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Abstract—1In this article, the issue of bumpless transfer hybrid
non-fragile finite-time H., control for Markovian jump systems
(MJSs) is investigated, where the transition rates are partially
available. The non-fragile strategy with tolerating both addi-
tive and multiplicative perturbations is designed, which greatly
relaxes the application scope of the traditional controller. The
bumpless transfer control idea is introduced to depict the tran-
sient behavior caused by a jumping controller. First, a bumpless
transfer constraint condition is provided to restrict the amplitude
of the hybrid non-fragile jumping controller, for which the
additive and multiplicative perturbations are considered. Then,
a bumpless transfer hybrid non-fragile controller is developed
to guarantee the solvability of the finite-time H., control issue
for MJSs with partially available transition rates. Finally, an
electronic circuit system example is applied to illustrate the
usefulness of the proposed bumpless transfer hybrid non-fragile
control approach.

Note to Practitioners—This article is motivated by the finite-
time hybrid non-fragile H., control issue of MJSs with the
bump limitation constraint. The bumpless transfer is often
encountered in the Markovian jumping control field because it
is usually impossible to implement unlimited control signals or
bumpy control signals and is a main source of instability, and
degradation of performance of MJSs. The traditional bumpless
transfer technique because of the constant control gain cannot
handle effectively the non-fragile bumpless transfer problem for
MJSs. In this paper, the restriction of the constant control gain
is relaxed. We develop a bumpless transfer control strategy
considering a strong non-fragility of the control gain. In contrast
to the existing results, a non-fragile bumpless transfer can
tolerate the co-existing additive and multiplicative perturbations
with a wider application. This study presents the method for
practitioners interested in bumpless transfer controller design.

Index Terms—Bumpless transfer, Markovian jump systems,
switched systems, non-fragile control, finite-time control.
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S a special subclass of switched systems, Markovian
Ajump systems (MJSs) are defined as difference or dif-
ferential equations and a stochastic function. The cooperation
between different equations is realized through a Markovian
process [1], [2]. MJSs are adopted to depict complex physical
systems subject to sudden variations in structure and param-
eters. The applicability of MJSs is extended to various fields
such as aerospace engineering, robot control, and mechanical
manufacturing [3]-[5]. The related work of MJSs has aroused
heated discussions among scholars, and many excellent results
have been obtained [6]-[8]. For an uncertain nonlinear MJS
with Lévy noises, the stability problem is solved by an adap-
tive sliding mode control method in a mean-square sense [9].
In the conclusions of the above research, the full availability
of transition rates is an additional prerequisite. Due to the high
cost and difficulty of obtaining transition rates, the transition
rates are usually unavailable. On account of the unavailability
of transition rates, there is a growing interest in studying
MJSs with partially available transition rates [10]-[12]. Based
on a decoupling technique, the sufficient conditions ensuring
the H,, performance of MJSs with multiplicative noise and
partially available transition rates are developed [13]. In [14],
the condition of mean-square stability is established for sin-
gular semi-MJSs with generally unavailable transition rates.
Nevertheless, when the transition rates are partially available,
how to analyze the system dynamics of MJSs within a finite
time interval is a serious challenge, which partially motivates
the present study.

In the study of MJSs, the main concern is the traditional
stability during an infinite time region. In practice, the dynamic
behavior of physical systems deserves more attention within
a finite time interval [15]. Finite-time control is used to
deal with the dynamic behavior problem of systems within
finite time intervals, which is highly effective in enhancing
the transient performance of MJSs. Under the influence of
a designed controller, the system states are constrained to a
preset boundary within a specified time if the initial state
starts from a given threshold, which is called the finite-time
control method [16], [17]. In recent years, plenty of results
about finite-time control of MJSs have been reported [18]. For
MIJSs with actuator failures, an event-triggered control method
is developed to ensure the finite-time boundedness and H .,
performance under the time-varying transition probabilities
[19]. Based on a dwell time method, the asynchronous finite-
time control problem is addressed for MJSs subject to actuator
and sensor failures [20]. However, the above results ignore the



influence of the jumping characteristic of a controller on finite-
time stability.

In general, the control synthesis problem of MJSs is solved
by designing a jumping controller. The controllers can produce
different control signals, and result in control bumps during
jumping instants [21], [22]. The control bump may destroy the
transient performance and even distort the Lyapunov stability
of systems [23], [24]. The bumpless transfer scheme provides a
potential solution to the control bump issue. Under an average
dwell time switching scheme, the bumpless transfer control
strategy is developed for switched systems to guarantee the
continuity of the control input while ensuring the asymptotic
stability of systems [25]. In [26], a control gain interpolation
technique is proposed to handle the bumpless transfer issue for
positive switched systems, and the L; gain is maintained. For
switched descriptor systems, by quantifying the state jumping,
a switching control strategy that satisfies bumpless transfer
performance both input and state is discussed [27].

The above bumpless transfer control strategies are based
on the precondition that the controller can be implemented
accurately. The designed control strategy should have a certain
robustness to system parameters. On account of calculation
errors, actuator failures, and control channel interference, the
designed bumpless transfer controller should be able to tolerate
the uncertainty or parameter perturbation [28], [29]. It is
necessary to consider non-fragile bumpless transfer controllers
that can withstand uncertainty in gain parameters. As the
external environment becomes more complex, the traditional
non-fragile controllers that tolerate a single gain perturbation
no longer meet the practical engineering [30]. Although the
bumpless transfer constraint for the non-fragile controller is
anticipated, the developed approaches are still difficult to apply
due to the non-fragile behavior. This motivates our study.

In this paper, we present a bumpless transfer hybrid non-
fragile control strategy for MJSs to reduce the large control
bumps while ensuring the finite-time boundedness and H, in-
dex. The significant contributions are summarized as follows:

(1) In the existing work [28], [29], the non-fragile controller

is formed by a single feature which is either additive
or multiplicative. Although additive and multiplicative
perturbations are two fundamental cases, it is not ex-
plicitly stated which one might be preferred since the
controller is usually affected by the distinct hybrid fea-
tures. We developed a finite-time hybrid non-fragile H,
controller, which can tolerate the co-existing additive
and multiplicative perturbations.

