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Abstract

This paper introduces an adaptive control scheme for quadrotor suspended load systems,
to track desired trajectory with variable payload and wind disturbances. The dynamic model
of the quadrotor suspended load system is developed, taking into account the impact of
the wind field described by the Dryden model. To attenuate the effects of payload variation
and wind disturbances on the system, an adaptive control method based on disturbance
observers is devised. Additionally, the uniform boundedness of all error signals is demon-
strated. The effectiveness of the designed control method is verified through simulations,
which serves to strengthen its applicability in practical applications.

1 INTRODUCTION

The research and application of quadrotors have developed
rapidly over the last few decades. Payload transportation is one
of the most important application areas [1–3]. While the tra-
ditional method is to place the payload in the cargo hold, the
cable-suspended configuration of the payload has also been
widely investigated in recent years. Cable-suspended payloads
offers several advantages, including larger payload capacity for
quadrotors, no effect on quadrotor inertia [4], high cost effec-
tiveness [5], and so on. In particular, in regions lacking suitable
landing areas, such as lakes and mountainous areas, quadrotor
suspended payload systems provide a convenient and efficient
way to transport cargo. In order to further improve the load
capacity of quadrotors, researchers have conducted a lot of
studies on quadrotor suspended load systems.

The challenges in controller design for quadrotor suspended
load systems are attributed to the underactuated nature of the
system, which has eight degrees of freedom but only four
control inputs. In addition, the control design is further com-
plicated by the nonlinear and coupled nature of the system.
To address these challenges, researchers have proposed various
control strategies. In [6], a partial feedback linearized control
method was used to control the system in the x − z plane. Pas-
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sive controllers were developed in [7] specifically designed for
the system. An interconnection and damping distribution con-
troller was proposed in [8]. Considering the coupled dynamics
of the system, a geometric PID controller was constructed in
[9] using a coordinate-free form. In [10], a nonlinear backstep-
ping controller was designed. The operation of the system was
divided into three phases: setup, pull, and raise, and controllers
were developed for each phase to ensure effective control in
[11]. These approaches aim to enhance control performance
and effectively handle nonlinearity and underactuation. How-
ever, these methods are mainly aimed at the ideal control of a
specific system and do not fully take into account the effects of
unknown parameter variations and external disturbances.

Due to the wide range of payloads carried by suspended
load quadrotors, the controller is often affected by payload
uncertainties. These uncertainties include variations in param-
eters such as the weight, shape, size, and center of gravity of
the suspended payload. To address these parameter uncertain-
ties, researchers have employed various methods to improve
control performance. Current approaches primarily focus on
adaptive control techniques. In [12], an adaptive tracking con-
troller was added to the geometric controller to address the
problem of unknown quadrotor inertia. In [13], the controller
of quadrotors was designed by combining the backstepping
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2 WANG ET AL.

control and adaptive control to solve the problem of parameter
uncertainties. In addition, in [14], sliding mode control (SMC)
and backstepping control were combined with adaptive con-
trol for estimating varying loads. In [15], an adaptive controller
based on the energy principle was developed for the case of
uncertainty in the cable length. Furthermore, in [16], an adap-
tive controller and passive based backstepping controller were
designed for underactuated hybrid quadrotors, where adaptive
control is used to estimate the uncertain parameters of quadro-
tors. These works have demonstrated the potential of the system
to transport varying payloads.

External disturbances impact the stability of the quadrotor
suspended load system, and a lot of work has been done to
improve the resistance to disturbances of the system. In [17],
the robustness of SMC was exploited to mitigate the adverse
effects caused by disturbances on quadrotors. Furthermore, in
[18], a nonlinear disturbance observer was designed to esti-
mate disturbances. In [19], an adaptive sliding mode disturbance
observer was used to estimate external disturbances. In [20],
extended state observers were used to monitor external dis-
turbances. However, all of the above work models external
disturbances as simple sinusoidal functions. In real-life scenar-
ios, real disturbances are often complex and unpredictable. For
instance, quadrotors are subjected to a variety of wind con-
ditions, including different wind speeds, wind directions, and
airflow characteristics due to factors such as sudden turbulence,
atmospheric inhomogeneities, and the presence of surround-
ing structures. The uncertainty and instability of the wind can
significantly impact the attitude stability, flight trajectory, and
load capacity of the quadrotor, posing a significant challenge to
designing the quadrotor controller.

To better simulate complex wind disturbances, this paper
introduces the Dryden model [21]. The Dryden model is a
commonly used aerodynamic model that accurately describes
the dynamic characteristics of the wind field [22]. It requires
detailed modelling of the wind speed power spectral density
to reflect the wind dynamic changes. Due to the higher irreg-
ularities and complexity of the wind disturbances simulated by
the Dryden model, more robust controllers must be designed.
In addition, real-time estimation and compensation of complex
wind disturbances is a key condition to ensure that the system
exhibits robustness, which requires the design of more accurate
disturbance observers.

Inspired by the above literature, this paper presents an adap-
tive control method based on disturbance observers to address
the impact of payload mass variations and wind disturbances
on quadrotor suspended load systems. This paper contributes
in the following aspects:

1. Compared with [12–16], which only considers model param-
eter changes or external disturbances, this paper compre-
hensively considers the effects of payload mass variations
and wind disturbances on the quadrotor suspended load sys-
tem. The proposed control strategies are closer to practical
application scenarios.

2. Unlike [17–20] which adopts sinusoidal function or constant
value to simulate external disturbances, this paper intro-

FIGURE 1 Schema of the quadrotor suspended load system.

duces the Dryden model. The Dryden model can simulate
the stochastic rise and fall of the wind speed, and can
reflect more accurately the natural state of the wind, which
makes the description of wind disturbances closer to the real
situation.

