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Abstract

Crack initiation, growth, and coalescence in flawed rocks have been extensively studied for 2D (planar, penetrating) flaws
under uniaxial/biaxial compression. However, little is known as to the mechanisms and processes of cracking from 3D
flaws under true triaxial compression, where the intermediate principal stress (o,) is distinguished from the major and
minor principal stresses. In this work, we systematically investigate the effects of ¢, on the 3D cracking behavior of rock
specimens with preexisting flaws, through the use of mechanistic simulations of mixed-mode fracture in rocks. We explore
how two characteristics of o,, namely, (i) its orientation with respect to the flaw and (ii) its magnitude, affect two aspects of
the cracking behavior, namely, (i) the cracking pattern and (ii) the peak stress. Results show that the orientation of o, exerts
more control over the cracking pattern than the flaw inclination angle. The peak stress becomes highest when ¢, is parallel
to the flaw, whereas it becomes lowest when o, is parallel to the flaw. Also, the effects of o, magnitude are more significant
when o, becomes more oblique to the flaw plane. On the basis of our observations, we propose mechanisms underlying the
cracking behavior of 3D flawed rocks under true triaxial compression.

Highlights

e The effects of the intermediate principal stress (o,) on the 3D cracking behavior of flawed rocks under true triaxial com-
pression are systematically investigated.

¢ The orientation of o, exerts more control over the cracking pattern than the flaw inclination angle.

e The effects of 6, magnitude become more significant when o, are more oblique to the flaw plane.

e Mechanisms underlying the cracking behavior of 3D flawed rocks under true triaxial compression are proposed based on
the observations made.

Keywords Rock fracture - Intermediate principal stress - True triaxial condition - Numerical investigation - Phase-field
modeling - Rock mass failure
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(a)

Dyskin et al., 2003

Fig. 1 Experimentally observed effects of the intermediate principal
stress on cracking patterns: a significant crack wrapping occurs when
the specimen is under uniaxial compression (Dyskin et al. 2003),

preexisting flaws in rocks and rock-like materials (e.g. Hoek
and Bieniawski 1965; Bombolakis 1968; Cotterell 1972;
Bobet and Einstein 1998b; Sagong and Bobet 2002; Park
and Bobet 2009; Wong and Einstein 2009b, c, d; Lee and
Jeon 2011; Morgan et al. 2013; Cheng et al. 2015; Zhang
and Zhou 2022). Commonly, these studies have com-
pressed specimens containing artificial flaws and observed
the ensuing process of crack growth and coalescence. They
have revealed a variety of cracking mechanisms (e.g. ten-
sile crack, shear crack, and mixed-mode crack) and how
they emerge differently according to the flaw configura-
tion, material type, and other factors. A number of studies
have also developed and used numerical models capable of
reproducing the cracking processes observed in experiments
(e.g.Ingraffea and Heuze 1980; Bobet and Einstein 1998a;
Wu and Wong 2012; Zhang and Wong 2013; Ha et al. 2015;
Lee et al. 2017; Bryant and Sun 2018; Fei and Choo 2021;
Fei et al. 2021; Choo et al. 2023). The simulation results of
these models have provided important insights that would be
impossible to obtain by physical experiments alone.

While the majority of the existing studies have focused
on flaws with 2D (planar, penetrating) geometry, 3D geo-
metrical features are common in many flaws in practice
(e.g. internally embedded flaws). As such, several studies
have investigated cracking from 3D flaws in rock and rock-
like materials, reporting some cracking patterns that do not
arise from 2D flaws. For example, Yin et al. (2014) and Lu
et al. (2015) have observed the development of petal cracks'

L' A petal crack refers to a shell-like 3D tensile crack that initiates and
propagates along the lateral edges of a preexisting 3D surface flaw.

2 Crack wrapping refers to a specific crack pattern where the wing
crack propagates along the circumference of a penny-shaped flaw
until it forms a complete curved crack plane wrapping the flaw.

@ Springer

Wang et al., 2018

whereas b cracking wrapping is absent when the specimen is under
biaxial compression (Wang et al. 2018)

from 3D preexisting surface flaws as well as standard wing
cracks. More recently, Zhou et al. (2018) studied how cracks
develop from two cross-shaped flaws embedded in 3D speci-
mens. They found a variety of substantial crack-wrapping
patterns” under different conditions.

Still, however, most studies of 3D cracking processes
have restricted their attention to a uniaxial stress condi-
tion in which the major principal stress (o) is only posi-
tive (compressive) and the other two principal stresses are
absent. However, the stress states of rocks in the field are
seldom uniaxial. Underground rocks are usually subjected
to a true triaxial stress state in which ¢; > ¢, > 63 > 0 (0,
and o; denote the intermediate and minor principal stresses,
respectively), and rocks at excavation boundaries are under
a biaxial stress condition in which 6, > 0, and o; = 0. Also
importantly, the intermediate principal stress determines the
direction of fracture. It has also been shown that ¢, con-
trols the angle of shear fracture or faulting (Haimson and
Rudnicki 2010; Shalev and Lyakhovsky 2018). A couple of
recent studies have also revealed how the orientation and
magnitude of o, affect the cracking behavior of rock speci-
mens with 2D flaws (Zhang et al. 2020; Lu et al. 2021).

A few studies have demonstrated the importance of ¢, to
3D rock cracking by conducting biaxial compression tests
on specimens containing internal flaws (e.g.Sahouryeh
et al. 2002; Wang et al. 2018; Dyskin et al. 2003). They
reported that the cracking patterns in the uniaxial and biaxial
compression cases were completely different. Under uni-
axial compression, significant crack wrapping occurred
in the specimens and the wrapped cracks did not lead to
splitting, see Fig. la. In contrast, under biaxial compres-
sion, such crack wrapping was not observed; instead, wing
cracks propagated along the direction of o, until they split
the specimens, as shown in Fig. 1b. Remarkably, the applica-
tion of o, led to the localized failure of the specimens which
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did not take place under uniaxial compression. As for the
reason for this marked difference, the authors suggested that
o, prevents crack wrapping and makes wing cracks grow in
the direction parallel to ¢,. However, their tests of flawed
specimens were limited to the case of 6, = ¢}, so it remains
unclear how the effect of ¢, on 3D cracking manifests dif-
ferently under various degrees of ¢,. Furthermore, as 65 = 0
in biaxial tests, the effect of o, on 3D cracking has not been
investigated under a true triaxial stress state, which is a more
common stress condition of rocks in sifu.

Although it has been found that both 3D geometry and
o, play critical roles in the cracking behavior of rocks, little
is known as to the mechanisms and processes of 3D crack-
ing in rocks under a variety of o, conditions in true triaxial
stress states Zhou et al. (2021a). This lack of knowledge
may be attributed to the extreme difficulty of characterizing
3D cracking processes under true triaxial conditions. Past
studies investigating cracking from flaws in rocks mainly
used experimental approaches. They found that the use of a
high-speed imaging system is essential to correctly identify
the mechanisms and nature of cracks, as shear cracks often
obscure preceding tensile wing cracks (Wong and Einstein
2009a). However, although a high-speed imaging system is
readily applicable to uniaxial compression tests in which the
lateral faces of the specimen are open, it cannot be applied
to true triaxial tests in which all of the lateral faces are cov-
ered by loading systems. As an alternative means, computer
simulations have been successfully utilized to investigate
the mechanisms and processes of cracking from flaws in
rocks, provided that the models faithfully incorporate the
key characteristics of rock fracture and hence reproduce
cracking processes as observed from experiments. However,
the computer simulation of 3D cracking from flaws has been
notoriously challenging, because it requires one not only to
capture arbitrarily propagating fractures in 3D but also to
distinguish their nature (i.e. tensile vs. shear).

