
DOI: 10.1111/mice.13292

RESEARCH ARTICLE

Physics-informed neural operator solver and
super-resolution for solid mechanics

Chawit Kaewnuratchadasorn1 Jiaji Wang1 Chul-Woo Kim2

1Department of Civil Engineering, The
University of Hong Kong, Pokfulam,
Hong Kong, China
2Department of Civil and Earth Resources
Engineering, Kyoto University, Kyoto,
Japan

Correspondence
Jiaji Wang, Department of Civil
Engineering, The University of Hong
Kong, Pok Fu Lam, Hong Kong, China.
Email: cewang@hku.hk

Funding information
The University of Hong Kong Start-up
Fund for New Staff; The University of
Hong Kong Seed Funding Programme for
Basic Research for New Staff; Japan
Society for the Promotion of Science,
Grant/Award Number: Grant-in-Aid
22H01576

Abstract
Physics-Informed Neural Networks (PINNs) have solved numerous mechanics
problems by training to minimize the loss functions of governing partial differ-
ential equations (PDEs). Despite successful development of PINNs in various
systems, computational efficiency and fidelity prediction have remained pro-
found challenges. To fill such gaps, this study proposed a Physics-Informed
Neural Operator Solver (PINOS) to achieve accurate and fast simulations with-
out any required data set. The training of PINOS adopts a weak form based on
the principle of least work for static simulations and a storng form for dynamic
systems in solid mechanics. Results from numerical examples indicated that
PINOS is capable of approximating solutions notably faster than the bench-
marks of PINNs in both static an dynamic systems. The comparisons also showed
that PINOS reached a convergence speed of over 20 times faster than finite
element software in two-dimensional and three-dimensional static problems.
Furthermore, this study examined the zero-shot super-resolution capability by
developing Super-Resolution PINOS (SR-PINOS) that was trained on a coarse
mesh and validated on fine mesh. The numerical results demonstrate the great
performance of the model to obtain accurate solutions with a speed up, suggest-
ing effectiveness in increasing sampling points and scaling a simulation. This
study also discusses the differentiation methods of PINOS and SR-PINOS and
suggests potential implementations related to forward applications for promising
machine learning methods for structural designs and optimization.

1 INTRODUCTION

Advances in computational mechanics aim at model-
ing the behaviors of materials to prevent failures when
a body is exposed to external loads (H. Wang & Qin,
2019). Numerical methods such as finite difference and
finite element (FE) methods have been developed to
compute the approximate solutions governed by par-
tial differential equations (PDEs) of systems. However,
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such methods are limited when applied to large-scale
modeling, design optimization, and analysis. The model
updating requires huge computational time to search for
the real-world system parameters. Furthermore, most of
the conventional software for numerical analysis relies
on the central processing unit (CPU), encountering
challenges in inverse problems, optimization, and effi-
cient utilization of graphical processing unit (GPU)-based
devices.
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In recent years, there have seen rapid developments
in artificial intelligence (AI) with the utilization of
GPU-based supercomputers. Neural networks (NN) have
been successfully applied in interdisciplinary fields which
include, but are not limited to, vision (O’Shea and Nash,
2015), language models (Vaswani et al., 2017), robotics
(Kober et al., 2013), and engineering designs (Adeli & Yeh,
1989). In these applications, numerous researchers devel-
oped state-of-the-art architectures that are trained by avail-
able data and learn to minimize prediction error through
NN parameter optimization. In civil engineering field,
many studies employed advanced models for the prob-
lems associated with the innovative data-driven approach
for smart structures and integrated systems (Javadinasab
et al., 2021; Pezeshki et al., 2023). Perez-Ramirez et al.
(2019) proposed a non-linear autoregressive exogenous
(NARX)-based recurrent neural network (RNN) model
for accurate non-parametric structural identification. The
study trained the model by the measured data sets for a
high-rise building and five-story frame where the perfor-
mance in accurate prediction indicates the capability of
capturing the relationship of input motions and the struc-
tural responses. Hurtado et al. (2024) presented to employ
convolutional variational autoencoders (CVAE) and con-
volutional adversarial autoencoder (CAAE) for detecting
damages on supported bridges under drive-by inspec-
tion. The models were trained on data of the bridge in a
healthy condition for damage assessments in the damaged
condition based on the damage index and threshold.
Despite successful attempts to apply data-driven mod-

els in systems governed by mathematical equations, the
generalization and intepretability ofNNhave been the con-
cerns. The infusion of physics was introduced into deep
learning, known as physics-informed neural networks
(PINNs) (Raissi et al., 2019). According to the universal
approximation theorem byHornik et al. (1989) and physics
integration, PINNs have received gradual attention for
applications in methanics, modeling, and structural engi-
neering because of the seamless integration of data and
mathematical models, computational effectiveness, and
the ability to search for new intrinsic variables and repre-
sentations with built-in physics constraints (Karniadakis
et al., 2021). The recent studies of PINNs may be catego-
rized into two main branches. In the first branch, PINNs
are applied as a surrogate model, which learns data to
represent a system by NN parameters, and is generalized
through physical equations. Bai et al. (2022) implemented
PINNs with the least squares weighted residual for solid
mechanics in two and three dimensions. Adaptivity and
domain decomposition are applied to PINNs for two-
dimensional static elasticity problems (Henkes et al., 2022).
E. Zhang et al. (2022) applied PINNs incorporating the
mesh-free method for geometry and material identifi-

cations and investigated the performance of PINNs for
compressible elasticity, deformation plasticity, and incom-
pressible hyperelasticity. PINNs were applied in the topo-
logical optimization of structures by Jeong et al. (2023),
in which energy-based loss, sensitivity analysis, and sen-
sitivity filtering were applied to construct a new optimized
design. Haghighat et al. (2021) employed PINNs with iso-
geometric analysis for linear elasticity application and
extension to nonlinear problems through the von Mises
elastoplasticity example. PINNs were also applied to the
three-dimensional (3D) analysis of the elasticity, hypere-
lasticity, and plasticity of materials (Abueidda et al., 2021,
2022). Yadav et al. (2021) developed distributed PINNs
(DPINN) by taking themeshless nature ofmaterials,which
was able to avoid the curse of dimensionality, particularly
for unified computational frameworks. Song et al. (2022)
proposed StructGNN-Ewith a graph-based neural network
where the structural topologies were processed by graph
isomorphism network and the physics-informed paradigm
was implemented for application in structural analysis. To
achieve high fidelity, the frameworks requires sufficient
data, and rich data sets are typically obtained from exten-
sive experiments or generated by numerical solvers. In
addition, the applicability ofmodelsmay be sensitive to the
portion of different types of training data sets.
Conversely, PINNs have been adopted as numerical

