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1 | INTRODUCTION

Dynamical systems whose state trajectories remain in a
nonnegative orthant for any given nonnegative initial state
are called positive systems [1]. Owing to this special fea-
ture, the results of the nonnegative matrix can be utilized
to develop unique but efficient approaches to address anal-
ysis and synthesis problems [2-5]. On the basis of these
achievements, several applications have been realized in
recent years. Examples include drug therapy [6], biochem-
istry [7], transportation [8], epidemic processes [9, 10], and
product development [11].

In practical problems, there is a common sense that
neither the structure nor the parameters of real phys-
ical systems can remain unchanged at all times. This
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We investigate the stabilization problem of positive Markov jump linear systems
by optimizing their transition probability rates. By using the convex property
of posynomials and the standard mathematical programming that deals with
the difference in convex functions, we show that transition probability rate syn-
thesis problems can be solved via difference-of-convex (DC) programming. A
numerical example is used to illustrate the effectiveness of our results.

DC programming, Markov process, positive linear systems, transition probability rate design

is because physical systems are vulnerable to abrupt
changes such as network topology changes, device fail-
ures, and time-varying parameters. To describe this
stochastic switching feature of positive systems, positive
Markov jump linear systems [12] are presented as an effi-
cient tool for modeling and control, where the switching
features of all modes are characterized by Markov pro-
cesses. Many analysis and synthesis results can be found in
the literature [12-21]. However, the assumption underly-
ing this research was that the probability transition rates
of positive Markov jump linear systems are fixed a pri-
ori. In fact, system stabilization based on designing the
probability transition rates is also necessary—particularly
in handling practical problems. One of these applications
is the scheme design of networks-in-package [22] where
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the communication process is modeled by positive Markov
jump linear systems to optimally design the switched com-
munication probability rates of the networks-in-package.

Analysis results for the transition probability rates
indicate that positive Markov jump linear systems can
be exponentially mean-stable even if all the subsystems
are unstable [12]. Conversely, owing to the influence of
the probability rates, a system with stable subsystems can
be exponentially unstable. Thus, the development of a
framework for the transition probability rate synthesis
problem is not trivial. In a previous study on the uncer-
tainty of transition probability rates [23], a sufficient
condition for designing the desired controller gains and
transition rate matrices was provided for continuous-time
Markov jump linear systems with time delays. Feng et al.
[24] showed that the conditions for designing probability
rates are formulated in terms of linear matrix inequali-
ties with equality constraints. In Cao et al. [25], hybrid
sliding mode control of Markov jump linear systems via
probability rate design was studied. In Song et al. [26],
a framework for integrally designing transition probabil-
ity rates and an output feedback controller was proposed.
However, the aforementioned results regarding transition
probability rate design are inevitably reduced to solving
nonconvex optimization problems [24]. In addition, the
aforementioned results are all based on general Markov
jump linear systems; for positive systems, the synthesis
problem remains unsolved.

In this study, according to the stability results presented
in Ogura and Preciado [20], we resort to a special class of
nonconvex optimization problems called DC programming
problems [27], which deal with functions in the form of the
difference between two convex functions. By laying some
regularity assumptions on the transition probability rates,
we show that the problem of optimizing positive Markov
jump linear systems by tuning the transition probability
rates can be reduced to standard DC programming prob-
lems, which are solved using the specific DC programming
algorithm [28].

The following notation is used in this study. Let R, R,
and R, denote sets of real, nonnegative, and positive
numbers, respectively. The sets of corresponding vec-
tors of size n are denoted as R", R}, and R%,. Let 1,
denote the vector with all entries equal to 1 and I rep-
resents the identity matrix. We define the entry-wise
exponential operation of vector v € R" as exp[v] =
[expvy, ... ,expv,]" and the entry-wise logarithm opera-
tion as log[v] = [logvy, ... ,logv,]". Letv € R", ||v||; =
YL, [vi| denote the 1-norm of a vector and let the vec-
tor co-norm be defined as ||v]|, = max;|v;|. Given v :
[0,0) — R", the & ,-norm of a function v(¢) is denoted
as |vlle, = /0°° [lv(®)]]1, and the &£ ,-norm is defined as
IVllz, = esssupllv(®lle- |l - || denotes the Euclidean

norm of the vector. E[-] denotes the mathematical
expectation operator. The real matrix A is said to be non-
negative (positive) and is denoted as A > 0 (A > 0) if all
entries of A are nonnegative (positive). The notion B < A
(B<A)isdefinedasB—A <0(B—A <0).

