj=9q—1 fzyyn+...+29 <0
0 ifxiy1 + ... + 2y, =0

Example Al. If k =2 (thus mq = mp = 22 =4 and r = 3), we have

1 1 1 1 1 1

1 1 -1 1 1 -1

1 —1 1 1 -1 1 1 -1 -1 -1
vy = _11 U9 = 11 ;U3 = 11 ;Go2 = _11 11 11 ;Gg2 = _1 _11 11 _1

-1 1 -1 -1 1 -1 -1 -1 -1 1

—1 —1 1 -1 -1 1

-1 -1 -1 -1 -1 -1

for ezample, we have (Gy2)11 = (1,1, 1)x(—1,1,1) =1 and (Gy2)12 = (1,1,1)%(—1,1,—-1) =
—1.

If k = 3 (thus mg = my = 23 = 8 and r = 4), we have

1 1 1 1 1 1 1 1
1 1 1 -1 1 1 1 -1
1 1 -1 1 1 1 -1 1
1 1 —1 —1 1 1 -1 -1
1 -1 1 1 1 -1 1 1
1 -1 1 —1 1 -1 1 -1
1 -1 -1 1 1 -1 -1 1
S I U I o N O o DU o I I I B
1= _1 )UQ_ 1 ,U3— 1 s U4 — 1 I 23 = _1 1 1 1 )
-1 1 1 -1 -1 1 1 -1
-1 1 -1 1 -1 1 -1 1
-1 1 -1 —1 -1 1 -1 -1
-1 -1 1 1 -1 -1 1 1
-1 -1 1 -1 -1 -1 1 -1
-1 -1 -1 1 -1 -1 -1 1
-1 -1 -1 —1 -1 -1 -1 -1
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and

1 0 o -1 0 -1 -1 -1
0 1 -1 0 -1 0 -1 -1
0o -1 1 0O -1 -1 0 -1
-1 0 0 1 -1 -1 -1 0
o -1 -1 -1 1 0 0 -1
-1 0 -1 -1 0 1 -1 0
-1 -1 0 -1 0 -1 1 0
-1 -1 -1 0 -1 o0 1

Gos =

Definition A1l. Define gi : {1,...,28} — {0,1}* by sending i € {1,...,2} to binary
representation of i — 1. Define fy : {0,1}* — {£1}¥ by sending 0 to 1 and 1 to —1. Let
i€ {1,...,2F}, we denote iy, = fr o gr(i).

For example, g3(2) = (0,0,1), £3(0,0,1) = (1,1,—1) and 23 = (1,1, -1).

By above definition, we can observe that (Gox)i; = (1,1x) * (=1, jk).

Definition A2. Let k,x be positive integers. Define Gox , to be the top left corner square
block of Gor with dimension x by x. Define Gk , is the top-most right-most corner square
block of Gor of dimension x by x. In particular, Gok or = Gok or = Gok.

S 1 -1 (1
For evample, Gy2 1 = (1), Ga21 = (—1), Gy2 0 = (_1 1 ) and Gy 5 = (_1 _1>

Lemma A2. Consider the game matriz Gor, where k > 4 and denote d = dim(Gqr ) = 2F.
The game matrix Gor has the form

Ag;?,Z QQk—Q QQk—Q Béz),g
g2k—2 A((;ic)_g B%(Z)_Q g2k—2
Gyo B, A, Gy

d d
B;kZZ g2k72 g2k72 Aék),g

AD G, Gaps BY.
where A;C,?,Q = C %(’(21? ’ ) Béi) 9 = %{fg ’ 2 , Agd) =1 and Bﬁd) =
g%gkfs A2k—3 B2k—3 Q%Qk,g

ggk -

Proof. We first partition Gox into 16 sub square block matrices and label them as

My Mo Mz My
Ms1 Moo Moz Moy
Msy Msy Mss Msy
My Mo Myz Myy

First, we want to show that M172 = M173 = M271 = M274 = M371 = M374 = M472 = M473 =
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Gor—2. For i,j € {1,...,2F72} we have

(Mi2)iy = (1,1,1,i5_2) » ( 1,1, -1, jj—2) = (1, 1T, ig—2) * (=1, L—T, jr—2)
= (1, ik 2) * (=1 JJk-2) = (Gor-2)ij

(Mi3)ij =(1,1,1 ik—2) * (-1 =11, Jk—2) = (1, 1eA ig—a) * (=1, =1, jr—2)
= (1,k—2) * (=1, Jx—2) = (Ga-2)ij