3. In contrast to [12–15], this paper introduces a convergence
term in the adaptive control law for mass estimation. In addi-
tion, unlike [18, 19] that assumed the disturbance derivative
to be zero, this paper imposes upper and lower bounds on
the disturbance derivative. Based on this, a stability analysis
of the closed-loop system is provided, and it is demonstrated
that the control scheme ensures that all error signals are
uniform boundedness.

This paper is structured as follows: Section 2 introduces the
model of quadrotor suspended payload system and the Dryden
model. In Section 3, an adaptive controller based on disturbance
observers is designed. The uniform boundedness of all error
signals is demonstrated in Section 4. Simulations are conducted
in Section 5. Finally, Section 6 presents the conclusions.

2 DYNAMIC MODEL

2.1 Dynamic model of the quadrotor
suspended load system

To describe the flight motion of the quadrotor suspended
load system, two coordinate systems are established: the iner-
tial frame I = {xI , yI , zI } and the body coordinate frame B =
{xB , yB , zB}. The system schematic is depicted in Figure 1.

The associated generalized coordinate is represented by the
vector q = [𝜉T , 𝜎T , 𝜂T ]T , where 𝜉 = [x, y, z]T ∈ ℝ3 repre-
sents the position vector of the quadrotor, 𝜂 = [𝜙, 𝜃, 𝜓]T ∈
ℝ3 represents the attitude of the quadrotor, 𝜎 = [𝛼, 𝛽]T ∈ ℝ2

represents the swing angles of the payload.
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WANG ET AL. 3

The rotation matrix from B to I is described by

RI
B
=
⎡⎢⎢⎢⎣
cos 𝜃 cos𝜓 − cos𝜙 sin𝜓 + sin𝜙 sin 𝜃 cos𝜓 sin 𝜃 sin𝜓 + cos𝜙 sin 𝜃 cos𝜓

cos 𝜃 sin𝜓 cos𝜙 cos𝜓 + sin𝜙 sin 𝜃 sin𝜓 − sin 𝜃 cos𝜓 + cos𝜙 sin 𝜃 sin𝜓

− sin 𝜃 sin𝜙 cos 𝜃 cos𝜙 cos 𝜃

⎤⎥⎥⎥⎦.

The torque generated by the quadrotor in the inertial frame is
denoted as 𝜏 = [𝜏𝜙, 𝜏𝜃, 𝜏𝜓]T ∈ ℝ3. The total thrust generated
by the quadrotor is denoted by T . Then, the thrust vector is
denoted as U = [Ux ,Uy,Uz ] ∈ ℝ3 in the inertial frame, which
is specified as:

U =
⎡⎢⎢⎢⎣
Ux

Uy

Uz

⎤⎥⎥⎥⎦ = T

⎡⎢⎢⎢⎣
sin 𝜃 sin𝜓 + cos𝜙 sin 𝜃 cos𝜓

− sin 𝜃 cos𝜓 + cos𝜙 sin 𝜃 sin𝜓

cos𝜙 cos 𝜃

⎤⎥⎥⎥⎦.
The position vector of the payload 𝜉L = [xL , yL , zL]T ∈ ℝ3

is denoted by ⎧⎪⎪⎨⎪⎪⎩
xL = x + l sin 𝛽,

yL = y + l cos 𝛽 sin𝛼,

zL = z − l cos 𝛽 cos𝛼,

(1)

where l is the length of the cable.
Before deriving the mathematical model of the system, the

following assumptions are made.

Assumption 1. The mass of the cable is ignored and remains
taut at all times.

Assumption 2. The suspension point coincides with the centre
of gravity of the quadrotor.

Assumption 3. The attitude angles 𝜙, 𝜃, 𝛼, 𝛽 ∈ (−𝜋

2
,
𝜋

2
), 𝜓 ∈

(−𝜋, 𝜋).

The Euler–Lagrange equation is given as

d
dt

(
𝜕L

𝜕q̇

)
− 𝜕L

𝜕q
= F . (2)

The Lagrangian is given by

L =
mQ

(
ẋ2 + ẏ2 + ż2

)
2

+
mL

(
ẋ2

L + ẏ2
L + ż2

L

)
2

+
Ix𝜔

2
x + Iy𝜔

2
y + Iz𝜔

2
z

2
− mQgz − mLgzL , (3)

where I = diag(Ix , Iy, Iz ) ∈ ℝ3×3 represents quadrotor moment
inertia, 𝜔 = [𝜔x , 𝜔y, 𝜔z ]T ∈ ℝ3 is angular velocity, the mass
of the quadrotor and the payload are denoted by mQ , mL , the
gravity acceleration is denoted by g.

The external generalized force F ∈ ℝ8 in Equation (2) is
divided into the generalized active force Fa ∈ ℝ8 and the
generalized wind drag force Fw ∈ ℝ8 as

F = Fa + Fw. (4)

Here, the generalized active force Fa generated by the rotor
thrusts is expressed as

Fa = [Ux ,Uy,Uz , 0, 0, 𝜏𝜙, 𝜏𝜃, 𝜏𝜓]T .

The generalized drag force Fw is given by

Fw = [Fwx ,Fwy,Fwz ,Fw𝛼,Fw𝛽, 𝜏w𝜙, 𝜏w𝜃, 𝜏w𝜓]T .