2 | PROBLEM FORMULATION

Consider the following time-invariant linear system:

1)
2(t) = Cx(t) + Dw(t),

s { (t) = Ax(t) + Bw(?)
where A € R™" B € R™,C € R™,and D € R™,
We say that X is a positive linear system [29] if its initial
state x(0) is nonnegative, input w(-) is nonnegative, A is
a Metzler matrix, and matrices B, C, and D are nonnega-
tive. Suppose that there is a set of systems given by (1) and
the switching law is governed by the Markov process. Then,
we obtain a positive Markov jump linear system

: { X(t) = AgX(t) + Boyw(t) -

Z(t) = Copyx(t) + Dgyyw(t),

where 6 = {0(f)}1>0 is a time-homogeneous Markov pro-
cess that takes values from the finite set S = {1, ... ,N}.
We say that ¥, is positive if the subsystems (A4;, B;, Cj, D;)
are positive for all i € S. Let II(§) = [#(6);;];jes denote
the infinitesimal generator of o(t), where 6 is a parame-
ter for tuning the probability rate matrix belonging to a set
© c R’. Then, the parameterized probability rate of the
system X, is given by

mij(O)h +o(h), if j #1i,

P h) =jlet) =i} =
tolt+h)=Jjlo =1} {1+7rii(9)h+0(h),ifj=i,

where o(h) is a little-o notation defined by limj_,qo(h)/h =
0, and 7;;(8) > 0, j # i, represents the parameterized tran-
sition rate from mode i to mode j, which obeys the rule

N
i)+ Y, m;(0)=0. 3)
J=1i#

For any t > 0 and xo € R, we let x(t; o) denote the
trajectory of the system X, at time ¢ with the initial condi-
tion x(0) = Xo. In this study, we focused on the following
stability measurements:

Definition 1. We say that X, defined in (2) is expo-
nentially mean-stable [30] if« > 0 and > 0 exist such
that

E[|Ix(t;x0)11] < ae™||x(0)]]

for any ¢t > 0, xp, and ¢(0).
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Definition 2 ([20]). For an exponentially mean-stable
system X, and the initial conditions ¢(0), x(0) = 0, and
w € &1, the £ gain of the system %, is defined as

on the constraint value. Find the parameter 6 that
minimizes the & ,,-gain of ¥, while satisfying the con-
straint L(#) < L; that is, solve the following optimiza-

WILEY_|_3

tion problem:

Izl ~,
%]l = sup ————

minimize ||Zs]|c
. 0€0
wez, Wz,

subjectto L(9) < L

X, is exponentially mean-stable, (3).
Definition 3. For an exponentially mean-stable sys-

tem X, and the initial conditions ¢(0), x(0) = 0, and

wE £, the £, gain of the system %, is defined as 3 | MAIN RESULTS
IE[z]ll2., As preliminary knowledge for deriving the main results,
1Zolleo = Wselg) wlle we begin by introducing a class of nonnegative nonlinear

functions called posynomials.

Remark 1. In this study, our goal is to stabilize the sys-
tem X, by optimizing its transition probability matrix
defined by (2). We assume that the set of parameters
0 is adjustable within the given intervals and that the
adjustment of the parameters incurs the correspond-
ing cost. Such a setting can be used to characterize
many practical problems. For example, in the preven-
tion and control of the epidemic spreading process [9],
a group of people can take two states: living at home
and at the workplace. Because these two scenarios
have different population densities, the corresponding
epidemic spread rates are different. Experience with
preventing COVID-19 has revealed that the infection
outbreak can be suppressed by scheduling the time in
the workplace, which is represented by the transition
probability rates in X,. Although people can choose
to work at home, this can reduce their productivity.
Therefore, one of the optimization problems can be
summarized as determining the ratio of each mode to
maximize the performance of the entire system.