(Maj)ig = (1,1, =1,dp—2) % (=1,1,1, jg—2) = (1, L=t ip_2) * (=1, L&, jr_2)
= (1,3k—2) * (=1, Jx—2) = (Gor—2)ij

(Mz4)ij = (1,1, =12k 2) % (=1, =1, =1, jk2) = (1, L—t, ik 9) * (—1, =1—=T, jx_2)
(1>Zk 2) (-1 ]k 2) = (Gor- )Z,J

(Mza)ij = (1,=1,1,45—2) * (=1,1,1, jp—2) = (L, =LA, ip—2) * (=1, 1T, ji—2)
(17’4 ) (=1, Jk—2) = (Gar-2)i

(Ms4)ij = (1,=1,1,i5-2) * (=1, =1, =1, jk—2) = (1, =kT, i_2) *x (=1, =L—=T, ji_2)
= (1,4p—2) * ( 1, jk—2) = (Gor—2)i;

(Mag)ij = (1,=1, =14} 2) * (=1, 1,1, jr—2) = (1, =L—=T,ij_2) * (—1, =+, jk_2)
= (1,1p-2) * (-1 JJk-2) = (Gor—2)ij

(Mag)ij = (1,-1,~1 ik 2) * (=1, 1,1, jk—2) = (1, =L—=T,ip_2) * (—1, =+, jk_2)
= (1,i5-2) * (—1, jo—2) = (Gor—2)i

Therefore MLQ = M173 = M271 = M274 = Mg,l = M374 = M472 = M4,3 = Gor—2. Next, we

consider Ml,l; Mg’g, M3’3 and M474. For 1,] € {1, e

2k=21 we have

(My1)ij = (1,1, 1,45 _9) % (=1,1,1, jx_2)

(Ma2)ij = (1,1, =1,4_2) % (—=1,1,—1,jk2) = (1, 1, 1,ig_2) x (=1, 1,1, jx_2) = (M11)i;
(Ms3)ij = (1,— 1,1,zk 2) * (—1 1a1asz 2) = (1,1, 1dk2) * (=1, 1,1, jk2) = (M)
(Mya)ij=(1,=1,=1, 7% 2)*( —1,Jk—2) = (1,1, 1,ip—2) * (=1,1,1, jk—2) = (M11)i;

Therefore My = Moo = M3z = Myy. After that, consider My 4, Ms 3, M32 and My ;.

For i,j € {1,...,2¥72}, we have
(Ml, )ZJ - (171717/“{: 2) ( 1,-1,-1 ]k
(Mas)ij = (1,1, —1,ip—2) * (— 17 1,1,Jk
(M32)i; = (1,— 1 1,ig—2) * (—1,1,—1, jx—
(Ma1)ij = (1,—1,—1,d5_2) x (=1, 1,1, jj_
Thus M174 = M273 = Mg,g = M471.
d
A5,
ggk - g2k72
g2k—2
d
By,

(d)

for some 22 x 28=2 matrices Agi—s
(d)
Boils-

and

2)

9) = (1,1,1,4p_9) % (—1,
9) = (1,1,1,4p_5) % (—1,
2) = (1,1,1,45_9) * (—1,

Hence we can conclude that

QQk—Q g2k 2 Béz),z
A(i)_Q B%d g2k—2
BQZ)—Q ok—2 g2k—2
QQk—Q g2k—2 Aéi),g
B,

We remain to consider matrix A",

—1, -1, jk—2) = (M1,4)i;
—1,—1,jk—2) = (M14)i;
—1,—1,jx—2) = (M1,4)i;

(d)

and
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First, we consider Aéi),2 and partition it into four sub square block matrices as Aék) g =

Nig Nip k-3
’ Fori,7€{1,...,2 , we have
<N2,1 No 2) JEedl }

(N12)ij = (1,1,1,1,d5—3) % (=1,1,1, -1, jx_3)
= (1,1,1,—1,ik3) * (=1,1,1,1, jx_3) = (Na1)i;

(Nia)ij = (1, 1,1, 1,4, _3) * (=1,1,1,1, jx_3)
= (1,1,1, = 1,4_3) % (—1,1,1, 1,55 _3) = (Na2)i;

(N12)ij = (1, 1,1,1,43) % (—=1,1,1, =1, 55 _3) = (1,1, LA, i _3) * (=1, 1, L—, ji_3)
= (1,1, 25-3) * (=1,1, jx—3)7 = (Ga gr-3)ij

(d) Aécj?_g gé 9k—3
Hence N11 = Nagand N1g = No1 = g%’2k_3. Therefore we have Azk,2 = 4

g%72k73 Aé‘i)—S
(d)