(i) Unlike the traditional bumpless transfer control ap-
proaches, the constant control gain without any perturba-
tion is restrained [3], [31]. The additive and multiplica-
tive perturbations lead to big variations of control inputs,
which directly affect the establishment of the bump-
less transfer controller. The presented bumpless transfer
control strategy considering a strong non-fragility of
the control gain is developed, which not only reduces
control bumps produced by the jumping controller but
also allows for application to more intricate scenarios.
Based on the stochastic multiple Lyapunov function
approach, the solvability condition achieving the control

(iii)
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objectives is given to guarantee the bumpless transfer hy-
brid non-fragile finite-time H, performance for MJSs.

II. PROBLEM FORMULATION AND PRELIMINARIES
Consider a type of MJS described as
:L'(t) :Am(t)m(t) + Bm(t)u(t) =+ Dm(t)w(t)v
2(t) = Iz (t) + Frnyw(t),

where z(t) € R, u(t) € R?, z(t) € R™, and w(t) € RY
denote the system state, the control input, the system output,
and the disturbance, respectively. Assume that w(t) satisfies

(1)

Ty
/ wT(s)w(s)ds < @, w > 0. (2)
0

Apt)s Bm(t)> Dty Fin(t)> and Jp, () are available constant
matrices. {m(t),t > 0} is a right continuous Markov process
taking values in a set of positive integers M = {1,2,..., M}
with the following transition probability

Pr{m(t+ Ah) = fim(t) = g}

_ JOqpAh+ o(Ah), 9# /f, 3)
14+ 94gAh + o(AR), g=f,
in which Ah > 0 satisfies lim 22" — 0, and 9,7 > 0,
Ah—0
g # [ represents the transition rate from system mode g to
M
system mode f with Y~ 4y = —V,, for g, f € M. For
g=1,9#f

more general application scenarios, we consider generalized
transition rates where ;¢ is partially available. For instance,
the matrix M may be described as

T S 2
27 e oy
M= . . ) , )
Iarn 7 Invm

where ’?” denotes that the transition rate is unavailable. Define
M = Mg U M;‘“, Vg € M, and

M £ {f: 9,5 is available, for f e M},

5
My® £ {f : ¥4 is unavailable, for f € M}. ©)

When M7 # 0, MY can be expressed as
Mg = {f{.f3,.... 71, 1 <p< M, (6)

in which §J denotes the pth transition rate of the set Mg in
the gth row of the matrix M.
The hybrid non-fragile controller is developed as

u(t) = (K + AKp)z(t) (7)
with
AK ) = OmyAK1m@) + (1 = Om)) AKom@ Km ),
®)

where K, (4) is a nominal control gain, which will be designed
later. AK,,(;) is the hybrid parameter perturbations of the
controller (7). oy with 0 < o,y < 1 is the weight
coefficient satisfying the transition probability (3) of Markov
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process m(t). AKip ) and AKogy, ) K are the additive
and multiplicative perturbations of the form

A-Kvlm(t) = Glm(t)jlm(t) (t)le(t)7
AKom )y = Gam(t) Jom() (1) Q2m(t),

where Gip(t), Gom(t)s Qim(r)> and Qo (¢) are known ma-
trices, 1, 1) () and Top,(¢)(t) are unknown matrix functions
satisfying || Ty (8)[|2 < 1 and || Tapm (6) |2 < 1.

Remark 1: Owing to the inherent imprecisions and uncer-
tainties, the developed controller should be able to tolerate
the perturbation and its own parameter uncertainty. It is
worth noting that the perturbation and parameter uncertainty
are mainly categorized as multiplicative case and additive
case. We develop a hybrid non-fragile controller, where the
perturbations that appeared in the controller gains are modeled
as uncertain gains. The proposed hybrid non-fragile control
strategy is more general, which can describe the more general
controller gain variation. In contrast to a signal additive or
multiplicative case [28], [29], the designed hybrid non-fragile
controller can tolerate the co-existing additive and multiplica-
tive perturbations.

Remark 2: The proposed hybrid non-fragile controller (7)
consists of the additive and multiplicative perturbation terms.
A K (¢) is the additive perturbation term which often depicts
the small perturbations and uncertainties. AKo,, ) Ky (r) 1S
the multiplicative perturbation term that describes the re-
adjustment controller gains. The weight coefficient o,
is introduced to establish the relationship between the ad-
ditive perturbation AK\,,;) and multiplicative perturbation
A Ko (t)Km(t)- The free weight coefficient can adjust the pro-
portion between the additive and multiplicative perturbations
so that the proposed hybrid non-fragile controller tolerates the
co-existing additive and multiplicative perturbations. As two
special cases, when Omt) = 1, the controller (7) is simplified
to an additive non-fragile controller. When o,,,(sy = 0, con-
troller (7) is reduced to a multiplicative non-fragile controller.
The classical non-fragile controller is shown to be a special
case of the proposed hybrid non-fragile controller.

Remark 3: There is a significant difference between the
availability of transition rates and the measurability of jumping
signal [32], [33]. Although the transition rates are unavailable,
the jumping signal m(t) can be detected by the sensors which
is applied to the design of the bumpless transfer hybrid non-
fragile controller. In most studies of MJSs, the measurability
of the jumping signal has been well recognized as a reasonable
and acceptable assumption [32], [33].

Substituting (7)—(9) into MJS (1), the closed-loop system is
obtained by

©))

i(t) = [Anw) + K@) + Fme) B Grm@ Tim) (t)
X Quin(t) + (1 = 0m()) Bin(t) G2m(s) T2me (1)
X Qom(t)y Ky #(t) + Dipyw(t),

2(t) = Jmyz(t) + Frnyw(t),

(10)

For simplicity of subsequent expression, define A,, ) =
Ag’ Bm(t) £ Bg’ Dm(t) = Dg’ Fm(t) £ Fg’ Jm(t) £ Jgs
AN A AN A
Km(t) = Kga Om(t) = Ogs Glm(t) = Glg’ GQm(t) = G2g’

Qum) = Qg Qomry = Q2g» Timy(t) = Tig(t), and
Tom()(t) £ Ty, (t), when m(t) = g, g € M.

Due to (K, + AKy)z(t) # (Ky +AKyf)x(t), Vg, f €
M, hybrid non-fragile controller (7) is discontinuous at the
jumping points. We require that designed hybrid non-fragile

controller (7) satisfies the bumpless transfer level

[ (t) =

to make the controller jumping as smooth as possible, in which
the scalar v > 0 is called a bumpless transfer level, and
u*(t) £ K*x(t) is regarded as a reference control input.