If the constraint on the transition rate tuning cost is

Definition 4 ([31]). Let x, ... , X, denote n real pos-
itive variables and x = [x, ... ,X,]" be a vector with
components X;. A real-valued function f of x with the
form f(x) = ox]'x}* ... x;", where ¢ > 0 and a; € R, is
called a monomial function. The sum of one or more
monomials of the form f(x) = Y, ;e x)* ... x;™,
where ¢, > 0 is called a posynomial function.

Lemma 1 ([31]). If f : R}, — R,, is a posynomial
function, the function F : R" - R : z — log f(exp[z])
is convex through the entry-wise exponential transfor-
mation x = exp[z], z € R".

The convex property shown in Lemma 1 allows us to
make the connection with mathematical programming
dealing with difference-of-convex (DC) functions, which is

called DC programming.

Definition 5 ([32]). Let C be a closed convex subset
of R". A real-valued function f : C — Ris called a
DC function on C if there exist two convex functions
g, h : C - Rsuch that f can be expressed in the form

J () = g(x) — h(x).

given, the goal is to minimize the given norm of the system
%,. The optimization problem considered in this study can
be stated as follows.

Definition 5 indicates that DC functions are a special
class of nonlinear functions. It is widely known that every
continuous function can be approximated by a DC func-

Problem 1 (£; gain optimization). Let L : Rf; - R,
denote the cost function of # and L denote a bound on
the constraint value. Find the parameter # that mini-
mizes the &;-gain of X, while satisfying the constraint
L(#) < L; that is, solve the following optimization
problem:

minimize ||Z
imize |1Z, |

subject to L(9) < L
¥, is exponentially mean-stable, (3),

Problem 2 (L, gain optimization). Let L : Ri - R,
denote the cost function of # and L denote a bound

tion with the desired precision.

We are now ready to state the formal definitions of the

DC programs.

Definition 6. Let C be a closed convex subset of R".

Let fo(x) = go(x) — ho(x) and fi(x) = gi(x) — hi(x)
(i = 1,...,m) be DC functions defined on C. The
optimization problem of the form

minimize fj(x)
xeC
subject to fi(x) <0,i=1, ... ,m,

is called a DC program.
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From Definition 6, both the objective function and con-
straints can be the differences between any two convex
functions. To present the specific form of our results, the
form of the DC functions used in this study is defined as
the difference between two posynomial functions.

Proposition 1. Suppose that functions go, ho, .. ,8m>
h,, are posynomials. The following optimization
problem is a standard DC programming problem:

mini@ize log go(explz]) — log ho(explz])

(S
suliject to loggi(explz]) — loghi(exp[z]) <0
i=1,...,m.

Proof. According to Lemma 1, loggi(expl[z]) and
log h;(exp(z]) are convex functions for alli = 0,1, ...,
m. Therefore, Proposition 1 is a standard DC program-
ming problem. O

Remark 2. Because DC programming deals with the
difference between convex functions, it is regarded
as a special nonconvex optimization method that lies
between convex optimization and general noncon-
vex optimization for dealing with a special class of
functions. Regarding problem-solving performance,
heuristic methods can find good approximate solu-
tions quickly; however, it is difficult to guarantee that
the solution is close to the global optimal solution.
Global methods always find the optimal solution but
can take a long time [33]. However, the results of the
DC algorithm indicated that it is common to obtain
global optimal solutions, and this algorithm proved
to be more robust and more efficient than related
standard methods—particularly in large-scale settings
[28]. Moreover, owing to the local optimality condi-
tions and DC duality, the DC algorithm has linear con-
vergence for general DC programs [27], which leads to
more efficient procedures. Easy-to-use MATLAB pack-
ages [34] for constructing and solving DC problems are
available.

As necessary, the assumptions regarding the parameters
and coefficient matrices in the system X, are as follows:

Assumption 1.

1. There exists a set of scalars @; such that A; = A; +
a;I(i € S) are nonnegative.
2. mji#j)(0) is a posynomial, and

N
mi0)=— Y 7).
J=Lij

3. The transition probability rate tuning cost function
L(#) is assumed to be the difference of posynomials

in 6, for example, L(0) = L1(0) — L,(0), where L,
and L, are polynomials of 6.
4. There exists a set of differences of posynomials
v1(0) = 91(0) —y (0), ..., ws(0) = ws(0) — v (0)
N

1
such that the parameter constraint satisfies

O={0eR" : y1(0) <0, ... ,ys(0) <0}. (4)

According to Definition 6, DC programming is not fea-
sible for equality constraints. Therefore, we introduced a
sufficiently small scalar ¢ > 0 to reshape the probability
rate constraint (3) into

N
mi(0) + Y, m(0) <e,

J=Li#j

N (5)
(@) + D, m0) = —e.