solver in physical problems to compute the solutions to
PDEs that govern the system. The Deep Ritz method was
proposed by E and Yu (2017) to solve PDEs based on the
nonlinear transformation of the FCNN architecture to
obtain the solution and calculate the total energy and
the residual connection to avoid the vanishing gradient
problem in the optimization. The Deep Ritz method was
applied to examine computational cost and accuracy in the
Poisson equation, a setting with the Neumann boundary
condition, transfer learning of relatable solutions, and
the eigenvalue problems. Variational PINN (VPINN)
was developed based on the Petrov–Galerkin method
by formulating the variational residual for nonlinear
approximation. The proper integration-by-part in VPINN
helps increase the accuracy while reducing training costs
as it mitigates PINNs in taking high-order derivatives
(Kharazmi et al., 2019). Kharazmi et al. (2021) also devel-
oped high-order polynomials VPINN (hp-VPINN) by
implementing the high-order polynomials refinement via
the projection onto high-order polynomials space and the
domain decomposition of the nonoverlapping function.
Wandel et al. (2022) proposed to introduce Hermite
spline with CNNs to solve incompressible Navier–Stokes
equations. Jagtap et al. (2020) developed conservative
PINN (cPINN) by having subdomain networks connected
through interface conditions. Extended PINN (XPINN)
or the generalized domain decomposition of PINNs was
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proposed, employing the advantages of PINN and cPINN
while providing flexibility of subdomain division (Jagtap &
Karniadakis, 2020). Chiu et al. (2022) implemented auto-
matic differentiation (AD) and numerical differentiation
(ND) for gradient computation in the coupled-automatic–
numerical differentiation based PINN (CAN-PINN).
For enhancing computations, Fang (2022) applied CNN
instead of FCNN and the finite volume method for hybrid
PINN. Nabian et al. (2021) proposed importance sampling
to achieve efficient training of PINN, compared with uni-
form sampling in two-dimensional problems, including
isotopic elasticity, plane stress, and transient diffusion.
In static elasticity, J. Wang et al. (2023) developed exact
Dirichlet boundary PINN (EPINN), which replaced the
PDE loss with the principle of least work, restricted the
Dirichlet boundary by approximate distance function
(ADF), adopted the meshless finite difference (MFD)
to compute for gradient information, and successfully
reported the convergence of fine-mesh simulations.
Another family of machine learning methods is called

deep operator networks proposed by Lu et al. (2021) to
learn nonlinear relationships between functional spaces.
Recent advances in neural operators have been reported
through physics-informed DeepONet (Lu et al., 2021),
graph kernel neural operator (GNO) (Anandkumar et al.,
2019), U-shaped neural operator (UNO) (Rahman et al.,
2023), convolutional neural operator (CNO) (Raonić
et al., 2023), Koopman neural operator (KNO) (Xiong
et al., 2023), wavelet neural operator (WNO) (Tripura &
Chakraborty, 2023), and Fourier neural operator (FNO) (Li
et al., 2021) on learning PDE spaces of physical equations.
Many researchers employed neural operator, mainly FNO,
in data-driven models of physical systems for forward
and inverse problems in a weather model (Pathak et al.,
2022), structural analysis (Kaewnuratchadasorn et al.,
2024), material microstructure (Rashid et al., 2022), flood
inundation forecast (Sun et al., 2023), and image classi-
fication (Johnny et al., 2022). Based on the FNO, Li et al.
(2023) developed the physics-informed neural operator
(PINO) by introducing physical losses to FNO, which was
capable of reducing the error in Navier–Stokes equations.
Although the neural operator family has shown excellent
performances in various problems, there has been no
work on training neural operators without labeled data as
a PDE solver, which can further be fined-tuned for specific
systems in space mappings.
To this end, this study proposed physics-informed neu-

ral operators solver (PINOS) trained without labeled data
for simulations in solid mechanics. In static elasticity
problems, we adopted the energy loss functions from the
principle of least work and compared the performance
with the EPINN benchmark in a 1D truss under com-
plicated load, 2D plane stress, and 3D box problems.

In dynamical systems, we applied a strong form of par-
tial differential equation or ordinary differential equation
(PDE/ODE) loss, boundary, and initial loss functions to
obtain the solutions in three springmasses and wave prop-
agation systems. Our contributions are summarized as
follows:

1. This is the first work in neural operators without
labeled data contexts and examines the performances of
the strong and weak forms of systematic equations for
both static and dynamic systems in solid mechanics.

2. In static problems, PINOS exceeded EPINN perfor-
mance for 474× and 36× in 1D and 2D problems. PINOS
also achieved 38× and 22× speed up in 2D and 3D
problems compared toABAQUS as a reference solution.

3. In dynamic problems, PINOS achieved 10× and 3.4×
speed up in 1D and 2Dproblems compared to PINN, and
super-resolution PINOS (SR-PINOS) achieved high per-
formance in dynamics systems when compared to the
analytical solutions.

4. This work examined zero-shot super-resolution of the
solution in all problems, reporting that SR-PINOS was
able to solve on large mesh sizes fast and provide
accurate solutions in fine mesh sizes.

In this paper, Section 2 describes PINOS in FNO archi-
tectures and physics losses for solid mechanics problems.
Section 3 illustrates the performance of PINOS with weak
form loss in static elasticity problems, while Section 4
reports that with a strong form in the dynamic problems.
Section 5 provides comparisons of models and discusses
the potential and limitations of PINOS and SR-PINOS.
Lastly, Section 6 summarizes the contributions of ourwork
quantitatively and discusses the applications of PINOS in
field mapping without data in solid mechanics.

2 PHYSICS-INFORMED NEURAL
OPERATOR FOR SOLIDMECHANICS

This section provides explanations of the neural opera-
tor and zero-shot super-resolution applications in solid
mechanics. Then, the physics-informed losses in static and
dynamics systems of solid mechanics are described.

2.1 Neural operators

As Hornik et al. (1989) established the universal approxi-
mation of NN, Kovachki et al. (2023) proposed a general-
ization of NN that learns operators called neural operator
as 𝜃, formulated as Equation (1)

θ ∶= ◦ (𝐿 +𝐿) ◦ ⋅ ⋅ ⋅ ◦𝛼 (1 +1) ◦ (1)
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4 KAEWNURATCHADASORN et al.

F IGURE 1 Illustration of Physics-Informed Neural Operator Solver (PINOS) architecture for solid mechanics. (a) Schematic of Fourier
Neural Operator (𝜃). (b) A simple PINOS with one Fourier layer. The inputs contain coordinate and initial parameters. The inputs are lifted,
passed through the Fourier convolution operator, and projected to the solution output. The operational layer calculates finite-difference
derivatives and physical parameters to obtain losses () of the govering equation, boundary conditions, and initial conditions.

where  and are functions parameterized by neural net-
works. 𝛼 is a non-linear activation function. In FNO,  is
a Fourier convolution operator.

((𝑎; 𝜙)𝑣𝑡) (𝑥) = −1
(( (

𝜅𝜙
)
⋅  (𝑣𝑡)

))
(𝑥) (2)

where 𝑥 are coordinates in the input domains;  denotes
Fourier transform of a function 𝑓 mapping 𝐷 → ℝ𝑛 for
𝑗 = 1,… , 𝑛; −1 is the inverse Fourier transform; and
𝜅𝜙 is parameterized in Fourier space. The formulation
was based on the convolution theorem of the kernel inte-
gral operator by Fourier and inverse Fourier transforms in
Equations (3) and (4).