Remark 4: The bumpless transfer control aims to limit the
amplitude between any two consecutive jumping controllers,
not to find a reference control input w*(¢). The idea of
introducing u*(t) is to adjust the jumping controller (7) such
that the bumpless transfer level (11) is satisfied. The main
task of u*(¢) is not to stabilize the system but to provide
a standard for limiting the distance value between wu(t) and
u*(t). Therefore, we do not care about the actual value of
u*(t). Moreover, when the real value of w*(t) is also an
important reference, we can take K* in advance according
to the actual demand, then solve the control gain K, ).

Remark 5: Compared with the existing work [3], [31], the
bumpless transfer hybrid non-fragile controller is more general
because the multiple perturbations are considered. The additive
and multiplicative perturbations directly affect the bumpless
transfer constraint, which brings about technical difficulties for
the design of the bumpless transfer controller. The bumpless
transfer control aims to minimize control bumps between
(Ky+ AKy)xz(t) and K*z(t), Vg € M.

Definition 1: [34] For given positive scalar T, MIJS
(1) is said to be finite-time bounded with respect to
(€1,€2, 8¢, Ty, w), if there exist scalars £ > 0, g5 > 0 with
€1 < €2, and matrix Sy > 0, g € M such that

u(t)||* < vlj=(t)]? (11)

E{z{Syzo} <e1 = E{a" (t)Syz(t)} < e2,Vt € [0,T3].
(12)

Remark 6: The traditional stability reflects the dynamic
behavior of the system during an infinite time region. In
practice, the dynamic behavior deserves more attention within
a finite time interval [16]. An MIS that is not finite-time stable
if its state surpasses a physical threshold during the finite-time
interval may be stochastic stable. A finite-time stable MJS
could not be stochastic stable.

Bumpless transfer hybrid non-fragile finite-time H
control issue: For MJS (1), find a hybrid non-fragile controller
such that

(i) Hybrid non-fragile controller (7) satisfies bumpless
transfer level (11);
(i) MJS (1) is finite-time bounded with respect to (e1, 2,
ng Ty, w);
(iii)) Under zero initial condition, MJS (1) satisfies

Tb Tb
/ 2T(s)2(s)ds < 72/ wl(s)w(s)ds.  (13)
0 0



III. MAIN RESULTS

In the section, a hybrid non-fragile controller is designed
subject to additive and multiplicative perturbations. Some
feasible conditions are developed.

Theorem 1: Given positive scalars Ty, «, €1, €2, @, 0y,
heg, and positive definite matrix Sy, the issue of bumpless
transfer hybrid non-fragile finite-time H., control for MJS
(1) is solvable, if there exist symmetric matrix Ry, matrices
K™, K, positive definite matrices P, Pg, and positive scalars
5, hag, hsg, vg for Vg, f € M, € € {1,3,4,6} such that

\IJlg Png ‘]gT 1Tg K9TQ2Tg
* —327 FgT 0 0
* * —I 0 0 <0,
* * ¥  —hygl 0
* * * * —hogl — hsgl
(14)
Pf_RQSOa g#f? fEMgav (15)
wy? (1 — e T
pe1 + A " ) < pese T, (17)
Vyy K*— K, 0 0
* vl 1 KIQ3,
. « hagl 0 >0, d8)
* * * hsgl + hegl
where

Uig = Ag Py + PyAg + Ky By Py + PyByK, — aF,
+ Z Vgy(Pr — Rg) + hlgangBgGlgG,{ngpg
feMyg
+ (hag + h3g0g) Py ByGagGl, By Py,
Wo, =1 — ﬁ4gU§GlgG{q — (559 + ﬁ6‘qa§)ngGg;]7
Pg :Sg_%PgSg_%’

p= m'xp ’
p = max{pmax(Fy)}

B = ;relll\r/}{pmin(Pg)}'
Moreover, the bumpless transfer level with v = maxwv, and

geEM
the H,, index with v = ve®Ts¥ are ensured.
Proof. Consider the stochastic multiple Lyapunov functions
Vm(t) (t) = .’ET(t)Pm(t).’E(t). (19)

Assume m(t) = g € M, then Vi, ;) (t) = Vy(t) and P,y =
P,. Calculating the weak infinitesimal operator of V;(¢) along
the trajectory of system (10) obtains

LV (2(1))
=a" (t)[A] Py + PyA, + K] Bl P, + P,ByK,
+0,Q1, T, ()G, Bl Py + 0Py ByG14T1g(1)Q1g

1g™g
M
+ (1 - Ug)KgQgg—Igg(t)GggB;Pg + Zﬁgfpf
f=1

+ (1 - Ug)PquG%-I?g(t)Q?gKg]x(t)

+ w' (t)D] Pya(t) + ™ (t) PyDgw(t). (20)
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For any symmetric matrix R4, g € M, the equation
M

fz Ygp Ry = 0 always holds. We have

=1
LV, (2(t))

=" (t)[A] Py + PyAy + K] B] P, + P,B)K,
+ Y Vgp(Pr—Ry)+ Y yp(Pr— Ry)

femaq feMue

+ Kgngqu(t)Gququ o agKgngqu(t)Gququ
+ PyBgGagTag(t)Qag Kg — 09 Py ByGag o (1) Q24 K
+ 0401, W, (1G], B Py + 04PyByG1g T4 (t)Q1g]2(t)
+w" () D] Pya(t) + 2 (t) Py Dyw(t). 1)

According to (21), we conclude
LVy((t)) + 27 (1)2(t) — 7w’ (tw(?)

=" (t)[A] Py + PyAy + K] B] P, + P,ByK,
+ ) Vap(Pr—Rg)+ Y Vgp(Pr— Ry)

feMg feMye

+ K Q3,5 (0G5, By Py — 0y K Q3,8 (1)G3, By Py
+ PyBgGagTag(t)Qag Ky — 0Py ByGag o (t) Q24 K g
+ UQQ’{g-[{g(t)G{ngPg + UngBgGlg-[lg(t)ng]x(t)
+ a7 (t) (PyDy + J] Fy) w(t) + w" () (D] P,
+ F]Jg) a(t) + ' () (F) Fy — 5%) w(t).