J=Li#]

With the introduction of preliminary knowledge and
assumptions, the following theorems demonstrate that the
aforementioned optimization problems can be reduced to
DC programming problems:

Theorem 1. Let §* be the solution of the following DC
problem:

minimize ¢
5,&€R”

N
subject to log [v/A;+ ¥ m; j(exp[é])va +1]G
i#j

—log [v] el — m(exp[8])v]] <0,
log [v/B;+ 17D;] - ¢1] <0,
log L(exp[6]) — logL < 0,

N
log | X 7i;(expl6]) | < logle — mii(expl8])],
i#j

N
logle — mii(exp[6D] < log | X 7i;(expl6]) | »
i)

log i (exp[]) — log w+(exp[5]) < 0,
£=1,...,s8.

where v; = exp[&;] and y = exp {. Then, the solution to
Problem 1 is given by

0* = exp[5*]. (6)

The following propositions illustrate the necessary and
sufficient conditions for exponential mean stability with
&1 and &, performance of positive Markov jump linear
systems.

Proposition 2 ([20]). Assume that system % is positive.
Foranyy > 0, X, is mean-stable and ||X;||; < y if and
only if there exist positive vectors v, ... ,vy € R" such
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that N log[ (exp[s])] <1 % ( [5])]
ogle — m(exp <log i (exp ,
v Ai+ ) m0w] +17Ci<0 i
st (7 log 7, (exp[6]) — log w(exp[5]) < 0,

v/ Bi+1/D;i <y1],(3)
foreveryie {1, ... ,N}.

Proof of Theorem 1. According to Problem 1 and Propo-
sition 2, the optimization problem can be constructed
by adding a tuning cost constraint. Then, the specified
problem is to find # to minimize the #;-norm y while sat-
isfying the conditions of (3) and (4). Therefore, we obtain
the following optimization problem:

minimize Y (8a)
r>0v,eR},

LO) <L

4),(5), (7). (8b)

Because constraint (7) includes the product of z;;(#) and
v;, itis clear that Zf; 1 T j(G)VJT reduces inequality (7) to the
bilinear inequality constraint, which reduces problem (8)
to the NP-hardness problem appearing in Feng et al. [24].
The difficulty in solving (8) lies in determining a stable
combination of 6 and v;. To overcome this difficulty, we
adopt the log-log convexity of the posynomials in Lemma 1
and the introduced DC programming knowledge to reduce
the problem (8) to Theorem 1.

According to Definition 4 and Assumption 1, the prod-
uct of 7;;(8) and v; is a posynomial function. Constraint (7)
can be decomposed into the difference between two posyn-
omials (W] A; + Y, 7, (O] + 17C) — 0] il = m(0)v]) <
0 according to (1) and (2) in Assumption 1. By using
Lemma 1, the above function can be transformed into the
difference between the two DC functions. Similarly, con-
straint (5) can be reduced to the form of Theorem 1.
The object function (8a) y subtracts 0 directly satisfies the
definition of DC functions in Definition 5. Because con-
straints (4) are defined in the difference of posynomials,
we can obtain the DC function constraints using Lemma 1.
Thus, we complete the proof of Theorem 1. O

Theorem 2. Let 6* be the solution of the following DC
problem:
minimize §
5,&€R”
B N
subject to log [Aw; + Y m; j(exp[é])va + Bl
i#j
~log [v] oI — my(exp[8]v]] <0,
log [Cvi + DTy = ¢1, <0,
log L(exp[5]) — log L <0,

N
log lz mij(explo]) [ < logle — mi(explo])],
i#j

£=1,...,s.
where v; = exp[&;] and y = exp {. Then, the solution to
Problem 2 is given by (6).

Proposition 3. Assume that the system X, is positive.
Foranyy > 0, X, is mean-stable and || ;|| < 7 if and
only if there exist positive vectors v, ... ,vy € R" such
that
N
Awi+ Y m O] +Bily <0  Cwi+Dily <1, (3) (9)
j=1

foreveryie {1, ... ,N}.