(𝑓)𝑗(𝑘) = ∫
𝐷

𝑓𝑗(𝑥) e−2𝑖𝜋⟨𝑥,𝑘⟩𝑑𝑥, (3)

(−1𝑓)𝑗(𝑥) = ∫
𝐷

𝑓𝑗(𝑘) e2𝑖𝜋⟨𝑥,𝑘⟩𝑑𝑘, (4)

PINO was proposed by using the architecture of the FNO
with data loss and the additional constraints of physics law
in the loss (Li et al., 2023). Therefore, in the context of our
paper, PINOS is training FNOby only physics losses, which
will be explained in the following sections.
PINOS consists of six layers of computational operation

as shown in Figure 1. The first layer is the input layer,

which consists of input variable fields such as coordinates
(𝑥, 𝑦, 𝑧) and/or time (𝑡). Next, the lifting layer () trans-
forms the coordinate fields into the same dimension as
Fourier layers. The Fourier layer ( and), also called the
Fourier block, contains Fourier transformation, linear, and
inverse Fourier transformation as depicted in Equation (2)
with separated convolutional parts. Two operational paths
in the Fourier layers are summed, and a non-linear acti-
vation function (𝛼) is applied before passing to the next
layer. In our study, the number of Fourier layers needed
depends on the complexity of the problem. It is noted that
activation functions are applied to all Fourier layers except
the last latyer. After blocks of Fourier layers, the projecting
layer () converts to the dimension the same as the input.
This means the output layer, which is the solution variable
field, has the same dimension as the input variable fields.
The inputs and outputs can be 1D, 2D, or 3D coordinates,
which will be associated with the calculation of deriva-
tives by finite-difference differentiation. The last layer is
the operational layer, which calculates derivatives and loss
functions. The operational layer in PINOS can be spe-
cific to each system, and the elastic linearity is considered
in this paper for static simulations. The gradient descent
optimization algorithms of parameters in PINOS adopt
Adam optimizer in learning of loss functions explained in
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KAEWNURATCHADASORN et al. 5

Section 2.3. In this study, we apply PINOS for 1D, 2D, and
3D coordinates in static problems and 1D temporal and 2D
spatial-temporal fields in dynamic problems, as reported in
the next section.

2.2 Zero-shot super-resolution
applications

The zero-shot super-resolution refers to an ability to
enhance the resolution of the solution fields without
training with the pair of low-resolution inputs and high-
resolution outputs. The ability also involves learning with
larger mesh sizes and predicting the solution in smaller
mesh sizes. As per Li et al. (2021), FNO showed the
zero-shot super-resolution performance in Navier–Stokes
equations with data training. It was reported that the FNO
was trained with 64× 64× 20 resolution and capable of
approximating the outputs of 256× 256× 80 resolution on
the same spatial and time frames.
In solid mechanics, zero-shot super-resolution is a chal-

lenging task that would reduce computational cost dras-
tically. The conventional finite-element methods (FEM)
encountered exponential costs in solving solutions on a
finer mesh size. The accuracy trade-off is not favorable
in the microanalysis of a structural member. Similarly,
the task is demanding in physics-informedmachine learn-
ing (PIML). Since FNO showed the performance in fluid
mechanics, this work also utilizes and investigates the
performances in both static and dynamic problems for
computational cost and accuracy.
It is important to emphasize that we developed SR-

PINOS and investigated two features in terms of com-
putations, which are relative 𝐿2 error and convergence
time.

2.3 Loss functions in solid mechanics

In FEM analysis, governing equations are classified into
two types: strong form andweak form.While a strong form
is represented by the PDE of a specific system, a weak form
is derived from the strong form by integration or a varia-
tional approach. In this work, the principle of least work
is employed as a weak-form governing equation in static
elasticity problems, and the strong-form governing equa-
tions are utilized for dynamics problems. This section will
introduce physics loss in PINOS of this paper.
The FNOs are trained by loss functions for specific

solid mechanics problems. In our study, a training loss ()
consists of three components as follows:

 = 𝛼𝑠𝑦𝑠𝑡𝑒𝑚 + 𝛽𝐵𝐶 + 𝜆𝐼𝐶, (5)

where 𝑠𝑦𝑠𝑡𝑒𝑚 is restricted by governing equations of the
system; 𝐵𝐶 denotes the boundary condition loss; 𝐼𝐶 is
the initial condition loss, which is added in the dynamical
problem; and 𝛼, 𝛽, 𝜆 are theweights of each loss. To further
optimize PINOS, it may be more efficient to use loss-
balancing techniques such as SoftAdapt (Heydari et al.,
2019) and ReLoBRaLo or the multiobjective loss balancing
(Bischof & Kraus, 2021) that will adjust the weights of loss
during training.

2.3.1 Weak form: Principle of least work
with the Dirichlet boundary condition

The principle of least work states that the solution to the
static mechanics problem is such that the total energy,
which is defined as the strain energy minus the external
work done by an external force at force boundary and body
force, reaches a minimum (Office, 1923). In accordance
with the theorem, the principle of least work loss function
is formulated as Equation (6).

𝑠𝑦𝑠𝑡𝑒𝑚(𝐮; 𝐟 , 𝐭) = 1

2 ∫
Ω

𝜎(𝐮) ⋅ 𝜀(𝐮)𝑑Ω

−

(
∫
Ω

𝐮 ⋅ 𝐟𝑑Ω + ∫
ΔΩ𝑁

𝐮 ⋅ 𝐭̄𝑑ΔΩ𝑁

)
, (6)

where 𝐮 denotes the displacement solution field; 𝜎 and 𝜀
are stress and strain tensors calculated from the displace-
ment; 𝐟 represents the force, and 𝐭 is the traction applied
to the system. PINOS adopts the total energy of the sys-
tem in the system loss function (𝑠𝑦𝑠𝑡𝑒𝑚). The principle
of least work is applied in the machine learning system,
which indicates that PINOS will optimize to find the min-
imum total work of the system and assures the one unique
solution of a static solid mechanic problem. The reasons
for adopting the principle of least work in PINOS include
the following. Firstly, there is no report on using weak-
form governing equations in PINOS of solid mechanics.
Energy is more sensitive to the PDE loss; thus minimiza-
tion of energy of the systemmay reduce convergence time.
In a study of EPINN, J. Wang et al. (2023) also employed
the principle of least work on PINN and reported converg-
ing performance and significant reduction of convergence
rate compared to the original PINN with a strong form of
governing equation. Many researchers also reported the
difficulty in accurate derivatives affected the convergence
of models. In PINOS, the derivatives will be directly cal-
culated using finite differences, thus will be efficient in
solving the solution of a system. Therefore, the theorem
of least work is applied to static elasticity problems in
this study.
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6 KAEWNURATCHADASORN et al.