Denote

Ay (t) = [

(22)

Ulg(t)JrJgTJg Png+J§Fg }
* —5%1 + FI'F,
T T
L[ TR
* FgTFg

_ | Big(t)
_[ o Pl } (23)

where

Ulg(t)
=Al'P,+ PjA; + K] Bl Py + PyByK,
+ > Vg (Pr—Ry)+ Y Uys(Pr— Ry)
feM¢ feMye
+0,QT T ()GT. BT P, + 0,P,B,G1,7,(t)Q
Ogldig l1g 1gPg Lg T Ogligbglaig l1g 1g
+ KZQggjgg(t)Ggngpg - agKgQggjgg(t)Ggngpg
+ PyByGag g (t) Qg Kg — 09 Py ByGaglag (1) Q29 K-
From (23), one gets
U14(t) PyDy JgT
B,y(t) = * 31 Ff
* * -1
There exist scalars iy, > 0, hog > 0, and hgg > 0 such that

0Py ByGig Tig(t)Q1g + UgQiFg-lng(t)GT BI'p,

(24)

1979
< Mgy PyByGryGiy By Py + iy Q1 Q1g, (25)
PngGQg—ng(t)Q%Kg + KgQgg—gg(t)GzTngTPg
< h2quBgG2gGgngPq + hz_glKgTQngngKg, (26)

and

— 0gPyByGaglag(t)Q2g Ky — UgKgTQQTg_IzTg(t)GT BTPQ

2979
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< M3y, PyByGogGa By Py + hs, Ko Q3,Q20K,. (27)
Substituting (25)—(27) into (24) leads to
Ugy(t) PyDy, Jg
Gty =| =+ AT Ff |, (28)
* * -1

in which
Uoy(t) = AL Py + PyAy + KBl P, + P;B,K,
+ Y Ogp(Pr—Ry)+ Y gp(Pr—Ry)
feEMg feEMye
+ h1go; PyByGryG 1, By Py + Iy, Q1, Q14

+ (h2g + h3g‘7§)PngG29G2TngTPg

+ (hiql + h?:gl)KgQggQ2gKg-

Applying Schur complement, we know that the inequality
€,(t) < 0 is guaranteed by condition (14), which implies that
2, (t) < 0. In view of conditions (14)—(16), we obtain

LVy(x(t)) < aVy(z(t)) — 27 (1)2(t) + 7w (t)w(?).
Multiplying both sides of (29) by e~ yields

LVy(zt)e ] < [-2T(1)2(t) + ¥ (t)w(t)] e~
(30)

(29)

Moreover, we have
LV, (2(t)) < e 52w (Hw(t). 31
Letting m(tg) = go € M yields
Ty
E{e "V (2(t)) — Vg (z0)} < / Pwe *ds.  (32)
0
From (32), we can infer that
w2 (1 — e T
BV, (1)) < e [V, (o) + T 0 >] ;ED
Defining P, = Sg% AgSg% , one has
%2 1— —aTy
BV, a(t)} < T [pey + T 0 )1 SED
Noting that
a2 (t)Pya(t) > pE {27 (t)S,z()}, (35)
one obtains
eTo |:P€1 + w’yQ(leaTb):|
E {xT(t)Sg:r(t)} < p < €9
- (36)

Clearly, MJS (1) is the finite-time bounded with respect to (g1,
2, Sg, T(,, w)
Applying Dynkin’s formula to (30), we derive

E {e*V, (2(t)) = Vg (z0) }

<uf [l [Tt + T o) asf.

Based on (37), we get
E {eo‘Tb Vg(x(t))}

Ty
<E {/0 e’ [—ZT(S)Z(S) + ’ysz(s)w(sﬂ ds} , G5)

which means

Ty Ty
/ 2T (s)z(s)ds < eaTWQ/ wl'(s)w(s)ds. 39)
0 0
Hence, inequality (13) holds with v = v e2Tb¥,
It can be derived by condition (18) that

I1+03y K*—K,
{ * Vgl 4+ Uyq (40)

} -0,
where

Usg = — hagooG1yG, — (Risg + heyo?) GogGa,
U49 == higl 1Tngg - (hggl + h(;gl)KgTQggQ%Kg'

There exist positive scalars fsg, fisg, and hgg such that

Bz, 0
0 Uy

< [ 0 —0yG1gTig(t)Q1g — (10— 04)G2g T2g(t) Q24 K
* (41)
Therefore
[i K*_[sz_AKg > 0. 42)
From (42), one has
vl > [K* — (K, + AK)T[K* — (K, + AKy)], (43)
which is equivalent to
vgrT (t)x(t) (44)

>al (O — (Kg + AT [K* = (K + AKg)]a(t).

When the gth hybrid non-fragile controller is activated, (44)
guarantees

vella(t)® > | K*x(t) — (Ky + AK (). @5)

Obviously, the bumpless transfer level (11) with v = max vg
€

is satisfied for hybrid non-fragile controller (7). This completes
the proof. (]

Since the terms K| B} Py, higo,P,B,G1,G{, B} P,, P,
ByK,, and hyy(1 — 0,4) PyB,G2,G3, Bl P, appeared in con-
dition (14) result in the synthesis condition for hybrid non-
fragile controller (7) being non-convex. To find the convex
solution condition, we give the following result.

Theorem 2: Given positive scalars Ty, «, €1, €2, @, 0y,
heg, and positive definite matrix Sy, the issue of bumpless
transfer hybrid non-fragile finite-time H, control for MJS (1)
is solvable, if there exist positive scalars ¥, hag, hsg, N, vg,



matrices K*, Yy, symmetric matrix R4, and positive definite
matrix X, for Vg, f € M, ¢ € {1, 3,4,6} such that

[ W3y Dy Xgi;f XgQTg YgTQzTg Wy |
x  —32] Fy 0 0 0
* * -1 0 0 0
* * * —higl 0 0
* * * * -2, 0
| x * * * * sy |
<0, geM? (46)
[ sy Dy Xng XQQ,{;J Y.qTQgg Urg ]
x  —¥I Fr 0 0 0
* * -1 0 0 0
* * * —hygl 0 0
* * * * -2, 0
| * * * * * —Wgy
<0, geMu, (47)
[ 7Rg Xg ua
B2 RN S
XfiRg>0? g:f7 feMgaa (49)
[ 1—e Ty
_Eze—aTb + 2l ( - ) \/a <0, (50)
* —N
NSt < Xy < S, (51
[ Uy K* Y, O 0 0
« v T I Qf, 0
* * X, 0 0 0
* * x X, 0 YgTQgg >0, 52)
* * * * h4gI 0
| * * * * * hsgl + hegl
where