(d) 5. Next, we continue to partition A,,”; into four sub

for some (2573 x 287%) matrix A,

N{{ N
square blocks as Aéc,?_3 = (N}’l N}Q)' For i,j € {1,...,2F7%}, we have
2,1 V2.2

(N19)ij=(1,1,1,1,1,d5—q) % (—1,1,1,1, =1, jo—4)
= (L, L, 1,1, =1, ip—a) * (—1,1,1,1,1, jj—a) = (N 1)
(N1 1)ig = (1,1,1,1,1,d—q) % (—1,1,1,1,1, jr—sg)
= (L,1,1,1, =1, ip—q) * (=1,1,1,1, =1, ju—sa) = (N3 )i,
= (1,1,1,1, 1,45 _g) % (=1,1,1,1, =1, jp_s)7 = (1,1, 1, LA, ip_g) % (—1,1,1, 1—T, jp_4)
= (1,1,1,ip_q) * (=1, 1,1, j5_4)7 = (Ga pi—a)ij

(N1.2)ij

( ) Ag]?_4 gi ok—4
Hence N1 ; = Nypand Nj 5 = Ny = g%gk_m Therefore we have A,,_; = 4

d
g%72k74 Aék)—él
for some (2% x 2¥=4) matrix Ag,i)_4. We will continue the partition procedure (i.e., par-

tition A( )

oi—i for i € {2,...,k — 1}) and apply the same argument to obtain

(d)
A(d) _ A2k_l-_1 g%72k7i71
ok—i gd . A(d) ‘
ngfzfl ok—i—1

where ¢ € {2,...k — 1}. For Agd), its entry equals to (Gor )11 = (1,...,1) x(—1,1,...,1) = 1.

Next, we consider Bé‘,f),z. First, we partition B;i),Q into four sub blocks as B;k) y =
Ni1 Nio .o k—3

’ “]. Fore¢,5 €{1,....,2 , we have
<N2,1 N2 A }

(N12)ij = (1,1,1,1,i53) * (=1, -1, -1, -1, jx_3)

= (1,1,1,—1,ik3) % (=1, —1,=1,1,5k_3) = (N21):;
(Nia)ij = (1,1,1, 1,45 _3) % (—1,—1,—1,1, j_3)

= (1,1,1,—1,4_3) % (=1, =1, —1,—1,jx_3) = (N22)i
= (1,

= (

(Nll 1 171717‘27]6*3)*<_17_17_17175k73)

17 1,),/1/, gk73) * (_17 _17717/1’7 3k*3) = (g%,Qk—3>i7j
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Thus we have N13 = Nao = Ga o3 and Nio = Noj. Hence we can conclude that
47

PN (d)
B(d) . g%72k73 B2k73
2k—2 — B(d) )
ok—3 g%gk—s

) for some (2F73 x 2873 matrix Béf?_;;. Next, we continue to

partition Béi),g, into four blocks as Béi),g, = <%€1 %P) Fori,j € {1,..., 2’“*4}, we have
2,1 2,2
(NTo)iy = (1,1,1,1, 1, ip—g) * (=1, =1, =1, =1, —1, jp—4)
=(L1,1,1, =1 d5—q) % (—1,—=1, =1, =1, 1, jk—4) = (N5 )i
(N7 1)ij = (L1,1,1, 1,05 y) % (=1, -1, =1, 1,1, jj_4)
= (L1,1,1, =1 ip—g) * (=1, =1, -1, =1, =1, jr—s) = (Nyp)i
= (1,1,1,1,1,4p_4) % (=1, =1, =1, 1,1, jp_4)
= (L,1,1, 1A, tgg) % (=1, =1, =1, =k, jy) = (%)i,j

(NV1,1)ig

Thus we have Ni; = Ny, = Ga o.-q and Ni, = Nj;. Hence we can conclude that
) ) g} ) )

Gaa BY
Béil)_s = ( Bélg; ! o, 27 ) for some (2F=4 x 2F=1) matrix Béi)_4. We will continue the
ok—4 d ,2k—4

partition procedure (i.e., partition Bék)  fori € {2,...,k—1}) and apply the same argument
to obtain

G, (d)
B(d) — g%72k7171 B2k7i71
ok—i B(d) 79
ok—i—1 %Qk—z‘—l

where i € {2,...,k — 1}. For B§d), its entry equals to (Gok )y ok = (1,...,1) % (=1,...,=1) =
—1. O

Definition A3. The Hadamard matriz Hy, is a 2% by 2% square matriz defines as follows:

1 /1 1
=i )

and
Hy - 1 (Hy 1 Hg
V2 \Hp—1 —Hpq
A B k k .
Lemma A3. Let M = B A where A and B be a 27 by 2% square matriz. If A and

B are diagonal in the Hadamard basis, then M s diagonal in the Hadamard basis.