Substituting Equations (1) and (3) into Equation (2), we can
derive the dynamic model of the system [23],

M (q)q̈ +C (q, q̇)q̇ +Vm (q) = F , (5)

where M (q) ∈ ℝ8×8, C (q, q̇) ∈ ℝ8×8, Vm (q) ∈ ℝ8 are defined
as

M (q) =
⎡⎢⎢⎢⎣

M11 M12 03×3

M T
12 M22 03×2

03×3 02×3 I

⎤⎥⎥⎥⎦, C (q, q̇) =
⎡⎢⎢⎢⎣
03×3 mLlC1 03×3

02×3 mLlC2 02×3

03×3 03×2 C3

⎤⎥⎥⎥⎦,

Vm (q) =
⎡⎢⎢⎢⎣

G1

G2

03×1

⎤⎥⎥⎥⎦,
with

M11 =
⎡⎢⎢⎢⎣
mQ + mL 0 0

0 mQ + mL 0

0 0 mQ + mL

⎤⎥⎥⎥⎦,

M12 =
⎡⎢⎢⎢⎣

0 mLl cos 𝛽

mLl cos𝛼 cos 𝛽 −mLl sin𝛼 sin 𝛽

mLl sin𝛼 cos 𝛽 mLl cos𝛼 sin 𝛽

⎤⎥⎥⎥⎦,
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4 WANG ET AL.

M22 =
[

mLl 2 cos2 𝜃 0

0 mLl 2

]
, C1 =

⎡⎢⎢⎢⎣
0 − sin 𝛽𝛽̇

− sin𝛼 cos 𝛽𝛼̇ − cos𝛼 sin 𝛽𝛽̇ − cos𝛼 sin 𝛽𝛼̇ − sin𝛼 cos 𝛽𝛽̇

− cos𝛼 cos 𝛽𝛼̇ − sin𝛼 sin 𝛽𝛽̇ − sin𝛼 sin 𝛽𝛼̇ + cos𝛼 cos 𝛽𝛽̇

⎤⎥⎥⎥⎦,

C2 =

[
−l cos 𝛽 sin 𝛽𝛽̇ −l cos 𝛽 sin 𝛽𝛼̇

l cos 𝛽 sin 𝛽𝛼̇ 0

]
,

C3 =

⎡⎢⎢⎢⎢⎣
0

Iy−Iz

2
𝜓̇

Iy−Iz

2
𝜃̇

Iz−Ix

2
𝜓̇ 0

Iz−Ix

2
𝜙̇

Ix−Iy

2
𝜃̇

Ix−Iy

2
𝜙̇ 0

⎤⎥⎥⎥⎥⎦
,

G1 =
⎡⎢⎢⎢⎣

0

0

(mQ + mL )g

⎤⎥⎥⎥⎦, G2 =
[

mLlg sin𝛼 cos 𝛽

mLlg cos𝛼 sin 𝛽

]
.

When the controller design is taken into consideration, the
dynamic mode can be reformulated as

⎧⎪⎪⎨⎪⎪⎩
𝜉 = U

mQ + mL
− ge3 −

mLla

mQ + mL
+ dw𝜉,

𝜎̈ = M−1
22 (−M T

12𝜉 − mLlC2𝜎̇ − G2) + dw𝜎,

𝜂 = I−1(𝜏 − 𝜂̇ × I 𝜂̇) + dw𝜂,

(6)

where dw𝜉 =
Fw𝜉

mQ+mL

, dw𝜎 = M−1
22 Fw𝜎 , dw𝜎 = I−1𝜏w𝜂 ,

a = [a1, a2, a3]T ∈ ℝ3, and

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

a1 = − sin 𝛽𝛽̇2 + cos 𝛽𝛽,

a2 = − cos 𝛽 sin𝛼𝛽̇2 − 2 sin 𝛽 cos𝛼𝛽̇𝛼̇ − cos 𝛽 sin𝛼𝛼̇2

− sin 𝛽 sin𝛼𝛽 + cos 𝛽 cos𝛼𝛼̈,

a3 = cos 𝛽 cos𝛼𝛽̇2 − 2 sin 𝛽 sin𝛼𝛽̇𝛼̇ + cos 𝛽 cos𝛼𝛼̇2

+ sin 𝛽 cos𝛼𝛽 + cos 𝛽 sin𝛼𝛼̈.

Disturbance vectors Fw𝜉 = [Fwx ,Fwy,Fwz ]T ∈ ℝ3, Fw𝜎 =
[Fw𝛼,Fw𝛽]T ∈ ℝ2, and 𝜏w𝜂 = [𝜏w𝜙, 𝜏w𝜃, 𝜏w𝜓]T ∈ ℝ3, will be
quantified using the Dryden model described in the next sec-
tion. In Equation (6), the system parameter mL changes with
payload variation.

2.2 The Dryden model

All types of wind can affect the velocity and angular velocity
of the quadrotor, thereby changing the output force and torque

of the quadrotor. In this paper, the Dryden model is used to
simulate wind disturbances [24].

The turbulence intensities 𝜎u , 𝜎v , 𝜎w are expressed as

𝜎w = 0.1u0,

𝜎u

𝜎w
=
𝜎v

𝜎u
= 1

(0.177 + 0.000823h0)0.4
,

where h0 is the altitude of the quadrotor and u0 is the wind speed
at the height of 6.096 m.

The turbulence scales are expressed as

2Lw = h0,

Lu = 2Lv =
h

(0.177 + 0.000823h0)1.2
.