2.3.2 Strong form: PDE with boundary and
initial conditions

In dynamic problems, PINOS adopts PDE loss for the sys-
tem (𝑠𝑦𝑠𝑡𝑒𝑚). Unlike the static elasticity problems which
may be represented by energy-governing equations and
minimized, the solutions in dynamic problems are in the
time domain. Many models encounter difficulty in solv-
ing the governing equations. Although the variational
formulationmay be derived as the energy-governing equa-
tion of a dynamic system, the current work focuses on
a strong form due to directly representing the governing
system.
In this study, we applied PINOS in solving ordinary dif-

ferential equations (ODE) of three springmasses and wave
equations. The ODE is considered a complex 1D temporal
problem as three solutions from three equations need to
be solved. The wave equation is considered a 2D spatial-
temporal problem (𝑥, 𝑡) which is in a second-order form.
The equations will be explained specifically in the sec-
tion of the problems. However, in general, the formulation
is derived as follows. Let 𝑓 be an ODE in Equation (7).

𝑓 ∶ 𝑢𝑡 + 𝑅(𝑢) = 0, (7)

where 𝑢𝑡 and𝑅(𝑢) are a time derivative and a function of 𝑢,
respectively. The system loss of the governing equation or
the ODE loss is formulated as follows:

𝑠𝑦𝑠𝑡𝑒𝑚 = ∫
𝐷

|𝑓(𝑢(𝑡))|𝑑𝑡. (8)

The system loss (𝑠𝑦𝑠𝑡𝑒𝑚) will need to converge to near
zero. PINOS will use an optimizer to obtain the model
parameters to obtain the solutions of a system.

2.3.3 Boundary and initial conditions

In the context of numerical methods, boundary and initial
conditions may be divided into hard constraints and soft
constraints, which are represented in the mathematical
formulation of amodel.While the boundary conditions are
enforced into the model for the hard constraints, the soft-
constraint models incorporate the solver into some degree
of flexibility.
We consider using soft constraints of boundary and

initial conditions in our study. Similar to the system
loss (𝑠𝑦𝑠𝑡𝑒𝑚), PINOS also learns to minimize the loss of
boundary (𝐵𝐶) and initial conditions (𝐼𝐶). This learning
is considered a soft constraint because PINOS solves
the solution that the boundary will not meet the exact
boundary but will be in close proximity. The minimization
of the losses in PINOS will lead to the learning of a system

using PIML, and the solution will converge. However, it
is also important to mention the weights of the boundary
and initial conditions. This study adopts the weights of
the boundary and initial conditions with the accountable
dimensions of the solution. The boundary and initial
conditions only calculate the solution at the starting or at
the boundary while the system loss takes all the solution.
Therefore, to balance the weights of the boundary and
initial conditions with the system loss, we add the weights
according to the dimension of the solution.

2.3.4 Validation loss function

To validate the performance of a model, we employed
the validation loss function to compare the result errors
between the solution from amodel and the reference solu-
tion. In this paper, the reference solutions are analytical
solutions in a truss under complicated load, spring-mass
system, and wave propagation while the solutions from
FEA using ABAQUS are used in a plane under eccentric
stress and box problems. We employed the relative errors,
which were defined by L. Zhang et al. (2021), including rel-
ative 𝐿2 and𝐻1 errors. The error functions are expressed in
Equations (9) and (10) as follows:

‖𝑒‖𝐿2 =
√

∫
Ω
(𝑢𝑟 − 𝑢𝑚)

2
𝑑𝑥√

∫
Ω
(𝑢𝑟)

2
𝑑𝑥

(9)

‖𝑒‖𝐻1
=

√
∫
Ω
(𝑢𝑟 − 𝑢𝑚)

2dx + ∫
Ω
(du∕𝑑𝑥𝑟 − du∕𝑑𝑥𝑚)

2dx√
∫
Ω
(𝑢𝑟)

2dx + ∫
Ω
(du∕𝑑𝑥𝑟)

2dx
(10)

where 𝑢𝑟 is the reference solution from ABAQUS or ana-
lytical solution and 𝑢𝑚 is the solution from the machine-
learning model for all 𝑥 in Ω domain of interest. In this
study, the relaitvel 𝐿2 error is adopted to justify the con-
vergence of models where the solutions are converged at
the time when the relative error reduces to less than 0.1. In
the higher dimensions, the solutions of all directions are
validated.

3 APPLICATIONS OF
PHYSICS-INFORMED NEURAL
OPERATOR IN STATIC ELASTICITY
PROBLEMS

The section reports the performance of PINOS in numeri-
cal solver and super-resolution tasks in three static elastic-
ity problems,which include a deformation of a truss loaded
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KAEWNURATCHADASORN et al. 7

F IGURE 2 The input and results of PINOS and SR-PINOS on the 1D loaded truss problem. PINOS was trained and validated with a truss
with Δ𝑥 = 0.01m. SR-PINOS was trained with a truss with Δ𝑥 = 0.05m and validated on a truss with Δ𝑥 = 0.01m.

by complicated force, a deformation of a plane stressed
by partial displacement boundary conditions, and a defor-
mation of a box stressed by local displacement boundary
conditions. In this study, PINOS was conducted using the
Intel Xeon Platinum 8368 (Icelake/2.4 GHz 38 cores) two
CPUs, and a single unit of NVIDIAA100 on the Supercom-
puter for Quest to Unsolved Interdisciplinary Datascience
(SQUID) at Osaka University. The hyperparameters of
PINOS, including the number of Fourier layers, modes,
widths, and learning rate, were selected according to the
complexity of a problem. This is reported separately in
each subsection.

3.1 One-dimensional truss under
complicated load

The performance of 1D PINOS was investigated in the
deformation of a truss under complicated loads. This study
considered the problem reported byL. Zhang et al. (2021) in
the hierarchical deep-learning neural networks (HiDeNN)
and investigated by J. Wang et al. (2023) using EPINN on
Nvidia Modulus. The problem considers a truss element
or one-dimensional bar with following properties. In the
setting, Young’s modulus, the cross-sectional area, and the

length are defined as𝐸 = 175,𝐴= 1, and 𝑙 = 10, respectively.
The load (𝑏) on the truss is written in Equation (11) in the
horizontal (𝑥) direction, illustrated in Figure 2a.

𝑏(𝑥)=−
4𝜋2(𝑥 − 2.5)2 − 2𝜋

𝑒𝜋(𝑥−2.5)2
−
8𝜋2(𝑥 − 7.5)2 − 4𝜋

𝑒𝜋(𝑥−7.5)2
(11)

Aswritten in energy loss (Equation 6), the potential energy
loss (𝑠𝑦𝑠𝑡𝑒𝑚) may be written in terms of longitudinal
displacement (𝑢) for one dimension as Equation (12).

𝑠𝑦𝑠𝑡𝑒𝑚(𝑢) = 1

2 ∫
Ω

𝐴𝐸

(
𝑑𝑢

𝑑𝑥

)2

𝑑𝑥 − ∫
Ω

𝑢𝑏(𝑥)𝑑𝑥, ∀𝑢 ∈ 𝑈,

(12)
where Ω refers to all elements in the 𝑥 direction. The ana-
lytical solution of the vertical displacement of the truss is
provided in Equation (13), and the derivative (𝑢𝑥) is shown
in Equation (14), which will be used in calculations of the
strain (𝜀 = 𝑢𝑥∕𝐿) and the stress (𝜎 = 𝐸𝑢𝑥∕𝐿).