U3y = X AL + AgX, + Y, Bl + ByY, — aX,

+ h1go ByG1yG 1 By + (hag + hago)) ByGoyG3,B)

- Z ﬁngg +799ng7
feMg

Wy = [ Vg9 Xg \[PgigXg - \/ ﬁgfg,ng
\/ ﬂgf§+1X9 T ﬁgngg :| ’

U5, = diag {Xﬁ,ng,...,ngfl,xfgﬂ,...,ng},
QUQ = hggI + h3gI,
gy = X AL + AgX, + Y, Bl + ByY, — aX,

+ h1go BeG1gGl BY + (hag + hago?) ByGagGs, BY

- Z Vg5 Ry,

feEMY

Ury = [0 X \[Pa s oz Xo |

Wy, = diag { X0, X, Xy }

with f{, 73, ..., 4 described as in (6) and f§ = g. The bumpless

transfer level with v = max vg and the H,, index with v =
ge

VeaTs4 are achieved. Moreover, controller gain in the hybrid
non-fragile controller (7) is given by K, = Y, X~ 1
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Proof. Define Py = X' and K, £ Y, X '. Performing a
transformation to condition (14) by diag{X,, I, I, I, I}, one
gets

Py Dy XgiﬂT XngTg YSJTQQTH
x =520 Y 0 0
* * -1 0 0 <0,
* * * —higl 0
* * * * —hogl — hzgl
(53)
in which

D1y = XgA) + Ay Xy + Y] Bl + ByY, — aX,
+ 3 s (ngf—lxg _ XgRng> + h1yo?B,
feMg

x G1gG1,BY + (hag + hagol) ByG2yG3, By .

Let X R, X, = Rgy. Due to ¥4y < 0, Vg € M, (53) is dealt
with by the two different cases.
Case 1. When g € My, (53) is rewritten as

Qg Dy Xg‘T]ﬂT XngTg YQTQ%;

x =520 Fy 0 0

* * -1 0 0 <0,
* * * —hygl 0

* * * * —hogl — h3gl

(54)
where
ng = XgAg + Ag Xy + YgTBgT + BgYy + (Vg9 — @)X,

>

ﬁngng_ng - Z ﬁngg + hlgas

FeMg f£g femyg
T RT 2 T RT
X ByG1yGT, BT + (lizg + hag02) ByGayGT, BT

One can see that condition (46) is guaranteed by (54).
Case 2. When g € M, (53) is rewritten as

Qg Dg Xgﬁ XngTg YgTQQTg
I ¥ B 0 0 0
* * -1 0 0 <0,
* * * —higl 0
* * * * —hogl — h3gl
(55)
where

Qug = XgAT + Ay X, + Y Bl + B)Y, — aX,
+ Z ﬁngngng - Z UgiRg +h1g0§

FEMy, f#g femy
X ByG1yG1 B} + (hag + hsgo,) ByGag G, BY .

One can see that condition (81) is guaranteed by (55). Pre-and
post-multiplying condition (15) by X, we obtain

X X' Xy =Ry <0, g#f, feM® (56)

which derives condition (48). Performing a transformation
to condition (16) by X,, we know that condition (16) is
guaranteed by

X;—R;>0, g=f, feM" (57)
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From conditions (50) and (51), we get

@ (1 — e=oT)

R7le; < egeTo 4 — (58)
1 1
NI < S5 X455 < 1. 59)
1 1
Together with &, = S5 XS5, one has
R < p(6y) < 1,Vg € M, (60)
p<NTL (61)
1<p, (62)
which leads to
w92 (1 — e Do
pey + 2L ( ) < pege=oT. 63)
Based on condition (52), we derive
[ Uy K* Y, 0
*x  vgl — @3y 1 I
* X, 0
i * * Xy — Dy,
(1 K* Y, 0 ®y, 0 0 O
I Y | I _ * @3, 0 0
Tl ox X, 0 * x 0 0
| * * x X, * * x By
> 0, (64)

where
Dog = h4gU§GlgG1Tg + (h5g + hGgU;)GQQG;‘Fga
@39 = thlQ,{nggﬂ @49 = (hggl + h(i_gl)YgTQggQ29Y9'

There exist positive scalars hyq, hsg, and hgg such that

0 O'gGlgqu(t)ng 0 —(1 — Ug)GngQg(t)QQng
* 0 0 0
* * 0 0
* * * 0
by 0 0 O
* O3, 0 0
< * * 0 0 (65)
* * * Dy
According to (64) and (65), we obtain
I @55 Yy (1—0g)Gaglay(t)Q24Y,
x vl T I
. T x . >0, (66)
* * * Xg

where @5, = K* — 04G14 114(t)Q14. From (66), one gets

- Y, XY —®g, K*— Y, X, ' — @,

>
] vl —2x;1 | =0

(67)
where
q)fig = (1 - 09)2G29-I29(t)QQQYng_IYgTQgg-Igg(t)Gg;w
D7y = 04G1g 1g(t)Q1g + (1 — Ug)G2g-ng(t)Q2gY9Xg_l~

Notice that

Yng_lYgT + Pgq 0
{ 0 29X > 0. (68)
Condition (67) shows
I K*—K;-AK,
[ . o1 } >0, (69)

in which
AKy = 04G1T1g(t)Qug + (1 — 0g)Gag Tag (1) Q2g Ky

Bumpless transfer level (11) holds. This completes the proof.
O

Remark 7: The parameters €1, €2, vy and g influence the
conservatism and computational burden for solving conditions
(46)—(52). Too small v, may lead to the insolubility of
condition (52), and too large v, usually brings about big
control bumps. A smaller g can lead to less computational
burden. In practice, we should choose the parameters €1, €2,
vg, and g to realize a trade-off between the actual demand and
allowed computational complexity.

IV. EXTENSION

In most existing results, the control problem of MIJSs is
widely studied based on a prerequisite of synchronization
between the controller and the controlled system. However,
due to the packet dropout and stochastic perturbation, such
kind of ideal synchronization may be difficult to be satisfied
in practical applications, which may bring asynchronous phe-
nomena between the modes of controller and system. Recently,
the importance of asynchronous control for MJSs has already
begun receiving more attention [35]-[38].