Proof. By direct calculation, we have

A B\, _ Hi(A+ B)H;* 0
Hia (B A) Hihy = < 0 Hy(A- B)H*

Thus if A and B are diagonal in the Hadamard basis, then M is also diagonal in the
Hadamard basis. O

Lemma A4. Consider the game matriz Gor where k > 4.
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(1) If Gor—2 9 are diagonal in the Hadamard basis for all i € {0,...,k — 2}, then Agk)
are diagonal in the Hadamard basis for all j € {0, ...,k — 2}. Furthermore, we have Gk 5
are diagonal in the Hadamard basis for all j € {0, ...,k — 1}

(2) If Gor—2 5i are diagonal in the Hadamard basis for all i € {0, ...,k — 2}, then ng)
are diagonal in the Hadamard basis for all j € {0, ...,k —2}. Furthermore, we have Gk 5
are diagonal in the Hadamard basis for all j € {0, ...,k — 1}

Proof. Let d = dim(Gyr) = 2¥. Recall that

A(d) . Aglic)—s 9%721@73
2k—2 g%’2k73 Ag,ilS

Observe that Gor o; = Aéf.) forall j € {0,...,k—2}. By Lemma A3, Agk) = <g ! g2k12’1>
) 2k72,1
)

k
is diagonal in the Hadamard basis. By Lemma A3 again, since Ag and Gok-—2 5 are di-

(2) A(Zk) Gok—2
agonal in the Hadamard basis, matrix A, ’ = 2 2 (Zk)’z is also diagonal in the
Gok—2 9 2
(2)
k2j
Hadamard basis for all j € {0,...,k — 2}. Since Aéi_)Q and Gyr—2 are diagonal in the
k
A8, G

k
g2k72 A;if)2

Hadamard basis. Inductively, we can conclude that A = Gak o; are diagonal in the

Hadamard basis, by Lemma A3, matrix Gok o1 = ( ) is also diagonal in

the Hadamard basis. Thus statement (1) is proved.

Recall that @
Gaons B,l-
d c2 2k—3
Bék)*Q = ( 4(d) )

B s Gdons
2k—3 1’2

L Gow2, —1
Observe that Gor o = Béﬁ? forall j € {0,...,k—2}. By Lemma A3, BéQk) _ (9 12’1 G )
) - 2k—2,1

k
is diagonal in the Hadamard basis. By Lemma A3 again, since Ggr—2 5 and BéQ ) are di-

k
g2k7272 BéQ )
k
Béz ) 92}9—2’2

k
agonal in the Hadamard basis, matrix Bég ) = ( ) is also diagonal in the

Hadamard basis. Inductively, we can conclude that Gor o = Béz) are diagonal in the
Hadamard basis for all j € {0,...,k — 2}. Since Gor—2 and Béz),Z are diagonal in the
- ., BY
Hadamard basis, by Lemma A3, matrix Gok o1 = (gQ(Z) ’ 2k_2> is also diagonal in
B2k,2 gzlc—Q
the Hadamard basis. Thus statement (2) is proved. O

Corollary Al. Let k > 2. Then Gok 5i and Gok 9i are diagonal in the Hadamard basis for
alli € {0,...,k}. In particular, the game matriz Gor is diagonal in the Hadamard basis.

Proof. We will proceed by induction. For the induction step. Assume Gok i and Gox 9i are
diagonal in the Hadamard basis for all i € {0, ..., k}. By Lemma A4, Gort2 9i and Gors2 oi
are diagonal in the Hadamard basis for all i € {0, ...,k + 1}. Observe that we can express

Gok+2 as
g <g2k+272k+1 g2k+2’2k+1>
2k+2 — | 5 ——

Q2k+272k+1 92k+2,2k+1
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By Lemma A4, since Ggkt2 ok+1 and Gokr2 or+1 are diagonal in the Hadamard basis, we can
conclude that Gyri2 is also diagonal in the Hadamard basis, which finishes the induction
step. The base cases are kK = 2 and k£ = 3. Recall the matrix G4 and Gg are shown in
Example Al. We can check that for k € {2,3}, matrices Gor i and Gor »i are diagonal in
the Hadamard basis for all 7 € {0, ..., k}. O
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