𝑢(𝑥) =
1

𝐴𝐸

(
e−𝜋(𝑥−2.5)2 − e−6.25𝜋

)
+

2

𝐴𝐸

(
e−𝜋(𝑥−7.5)2−e−56.25𝜋

)
−
e−6.25𝜋 − e−56.25𝜋

10𝐴𝐸
𝑥,

(13)
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8 KAEWNURATCHADASORN et al.

F IGURE 3 Error analysis of PINOS with different mesh sizes.

𝑑𝑢

𝑑𝑥
=

2

𝐴𝐸

(
−𝜋 e𝜋(𝑥−2.5)2 (𝑥 − 2.5)

)
+

4

𝐴𝐸

(
−𝜋e−𝜋(𝑥−7.5)2 (𝑥 − 7.5)

)
−
e−6.25𝜋 − e−56.26𝜋

10𝐴𝐸
.

(14)

The architecture of the neural operator in this problem is
1D FNOwith the following hyperparameters. The number
of Fourier layers is four; modes are 16; widths are 64; learn-
ing rate is 0.0005; the stop epoch is 1000. The performance
of PINOS is reported in Figure 2. PINOS was trained and
validated on a truss with mesh size Δ𝑥 = 0.01m of length
10. The displacement solution and the differences from the
analytical solution (Equation 13) are shown in Figure 2b,
and the stress and the differences from the analytical
solution (Equation 13) are depicted in Figure 2e. The
training rate of PINOS was 222 iterations/secod (it/s) on
SQUID. The convergence was observed around epoch 200,
thus PINOS took around 0.9 s to solve the 1D problem.
This study also performed the super-resolution and

reported in Figure 2c,f. SR-PINOS, which was trained on a
truss with mesh size Δ𝑥 = 0.05, however, was validated on
a truss with mesh size Δ𝑥 = 0.01. It is observed that SR-
PINOS was capable of providing accurate solutions, while
mesh size increased by 5× for displacement and stress.
The solution converged at 0.33 s or at 75 iterations with a
training speed of 226 it/s. This suggests a promising appli-
cation of SR-PINOS in the super-resolution task, which
aims to provide justification for the model on a microscale
investigation of the material deformation in solid mechan-
ics. The time and accuracy of PINOS and SR-PINOS are
compared along with other problems in Section 5.
Figure 3 shows the error analysis of PINOS. We show

the convergence rate of 𝐿2 and 𝐻1 errors when the mesh
size is reduced. A linear trend is observed in the relative 𝐿2

error, while an exponential trend is observed in the relative
𝐻1 error in the log–log plot between the errors and mesh
size. In comparison, we extracted the trend of the HiDeNN
model fromL. Zhang et al. (2021). It is observed that PINOS
is more accurate than HiDeNN in both 𝐿2 and 𝐻1 relative
errors. In the HiDeNN model, the numbers of nodes were
23, 45, 89, 177, and 353 nodes. In PINOS, we considered
themesh size ofΔ𝑥 = 0.3, 0.25, 0.1, 0.05, 0.025, 0.01, which
corresponded to 33, 40, 100, 200, 400, and 1000 nodes.
The complexity of 1000 nodes is high in solid mechan-
ics to obtain an accurate solution, and PINOS was able to
obtain the solution within 0.9 s, which suggests potential
application in more complex problems.

3.2 Two-dimensional plane stress under
eccentric tension

The deformation of a plane under eccentric tension aims
to investigate the performance of 2D PINOS as reported
in studies of PINN (Rao et al., 2020) and EPINN (J. Wang
et al., 2023) without labeled data. Given a plane length
and height of 1 m. The material properties include elas-
tic modulus (𝐸 = 10 MPa) and Poisson ratio (𝜈 = 0.2). The
boundary conditions include the fix at the bottom line and
vertical tension displacement on the left half of the top
line. We define horizontal displacement as 𝑢 and verti-
cal displacement as 𝑣. The potential energy of the plane
is calculated according to Equation (6), where stress (𝜎)
and strain (𝜖) are formulated as Equations (15) and (16),
respectively.

𝜎xy = 𝜆𝜀zz𝛿xy + 2𝜇𝜀xy (15)

𝜀xy =
1

2

(
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥

)
(16)
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KAEWNURATCHADASORN et al. 9

F IGURE 4 Results of PINOS and SR-PINOS on the 2D plane under eccentric loads. The horizontal and vertical displacements are
denoted by 𝑢 and 𝑣, respectively. The reference solution was obtained from the ABAQUS. PINOS solution was trained and obtained on the fine
mesh of Δ𝑥, Δ𝑦 = 0.01m. SR-PINOS was trained on Δ𝑥, Δ𝑦 = 0.02mmesh, and the solution was obtained at a mesh size Δ𝑥, Δ𝑦 = 0.01m.

where 𝑥, 𝑦, 𝑧 represent the axial directions and 𝜆, 𝜇 are the
Lamé parameters, formulated as in Equation (16),

𝜆 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
(17)

𝜇 =
𝐸

2 (1 + 𝜈)
(18)

In this 2D problem, stress in the z-direction is not con-
sidered (𝜎𝑧𝑧 = 𝜎𝑥𝑧 = 𝜎𝑦𝑧 = 0). The architecture of PINOS
in this setting adopted 2D FNO with 5 Fourier layers, 16
modes in two dimensions, 64 widths, a learning rate of
0.0005, and a stop epoch at 20,000. The plane is divided
intomesh sizeΔ𝑥, Δ𝑦 = 0.01m.As the analytical solutions
were not available, the reference solutions (the horizon-
tal and vertical displacements) were obtained from the FE
simulation in ABAQUS software. Figure 4 illustrates the
solver and super-resolution performances of PINOS, com-
pared to the ABAQUS FE simulation. PINOS was trained
and validated on mesh size Δ𝑥, Δ𝑦 = 0.01m, while SR-
PINOS was trained on mesh size Δ𝑥, Δ𝑦 = 0.02 m but
validated on Δ𝑥, Δ𝑦 = 0.01 m mesh. The results indicate
that PINOS and SR-PINOS showed great performance as
observed in the comparisons. The comparison of horizon-

tal displacements is reported in Figure 4a–c and that of
vertical displacements is reported in Figure 4d–f. The rel-
ative least square (𝐿2) errors on horizontal and vertical
solution fields are 0.091 and 0.018 from PINOS. The errors
of solutions are 0.298 and 0.067 from SR-PINOS. The train-
ing rates of PINOS and SR-PINOS are 32.15 it/s and 50.98
it/s. The energy and boundary losses converged at 1000
iterations, thus the convergence times are 31.1 and 19.6 s
while ABAQUS took 265 s to obtain the solution. The accu-
racy and computational time of PINOS and SR-PINOS are
compared with the benchmark in Section 5. Therefore, the
performance of PINOS and SR-PINOS suggested poten-
tial applications in the investigations of the deformation
of solid mechanics.

3.3 Three-dimensional box under
eccentric tension

This section examines PINOS in solving the 3D solution
fields, which refer to displacements in 𝑥, 𝑦, and 𝑧 direc-
tions. A 3D elastic box is restricted to local tension in a
quarter of the surface at the top, while the bottom surface
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10 KAEWNURATCHADASORN et al.