The spectral density function Φu (𝜔t ), Φv (𝜔t ), Φw (𝜔t ),
Φp(𝜔t ), Φq (𝜔t ), and Φr (𝜔t ) of the Dryden model are expressed
as

Φu (𝜔t ) = 𝜎2
u

Lu

𝜋V

1

1 +
(

Lu

𝜔t

V

)2
, Φv (𝜔t ) = 𝜎2

v

Lv

𝜋V

1 + 12
(

Lv

𝜔t

V

)2

[
1 + 4

(
Lv

𝜔t

V

)2
]2
,

Φw (𝜔t ) = 𝜎2
w

Lw

𝜋V

1 + 12
(

Lw

𝜔t

V

)2

[
1 + 4

(
Lw

𝜔t

V

)2
]2
,

Φp(𝜔t ) =
𝜎2

w

LwV

0.4
(
𝜋Lw

2r

) 1
3

1 +
(

4r𝜔t

𝜋V

)2
, Φq (𝜔t ) =

(𝜔t

V

)2 Φv (𝜔t )

1 +
(

3r𝜔t

𝜋V

)2
,

Φr (𝜔t ) =
(𝜔t

V

)2 Φw (𝜔t )

1 +
(

4r𝜔t

𝜋V

)2
, (7)

where 𝜔t is time frequency, V is the airspeed, and r is the
quadrotor wheelbase.

White noise signal n(t ) is passed through filters with transfer
function G (s), to obtain output sequence x(t ). The spectrum
functions Φ(𝜔t ) of the output sequence x(t ) is as follows:

Φ(𝜔t ) = |G (i𝜔t )|2 = G∗(i𝜔t )(i𝜔t ).
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WANG ET AL. 5

Using the above equation to decompose Equation (7), the
transfer function of the filters can be obtained as

Gu (s) =
Ku

Tus + 1
, Gw (s) =

Kw

Tws + 1
, Gv (s) =

Kv

Tvs + 1
,

Gp(s) =
Kp

Tps + 1
, Gq (s) =

Kq

Tqs + 1
Gw (s), Gr (s) =

Kr

Tr s + 1
Gv (s),

(8)

where Ku = 𝜎u

√
Lu∕𝜋V , Tu = Lu∕V , Kv = 𝜎v

√
Lu∕𝜋V ,

Tv = 2Lv∕
√

3V , Kw = 𝜎w

√
Lw∕𝜋V , Tw = 2Lw∕

√
3V , Kp =

𝜎w

√
0.4

LwV
(
𝜋Lw

2r
)

1

3 , Tp = 4r∕𝜋V , Kq = 1∕V , Tq = 4r∕𝜋V ,

Kr = 1∕V , Tr = 3r∕𝜋V .
White noise signal can be converted to wind velocity dis-

turbance Vwind = [Vx ,Vy,Vz ]T and wind direction disturbance
𝜔wind = [𝜔𝜙, 𝜔𝜃, 𝜔𝜓]T using the above filters.

The wind drag forces are approximated as a linear function of
the wind speed, as suggested in [25] and [26]. The generalized
wind drag forces can be expressed by the following equation,

Fwx = 𝜆11V 2
x , Fwy = 𝜆12V 2

y , Fwz = 𝜆13V 2
z ,

Fw𝛼 = 𝜆21

√
V 2

y +V 2
z ,

Fw𝛽 = 𝜆22

√
V 2

x +V 2
z , 𝜏w𝜙 = 𝜆31𝜔

2
𝜙
, 𝜏w𝜃 = 𝜆32𝜔

2
𝜃
,

𝜏w𝜓 = 𝜆33𝜔
2
𝜓
, (9)

where 𝜆11, 𝜆12, 𝜆13, 𝜆21, 𝜆22, 𝜆31, 𝜆32, 𝜆33 are wind drag coeffi-
cients.

3 CONTROLLER DESIGN

In this section, position controller and attitude controller
are designed. An adaptive law is introduced to estimate and
compensate for variable payload. Additionally, disturbance
observers are used to estimate and counteract the impact of
wind disturbance. The system control structure is shown in
Figure 2.

3.1 Adaptive controller

The tracking errors of the quadrotor are defined as [27]

⎧⎪⎨⎪⎩
e𝜉1 = 𝜉d − 𝜉,

e𝜉2 = 𝜉̇d − 𝜉̇ + c1e𝜉1,
(10)

{
e𝜂1 = 𝜂d − 𝜂,

e𝜂2 = 𝜂̇d − 𝜂̇ + c2e𝜂1,
(11)

FIGURE 2 The system control structure.

where c1 = diag(c11, c12, c13), c2 = diag(c21, c22, c23) are positive
definite, 𝜉d = [xd, yd, zd]T , 𝜂d = [𝜙d, 𝜃d, 𝜓d]T are the desired
trajectory of position and attitude.

Take the position and attitude controllers as

⎧⎪⎨⎪⎩
U = (mQ + mL )

(
𝜉d + (c1 + k1 )e𝜉2 + e𝜉1 − cT

1 c1e𝜉1 + ge3 − d𝜉

)
+ mLla,

𝜏 = I
(
𝜂d + (c2 + k2 )e𝜂2 + e𝜂1 − cT

2 c2e𝜂1 − d𝜂
)
+ 𝜂̇ × I 𝜂̇,

(12)

where k1 = diag(k11, k12, k13), k2 = diag(k21, k22, k23) are pos-
itive definite.

Considering that the payload mass mL is unknown, it is
estimated using an adaptive law which is

̇̂mL = 𝛾1eT
𝜉2

(Ū + la) − 𝛾2m̂L (Ū + la)T (Ū + la), (13)

where 𝛾1 and 𝛾2 are positive constants, m̂L is the estimation of
mL , and

Ū = 𝜉d + k1e𝜉2 + c1(e𝜉2 + c1e𝜉1) + ge3.