The objective of the present work is to advance our
understanding of 3D cracking from preexisting flaws in
rocks in which o, is distinguished and varied. To this end,
here we leverage the double-phase-field method (Fei and
Choo 2021), a recently developed mechanistic model for
mixed-mode fracture in rocks. The double-phase-field model
is not only based on sound fracture mechanics principles
(Barenblatt 1962; Dugdale 1960; Palmer and Rice 1973;
Shen and Stephansson 1994), but it has also been validated
against a wide range of experimental data on mixed-mode
cracking in flawed rocks under compression (Fei and Choo
2021; Fei et al. 2021; Choo et al. 2023). Compared with
other numerical methods for rock fracture simulations,
the double-phase-field method has two standout features:
(i) it does not require any algorithms for tracking crack
geometry in 3D, and (ii) it naturally distinguishes between
tensile and shear fractures. The combination of these two

features makes the double-phase-field method an ideal tool
for investigating 3D cracking processes under true triaxial
conditions. In this work, we validate the double-phase-field
method against experimental data on 3D rock fracture and
perform a systematic investigation into the effects of o, on
the 3D cracking behavior of rock specimens with preexisting
flaws. Specifically, we focus on elucidating how the orien-
tation and magnitude of o, affect the cracking pattern and
peak stress of rock specimens with an internally embedded
flaw(s). Based on our observations, we propose mechanisms
underlying the cracking behavior of 3D flawed rocks under
true triaxial compression.

2 Methodology

In this section, we describe our methodology for investigat-
ing the effects of o, on the 3D cracking behavior of flawed
rocks under true triaxial stress conditions. We begin by reca-
pitulating the computational method employed for mecha-
nistic simulations of mixed-mode fracture in rocks. We then
validate the simulation method with two sets of experimental
data in the literature. Finally, we design a series of numerical
experiments to investigate the effects of o, in terms of its
orientation and magnitude.

2.1 Simulation Method

In this work, we make use of the double-phase-field method
(Fei and Choo 2021) for mechanistic simulations of mixed-
mode fracture in rocks. Among several other methods for
the same purpose, the double-phase-field method is selected
because it allows us to simulate and distinguish between ten-
sile and shear fractures without any algorithms for geometry
tracking. This feature is highly appealing for investigating
complex mixed-mode fractures in 3D.

As illustrated in Fig. 2, the double-phase-field method
diffusely approximates the discontinuous geometry of tensile
and shear fractures by introducing two distinct phase fields,
namely, d, for tensile fracture, and d;; for shear fracture. The
value of each phase field ranges from 0 to 1, where O repre-
sents an intact (undamaged) region and 1 represents a fully
fractured region.

In the double-phase-field method, the mixed-mode frac-
turing process is simulated by the evolution of the two
phase-fields. On the basis of fracture mechanics principles
(Barenblatt 1962; Dugdale 1960; Palmer and Rice 1973;
Shen and Stephansson 1994), the governing equations of the
two phase fields can be derived as (see Fei and Choo 2021
for the detailed derivation):

9

— &g (d))H; = —(2L* V- Vd; —2+2d;) =0, (1)
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Fig.2 Double-phase-field
approximation of the discon-
tinuous geometry of tensile
(in red) and shear (in blue)
fractures. After Fei and Choo
(2021) (Color figure online)

Sharp discontinuity of mixed-mode fractures

— g (dy)Hy — %(uz V- Vd,; —2+2dy;) =0. Q)
Here, L is the length scale parameter determining the size
of the phase-field approximation, G, and G, are the critical
fracture energies for tensile and shear fractures, respectively;
‘H; and H; are the crack driving forces for tensile and shear
fractures, respectively; and g, (d ,) and g;; (d,,) are the degra-
dation functions for tensile and shear fractures, respectively.
The specific expressions for the crack driving forces and
the degradation functions are presented in Appendix 1. The
reader is refereed to Fei and Choo (2021) for full details of
the double-phase-field formulation and its derivation.

The double-phase-field method has a few features that set
it apart from other phase-field models for fracture. First, it
clearly distinguishes between tensile and shear fractures as
they are represented by two different phase fields instead of
a single phase field. Second, the double-phase-field model
is formulated for quasi-brittle fracture rather than purely
brittle fracture. The upshot of the quasi-brittle formulation
is that the peak strength and softening behavior are not sen-
sitive to the phase-field length parameter, L, allowing it to
be regarded as a purely geometric parameter for phase-field
regularization. This is not the case in the majority of existing
phase-field models where L controls the strength and soften-
ing behavior and hence L should be “calibrated” despite its
origin as a geometric regularization parameter (see e.g.Choo
and Sun 2018a, b for discussions on this issue in the context
of geomechanics). Third, in the double-phase-field model,
the pressure dependence of frictional shear fracture and
sliding is explicitly incorporated based on contact mechan-
ics and fracture mechanics theory (Fei and Choo 2020a, b).
Given these features, the double-phase-field method is ide-
ally suited for this work.

The double-phase-field formulation can be numerically
solved through a standard nonlinear finite element proce-
dure. The details of the finite element procedure can be
found in Fei and Choo (2021), and they are omitted for brev-
ity. The numerical results in this paper are obtained with our
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dy (shear)

Double-phase-field approximation of mixed-mode fractures

in-house code for geomechanics used in Choo (2019); Choo
et al. (2021); Fei et al. (2022), which is built on the |deal.Ill
finite element library (Arndt et al. 2019).

2.2 Validation of the Simulation Method

While the double-phase-field method has been validated
against experimental data from compression tests on rock
specimens with preexisting flaws (see Fei and Choo 2021;
Fei et al. 2021 for details), the existing validations have been
limited to cracking from 2D flaws under uniaxial compres-
sion. Meanwhile, as explained earlier, no experimental data
is available for cracking from 3D flaws under true triaxial
conditions. Therefore, here we validate the double-phase-
field method against experimental data in two subsets of our
problem of interest: (i) cracking from 2D flaws under true
triaxial compression, and (ii) cracking from a 3D surface
flaw under uniaxial compression.

2.2.1 Cracking from Two Coplanar 2D Flaws Under True
Triaxial Compression

First, we validate the double-phase-field method for cracking
behavior under true triaxial compression. For this purpose,
we simulate a true triaxial compression test that Zhou et al.
(2021b) conducted on a fine sandstone specimen with two
coplanar 2D flaws. The experimental setup is depicted in
Fig. 3a. The specimen is a 100-mm-long cube containing
two coplanar, fully-penetrating flaws. Each flaw is 1 mm
wide, 16 mm long with a ligament length of 8 mm, and
inclined 45° from the horizontal. The true triaxial loading
path applied to the specimen is depicted in Fig. 3b.

Table 1 lists the material parameters used for simulating
the experiment. For those measured in Zhou et al. (2021b),
we adopt their values directly. For those not measured,
namely Young’s modulus (E) and the Mode I and II frac-
ture energies (G, and G,;), we calibrate them based on the
stress—strain data in Zhou et al. (2021b). Particularly, to
calibrate the fracture energies, we first set the reasonable
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Fig.3 Cracking from two (a) (b)
coplanar 2D flaws under o . A
true triaxial compression: 1 symmetrical plane 2
experimental setup (Zhou et al. W g
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Table 1. Cracking from two Parameter Symbol Unit Value References
coplanar 2D flaws under true
triaxial compression: material Young’s modulus E GPa 6.363 Calibrated from Zhou et al. (2021b)
parameters Poisson ratio v - 0.189 Measured in Zhou et al. (2021b)
Tensile strength o, MPa 5.75 Measured in Zhou et al. (2021b)
Cohesion c MPa 17.44 Measured in Zhou et al. (2021b)
Peak friction angle &, deg 38.9 Measured in Zhou et al. (2021b)
Residual friction angle o, deg 38.9 Measured in Zhou et al. (2021b)
Mode I fracture energy G, J/m? 98 Calibrated from Zhou et al. (2021b)
Mode II fracture energy Gn J/m? 1500 Calibrated from Zhou et al. (2021b)

ranges of their values in rocks according to data in the lit-
erature (Shen and Stephansson 1994; Bazant and Kazemi
1990). Then, within the ranges, we determine the values of
the fracture energies that make the simulated peak stress
closest to the experimentally measured one. It is confirmed
that the ratio of the fracture energies, G,/G,,, falls within its
typical range for rocks.