F IGURE 5 Results of PINOS on the 3D box under eccentric stress. The displacements in the x, y, and z directions are denoted by 𝑢, 𝑣,
and 𝑤, respectively. The reference solution was obtained from ABAQUS. PINOS solution was trained and obtained on the fine mesh with
Δ𝑥, Δ𝑦, Δ𝑧 = 0.01m. SR-PINOS was trained on Δ𝑥, Δ𝑦, Δ𝑧 = 0.02mmesh, and the solution was obtained at Δ𝑥, Δ𝑦, Δ𝑧 = 0.01mmesh size.

is fixed. A 1m cube has physical properties as follows. Elas-
tic modulus is set to be 𝐸 = 3 MPa, and a Poisson ratio
uses 𝜈 = 0.4. The stress (𝜎) and strain (𝜖) are calculated
as Equations (15) and (16), and potential energy loss is for-
mulated as in Equation (6). In this problem, displacements
and stress occur in all directions.
Figure 5 shows the solutions obtained from ABAQUS,

PINOS, and SR-PINOS. As the theoretical solution to
this problem is not available, the reference solutions
were obtained from ABAQUS simulation as illustrated
in Figure 5a,e, and i) for the displacement in x, y, and z
directions at 4840 s using one million C3D8R element
(3D first-order element with reduced integration) at a
mesh size of 0.01. The architecture of PINOS adopted 3D
FNO with 5 Fourier layers, 8 modes in three dimensions,
64 widths, a learning rate of 0.001, and a stop epoch
at 2000. In PINOS, the training of a box with a mesh

size of Δ𝑥, Δ𝑦, Δ𝑧 = 0.01 m was conducted, and the
solutions were obtained as shown in Figure 5b,f, and j.
The SR-PINOS was trained by the physics loss of a box of
Δ𝑥, Δ𝑦, Δ𝑧 = 0.02mmesh, and solutions were obtained by
the input of a box of Δ𝑥, Δ𝑦, Δ𝑧 = 0.01 𝑚 mesh, depicted
in Figure 5c,g, and k. PINOS and SR-PINOS converged at
500 iterations with rates of 2.27 and 10.94 it/s, respectively.
Therefore, the convergence time of PINOS was 220 s
or 22× of ABAQUS where the relative 𝐿2 errors of the
solutions are 0.09, 0.10, and 0.05 for displacements in the
𝑥, 𝑦, and 𝑧 directions, respectively. The convergence time
of SR-PINOS is 45.5 s or approximately 4.8× of PINOS.
The relative 𝐿2 errors of the solution are 0.10, 0.08, and
0.15 for 𝑥, 𝑦, and 𝑧 directions, respectively. It is impor-
tant to point out that the error of displacement in the y
direction (𝑣) of SR-PINOS is less than that of PINOS. The
benchmark comparison emphasizes the performances
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KAEWNURATCHADASORN et al. 11

F IGURE 6 PINOS performance in the box problem. (a) PINOS is faster than ABAQUS when the mesh size is over Δ𝑥 = 0.04m. (b) The
trend of the relative 𝐿2 error converges when the mesh size is reduced.

of PINOS and SR-PINOS, which are further discussed in
Section 5.
Figure 6 extended the validation of the performance of

PINOS in terms of the convergence rate and relative 𝐿2
error. In Figure 6a, the comparison between PINOS and
an FE model by ABAQUS is demonstrated, in which the
mesh size varied from Δ𝑥 = 1∕12.5 m to Δ𝑥 = 1∕100 m.
We observed that at large mesh size (Δ𝑥 = 1∕12.5 m),
ABAQUS is faster than PINOS. However, PINOS starts
to exceed FEM speed when the mesh size is 1∕25 m.
When the number of nodes is large in a small mesh size,
PINOS also showed an exceeding performance compared
to ABAQUS. This shows the great potential of PINOS as
a numerical solver of complicated 3D problems, reduc-
ing simulation time while obtaining high accuracy of
the solution.

4 APPLICATIONS OF
PHYSICS-INFORMED NEURAL
OPERATOR IN DYNAMIC SOLID
MECHANICS PROBLEMS

In this section, we expanded our examination of PINOS
as a numerical solver and its performance in the super-
resolution task of dynamic solid mechanics. Our inves-
tigations were conducted on two specific problems: the
behaviors of spring masses and the propagation of waves.
We adopted the strong form of the governing equations as
mentioned in Section 2.3.2 and evaluated PINOS and SR-
PINOS with the analytical solutions of the problems. We
carried out the numerical experiments on the SQUID
platform with the Intel Xeon Platinum 8368 (Ice-
lake/2.4 GHz 38 cores) two CPUs, and a single unit

F IGURE 7 An oscillation system of three masses connected
with springs.

of NVIDIA A100. The reference architecture of PINOS
was retrieved from the FNO model (Li et al., 2021),
and the hyperparameters were adjusted and reported in
each subsection.

4.1 Ordinary differential equations of
spring masses

PINOS as a numerical solver of a dynamic solution of
the spring-mass system is performed. The system consists
of three masses connected by four massless springs on a
frictionless horizontal surface. We examined the dynamic
displacement (𝑢) and velocity (𝑢̇) within 10 s of 1/100 s
time step from the initial condition of the ODEs written in
Equation (19). Themasses are 1 kg (𝑚1 = 𝑚2 = 𝑚3 = 1 kg),
and the spring constants are set to be 𝑘1 = 𝑘4 = 2N/m and
𝑘2 = 𝑘3 = 1 N/m as illustrated in Figure 7.

OD𝐸1 ∶ 𝑚1𝑢̈1(𝑡) + 𝑘1𝑢1(𝑡) − 𝑘2 (𝑢2(𝑡) − 𝑢1(𝑡)) = 0,

OD𝐸2 ∶ 𝑚2𝑢̈2(𝑡) + 𝑘2 (𝑢2(𝑡) − 𝑢1(𝑡)) − 𝑘3 (𝑢3(𝑡) − 𝑢2(𝑡)) = 0,

OD𝐸3 ∶ 𝑚3𝑢̈3(𝑡) + 𝑘3 (𝑢3(𝑡) − 𝑢2(𝑡)) + 𝑘4𝑢3(𝑡) = 0.

(19)

The initial condition is givenwhen𝑚1 is pulled 1m to the x
direction (𝑢1 = 1) and other masses are not (𝑢2 = 𝑢3 = 0),
and all are not moving. The initial conditions are written
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12 KAEWNURATCHADASORN et al.

F IGURE 8 Results of PINOS and SR-PINOS on the 1D ODE of spring masses. The displacements of𝑚1,𝑚2, and𝑚3 are denoted by 𝑢1,
𝑢2, and 𝑢3, respectively. The reference solution was obtained from an analytical solution. PINOS solution was trained and obtained on the fine
time step with Δ𝑡 = 0.01 s. SR-PINOS was trained on Δ𝑡 = 0.05 s time step, and the solution was obtained at Δ𝑡 = 0.01 s time step.

in Equation (20).

𝐼𝐶1 ∶ 𝑢1(0) = 1, 𝑢̇2(0) = 0, 𝑢̇3(0) = 0,

𝐼𝐶2 ∶ 𝑢̇1(0) = 0, 𝑢̇2(0) = 0, 𝑢̇3(0) = 0.
(20)

The analytical solutions are derived in Equation (21)
for displacements, and their derivatives by time are the
velocity solutions.