The estimation error is defined as

m̃L = mL − m̂L .

Note that m is a constant, it follows that ̇̃mL = − ̇̂mL .
Combining this adaptive law (13), the new controller is

obtained as

⎧⎪⎨⎪⎩
U = (mQ + m̂L )

(
𝜉d + (c1 + k1 )e𝜉2 + e𝜉1 − cT

1 c1e𝜉1 + ge3 − d𝜉

)
+ m̂Lla,

𝜏 = I
(
𝜂d + (c2 + k2 )e𝜂2 + e𝜂1 − cT

2 c2e𝜂1 − d𝜂
)
+ 𝜂̇ × I 𝜂̇.

(14)

Remark 1. The adaptive law proposed in this paper increases the
convergence term, which can significantly improve the estima-
tion accuracy for the payload mass, and enhance the robustness
of the system. In subsequent simulations, the advantage of the
adaptive law with convergence term is further shown.
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6 WANG ET AL.

3.2 Disturbance observers

Assumption 4. The wind disturbances satisfy ∣ ̇d 𝜉 ∣≤ Ew𝜉 and
∣ ̇d 𝜂 ∣≤ Ew𝜂 .

The disturbance observers are designed as [28]

⎧⎪⎨⎪⎩
d̂ w𝜉 = z𝜉 + p(𝜉 ),

ż𝜉 = −k3z − k3

(
U

mQ + m̂L

− ge3 −
m̂Lla

mQ + m̂L

+ p(𝜉 )

)
,

(15){
d̂ w𝜂 = z𝜂 + p(𝜂),

ż𝜂 = −k4z𝜂 − k4
(
I−1(𝜏 − 𝜂̇ × I 𝜂̇) + p(𝜂)

)
,

(16)

where z𝜉 and z𝜂 are the internal states of the observers, k3 =
diag(k31, k32, k33) and k4 = diag(k41, k42, k43) are positive def-
inite, p(𝜉 ) = k3𝜉̇, p(𝜂) = k4𝜂̇.

Remark 2. Adaptive disturbance observers are often used when
external disturbance is present. However, these methods often
lack accuracy when dealing with irregular disturbances. To over-
come this challenge, the nonlinear disturbance observer in [28]
is used in this paper. This disturbance observer uses the ref-
erence model of the system, which performs better than other
methods when dealing with rapidly changing and irregular dis-
turbances. Moreover, for the quadrotor suspended load system
with an unknown payload mass, we improved the performance
of disturbance observers by introducing an adaptive law, which
was not addressed in [28]. In subsequent simulations, the advan-
tages of the designed disturbance observer in dealing with wind
disturbances and payload variations are further demonstrated.

With the estimations of wind disturbances d̂ 𝜉 and d̂ 𝜂 , the
wind disturbance estimation errors are defined as{

d̃ w𝜉 = dw𝜉 − d̂ w𝜉,

d̃ w𝜂 = dw𝜂 − d̂ w𝜂.
(17)

Recalling the control law (14) presented in the previous sub-
section, based on the disturbance observers, the parameters dw𝜉 ,
dw𝜂 in Equation (14) are replaced by d̂ w𝜉 , d̂ w𝜂 , the control law is
reformulated in the following:

⎧⎪⎨⎪⎩
U = (mQ + m̂L )

(
𝜉d + (c1 + k1 )e𝜉2 + e𝜉1 − cT

1 c1e𝜉1 + ge3 − d̂ w𝜉

)
+ m̂Lla,

𝜏 = I
(
𝜂d + (c2 + k2 )e𝜂2 + e𝜂1 − cT

2 c2e𝜂1 − d̂ w𝜂

)
+ 𝜂̇ × I 𝜂̇,

(18)

where m̂L , d̂ w𝜉 , d̂ w𝜂 are given in Equations (13), (15), and (16).
In addition, the desired trajectory 𝜉d and the desired yaw

angle 𝜓d are given according to the specific requirements of
the mission. Due to the underactuation and coupled nature of
quadrotor suspended load systems, the desired attitude 𝜃d and
𝜙d are determined using the position information, which are

specified as:

𝜙d = arcsin
(
Uy cos𝜓 −Ux sin𝜓

)
,

𝜃d = arcsin
−Uy sin𝜓 −Ux cos𝜓

cos𝜙d
.

4 STABILITY ANALYSIS

Theorem 1. Consider the quadrotor suspended load system (6) with

Assumptions 1–4, the controller is given by Equation (14), the adap-

tive law is given by Equation (13), and the disturbance observers are

given by Equations (15) and (16). If the control parameters satisfy

that k1i >
1

2
, k2i >

1

2
, k3i > M, k4i > 1 (i = 1, 2, 3), and 𝛾 > 1,

then there exists t ′ such that the error e = eT
𝜉1

e𝜉1 + eT
𝜉2

e𝜉2 + eT
𝜂1e𝜂1 +

eT
𝜂2e𝜂2 +

m̃L

𝛾1(mQ+mL )
+ d̃ T

w𝜉
d̃ w𝜉 + d̃ T

w𝜂 d̃ w𝜂 satisfies e(t ) ≤
2b

a
when

t > t ′, where

a = min
i∈{1,2,3}

min

{
c1i , c2i , k1i −

1
2
, k2i −

1
2
, k3i − M , k4i − 1,

K (𝛾 − 1)
2

}
,

b =
K𝛾

2
m2

L +
E 2

w𝜉

2
+

E 2
w𝜂

2
,

M = 1 + 1

2(mQ+mL )
, K = (Ū+la)T (Ū+la)

mQ+mL

, 𝛾 = 𝛾2

𝛾1
, and I is an

identity matrix.