Taking advantage of symmetry, we model half of the
specimen. We set the phase-field length parameter as
L = 0.3 mm and refine elements near the flaw such that the
element size h satisfies L/h > 2, which results in around
5,500,000 hexahedral elements. From a mesh sensitivity
study described in Appendix 2, we confirm that the simula-
tion results show little dependence on the mesh as long as
L/h > 2. We then apply the true triaxial loading scheme
depicted in Fig. 3b, increasing the boundary tractions with
an increment of 0.5 MPa until they reach the prescribed val-
ues. During this stress-controlled loading stage, Points A and
B on the bottom surfaces are fixed for stability. Then, in the
final stage where o, is controlled by the displacement, we

apply a displacement increment of 1 X 107> mm on the top
surface, while fixing the bottom surface by rollers.

Figure 4 compares the simulation and experimental results
on cracking from two coplanar 2D flaws under true triaxial
compression. As can be seen from Fig. 4a, the cracking
pattern in the simulation is consistent with the experimen-
tal observation in terms of the crack type, crack geometry
and crack coalescence pattern. Specifically, as shown in
Fig. 4b, external tensile cracks and secondary tensile cracks
first nucleate from the outer tips of the flaws, followed by
the development of oblique shear cracks from both the inner
and outer tips of the flaws. Anti-wing cracks grow from the
shear crack fronts toward the ¢, loading direction. The flaws
directly coalesce through a shear crack, and coplanar shear
cracks initiate from the outer tips of the flaws and grow along
the flaw planes. Besides this agreement in cracking patterns,
the stress—strain curves in Fig. 4c also match remarkably well.
Thus it has been validated that the double-phase-field model
can well reproduce cracking processes under true triaxial
compression, in both qualitative and quantitative manners.
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Fig.4 Cracking from two
coplanar 2D flaws under true
triaxial compression. a Simu-
lated cracking patterns at the
peak stress and experimentally
observed cracking patterns at
the ultimate failure state. b Evo-
lution of 3D mixed-mode cracks
in the simulation. ¢ Stress—strain
curves from the simulation and
experiments. The experimental
results are redrawn from Zhou
et al. (2021b). (The experi-
mental stress—strain curve is
redrawn excluding the initial
nonlinear portion related to the
closure of preexisting defects at
the microscale.)
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2.2.2 Cracking from a 3D Surface Flaw Under Uniaxial
Compression

As our second validation problem, we consider the uniaxial
compression tests of Lu et al. (2015) on red sandstone speci-
mens with a 3D surface flaw. Figure 5 shows the setup of the
experiments. Each specimen is 70 mm wide, 20 mm long,
and 120 mm high, and it contains a surface flaw that is semi-
elliptic, 30 mm long, 0.65 mm wide, and inclined 45° from
the horizontal. We consider two cases with different flaw
depths, @ = 8 mm and 12 mm.

Table 2 presents the material parameters used in the
example. The elasticity parameters (E and v) and the cohe-
sion (c) are directly adopted from the experiments (Lu et al.
2015). However, the tensile strength (o,) and the peak and
residual friction angles (¢, and ¢,) are unavailable from
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the experiments. So we adopt their values from other tests
on red sandstone specimens (Yang et al. 2012; Zhang et al.
2021). The Mode I and Mode II fracture energies (G, and
G,;) are calibrated to match the peak stresses measured in
the experiments. The calibrated values and their mode mix-
ity ratio (G, /G,;) are within their ranges for real rocks (Shen
and Stephansson 1994; Hou et al. 2021; Nejati et al. 2021).

For numerical simulation, we set the phase-field length
parameter as L = 0.4 mm and discretize the domain in the
same way as the previous problem. As a result, the domain
is discretized by approximately 4,400,000 hexahedral ele-
ments (the specific element number depends on the flaw
depth). Regarding boundary conditions, the bottom surface
is supported by rollers, and Points A and B in Fig. 5 are
further constrained by pins for stability. Uniaxial loading
is uniformly applied on the top surface with a displacement
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Fig.5 Cracking from a 3D surface flaw under uniaxial compression:
experimental setup Lu et al. (2015)

increment of 2x 10~> mm. The lateral surfaces are
traction-free.

Figure 6 compares the simulation and experimental
results when the flaw depth a is 8 mm. It is noted that when
the experimental results of Lu et al. (2015) were redrawn,
far-field cracks were excluded as they developed during
unstable rupture, which is beyond the scope of this study.
As shown in Fig. 6a, the double-phase-field method can
reproduce the cracking patterns on the surface and differ-
ent sections observed from the experiment. In Fig. 6b, we
also show how 3D mixed-mode cracks develop from the
flaw and evolve until the peak stress, at the strains marked
in Fig. 6¢. From Fig. 6¢, one can also see that the simulated
stress—strain curve is similar to the experimental data.

In Fig. 7 we compare the simulation and experimental
results for the case of @ = 12 mm. It can be seen from Fig. 7a
that the simulated cracking patterns are again close to the
experimental results. The evolution of 3D mixed-mode

cracks in this case is presented in Fig. 7b. The stress—strain
curves in Fig. 7c also show good agreement. These results
validate that the double-phase-field model can faithfully
simulate cracking processes from a 3D flaw.

2.3 Design of Numerical Experiments

Having validated our simulation method, we now design a
series of numerical experiments to systematically investigate
the effects of ¢, on rock specimens with a preexisting 3D
flaw(s). To this end, we draw on the setup of the first valida-
tion example (cf.. Fig. 3), modifying the 2D flaws with 3D
internal flaw(s). Other factors such as the specimen size, the
loading scheme, and material parameters remain unchanged.

Figure 8 illustrates the geometry of specimens with single
or double internal flaws. These internal flaws are cylinders
with a diameter of 16 mm and a width of 1 mm, and the flaw
planes are parallel to the y direction. In the single-flawed
specimen, the internal flaw is located at the center of the
specimen. The minimum distance between the flaw edge
and specimen surfaces is 42 mm. In the double-flawed speci-
mens, the internal flaws are coplanar with a ligament length
of 8 mm located at the center of the specimen. The minimum
distance between the flaw edge and specimen surfaces is
around 31-36 mm. (The specific distance depends on the
flaw inclination angle).

In this work, we investigate the effects of o, in two
aspects: (i) its orientation with respect to the flaw(s), and
(ii) its magnitude. To study the effects of o, orientation, we
adopt the same ¢, and o5 (10 MPa and 5 MPa, respectively)
from the validation experiment. Under these constant ¢, and
05, we consider three cases of principal stress orientations (i)
0, — 0, — 03, (i) 65 — 0, — 05, and (iii) 6, — 0, — o5 (Written
in the sequence of 6, — 6, — o, defined in Fig. 8.) To study
the effects of o, magnitude, we consider six levels of o, to
cover the entire range from o, = 053 to 0, = 0;: 5, 10, 20,
40, 80 MPa, and o ., (In all cases, o3 = 5 MPa as in the
validation experiment.) Table 3 summarizes the details of
the parameter studies.