In order to handle such an asynchronization case, the hidden
Markov model framework in [35] is established to characterize
the asynchronous phenomenon between the controller and the
controlled system. The passivity asynchronous control issue
of delayed singular Markov jump systems is investigated
in [36]. In [37], when the asynchronous phenomena occur,
the dissipative control is investigated for Markovian fuzzy
jump systems by designing a kind of special asynchronous
controller. For 2-D MIJSs, the issue of asynchronous fault
detection is addressed [38]. How to extend the proposed
bumpless transfer hybrid non-fragile control strategy to an
asynchronous control version for MJSs? It is a significant
problem that deserves further study.

Motivated by the above discussions, in this section, we
extend the synchronization results developed in Section III
to an asynchronous control version. The hybrid non-fragile
asynchronous controller is developed as

u(t) = (Kj(t) + AKj(t))x(t) (70)

with

AKjy = 0y DK ) + (1= 050y AKgjn Ky (T1)

where K;;) is a nominal control gain, which will be designed
later. AK() is the hybrid parameter perturbations of the
controller (70). j(t) is a hidden Markov progress, which takes
values in another positive integer set J = {1,2,...,J}, and



obeys a conditional probability matrix J = [ny] with the
probability transition as

Pr{j(t) =1lm(t) = g} = ng.

Forallg e M, [l € J, the conditional probability 74 belongs to

(72)

the interval [0, 1] and Z Ngt = 1. 0y with 0 < 0y < 1 s

the weight coefficient satlsfymg the transition probability (72)
of hidden Markov process j(t). AKy ;) and AKyj4) Ky i
with the form in (9).

We rewrite the closed-loop system as

@(t) = [Am@) + (1 = 0j()) B ng 0 2500 () Qo) Ko
+ By Kj ) + 950) Bi(oy Gy Ty () Q)= ()
+ Diyw(t), (73)
2(t) = Ty z(t) + Frpyw(t).

Define K £ Ky, 0ju) = 01, Giju) = Gus Gojy = Ga,
Quiry = Qu. Qojiy = Qo Tijy(t) £ Tu(t), and
Taj() (t) = Tu(t), when j(t) =, I € J. The main corollaries
about the bumpless transfer hybrid non-fragile finite-time
asynchronous control issue for MJSs are obtained.

Corollary 1: Given positive scalars T}, o, €1, €2, @, higi,
hogi, h3gi, Rai, hsy, R, and positive definite matrix Sy, the
issue of bumpless transfer hybrid non-fragile finite-time H,
control for MJS (1) is solvable, if there exist symmetric matrix
R, matrices K*, K, positive definite matrices P, ]59, and
positive scalars ¥, oy, v; for Vg € M, VI € J such that

[ W1y PyDy, JE
« =¥ F] | <0, (74)
| x * -1
[ Wy K*—K, 0 0
* ul I KIQ
¥ hal 0 >0, (@)
* * *  hgl + hegil

and (15)—(17) hold, where

J
—aPy + anl [KITB;FPQ + (h2g1l
=1
+ h?jgll)KTQQTlelKl + hlglU?P B GllGlTZBTP
+ (hogi + hagio7) PyByGa Gy, BTP n h1ng1zQ1z
+PngKl + Z ﬂgf Py ng),
femaq
Wy =1 — h4l012G11G5 —

Uiy = A} Py + PyA,

(h5l + hglO'lz)Ggngl.
Moreover, the bumpless transfer level with v = r}w}x v; and
€

the H,, index with v = Ve*Tv¥ are ensured.
Proof. Choose the stochastic multiple Lyapunov functions
J

as (19). Notice that 1y € [0,1] and Y ng = 1. We get
=1

LV (2 (t)) + 27 (8)2(t) — 52T (Hw(?)
=a"(t)$ D Ver(Pr—Rg)+ Y gs(Pr— Ry)
feMa feMua

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, 2024

J
+ AZPQ + PyAg + Z Mgl [KlTBng + Py By K
1=1
+ K[ Q351G BY Py — o1 K[ Q3,713,(H) G BL Py
+ PyB,Go o(t)QuK; — 0, PyB Gzz—in(t)Qlez (76)
+ 0Q1, 11, (1) G1 B Py + 0Py ByGry T (1) Q] par(t)
+ 27 () (Png+JgTFg) (t) +w’(t) (D] P,
+ FJJg) a(t) + w0 (t) (F]Fy — 5%) w(t),

M
with > 9,5R, = 0 for any symmetric matrix Ry, g € M.
=1

By using the proof method similar to (23)—(39) as in Theorem
1, we confirm that MJS (1) is the finite-time bounded and
satisfies the inequality (13).

It can be derived by condition (75) that

R B 7
where
U = — hyo} GuGY, — (hs + heiop ) GGy,
Oy =—h'Q1,Qu — (hs)' + hg' ) K Q3,Qu K.
There exist positive scalars fiy;, fis;, and g such that
0 ]
0 Oy
< { 0 —o1GuIu(t)Qu — (1 —01)Gaor o (t) QK
* 0 -
Therefore
H K**UII*AKI ]>o. (79)
From (79), one has
ul > [K* — (K + AK)|"[K* — (K, + AK))],  (80)
which is equivalent to
wllz(@))* > [K* () — (K + AK)z(0)]%. @D

Obviously, the bumpless transfer level (11) with v = Max vy is

satisfied for hybrid non-fragile asynchronous controller (70).
This completes the proof. |
Corollary 2: Given positive scalars T}, o, €1, €2, @, higi,
hogis R3gi, Rai, hsy, R, and positive definite matrix Sy, the
issue of bumpless transfer hybrid non-fragile finite-time H
control for MJS (1) is solvable, if there exist positive scalars
¥, o1, vy, N, matrices K*, Y}, £, symmetric matrices R4, and
positive definite matrix X, for Vg € M, VI € J such that