𝑢1(𝑡) = (1∕6) cos(𝑡) + (1∕2) cos(
√
3𝑡) + (1∕3) cos(2𝑡),

𝑢2(𝑡) = (2∕6) cos(𝑡) − (1∕3) cos(2𝑡),

𝑢3(𝑡) = (1∕6) cos(𝑡) − (1∕2) cos(
√
3𝑡) + (1∕3) cos(2𝑡).

(21)

Figure 8 depicts the results of the numerical experi-
ments. In Figure 8a,c, the displacement and velocity are
represented at the top of the subfigures, and the bottom
of the subfigures shows the errors when the solutions
from PINOS were compared to the analytical solutions.
Figure 8a shows the ODE loss, and Figure 8d shows the
validation loss. It was observed that PINOS learned to
meet the initial conditions within a few hundred itera-
tions, while it took 4000 epochs to gradually converge the
validation loss. PINOS converged at 26.15 s or 4000 itera-

tions with a rate of 152.94 it/s. The relative 𝐿2 errors of the
dynamic displacements are approximately 0.01.
To investigate the super-resolution ability in a strong

form of governing equation loss in a dynamic system, SR-
PINOS was trained with 200 timesteps but validated with
1000 steps of 10 s. The model converged at 22.62 s or 3500
iterations with a rate of 154.67 it/s. The comparisons of
displacements and velocities are illustrated in Figure 8b,d.
The resolution of input length is increased by 5×, and SR-
PINOS showed good performance with a relative 𝐿2 loss
of nearly 0.09 for the displacements. However, the train-
ing time of SR-PINOS is not significantly different from
that of PINOS. The results of SR-PINOS suggested the
capability of the nonlinear interpolation of the solution
solver, which may provide benefits in the solid mechanics
dynamic system.

4.2 Wave propagation

In solid mechanics, the study of the propagation of waves
has been applied to seismic analysis and vibration test-
ing. In this work, we adopted PINOS models to solve the
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KAEWNURATCHADASORN et al. 13

F IGURE 9 Results of PINOS and SR-PINOS on the wave equations. The reference solution was obtained from an analytical solution.
PINOS solution was trained and obtained on the fine step with Δ𝑡 = 𝜋∕100 s and Δ𝑥 = 𝜋∕100m. SR-PINOS was trained on Δ𝑡 = 𝜋∕50 s and
Δ𝑥 = 𝜋∕50m step, and the solution was obtained at Δ𝑡 = 𝜋∕100 s and Δ𝑥 = 𝜋∕100m step.

problem. The wave propagation is considered a 2D prob-
lem because the displacement solution field (𝑢) is in the
spatial (𝑥) and time domain (𝑡). The propagation of waves
is physically written in Equation (22).

𝜕2𝑢

𝜕𝑡2
= 𝑐2

𝜕2𝑢

𝜕𝑥2
, (22)

where 𝑐 is wave speed, set to be 1 for our numerical
experiment. The boundary and initial conditions of the
numerical experiments are set to be Equation (23).

BC ∶ 𝑢(0, 𝑡) = 0, 𝑢(𝜋, 𝑡) = 0,

IC ∶ 𝑢(𝑥, 0) = sin(𝑥).
(23)

PINOS examined the propagation in 𝑥 ∈ [0, 𝜋] and 𝑡 ∈

[0, 𝜋]. The spatial and time frames are divided into 100
intervals and steps. To solve the 2D solution, we employed
the following model. The parameters and architecture of
2D FNO in this problem included 4 Fourier layers, 12
modes for both dimensions, 32 widths, a learning rate
of 0.0001, and a stop epoch at 10,000. The analytical
solution of the wave propagation system is expressed in
Equation (24).

𝑢 = sin
(𝜋𝑥
𝐿

)
cos

(𝜋𝑡
𝑇

)
= sin (𝑥) cos (𝑡). (24)

Figure 9 shows the numerical results and comparison of
PINOS and SR-PINOS with the analytical results. PINOS
was trained and validated on the step with Δ𝑡 = 𝜋∕100 s
and Δ𝑥 = 𝜋∕100 m. SR-PINOS was trained on the input
and output sizes ofΔ𝑡 = 𝜋∕50 s andΔ𝑥 = 𝜋∕50mstep and
validated on a Δ𝑡 = 𝜋∕100 s and Δ𝑥 = 𝜋∕100m.
Figure 9b,c shows the displacement solution on mesh

size Δ𝑡 = 𝜋∕100 s and Δ𝑥 = 𝜋∕100 m by PINOS and SR-
PINOS, respectively. The relative 𝐿2 error of PINOS is
0.002, and the relative 𝐿2 error of SR-PINOS is 0.013.

PINOS converged at 17.41 s or 2500 iterations with a rate
of 143.62 it/s, and SR-PINOS converged at 13.31 s or 2000
iterations with a rate of 152.31 it/s. The results emphasize
the potential of PINOS and SR-PINOS in the dynamic sim-
ulation of solid mechanics. The comparison of PINOS and
SR-PINOS is further reported in the next section.

5 DISCUSSION, COMPARISON, AND
EXTENSIONS

The previous sections present the performance of PINOS
and SR-PINOS in static elasticity and dynamic problems
for single and multidimensions. This section aims to pro-
vide a quantitative comparison of PINOS and SR-PINOS
in terms of accuracy and computational convergence time.
The accuracies were determined by a relative 𝐿2 error
by reference solutions of a problem, and the convergence
times were obtained when the relative 𝐿2 error converged
to 0.1 in the training. The models were experimented on
the Intel Xeon Platinum 8368 (Icelake/2.4 GHz 38 cores)
two CPUs and a single unit of NVIDIA A100 at Osaka
University SQUID. The reference solutions in the truss
were obtained in the analytical form in Equations (13)
and (14). The reference solutions in plane and box prob-
lems were obtained from the ABAQUS standard solver
(ABAQUS 2023) (Smith, 2009) conducted on a single Intel
i7-10870H CPU using the double-precision FE solver with-
out GPU acceleration. The reference solutions in ODE and
wave propagation were calculated in Equations (21) and
(24), respectively.
Table 1 shows the comparison of PINOS and SR-PINOS

in solid mechanics problems. PINOS generally showed
more accurate solutions than SR-PINOS when compared
to the reference solutions. In the truss under complicated
load, PINOS converged to the relative 𝐿2 error of 0.00005
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14 KAEWNURATCHADASORN et al.

TABLE 1 The comparison of PINOS, SR-PINOS, EPINN, and PINN.