Table 2 Cracking from a 3D

o Parameter Symbol Unit Value References

surface flaw under uniaxial

compression: material Young’s modulus E GPa 13.5 Measured in Lu et al. (2015)

parameters . . .
Poisson ratio v - 0.26 Measured in Lu et al. (2015)
Tensile strength o, MPa 3.28 Measured in Zhang et al. (2021)
Cohesion c MPa 16.2 Measured in Lu et al. (2015)
Peak friction angle » deg 35 Measured in Yang et al. (2012)
Residual friction angle o, deg 32 Measured in Yang et al. (2012)
Mode I fracture energy G, J/m? 18 Calibrated from Lu et al. (2015)
Mode II fracture energy G J/m? 130 Calibrated from Lu et al. (2015)
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In the following sections, we investigate how the orien-
tation and magnitude of ¢, affect two aspects of cracking
behavior: (i) the cracking pattern and (ii) peak stress. With-
out ambiguity, we shall refer to the crack morphology at the
onset of failure (i.e. when o, reaches its peak) as the cracking
pattern. Also, for the sake of visualizing 3D internal cracks,
we define tensile cracks as regions where d; > 0.2 and shear
cracks as regions where d;; > 0.2.

@ Springer

3 Effects of the Orientation
of the Intermediate Principal stress

In this section, we examine how the orientation of ¢, affects
the cracking patterns and peak stresses in the single- and
double-flawed specimens. To this end, we shall compare the
simulation results in the following three cases: (i) when o, is
parallel to the flaw plane, (ii) when o, is oblique to the flaw
plane and o3 is parallel to the flaw plane, and (iii) when o, is
oblique to the flaw plane and o, is parallel to the flaw plane.
For a brief distinction between the latter two cases where o,
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Fig.7 Cracking from a 3D sur- (a)
face flaw under uniaxial com- >
pression: flaw depth a = 12 mm. i -
a Simulated cracking patterns at Petal ( \
the peak stress and experimen- Anti-wing crac:k Tensile .JJPetal cracK]
tally observed cracking patterns crack ~ ™ ; crack g
at the ultimate failure state. b I s ! i l' P
Evolution of 3D mixed-mode A i A ! Anti-wing crack
cracks in tl}e simulation. ¢ A ’L l A ' Section I1
Stress—strain curves from the Y \
simulation and experiments. 11 g __T_enSﬂe crack
The experimental results are Wing‘ crack )
redrawn from Lu et al. (2015). / i
(The experimental stress—strain Tensile -7 Potal
. . . ensile -
curve is redrawn excluding the > Surf: Section T crack /\‘ crack
initial nonlinear portion related urface ection Ed ~.
to the closure of preexisting 1.0 0.0 1.0 Wing crack Anct;;s/ﬁng
fe he mi le. i : ; ; .
defects at the microscale.) d; (tensile) . J— d,; (shear) Section ITI
(b)
Tensile crack
! p tensile
e
A B C D
(c)
60
—— Experiment
50| —— Simulation
E
~ 40
£
= C
> 30 5
g
220 A
10
0
0 0.1 0.2 0.3 0.4 0.5
Strain (%)

is oblique to the flaw plane, we shall refer to them with the
principal stress that is parallel to the flaw plane.

3.1 Cracking Patterns
3.1.1 Single Internal Flaw

Figure 9 presents the cracking patterns in the specimen con-
taining the flaw with @ = 45°, under three different cases of
principal stress orientations. The results show that the ori-
entation of principal stresses has a significant impact on the
crack patterns. When o, is parallel to the flaw plane (Fig. 9a),
tensile wing cracks initiate from the upper and lower flaw

tips, and a pair of planar shear cracks grow from the ten-
sile crack fronts in the flaw direction. On the other hand,
when o5 is parallel to the flaw plane (Fig. 9b), tensile wing
cracks initiate from the flaw edge, and other types of tensile
cracks—called fish-fin cracks in the literature (Adams and
Sines 1978)—emerge from the flaw center along the sym-
metrical plane. Meanwhile, several conjugate pairs of shear
cracks develop from the flaw. Lastly, when o, is parallel to
the flaw plane (Fig. 9c), almost no tensile cracks develop,
while two conjugate pairs of shear cracks grow from the
flaw surfaces.

Despite the apparent differences in the crack patterns,
there exist common mechanisms underlying the cracking
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Fig.8 Cracking from single and 74
double internal flaws under true @
triaxial compression: setup of

numerical experiments

O,

e Oy Gxe eax

o=

Single-flawed specimen

Double-flawed specimen

Table 3 Descriptions of the two numerical experiments in this work. (Note that 6, = 5 MPa in all cases.)

Case Purpose Number of internal  Flaw inclina- o, orientation (o, — 6, — 6,) 0, magnitude (MPa)
flaws tion angle (a)
1 To study the Single & Double ~ 15°,45°,75° 03—0,—0,0,—03—0,03—0,—0, 10
effects of 0,
orientation
2 To study the Single & Double ~ 45° 63— 0, =010, —03—0,03— 0, =0, 5(=03),10,20,40,80, 6} enx
effects of 0,
magnitude

pattern. First, tensile cracks propagate on the o, — o, plane.
This mechanism, which is consistent with the experimen-
tal observations in the literature (e.g.Sahouryeh et al. 2002;
Wang et al. 2018; Lu et al. 2021), can be explained by that
the tensile hoop stress is maximum on the ¢; — o, plane.
When o, is parallel to the flaw plane, however, the maxi-
mum tensile hoop stress is not high enough to trigger tensile
cracks, and hence tensile cracks do not develop. Second,
shear cracks propagate in the path that lies on the ¢; — o,
plane, being inclined to the o, direction with acute angles.
This is consistent with the experimental data of Zhou et al.
(2021b) and Zhang et al. (2023a), and it can be attributed
to that the shear stress is maximum on the o, — o5 plane. As
a result, when o, is parallel to the flaw plane, shear cracks
propagate parallel to the flaw plane. It would be worth noting
that the resulting shear failure zone looks similar to those
developed in intact rock specimens under true triaxial com-
pression (Ma and Haimson 2016; Ma et al. 2017; Zhang
et al. 2023b). However, when o, is oblique to the flaw plane,
shear cracks develop in directions different from the flaw
plane.

Figures 10 and 11 show the cracking patterns when the
flaw angle becomes changed to @ = 15° and a = 75°, respec-
tively. It can be seen that the flaw inclination angle has some
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minor influence. For example, when ¢, is more normal to the
flaw plane, the maximum hoop stress on the o, — o, plane
becomes larger, and so more tensile cracks develop. This
observation is in agreement with the experimental findings
of Zhang et al. (2023a). But the overall cracking patterns
are more or less the same as those in the a = 45° case. This
similarity indicates that the patterns of cracking from a sin-
gle flaw are mainly dominated by the orientation of principal
stresses rather than the flaw inclination angle.

3.1.2 Double Internal Flaws

In Fig. 12 we examine the cracking patterns in the specimen
with two internal flaws of @ = 45°. Our focus here is how
the crack coalescence—absent in the single-flawed speci-
mens discussed previously—is affected by the orientation
of principal stresses. When o, is parallel to the flaw plane
(Fig. 12a), the two flaws coalesce through mixed-mode
cracks. When o5 is parallel to the flaw plane (Fig. 12b), the
two flaws coalesce through shear cracks. When o, is paral-
lel to the flaw plane (Fig. 12c¢), the two flaws do not coa-
lesce. These results consistently indicate that the patterns
of crack coalescence change according to how tensile and
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Fig.9 Cracking patterns in the single-flawed specimen with a = 45°.
a o, is parallel to the flaw plane. b o5 is parallel to the flaw plane. ¢ o,
is parallel to the flaw plane

shear cracks are affected by the orientations of o, and other
principal stresses.