Proof of Theorem 2. According to Problem 2 and
Proposition 3, the optimization problem can be con-
structed by adding a tuning cost constraint. Then,
the specified problem is to find the # that mini-
mizes the & ,-norm y while satisfying the conditions
of (3) and (4). Therefore, we obtain the following
optimization problem:

minimize y (10a)
r>0v,eR},
LO)<L
4),(5),9). (10b)

The proof of reducing Problem (10) to Theorem 2 is
the same as that of Theorem 1; therefore, it is omitted.

Remark 3 (Construction of ;). According to
Equation (3), the precise form of z;(#) can be deter-
mined by utilizing functions z;;(#). However, such
an approach proves ineffective in constructing a DC
problem. To overcome this, we introduce an unknown
strictly positive parameter—z; that remains indepen-
dent of the parameters ¢ in functions z;;. By doing
so, we can effectively solve optimization problems in
Theorems 1 and 2.

4 | SIMULATION

In this section, an example of stabilizing the epidemic
spreading process [9] by optimizing the transition proba-
bility rates is used to validate the results.

Consider a weighted, directed network defined by the
graph G = (V,E, W), where ¥V = {vq, ... ,v,} denotes
the set of n nodes within the network and & =
{e1, ... ,em} C V X V represents the set of directed edges.
The adjacency matrix A € R™" of graph G is given by
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A = 1, if (j,i) € &,
U7 ) 0, otherwise.

In this simulation example, we allow the epidemic spread-
ing network A; to have a set of scenarios that take values in
the finite discrete seti € {1, ... , N}. Because the scenarios
have been determined, for example, home or workplace,
we let the recovery rate vector §; € R’} and infection rate
vector f; € R be fixed for all i. Thus, the fixed environ-
mental measurement vector B(f;, 6;), that is, the element in
the ith row of the input matrix in the system X, can impact
the population density in area i, affecting the infection
level x;. If the switching feature of the epidemic spreading
process is modeled by the Markov process, this process can
be expressed by the following positive Markov jump linear
system:

{a‘c(t) = ApuX(t) + Byu(d), an

z(t) = Copyx(t),

where 0 = {o(t)}»0 is a time-homogeneous Markov
process that takes values from the finite discrete set
S = {1, ... ,N}. u(¢) denotes the input population vector.
Because f; and §; are fixed, A; and B; are constant for all i.
The output measurement C; was also set to be constant for
computing the overall performance of the network. In this
example, let the epidemic network have two scenarios: A;
and A,, each with a size of 10. The probability transition
rate matrix is given as

T1(6) = [_062?1 _952] , (12)

where 6; and 0, are tuned within the interval [1, 10].
Consider the following constrained cost function:

6+ k0, <L, (13)

FIGURE1 Twenty realizations of the state variable logx; (t) of the
epidemic spreading process. Red line: original. Blue line: stabilized.
[Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 Optimized transition probability rates 6; and 6, with
respect to the cost constraint L in the interval [1,10]. [Color figure
can be viewed at wileyonlinelibrary.com]

where k(k > 1) is a constant characterizing the weight for
tuning the sojourn time of the subsystem and L is defined
as the total cost of tuning the probability transition matrix.
In the simulation example, we set L = 1,k = 5, and
01,0, € [0.01,0.2]. By adopting Theorem 1, we obtained
the minimized & ;-gain y* = 8.76 and a stabilizing proba-
bility rate matrix

.. [-0.06 0.06
1(0") = [ 0.19 —0.19]'

The infection probability of node 1 versus the time before
and after stabilization is presented in Figure 1. We also
changed the value of the total cost L within the interval
[1,10] and plotted the tendency of the optimized probabil-
ity rates, as shown in Figure 2.

5 | CONCLUSIONS

We investigated the optimization of the probability rate
matrix for positive Markov jump linear systems. Using
the convex property of the difference between convex
functions and existing linear programming-based stability
results, we showed that the optimization problems were
solved using DC programming. Finally, the effectiveness
of the proposed framework was verified using simulation
examples. Future research can focus on the optimization
of physical networks with intervenable random factors.
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