Proof. Construct the Lyapunov candidate function as:

V1 =
1
2

eT

𝜉1
e𝜉1 +

1
2

eT

𝜉2
e𝜉2 +

1
2

eT
𝜂1e𝜂1 +

1
2

eT
𝜂2e𝜂2 +

1
2𝛾1(mQ + mL )

m̃2
L .

Considering Equations (10), (11), (14), (13), (15), and (16), it
can be deduced that

ė𝜉1 = e𝜉2 − c1e𝜉1,

ė𝜉2 = − e𝜉1 − k1e𝜉2 +
m̃L (Ū + la)

mQ + mL
− d̃ w𝜉,

ė𝜂1 = e𝜂2 − c2e𝜂1,

ė𝜂2 = − e𝜂1 − k2e𝜂2 − d̃ w𝜂.

The time derivative of V1 is given by

V̇1 = eT

𝜉1
ė𝜉1 + eT

𝜉2
ė𝜉2 + eT

𝜂1 ė𝜂1 + eT
𝜂2 ė𝜂2 +

1
𝛾1(mQ + mL )

m̃L
̇̃mL

= eT

𝜉1
(e𝜉2 − c1e𝜉1 ) + eT

𝜉2

(
−e𝜉1 − k1e𝜉2 +

m̃L (Ū + la)
mQ + mL

− d̃ w𝜉

)
+ eT

𝜂1(e𝜂2 − c2e𝜂1 ) + eT
𝜂2(−e𝜂1 − k2e𝜂2 − d̃ w𝜂 )

− 1
𝛾1(mQ + mL )

m̃L

(
𝛾1eT

𝜉2
(Ū + la) − 𝛾2m̂L (Ū + la)T (Ū + la)

)
= −eT

𝜉1
c1e𝜉1 − eT

𝜉2
k1e𝜉2 − eT

𝜂1c2e𝜂1 − eT
𝜂2k2e𝜂2 − eT

𝜉2
d̃ w𝜉 − eT

𝜂2d̃ w𝜂
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WANG ET AL. 7

+
𝛾2m̃Lm̂L (Ū + la)T (Ū + la)

𝛾1(mQ + mL )
.

Construct the Lyapunov candidate function as:

V2 = 1
2

d̃ T
w𝜉

d̃ w𝜉 +
1
2

d̃ T
w𝜂 d̃ w𝜂.

Considering Equations (15)–(17), it can be deduced that

̇̃d w𝜉 = ̇d w𝜉 − ż𝜉 − ṗ(𝜉 ) = ̇d w𝜉 − k3d̃ w𝜉 +
m̃L (Ū + la)

mQ + mL
,

̇̃d w𝜂 = ̇d w𝜂 − ż𝜂 − ṗ(𝜂) = ̇d w𝜂 − k4d̃ w𝜂.

The time derivative of V2 is given by

V̇2 = d̃ T
w𝜉

̇̃d w𝜉 + d̃ T
w𝜂

̇̃d w𝜂

= −d̃ T
w𝜉

k3d̃ w𝜉 − d̃ T
w𝜂k4d̃ w𝜂 + d̃ T

w𝜉
̇d w𝜉 + d̃ T

w𝜂
̇d w𝜂

+
m̃Ld̃ T

w𝜉
(Ū + la)

mQ + mL
.

Consider the Lyapunov candidate function of the closed-loop
system as:

V = V1 +V2.

The time derivative of V is given by

V̇ = −eT
𝜉1

c1e𝜉1 − eT
𝜉2

k1e𝜉2 − eT
𝜂1c2e𝜂1 − eT

𝜂2k2e𝜂2 − d̃ T
w𝜉

k3d̃ w𝜉

− d̃ T
w𝜂k4d̃ w𝜂

− eT
𝜉2

d̃ w𝜉 − eT
𝜂2d̃ w𝜂 + d̃ T

w𝜉
̇d w𝜉 + d̃ T

w𝜂
̇d w𝜂 +

m̃Ld̃ T
w𝜉

(Ū + la)

mQ + mL

+
𝛾2m̃Lm̂L (Ū + la)T (Ū + la)

𝛾1(mQ + mL )
. (19)

Recalling Assumption 4 and Young inequality, it can be
deduced that

−eT
𝜉2

d̃ w𝜉 ≤

eT
𝜉2

e𝜉2 + d̃ T
w𝜉

d̃ w𝜉

2
,

−eT
𝜂2d̃ w𝜂 ≤

eT
𝜂2e𝜂2 + d̃ T

w𝜂 d̃ w𝜂

2
,

d̃ T
w𝜉

̇d w𝜉 ≤

d̃ T
w𝜉

d̃ w𝜉 + ̇d 2
w𝜉

2
≤

d̃ T
w𝜉

d̃ w𝜉 + E2
w𝜉

2
,

d̃ T
w𝜂

̇d w𝜂 ≤
d̃ T

w𝜂 d̃ w𝜂 + ̇d 2
w𝜂

2
≤

d̃ T
w𝜂 d̃ w𝜂 + E2

w𝜂

2
,

m̃Ld̃ T
w𝜉

(Ū + la)

mQ + mL
≤

d̃ T
w𝜉

d̃ w𝜉

2(mQ + mL )
+

m̃2
L (Ū + la)T (Ū + la)

2(mQ + mL )
.