Figures 13 and 14 show the cracking patterns when
the flaw inclination angle becomes a = 15° and a = 75°,
respectively. As in the previous case, the two flaws coalesce
through mixed-mode cracks when o, is parallel to the flaw
plane (Figs. 13a and 14a), and they do not coalesce when o,
is oblique to the flaw plane and o, is parallel to the flaw plane
(Figs. 13c and 14c). In these two cases, the flaw angle has
little influence on the crack coalescence. However, when o,
is oblique to the flaw plane and o5 is parallel to the flaw plane
(Figs. 13b and 14b), the flaw angle exerts dominant control
over the crack coalescence. When a = 15° (Fig. 13b), the
two flaws still coalesce through shear cracks like the previ-
ous case of a = 45°; however, when a = 75° (Fig. 14b), the
two flaws no longer coalesce. These results suggest that the

tensile shear

Fig. 10 Cracking patterns in the single-flawed specimen with
a = 15°. a o, is parallel to the flaw plane. b o3 is parallel to the flaw
plane. ¢ o, is parallel to the flaw plane

flaw inclination angle may have a significant impact on the
coalescence of preexisting flaws under certain conditions.

3.2 Peak Stresses

Turning our attention to the peak stress (i.e. the magnitude
of o, at failure), in Fig. 15 we compare the peak stresses
in the single- and double-flawed specimens. It can be seen
that for a given inclination angle, the peak stress is high-
est when o is parallel to the flaw plane, while it is lowest
when o, is parallel to the flaw plane. This trend is consistent
with the experimental observation by Lu et al. (2021), where
peak stresses are lower when o, is parallel to the flaw plane.
Also, except when o, is parallel to the flaw, the peak stress
generally decreases as the inclination angle becomes lower.
This variation is also consistent with how the peak stress in
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Fig. 11 Cracking patterns in the single-flawed specimen with @ = 75°
under different o, orientations. a o, is parallel to the flaw plane. b o,
is parallel to the flaw plane. ¢ o, is parallel to the flaw plane

flawed rocks under uniaxial compression changes with the
flaw angle (Lee and Jeon 2011). It is also noted that, as the
flaw inclination angle changes, the degree of the effect of ¢,
orientation becomes different. Specifically, the effect of the
o, orientation becomes greater as the flaw inclination angle
becomes lower.

The variations in the peak stress with the principal stress
orientations can be related to how the cracking patterns
change. When o, is parallel to the flaw plane, planar shear
cracks develop along the flaw plane. Since the flaw is a weak
zone, the strengths of a flawed specimen must be lowest
when it fails along the flaw plane. Meanwhile, when o is
parallel to the flaw plane, the number of developed cracks
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tensile shear

Fig. 12 Cracking patterns in the double-flawed specimen with
a = 45°. a 0, is parallel to the flaw plane. b o; is parallel to the flaw
plane. ¢ o, is parallel to the flaw plane

is the smallest, and hence the strength is higher than the
other cases.

4 Effects of the Magnitude
of the Intermediate Principal Stress

In this section, we investigate how the magnitude of o,
controls the cracking patterns and peak stresses under
different orientations of principal stresses. Depending on
the relative magnitude of ¢, with respect to ¢, and o3, we
shall classify the loading conditions into three regimes:
(i) triaxial compression (o, > ¢, = 03), (ii) true triaxial
compression (o; > ¢, > 03); and (iii) triaxial extension
(0, =0, > 03).
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Fig. 13 Cracking patterns in the double-flawed specimen with
a = 15°. a o, is parallel to the flaw plane. b o, is oblique to the flaw
plane and o5 is parallel to the flaw plane. ¢ o, is oblique to the flaw
plane and o, is parallel to the flaw plane

4.1 Cracking Patterns
4.1.1 Single Internal Flaw

Figure 16 presents the cracking patterns (crack morphol-
ogy at failure) in true triaxial tests conducted with differ-
ent magnitudes of o,, in case o, is parallel to the flaw. To
better illustrate the transition of the cracking patterns, the
figure also includes the Mode-I and Mode-II phase-field
values in two sections: one parallel to the o; — o5 plane
and the other parallel to the o, — ¢, plane. The results
show that when o, is equal to o5 (triaxial compression),
wrapping cracks develop. However, when o, is greater
than o5 (true triaxial compression), localized shear cracks
grow without wrapping. This difference is similar to how
cracking patterns in 3D flawed specimens are different

Fig. 14 Cracking patterns in the single-flawed specimen with
a =75°. a o, is parallel to the flaw plane. b o; is parallel to the flaw
plane. ¢ o, is parallel to the flaw plane

under uniaxial and biaxial compression (Sahouryeh et al.
2002). As for the reason, recall that tensile cracks grow
on the o, — o, plane, and shear cracks grow on the ¢, — o5
plane. When o, = o5 (triaxial or uniaxial compression),
there exist two planes for tensile/shear cracks to propagate.
As such, cracks from the flaw edge tend to grow in these
two planes, resulting in crack wrapping. However, when
0, > o5 (true triaxial or biaxial compression), only a single
plane exists for tensile/shear cracks to grow, and therefore
wrapping does not occur. As the magnitude of ¢, becomes
higher, the localized shear fracture zone becomes larger,
with more or less the same cracking pattern.

In Fig. 17 we show the cracking patterns when o, is
oblique to the flaw plane and o3 is parallel to the flaw.
It can be seen that when o, is oblique to the flaw plane,
the effect of the o, magnitude becomes much more sig-
nificant. In the triaxial compression regime where o, = o,
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Fig. 15 Effects of o, orientation on peak stresses. a Single-flawed specimens. b Double-flawed specimens

(Fig. 17a), branching shear cracks develop from the flaw
edge (similar to the case of flaw-parallel 0,, see Fig. 16a).
As the magnitude of o, increases (Fig. 17b—f), however,
multiple shear cracks grow in a conjugate manner, and ten-
sile fish-fin cracks emerge. The emergence of these fish-fin
cracks can be attributed to an increase in the normal stress
on the flaw surface, which is o, here.

Figure 18 shows how cracking patterns are affected by
the magnitude of o, when o, is parallel to the flaw. The
magnitude of o, also has notable effects in this case. In
the triaxial compression where ¢, = o5 (Fig. 18a), conju-
gate shear cracks propagate in the direction perpendicu-
lar to the flaw surface. As the magnitude of o, increases
(Fig. 18b—e), the propagation direction of the conjugate
shear cracks becomes more parallel to the orientation of
0,. When o, is increased to be the same as o, (Fig. 18f),
shear cracks propagate parallel to the plane of the exist-
ing flaw, like the case of flaw-parallel o, (Fig. 16f). In this
orientation of principal stresses, tensile cracks are insig-
nificant when o, < 10 MPa (Fig. 18a-b). However, as the
magnitude of o, increases (Fig. 18c—d), it is observed that
tensile cracks initiate near the flaw surface on the sym-
metrical plane. As the magnitude of o, approaches that
of o, (Fig. 18e—f), tensile cracks grow from the upper and
lower flaw tips, analogous to when o, is parallel to the
flaw (Fig. 16f).

4.1.2 Double Internal Flaws

Next, we examine how the magnitude of o, affects the mech-
anisms of crack coalescence in double-flawed specimens.
Figure 19 shows the cracking patterns in double-flawed
specimens subjected to different magnitudes of o,, when o,
is parallel to the flaws. As in the single-flawed specimen, the
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magnitude of ¢, has minor effect on the cracking patterns
under this orientation of principal stresses. Tensile cracks
initiate from the flaw tips and grow along the flaw edge and
the o, orientation, and shear cracks propagate along the flaw
plane. The magnitude of ¢, does not significantly alter the
mechanism of crack coalescence.