Relative 𝑳𝟐 error Convergence time (s)
Problems Solution PINOS SR-PINOS EPINN PINN PINOS SR-PINOS EPINN PINN
Truss 𝑢 0.00005 0.035 0.022 0.161 0.90 0.33 427 5957
Plane 𝑢 0.091 0.250 0.286 0.8 7 6 253 5957

𝑣 0.018 0.054 0.092 0.9 7 6 253 5957
Box 𝑢 0.092 0.101 - - 220 45.5 - -

𝑣 0.102 0.106 - - 220 45.5 - -
𝑤 0.052 0.150 - - 220 45.5 - -

Spring 𝑢1 0.012 0.092 - 0.019 26.2 12.1 - 266
𝑢2 0.007 0.080 - 0.014 26.2 12.1 - 266
𝑢3 0.012 0.092 - 0.013 26.2 12.1 - 266

Wave 𝑢 0.002 0.013 - 0.003 17.7 13.3 - 60

Abbreviations: EPINN, exact Dirichlet boundary physics-informed neural network; PINN, physics-informed neural network; PINOS, physics-informed neural
operators solver; SR-PINOS, super-resolution physics-informed neural operators solver.

at 0.9 s, and SR-PINOS converged to 0.035 after 0.33 s. J.
Wang et al. (2023) reported that EPINN converged to 0.022
after 427 s on the sameGPU computing. In the plane under
eccentric stress, the solutions obtained from PINOS were
up to 0.091 and 0.018 relative 𝐿2 errors, and the conver-
gence time of PINOS was 7 s. SR-PINOS converged after
6 s with higher relative 𝐿2 errors of 0.25 and 0.05 in hor-
izontal and vertical displacement solutions. In the study
of J. Wang et al. (2023), EPINN converged after 253 s and
obtained the relative 𝐿2 errors of 0.14 and 0.045 for the
solutions while PINN did not converge after 5957 s. The
ABAQUS reference was obtained after 265 s of numerical
solving. In the box deformation, the reference solutions
were obtained after 4840 s.However, our PINOS converged
after 220 s, and the relative 𝐿2 errors of solutions in the x,
y, and z directions are 0.092, 0.102, and 0.054, respectively.
The convergence time of SR-PINOS is nearly 5× faster than
PINOS; however, the solution errors are 0.101, 0.083, and
0.156, respectively. These results emphasize the excellent
performance of PINOS and SR-PINOS in terms of accuracy
and time.
In dynamic problems, the relative 𝐿2 errors of PINOS in

the spring-mass system are 0.012, 0.007, and 0.012 for dis-
placement solutions of three masses, and the relative 𝐿2
errors of SR-PINOS are nearly 0.09. The convergence times
of PINOS and SR-PINOS are near with less than 4 s differ-
ence. In the same problem, PINN converged at 266 s with
an average relative 𝐿2 error of 0.014. This highlighted that
PINOS exceeded PINN performance, and the performance
of SR-PINOS is nearly comparable. In wave propagation,
PINOS converged after 26.2 s with 0.002 relative 𝐿2 error.
The convergence time of SR-PINOS was only 22.2 s at a
coarser mesh, and the relative 𝐿2 error of the solution was
0.013 in the same mesh as PINOS. The convergence rates
were observed to be relatively higher in dynamic problems
where time is sensitive. Although PINOS did not show

considerable improvement in terms of accuracy, PINOS
exceeded PINN performance in terms of training time. It
might be suggested to utilize the weak forms such as the
variational approach for PINOS to learn the least energy
dissipation of a system.
As PINOS outperforms PINN in truss and plane tasks,

the results are related to layers in the architecture. We
discuss that the advantages of PINOS include the FNO
structure and operational layers. In the structure, the
inputs and outputs are mesh-based which allows the com-
putation to directly obtain the solution function (𝑥, 𝑦)⟶
𝑢(𝑥, 𝑦). Furthermore, the solution allows the operational
layer to obtain the derivatives in a precise manner, which
further leads to the exact computation for loss and opti-
mization. Another advantage of PINOS from the archi-
tecture is the super-resolution capability. The mesh-based
structure of inputs and outputs allows the FNO architec-
ture to provide super-resolution results, which contributes
to the reduction of computational time in complicated
solid mechanics problems such as the box problem with
mesh size 0.01. While this paper shows the computational
efficiency of the proposed PINOS in static and dynamic
problems, the current developments are restricted by two
major limitations. First, the model encounters difficulty
in the irregular body and may not be efficient for the
computation related to complex geometric shapes. In
response to the limitation, geometry-aware and geometry-
informed architecture, namely Geo-FNO and GINO, were
proposed in a data-driven training (Li et al., 2022; Li
et al., 2023). In simulation-free methods, it is required to
incorporate geometry information of an irregular shape
in the architecture of PINOS. Second, the current pro-
posed model does not consider non-linear problems. The
neural-operator architecture has been observed to have
the capability of approximating operators raised in non-
linear PDEs in data-rich systems (Li et al., 2022). Thus,
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it is suggested to implement non-linear relationships of
materials in solidmechanics such as hyper-elasticity to the
physics-informed operation. With the capablity to rapidly
reconstruct solution domains, the non-linearity and dis-
covery of non-linear relationships will be exciting areas to
explore for the neural operator-based solver.
In addition to the current limitations, this study sug-

gests implementations to enhance the efficiency of the
framework, particularly in terms of accuracy and speed.
A fine-tuning approach to reduce simulation time in com-
plicated problems using the super-resolution and function
mapping capability of the FNO model. The approach will
start by training PINOS on a larger mesh, and when it con-
verges we then train the model on a smaller mesh. By the
suggested approach, the convergence time will be short-
ened as the learning on a larger mesh is faster, and PINOS
will be able to transfer the learning on a smaller mesh.
Furthremore, in the current development, the boundary
and initial conditions are soft constrained, as formulated
in the loss functions shown in Equation (5). The hard
constraints can be further studied to strongly enforce the
exact boundary and initial constraints to the framework. In
EPINN, J Wang et al. (2023) reported a notable reduction
of convergence speed because incorportaing the known
constraints information to the framework will reduce the
computational resources of the PINNs that learn the loss
functions of boundary and initial conditions.

6 CONCLUSIONS

This study proposes PINOS as a numerical solver and SR-
PINOS models for efficient and accurate simulations in
solid mechanics. Our framework adopts FNO architec-
ture and the super-resolution capability with the weak
form and the strong form of governing equations in
static and dynamic systems, respectively. Numerical exper-
iments assured superior performances over PINN and
ABAQUS software. The major contributions of this study
are summarised as follows:

1. This is the first work in neural operators without
labeled data contexts and examines the performances
of the strong and weak forms of governing equations in
solid mechanics.

2. PINOS exceeded PINN performance for 474× and 36×
in 1D and 2D static problems. PINOS also achieved
38× and 22× speed up of ABAQUS in 2D and 3D static
problems.

3. PINOS exceeded PINN performance at 10× and 3.4× in
1D and 2D dynamic problems.

4. The performance of SR-PINOS also demonstrated high
efficiency in static and dynamic simulations.

It is noteworthy that while this work shows remarkable
results in modeling tasks in solid mechanics, the future
scope can be extended to necessary developments which
include complex geometry, non-linear materials, and com-
putational enhancement of loss learning. These challenges
can be considered as the prospective goals of the work,
and addressing these limitations could result in a more
robust framework. Consequently, PINOS and SR-PINOS
will achieve significant contributions to applications in
engineering structures, which include but are not lim-
ited to interesting directions such as design optimization,
structural analysis, and digital twins.
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