Substituting the above inequalities into Equation (19), it can
be deduced that

V̇ ≤ − eT

𝜉1
c1e𝜉1 − eT

𝜉2

(
k1 −

I

2

)
e𝜉2 − eT

𝜂1c2e𝜂1 − eT
𝜂2

(
k2 −

I

2

)
e𝜂2

− d̃ T

w𝜉
(k3 − MI )d̃ w𝜉 − d̃ T

w𝜂 (k4 − I )d̃ w𝜂 +
E 2

w𝜉

2
+

E 2
w𝜂

2

+ K

(
𝛾m̃Lm̂L +

m̃2
L

2

)
,

where M = 1 + 1

2(mQ+mL )
, K = (Ū+la)T (Ū+la)

mQ+mL

, 𝛾 = 𝛾2

𝛾1
, and I is

an identity matrix.
Furthermore, since the inequality m̃Lm̂L = −m̃2

L + m̃Lm ≤

− m̃2
L

2
+ m2

L

2
holds, we can conclude that

V̇ ≤ − eT

𝜉1
c1e𝜉1 − eT

𝜉2

(
k1 −

I

2

)
e𝜉2 − eT

𝜂1c2e𝜂1 − eT
𝜂2

(
k2 −

I

2

)
e𝜂2

− d̃ T

w𝜉
(k3 − MI )d̃ w𝜉 − d̃ T

w𝜂 (k4 − I )d̃ w𝜂 −
K (𝛾 − 1)

2
m̃2

L

+
K𝛾

2
m2

L +
E 2

w𝜉

2
+

E 2
w𝜂

2

≤ − aV + b, (20)

where a = mini∈{1,2,3} min{c1i , c2i , k1i −
1

2
, k2i −

1

2
, k3i − M ,

k4i − 1,
K (𝛾−1)

2
}, b = K𝛾

2
m2

L +
E2

w𝜉

2
+

E2
w𝜂

2
.

From Equation (20) we can obtain:

V (t ) ≤
b

a
+
(

V (t0) − b

a

)
e−a(t−t0 ), ∀t ≥ t0. (21)

Based on Equation (21), if the control parameters satisfy that

k1i >
1

2
, k2i >

1

2
, k3i > M , k4i > 1 (i = 1, 2, 3), and 𝛾 > 1, then

there exists t ′ such that the error e = eT
𝜉1

e𝜉1 + eT
𝜉2

e𝜉2 + eT
𝜂1e𝜂1 +

eT
𝜂2e𝜂2 +

m̃L

𝛾1(mQ+mL )
+ d̃ T

w𝜉
d̃ w𝜉 + d̃ T

w𝜂 d̃ w𝜂 satisfies e(t ) ≤
2b

a
when

t > t ′.
This completes the proof. □

Remark 3. In terms of parameters selection, choosing larger val-
ues of ki (i = 1, 2, 3, 4) in the controller reduces the error e, but
also increases the energy consumption. In the adaptive control
law, larger values of 𝛾1 and 𝛾2 can result in more accurate esti-
mation and faster convergence time. However, larger values also
introduce the problem of chattering. Therefore, it is important
to choose the control parameters appropriately.

5 SIMULATION

In this section, simulations are conducted to demonstrate
the effectiveness and robustness of the designed controller.
The physical parameters are listed in Table 1, and the drag
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8 WANG ET AL.

FIGURE 3 The Dryden wind.

TABLE 1 Physical parameters.

Parameter Value Unit Parameter Value Unit

g 9.81 m/s2 Ix 3 × 10−2 kg m2

mQ 1.8 kg Iy 3 × 10−2 kg m2

l 1.5 m Iz 3 × 10−2 kg m2

TABLE 2 Wind disturbance coefficient.

Control loop Wind disturbance coefficient

𝜉 𝜆11 = 0.4, 𝜆12 = 0.4, 𝜆13 = 0.4

𝜂 𝜆21 = 0.1, 𝜆22 = 0.2, 𝜆23 = 0.1

𝜎 𝜆31 = 0.0025, 𝜆32 = 0.0025

TABLE 3 Parameters of controllers.

Controllers Parameters and values

U c11 = 1, c12 = 1, c13 = 2, k11 = 1, k12 = 1, k13 =
2, 𝛾1 = 0.3, 𝛾2 = 0.5

𝜏 c21 = 2, c22 = 2, c23 = 1, k11 = 2, k12 = 2, k13 = 1

Disturbance observers k31 = 20, k32 = 20, k33 = 20, k41 = 7, k42 =
7, k43 = 7

coefficients are provided in Table 2. The control parameters are
given in Table 3.

The wind speed at a height of 6.096 m is taken to be 10 m/s.
The generated Dryden wind according to Equations (7) and (8)
is shown in Figure 3.

Three scenarios are presented in this section. The first sce-
nario involves the comparison between the performance of
the designed disturbance observer, the adaptive disturbance
observer, and no disturbance observer under the wind distur-
bance. In the second scenario, the designed adaptive controller
with a convergence term is compared with an adaptive con-
trol strategy without a convergence term. In the third scenario,
the performance of the controller designed in this paper is
compared with the two previous control strategies as well as
SMC. These scenarios are made to verify the effectiveness and
superiority of the proposed controller. The initial conditions

TABLE 4 Maximum tracking error.

Designed

disturbance observer

Adaptive disturbance

observer

No disturbance

observer

x 0.0493 m 0.6267 m 1.6932 m

y 0.0814 m 0.7447 m 3.7352 m

z 0.0123 m 0.2543 m 0.1548 m

𝜓 0.0021 rad 0.0689 rad 0.3642 rad

of the system are chosen as 𝜉0 = [0, 0, 0]T , 𝜎0 = [0, 0]T , 𝜂0 =
[0, 0, 0]T . The desired trajectory 𝜉d and the desired yaw angle
𝜓d are set as 𝜉d = [sin t , cos t , 2 + 0.1t ]T m, 𝜓d = 2 rad.