Figure 20 shows the cracking patterns when o5 is par-
allel to the flaws. In this case, the magnitude of o, has a
marked effect on the cracking patterns. As the magnitude
of o, increases, conjugate shear cracks develop and ten-
sile fish-fin cracks emerge, as in the single-flawed case
(Fig. 17). As a result, the crack coalescence mechanisms in
the triaxial compression regime (Fig. 20a) and other regimes
(Fig. 20b—f) are quite different.

In Fig. 21 we present the effect of the o, magnitude when
o, is parallel to the flaws. The overall cracking patterns and
their dependence on the magnitude of ¢, are more or less
the same as those in the single-flawed case (Fig. 18). When
0, < 40 MPa (Fig. 21a—d), the internal flaws do not coalesce,
as observed previously in Figs. 12, 13 and 14. However,
when o, > 80 MPa (Fig. 21e-f), the internal flaws coalesce
through mixed-mode cracks. This difference indicates that
a high o, (close to o) can lead to a transition in the crack
coalescence mechanism when o is parallel to the flaws.

4.2 Peak Stresses

In Fig. 22 we plot the peak stresses in the single- and dou-
ble-flawed specimens compressed with different magnitudes
of 0,. The figure shows that the peak stresses are more or
less the same in the two types of flawed specimens and that
their variation with the magnitude of ¢, depends on what
principal stress is parallel to the flaw. When o, is parallel
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Fig. 16 Cracking patterns
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to the flaw, the magnitude of o, has little influence on the
peak stress. However, when o5 is parallel to the flaw, the
peak stress shows a notable increase when o, increases from
5 MPa to 10 MPa (i.e. when the loading regime changes
from triaxial compression to true triaxial compression).
Conversely, when o, is parallel to the flaw, the peak stress
exhibits a sharp decrease when o, increases from 80 MPa to

o, (i.e. when the loading regime changes from true triaxial
compression to triaxial extension).

In the literature, it has been agreed that the observed
effects of o, on the macroscopic responses of “intact”
rocks are primarily due to flaws in the rocks rather than
an intrinsic property (Wiebols and Cook 1968; Haim-
son 2006; Kwasniewski 2013; Browning et al. 2017).
Considering this, it would be interesting to examine how
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Fig. 17 Cracking patterns

in single-flawed specimens
under different magnitudes of
0,, when o5 is parallel to the
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the effect of the o, magnitude manifests when the peak
stresses in the three stress orientations are averaged. For
this purpose, the averaged peak stresses are also drawn in
Fig. 22 as dashed lines. It can be seen that the average of
peak stresses exhibits an ascending-then-descending trend
with an increase in o,, which is analogous to how the rock
strength varies with ¢, in true triaxial compression (see

@ Springer

e.g.Haimson and Chang 2000; Colmenares and Zoback
2002; Ma and Haimson 2016). This observation supports
the finding of Wiebols and Cook (1968) that the varia-
tion of the strength of “intact” rock specimens with ¢, can
be attributed to cracking from randomly oriented flaws
therein.
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Fig. 18 Cracking patterns
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5 Mechanisms Underlying the Cracking
Behavior Under True Triaxial Compression

In this section, we propose mechanisms underlying the
cracking behavior—tensile fracture, shear fracture, and the
peak stress—of 3D flawed rocks under true triaxial com-
pression, based on the observations made in Sects. 4 and
5. For this purpose, let us consider two stresses exerted on

a 3D internal flaw—a normal stress oy and a shear stress
7 on the flaw plane—in a rock subjected to true triaxial
compression, as illustrated in Fig. 23. Assuming that the
flaw is closed and intact as in the work of Wiebols and
Cook (1968), the specific expressions for oy and 7 can be
written in terms of 6, and o, as

oy = 0.5(cos 2a + 1)o, + 0.5(1 — cos 2a)o,, (3)
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Fig. 19 Cracking patterns

in double-flawed specimens
under different magnitudes of
0,, when o, is parallel to the
flaw. ao, = 03 = 5MPa. b
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r =0.5sin2a(c, - 0,). @) 5.1 Mechanism of Tensile Fracture: Control
of the Normal Stress on the Flaw

In the following, we discuss how the individual or combined

effect of oy and 7 can explain the cracking patterns and peak  First, we propose that a higher o promotes the propagation

stresses characterized in this study. of tensile cracks from the flaw. This is because a higher oy
tends to expand the flaw in the radial direction, giving rise
to higher tensile hoop stresses along the flaw edge. Con-
sequently, the tensile crack can initiate earlier on the flaw
and have more propagation. This mechanism explains why
tensile fractures appear in Fig. 9a—b, whereas they are absent
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Fig.20 Cracking patterns
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under different magnitudes of
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in Fig. 9c in which o, = o, gives a lower oy than the first
two cases with o, = ¢ according to Eq. (3). The same trend
can also be observed in other cases with different inclina-
tion angles, see, e.g. Figs. 10 and 11. Therefore, the mecha-
nism proposed here is consistent with observations made
in Sect. 4.

5.2 Mechanism of Shear Fracture: Control
of the Coulomb Stress on the Flaw

Second, we propose that shear cracks tend to propagate more

along the flaw plane that has a higher Coulomb stress. The
Coulomb stress can be written as Cocco and Rice (2002)
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Fig.21 Cracking patterns

in double-flawed specimens
under different magnitudes of
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OCoulomb+ = 7 — HON
= 0.5(sin 2a — p cos 2a — p)o, )
+ 0.5(u cos2a — u — sin2a)o,..

It can be seen that the Coulomb stress represents the excess
of the shear stress beyond the frictional strength. Therefore,
a higher Coulomb stress on the flaw plane leads to more
sliding (Mode II motion) and hence a higher tendency to
generate shear cracks along the flaw plane. This mechanism
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can be corroborated by the different shear crack patterns
observed in Fig. 9a—c. Specifically, one can observe shear
fracture propagation along the flaw plane when o, = o,
(Fig. 9a) which gives the highest Coulomb stress according
to Eq. (5). By contrast, Fig. 9b—c show that shear cracks
deviate significantly from the flaw plane, as the maximum
Coulomb stress does not align with the flaw plane in these
two cases.
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5.3 Mechanism of Peak Stress: Control
of the Mixed-Mode Cracking Pattern

Third, we propose that there is a correlation between the
peak stress and the mixed-mode cracking pattern. It is
known that the failure of the specimen is mainly triggered
by the development of critical shear cracks around the flaw,
especially those along the flaw plane (Wong 2008). There-
fore, it can be postulated that the peak stress is lower when
the shear crack plane overlaps the flaw plane more (i.e. shear
cracks more parallel with the flaw), as the open flaw has no
strength and thus provides little resistance to shear loading.
This can be evidenced by the effects of ¢, orientation in
Fig. 15: When o, is parallel to the flaw, i.e. potential shear
cracks more aligned with the flaw plane, the peak stress is
consistently the lowest. As for the effects of the tensile frac-
ture, we can conjecture that the peak stress may be higher
when more tensile cracks are generated from the flaw. This
is because tensile fractures from the flaw commonly grow

in a stable manner (Bobet and Einstein 1998b; Wong and
Einstein 2009d), thus they do not have detrimental effects
on material stiffness and strength. See Figs. 6 and 7 where
the slopes of the pre-peak stress—strain curves show mar-
ginal changes despite the significant development of tensile
cracks. Additionally, tensile crack propagation could release
the stress around the flaw; it thus impedes the growth of
more shear cracks and eventually delays the failure of the
specimen.