[ =11 Yoy 0 ﬁTJ;F sT 0 0 0

* _TSgl Dg 0 0 T4gl TGgl T8gl

* — FqT 0 0 0 0

* * * I 0 0 0 0

* * * x  —£X, O 0 0

* * * * x  —Ysqu 0 0

* * * * * x  =Try 0
B * * * * * ¥ —Tog |
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<0, ge M;, (82) Proof. Conditions (82) and (83) are deduced as
[T Tou 0 &TJT /T 0 0 0 ] ~T1 Tou 0 RTJT &Y
* _T10gl Dg 0 0 H3gl TGgl Tllgl * (blgl Dg 0 0
* « =¥ FI' 0 0 0 0 * x+ -5 FT 0 <0, (85)
* * * -1 0 0 0 0 " * * iy 0
* * * x =Xy O 0 0 * * * * —£X,
* * * * x  —=T55q O 0
* * * * * x =T 0 where
| * * * * * * *  —Tiog | Dy = Z Dy (Xngng . Rg) B (5—1 +a)X,
<0, geMy?, (83) feMg
[ ¥y K* Y, 0 0 0 J
« ol I 1 Qf 0 + Z Nt [(hagt + hisgio?) ByGaG, B
« o+« R 0 0 0 . 84) =t T
x % x R 0 v,rQL ’ + (o + hyg) X871 YlTQg}leYlfle
S QLR et By GG
L 51 6l

Define V; £ K8, Sg_l £ Lg1, and
and (48)—(51) hold, where

J
Ag + Z nnggKl I 0 0 O
J o =1
Ug = 0 0 I 00 (86)
Ty= 8+ 87, Tog = RTAT +) naVi By + X, ! 7, 00 I 0
s = I 000 I
T3g1 = Z UgsRy — anl [hlglUlZBgGllG{lBg Pre- and post-multiplying (85) by l,; and LlTl gets
fema =1
- @ D X JT
o (agt + Paguo7) By GGy By + (o £7° LA TR | <o (87)
—gq) Xy, * * —I

Tyg = [\/UnggQ{l \/7792XgQ{2 \/ngJXgQ{H]v in which
T5gl = diag{hlgll, hngI, ey hngI},

J

Tegr = [\/@(h%l + h3gl)Xgﬁ_lTY1TQ§1 \/@(52572 Pog = Z Vg (Xng_ng - Rg) + anl [XgKlTBg
+ i) X, 8V YL QL . g (hags =1
+ hagn) X, 8 YT QL ],

Y7 = diag{(h2g1 + h3g1)1, (haga + hga2)I,

+ ByKi Xy + (hagi + hagio7) ByGa1 G, B
+(hp )+ h )X, 8 VT QR Quyif X,

(hagy + hagy)1}, 1ng Q11QuXg + higiof ByGu G|, B ]
+ XgAT + Ag X, — aX,.
Tag = [ VgisXg \/VgisXg \/7X g
Let Xy = P/ !and Ry, = X ,R,X,. Performing a transfor-
799f§+1X9 w4/ Ugis Xy ] ) mation to (87) by dlag{X I I} one can see that condition

(74) is guaranteed.

Toy = diag {Xfi”Xfé“ s Xy Xge e ’XT'Z} ) Based on condition (84), we derive

4 [WUy  K* Y, 0

Tiog1 = Z Vg Ry = anl (107 ByGuGT, By « ol —®y I I

feMg =1 * * [ 0

+ (hogi + h3gio7) B4GuG3By| + (a4 £71) X, |« * x  R— Dy
Tiig = [ VgieXg \/ Vg9 Xg - 195/7‘2‘)(9} ) (1 K Y0 ©y 00 0
I /7 A | _ *x o4 0 O (88)

Y194 = diag {Xff’ng""’ng} T s xR0 * = 0 0
x ok * R * x*  x Dy

with §{, 3, ..., 9 described as in (6) and §§ = g. The bumpless >0,
transfer level with v = I?S]X vy and the Hy index with v = o0
VeoTs5 are achieved. Moreover, controller gain in the hybrid

Oy = hyo; GuGl) + (hst + haof ) GGy
non-fragile asynchronous controller (70) is given by K; = 3l éilla ! T” u +( ot Ellal) fi 29 T
Y8~ L Dy =hy,'QLQu, s = (hy + hg') Y Q3QuYi.



There exist positive scalars fiy;, fi5;, and hg; such that

I ®g(t) Vi (1—01)GoTa(t)QuY:
* UlI 1 1
* * R 0 20, (39
* * * R
where ®g;(t) = K* — 0;Gq; 11;(t)Q1;. From (89), one gets
I-YiRYT - on(t) K —Yif ' —®ult) ] .
* ol — 2871 -7
(90)
in which
7 (t) = (1 — 00)?Go T () QY 8,1 Q3,73 () GY,,

g (t) = oG T (H)Qu + (1 — 0) Gy Ty (1) Qo VIR ™.

Notice that

VRYT +@q(t) 0
|: 0 2ﬁ_1 2 07 (91)
which shows
I K*-— — AK,
{* ol ]za (92)

where
AK; = 0,GuTu)Qu + (1 — o) Gy T (8) Qu K.

Bumpless transfer level (11) holds. This completes the proof.
O

Remark 8: When the bumpless transfer hybrid non-fragile
finite-time asynchronous control issue is considered for MJSs,
the existence of the multiplicative perturbation A Koy K1)
prevents the production of the linear matrix inequality solving
condition from its original version to an asynchronous version.
In the future, the non-convex term may allow by use an
efficient computational tools of solution. One can solve (82)-
(84) by resorting to the existing methods [39]. First, take £ in
advance according to the allowed computational complexity.
Xg,9 € M can be obtained from (48)—(51). Then, Y;,l € J
can be obtained from the conditions in Corollary 2.

V. AN EXAMPLE

The proposed bumpless transfer finite-time hybrid non-
fragile H, control strategy is applied to an electronic circuit
model [40] which is shown in Fig. 1. Our control goal is to
suppress large power source increments generated at jumping
instants while ensuring the finite-time ., performance of the
electronic circuit. The electronic circuit consists of a collection
of inductors L4, a collection of capacitors Cy, a resistor R,
and a power source increment U(t), g = 1, 2, 3. Different
inductors and capacitors are changed by jumping. iz (t) and
i (t) represent the current increment through the resistor R
and the inductor L,. Uc(t) stands for the voltage increment
across the capacitors C'y. Adopting the Kirchhoff current and
voltage laws gives rise to

Calo(t) = = RUc(t) +in(0)

Lyir(t) = —Uc(t) + U(t),

(93)
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LI

i, (1)

O / o_m Lz —>_
+ L,

U g (t)l Ve (’)_T_
TT
o

Electronic circuit.