5.1 Scenario 1

In the first scenario, only the effect of wind disturbance
on quadrotor suspended load system is considered. The tra-
jectory tracking is shown in Figure 4, which compares the
performance of the controller with the designed disturbance
observers, the adaptive disturbance observers, and the no dis-
turbance observers. The adaptive disturbance observers are as
follows:

̇̂d w𝜉 = −𝛿1e𝜉2,

̇̂d w𝜂 = −𝛿2e𝜂2.

where 𝛿1 = diag(𝛿11, 𝛿12, 𝛿13), 𝛿2 = diag(𝛿21, 𝛿22, 𝛿23) are pos-
itive definite.

The estimation errors of the designed disturbance observer
and the adaptive disturbance observer are shown in Figure 5.
The tracking errors of the three controllers are listed in Table 4.
It is evident that wind disturbances have a significant impact
on the quadrotor suspended load system. Without the dis-
turbance observers, the system displays large tracking errors.
However, with the addition of the disturbance observers, the
tracking errors are significantly lowered. Moreover, it can be
seen that the designed disturbance observer outperforms the
adaptive disturbance observer in addressing the wind distur-
bance. Figure 5 further demonstrates the superiority of the
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WANG ET AL. 9

FIGURE 4 Trajectory tracking in the presence of wind disturbances.

FIGURE 5 The estimation errors of two disturbance observers.

designed disturbance observer against strong and irregular
wind disturbances. In comparison to the adaptive disturbance
observer, the designed disturbance observers can estimate the
wind disturbances more accurately, showing smaller estimation
errors.

The simulation results show that the application of the dis-
turbance observer significantly improves the performance of
the quadrotor suspended load system under wind disturbance,

reduces the tracking error, and enhances the robustness of
the system.

5.2 Scenario 2

In the second scenario, the impact of different payloads on tra-
jectory tracking performance is investigated. To simulate the
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10 WANG ET AL.

FIGURE 6 Mass estimation error of payload.

FIGURE 7 The altitude tracking errors.

uncertainties generated by the payload, the variation of payload
is assumed to be as:

mL =

⎧⎪⎪⎨⎪⎪⎩
1.5, t ∈ [0, 10),

1, t ∈ [10, 20),

0.5, t ∈ [20, 40].

This subsection compares two adaptive control strategies.
One contains a convergence term as described in Equation
(13), and the other does not. The control law without the
convergence term is as follows:

̇̂mL = 𝛾1eT
𝜉2

(Ū + la).

The comparison of the two strategies in estimation error is
illustrated in Figure 6. As payload mass has a significant effect
on the altitude of the quadrotor, this subsection only presents
the altitude tracking errors under the two adaptive control laws.
The results are shown in Figure 7. It can be observed that

the adaptive control law with the convergence term has bet-
ter performances. The strategy proposed in this paper brings
the estimation error to zero and the accuracy is improved. This
result confirms the superiority of the adaptive control strategy
proposed in this paper.

5.3 Scenario 3

In the third subsection, the effects of wind disturbances
and payload mass variations on the system are considered
together. To demonstrate the effectiveness of the designed
control strategy, we compare it with the adaptive disturbance
observer combined with the convergence-free term adaptive
law (ADOA), and the SMC.

Figure 8 shows the swing angles with all three controllers, the
payload swings with a small magnitude with both the designed
controller and SMC, but it swings with a large magnitude with
ADOA. Trajectory tracking of the quadrotor with all three
controllers is shown in Figure 9. It is clear that SMC fails to fol-
low the desired trajectory when the payload changes, whereas
both the designed controller and ADOA successfully track the
desired trajectory. At the same time, the designed controller
shows better tracking performance compared to ADOA. The
tracking errors of all three controllers are shown in Figure 10.
In the presence of variable payload and wind disturbances, the
designed controller exhibits smaller tracking errors and better
stability compared to ADOA and SMC. Figure 11 shows the
estimation of the disturbance observer and adaptive law in the
presence of both payload mass variations and wind disturbance.
The results indicate that there is some bias in the estimation
of actual values due to the interaction caused by their coupling.
However, the system is still able to track the desired trajec-
tory accurately, which shows that the control strategy remains
effective even under payload variations and wind disturbances.

In conclusion, compared to ADOA and SMC, the designed
control method demonstrates enhanced resilience to distur-
bances, accurately estimates payload mass variations despite
wind disturbances, and enables quadrotor suspended payload
systems to achieve rapid and precise trajectory tracking with
small swing angles.

6 CONCLUSION

This paper has presented an adaptive control scheme based
on disturbance observers for quadrotor suspended payload
systems. In this control scheme, adaptive controller and distur-
bance observers have been employed to estimate the payload
mass and wind disturbance, respectively. The uniform bound-
edness of all error signals has been demonstrated. Additionally,
the Dryden model has been developed to simulate real wind dis-
turbances. Finally, simulations have been conducted to verify the
effectiveness of the designed controller. Future work will focus
on conducting outdoor experiments and developing adaptive
fuzzy tracking control of quadrotor suspended load systems.
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FIGURE 8 Swing angles in the presence of payload variations and wind disturbances.

FIGURE 9 Trajectory tracking in the presence of payload variations and wind disturbances.

FIGURE 10 Trajectory errors in the presence of payload variations and wind disturbances.
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FIGURE 11 The estimation of the disturbance observer and adaptive law.
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