Combining the mechanisms of tensile and shear fractures
discussed earlier, we propose the Coulomb-to-normal stress
ratio as a quantitative measure of the effects of the mixed-
mode cracking pattern on the peak stress, as

O Coulomb — sin 2«
oN cos2a + (o, +0,)/(0, —0,)

T H Q)

Based on the postulated relationship between the peak stress
and the mixed-mode cracking pattern, we suggest that the
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peak stress is higher when this stress ratio is lower. Also
notably, because this Coulomb-to-normal stress ratio is a
function of the principal stresses (i.e. 6, and 0,), it can help
explain the effects of the orientation and magnitude of o,
on the peak stress. Specifically, the peak stress variations
observed in this study can be explained as follows.

e In Fig. 15, the peak stress shows a large variation
with the flaw inclination angle when o, or o5 is paral-
lel to the flaw (i.e. 6, =0, Or 03), whereas it remains
nearly constant when o, is parallel to the flaw
(i.e. 0, = oy). This is because when 6, = o, or o3, the
value of (o, + 0,)/(0, — 0,) is almost equal to 1 since
o, (= oy > 90 MPa) is much larger than o, (10 MPa)
and o5 (5 MPa). As a result, the stress ratio defined in
Eq. (6) is more sensitive to the flaw inclination angle
and so leads to a larger difference in the peak stress. By
contrast, when o, = oy, the value of (¢, + ¢,)/(c, — 0,)
in the denominator of Eq. (6) becomes greater,
ie.(0,+0,)/(c,—0,) = (0, +03)/(0, — 03) = 3. In this
case, the stress ratio is less sensitive to @ and thus results
in smaller changes in the peak stress.

e Figure 22 shows how the peak stress varies with the mag-
nitude of o, under three cases of principal stress orien-
tations. As discussed in Sect. 5, when o, is parallel to
the flaw, the peak stress manifests little variation with
the magnitude of 6,. This can be explained by that the
Coulomb-to-normal stress ratio remains unchanged in
this case. When o5 is parallel to the flaw, the peak stress
increases with the o, magnitude. This can be explained
that as o, = o0, increases, the stress ratio decreases (the
denominator increases) and makes the peak stress higher.
Conversely, when o, is parallel to the flaw, the peak
stress decreases with the magnitude of ¢,. This can be
explained by that as o, = o, increases, the stress ratio
increases (the denominator decreases), and the peak
stress becomes reduced.

As explained above, the proposed Coulomb-to-normal stress
ratio is not only a reasonable indicator for the control of
mixed-mode cracking pattern on the peak stress of a flawed
specimen under true triaxial compression, but it also pro-
vides insight into the effects of the orientation and magni-
tude of ¢, on the peak stress.

6 Conclusions

This study has performed a numerical investigation into the
effects of the intermediate principal stress (o,) on the 3D
cracking process in flawed rocks under true triaxial compres-
sion. Through the use of a fracture-mechanics-based and
well-validated simulation method for mixed-mode fracture,
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we have investigated how the orientation and magnitude of
o, affect the cracking patterns and peak stress. Based on the
results of the investigation, the following conclusions can
be drawn:

1. The orientation of o, has significant effects on the crack-
ing pattern of flawed rocks under true triaxial compres-
sion. Tensile cracks propagate on the 6; — o, plane, and
shear cracks propagate along the path that lies on the
o, — o3 plane.

2. In most cases, the orientation of principal stresses has
a greater effect on the cracking pattern than the flaw
inclination angle.

3. The orientation of o, also controls the peak stress in
flawed rocks under compression. The peak stress is high-
est when o is parallel to the flaw, whereas it is lowest
when o, is parallel to the flaw.

4. The magnitude of o, affects the cracking pattern and
peak stress differently depending on the orientation of
principal stresses. The effect of the o, magnitude is sig-
nificant when o, is oblique to the flaw plane, whereas it
is marginal when o, is parallel to the flaw.

5. Three mechanisms are proposed to explain the observed
o, effects on the cracking behavior of 3D flawed rocks
under true triaxial compression. They are: (i) the tensile
fracture is controlled by the normal stress on the flaw;
(ii) the shear fracture is controlled by the Coulomb stress
on the flaw; and (iii) the peak stress is controlled by the
mixed-mode cracking pattern which can be explained by
the Coulomb-to-normal stress ratio.

Appendix 1: Double-phase-field formulation
for 3D mixed-mode fracture in rocks

This appendix provides detailed explanations of the for-
mulation of the double-phase-field model.

Appendix 1.1: Governing Equations

The governing equations of the double-phase-field model
are derived from microforce theory for phase-field mod-
eling of fracture (da Silva Jr et al. 2013). The two micro-
force balance equations for tensile and shear fractures are
given by

v, (Qwted, Vdydy, Vdy)\ _ oy(e.dy, Vdp,dy, Vdy)
ovd, ad,

= 0 (Microforce balance for tensile fracture),

)
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y. (Qwied, Vi dy, Vdy)\ _ oy(e,dy, Vdp,dy, Vdy)
ovd, od,

= 0 (Microforce balance for shear fracture),

(3)
where y(e,d;, Vd,,dy, Vd,;)is the potential energy density
and € is the (infinitesimal) strain tensor.

The potential energy density in Egs. (7) and (8) is decom-
posed into three parts as

w=y+y +yl, ©

where y¢ is the elastic strain energy, w' is the energy dis-
sipation due to frictional sliding along a crack, and w¢ is
the energy dissipation due to the generation of a new crack
surface. The external energy due to body forces is ignored
here. The specific expressions of these energy densities are
presented below. (For brevity, their mathematical derivations
are omitted and referred to Fei and Choo 2021.)

Strain energy Due to the incremental nonlinearity of the
phase-field model for frictional shear fracture (Fei and Choo
2020a, b), the strain energy density is formulated in its rate
form, as

Ii/e = [gl(dl)a-;— + g”(d,,)é';'] + 6'_] . 6" . (10)

Here, 6'? and 6'; denote the tensile and shear parts of the
undamaged stress tensor &, respectively. The remaining
stress term 6~ =6 — 6'1+ - 6';; is the pure compression part
which does not contribution to fracturing. Detailed expres-
sions for these stress components can be obtained consider-
ing the direction and contact condition of the crack, see Fei
and Choo (2021).

Frictional dissipation The rate of the frictional dissipa-
tion is calculated according to the crack’s contact condition

as

0 if open,
if stick, (11)

=30
[1 _gll(du)] 7.y if slip,

W=

where 7, is the residual frictional strength of the crack, and
y is the total shear strain in the slip direction.

Fracture dissipation The fracture energy dissipation is the
sum of the energy dissipation associated with the creation of
tensile crack surface, u/f, and that associated with the crea-
tion of shear crack surface, wl‘}, as

vl =y +y. (12)
The two fracture dissipation terms can be expressed as

9

— [2d, —d}) + L*(V d))], (13)

ll/;i = glrd, =

gll

— [@d), - d2) + L*(V d,), (14)

Wﬁ = gllrd,, =
where I'; and I'; are the crack density functions used for
phase-field regularization of tensile and shear fractures,
respectively. For both of them, we adopt the specific form
proposed by Wu (2017) for cohesive phase-field fracture.
Inserting the above energy densities into Egs. (7) and (8),
we arrive at the following form of the governing equations

—g/(d)H,; - %(2L2 V- Vd, —2+2d;) =0, (15)
' gII 2
—g (dyHy — — (2L*V- Vd, -2 +2d;) =0, (16)

which are the same as Egs. (1) and (2). Here, H, and H,, are
crack driving forces for tensile and shear fractures, respec-
tively. In the following, we describe crack driving forces
suitable for mixed-mode fracture in quasi-brittle rocks.