_T_

TIF“L

Fig. 1.

where R = 2 Q, L1 = 2 mH, Ly, = 4 mH, L3 = 5 mH,

C1 =20 mF, Cy = 10 mF, and C3 = 40 mF.

Define the system state z(t) = Uo(?)
ir(t)

input u(t) £ U(t). For g =1, 2, 3, matrices A,, By, Dy, Jg,

Fy, Gig, Qug, Gag, and @24 are parametrized and expressed

by

[ 25 50 0 4
Al__—500 0 ]’Bl_[mo}’Dl_[Q]’

} and the control

Ji=[-2 —7], F1 =01, Gy1 =0.35,
Qll = [2 3]7 G21 = 0217 Q21 = 57
[ —50 100 0 1
A27__250 0 :|aBQ|:25O:|7D2|:3],
J2:[_1 _5}» Fy,=0.2, Gio =0.42,
Qi2=[1 1], Gaa =052, Qa2 =3,
[ —12.5 25 0 9
A=1 200 0 }’BS_{zoo]’D?’—{s}’
J3=[-3 —2], F3=03, Gi3=0.33,
Q3 =[1 3], Ga3 =023, Qa3 =4.
Choose the parameters o = ; €1 =22, e9=4,Tp =
04 0
3 S, Sl = SZ = S3 = 0 04 |’ a = 001, W(t) =

0P0L, o1 = 0.0117, 0y = 0.0297, 03 = 0.0347, Ty (t) =

-Ilg() = -[13(t) = COS(TI‘t), 121(75) = -izg(t) = -I23(t) =
Sll’l(ﬂ't), hu = 6.3, hlg = 5.3, h13 = 6.1, hgl = 0.0028,
hoo = 0.0063, hes = 0.0196, hg; = 2.4, hge = 3.4, hgz =
1.4, hyy = 10.9, hye = 10.5, hys = 10.3, hs1 = 2.4003,
hsa = 0.6295, hiss 2— 0. §103 he1 = 21, hga = 25, hes = 23,
M=[gl=1] 7 -5 7
? 1 7
By adopting two different control strategies, we show a
comparative study. The proposed bumpless transfer hybrid
non-fragile finite-time H, control strategy is represented as
Method (A). The finite-time non-fragile H., control strategy
in [41] is represented as Method (B). By solving Theorem 2,
we obtain

Ky =[0.7423 —0.1596], K, =
K3 =[0.7788 —0.1462],

[0.5360 — 0.3572],
=1[0.7378 —0.1747],

v = 3.0706, 0 = 15.1935.
From [41], we get
K, =[0.7637 0.1204], K, =[0.5312 —0.3944 ],
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K3 =1[0.7761 —0.1727], 7 = 3.0801.
4 T T T T ——m(t) in Method (A)
sk )
g
5 ‘ ‘ ‘ ‘ ‘
‘@ 0 05 1 15 2 25 3
o0
=
o, 4 T T T T ——— m(t) in Method (B)
g e [ i Mo (B
g
Al
0 ‘ ‘ ‘ ‘ ‘
0 0.5 1 15 2 25 3
Time(s)
Fig. 2. System mode of MJS.
15 —— U (t) in Method (A)
< — — —Ue(t) in Method (B)
g 1 1
=
o
5 05 q
=]
; ,\\
& o
< I
= I
3 st | 1
= |
4 ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3
Time(s)
Fig. 3. Response of the voltage increment Uc (t).
3 ——— i, (t) in Method (A)
- — — =iy (t) in Method (B)
=1
5] 2r b
g
L
5 1t 1
=
- .
5 o
2 i
a1 \
5 ar -
O
» \ \ \ \ \
0 05 1 15 2 25 3
Time(s)
Fig. 4. Response of the current increment iy, (¢).
= 7 7T ()Sa(t) in Method (A)
Ti/ 6 — — =2 (t)S,4z(t) in Method (B)
< st ——
B2
=
& 3r 1
v L _____
B 2 d
o 1 1
g o
0 05 1 15 2 25 3
Time(s)
Fig. 5. Curve of &7 (£)S,, 1)z (t).
0.95 in Method (A)
in Method (B)
PRl ]
<
o0 075
% 0.65
)
0.55
045 \ \ \ \ \
0 05 1 15 2 25 3
Time (s)
Fig. 6. First component of control gain.
03 in Method (A)
in Method (B)
£
@
o0
g
E
g
O
05 ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3
Time (s)
Fig. 7. Second component of control gain.

08

———U(t) in Method (A)
— — —U(#) in Method (B)

0.4 4

o
=

Power source increment

-0.8 : . :
0 05 1 15 2 25 3

Time(s)

Fig. 8. Power source increment U (¢).

The different jumping signals are given in Fig. 2. Re-
sponses of the voltage increment Uq(t) and the current
increment iy, (t) are given in Figs. 3 and 4. Fig. 5 depicts the
evolution of x”()S,,()z(t). Under the time interval [0, 3],
2T (t)Sipyx(t) < 3 is guaranteed by the bumpless transfer
hybrid non-fragile controller (7). Figs. 6 and 7 give the
variations of control gain, which indicates that the amplitude
of control gain varies less in method (A). Fig. 8 is the variation
of power source increment U (¢). The amplitude of the power
source increment U(¢) in Method (A) is significantly better
than one in Method (B), although the proposed bumpless
transfer hybrid non-fragile control strategy largely increases
the computational complexity and the control design difficulty.
Therefore, the proposed bumpless transfer finite-time hybrid
non-fragile H,, control technique effectively suppresses the
occurrence of large power source increments.

VI. CONCLUSIONS

For MJSs, the issue of bumpless transfer hybrid non-
fragile finite-time H,, control has been dealt with. A non-
fragile strategy has been designed to tolerate the additive and
multiplicative perturbations. To depict the transient behavior
caused by a jumping controller, a bumpless transfer control
idea has been given. First, a bumpless transfer constraint
condition has been provided to limit the amplitude of the
hybrid non-fragile controller. Second, a bumpless transfer
hybrid non-fragile controller has been developed to guarantee
the solvability of the finite-time H,, control issue for MJSs
with partially available transition rates. Finally, a practical
example has been given to show the usefulness of the proposed
bumpless transfer hybrid non-fragile control strategy.
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