Appendix 1.2: Crack Driving Forces for Mixed-Mode
Fracture in Quasi-Brittle Rocks

The crack driving forces of the double-phase-field model
are derived from the F-criterion proposed by Shen and
Stephansson (1994) for mixed-mode fracture in rock. In
essence, the F-criterion asserts that mixed-mode fracture
takes place such that it maximizes the energy dissipation.
In the context of the double-phase-field formulation, it can
be represented as

H,(e,0) Hy(e,0)
+ .
g] g[[
a7
Here, 0 is defined as the angle between the crack normal
direction and the major principal stress direction on the slip
plane, and it enters the calculation of elastic strain energy
w® and frictional dissipation y'.

Based on the F-criterion and the governing equations, the
tensile and shear crack driving forces are formulated accord-
ing to the damage state and the contact condition. Specific
expressions for the four possible cases are presented below.

Intact (undamaged) condition In quasi-brittle materials,
damage is assumed to develop only when the stress reaches
tensile or shear strength. To impose this behavior, we set
‘H; and 'H; as their thresholds calculated by the tensile and
shear strengths, namely

0= argmglx [FO)]|., with F(O) :=
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0 = argmax[7(0) — 7,(0)],

Hy=H,, = zialf - ; (23)

Hoo=H, = K (t, —7.)° if intact, (18) where 7 is the shear component of the undamaged stress &

o S TeR in the crack direction, and , is the residual shear strength

where M := K + (4/3)G is the 1D constrained modulus,
with K and G denoting the bulk and shear moduli, respec-
tively. Also, 6, 1s a constant tensile strength, and 7, and 7, are
the peak and residual shear strengths, respectively. Adopting
the Mohr-Coulomb criterion, the peak and residual strengths
are expressed as

T, = Co + pytan b, (19)

T, =PN tan (p’ (20)

where py is the normal pressure, ¢ is the cohesion, and ¢
is the frictional angle. By setting these crack driving forces
to their thresholds and employing degradation functions of
particular form (explained in the next section), Egs. (15) and
(16) enforce zero damages (i.e. d; = 0 and d;; = 0) before the
stress reaches strength.

Open condition When the crack is open, maximizing F
leads to 8 = 0, see Fei and Choo (2021) for detailed deriva-
tion. This suggests that if the potential contact state is an
open condition, the crack should grow in its normal direc-
tion aligned with the major principal stress direction. In this
case, we have

1

-1 =
= M°1 % if open, (1)
HH =0

where &, is the major principal stress. Note that in this case,
the shear crack driving force is zero because shear stress is
absent on the principal stress plane.

Stick condition When the crack is closed and stick, we
have 5';“ = 6',*, = 0 because both compressive and shear
stresses can be transferred across the crack surface with-
out degrading any stress components. Thus, in this case
ow°/ad, = ow*/ad, = 0. Also, there is no frictional dis-
sipation, i.e. w! = 0. Therefore, we obtain

H; =0 | .. ..
Hy =0 } if stick. (22)

Slip condition When the crack is closed and undergoing
slip, H; = 0 because tensile stress is zero (i.e. 6';' =0). As
a result, maximizing F in this case is equivalent to maxi-
mizing H;;. According to the phase-field formulation for
frictional shear fracture (Fei and Choo 2020b), the maximi-
zation task eventually becomes

@ Springer

introduced in Eq. (20). Under a plane strain condition, it is
straightforward to get

_as0_ 9
6=45 - . (24)

Under a 3D condition, the problem becomes a bit more
complicated because there is an infinite number of planes
that satisfy the condition described above. Therefore, for 3D
problems, we introduce another condition that the potential
crack path lies on the o, — o5 plane, because this plane pro-
vides the maximum deviatoric stress as can be easily seen
in the Mohr Circle. Having specified the direction of shear
fracture, we can evaluate the undamaged shear stress and the
shear strain in the crack slip direction, 7 and y, respectively.
Eventually, we obtain

H, =0 — . 7

[0.5emIH,, = Hy, + Hy } if slip, with Hg;, 1= A (T —r1.)dy.
(25)

Here, H;, represents the crack driving force accumulated

during the post-peak slip process, and y,, is the shear strain in

the slip direction when 7 = 7,,. Expanding H;, gives

¥ v
/ Tdy - / T.dy .
7 7 (26)

P P
—— ——

release of stored energy  frictional dissipation

Hslip =

As discussed in Fei and Choo (2020b), the above equation is
consistent with the fracture mechanics theory proposed by
Palmer and Rice (1973) for frictional shear discontinuities
in geologic materials. In a nutshell, the theory describes the
growth of a shear crack in terms of the balance between
the release of stored energy and the sum of fracture dissi-
pation and frictional dissipation. One can see that Eq. (26)
is consistent with the fracture mechanics theory of Palmer
and Rice.

Appendix 1.3: Degradation Functions Ensuring
Length Insensitivity

To complete the double-phase-field formulation, it is nec-
essary to specify the degradation functions for tensile and
shear fractures, g;(d;) and g;(d;;), respectively. The stand-
ard phase-field formulation for brittle fracture uses a quad-
ratic degradation function in the form of g(d) = (1 — d)?,
see e.£.(Choo and Sun 2018b; Ha et al. 2018; Santillan
et al. 2018). It is well known that when this quadratic
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degradation function is used, the strength (peak stress) of
the material must be controlled by the phase-field regulari-
zation length, L. For quasi-brittle materials, however, the
strength should be independent of the phase-field regulari-
zation length, because it is a designated material param-
eter. Therefore, recent phase-field models of quasi-brittle
fracture (e.g.Wu 2017; Geelen et al. 2019; Fei and Choo
2020b) employ non-standard degradation functions that
are derived to make the strength insensitive to the phase-
field regularization length.

The degradation functions of the double-phase-field
formulation adopt the common form of g(d) for quasi-
brittle fracture, given by

d-ar

8D = T s md( 1 pd)

@7

For both tensile and shear degradation functions, we use
n =2 and p = —0.5 to be compatible with the crack density

(a)

Fig. 24 Mesh sensitivity analy-
sis of the problem of cracking
from two coplanar 2D flaws
under true triaxial compression.
a Meshes used. b Cracking
patterns at the peak stress. ¢
Stress—strain curves
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functions in Eqs. (13) and (14). The expression for m is
determined by ensuring d = 0 at the intact state when the
crack driving forces are equal to their threshold values.
Through this procedure, we get

2
1-d
erdy) = 2( ) ,
(1-d;)" +md,(1-0.5d,) 28)
ith m, = I L
with m, 1= AL H,,’
and
2
1-d
gu(dy) = 2 ( H) )
. Oy 1
with my = 2L H,,

Lid=2.6 Lid=3

— L/h=20
— L/h=2.6
- — L/h=3.0 i

0.5 1
Strain (%)
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Analysis of the above degradation functions in a 1D set-
ting shows that the tensile and shear stress of the phase-
field model are insensitive to the phase-field regularization
length. Specifically, according to the analysis of Geelen et al.
(2019) for tensile crack, the 1D tensile stress during the evo-
lution of cohesive tensile fracture is given by

di(l—d)
1( 1) 2 (30)

4y =) -L— 52,
oldy) d(1—05d)°"

Likewise, the 1D shear stress during the evolution of fric-
tional shear fracture is given by Fei and Choo (2020b)

d;(1 = d;?

&) = |
T =\ T 05

(z, - 7,)%. 3D

Here, d} and dj; represent the maximum damage values at the
diffuse interfaces for tensile and shear cracks, respectively.
It can be seen that neither Egs. (30) nor (31) is a function of
the phase-field regularization length, L.

Appendix 2: Mesh Sensitivity Study

In this appendix, we examine the mesh sensitivity of the
double-phase-field method for simulating cracking from
3D flaws under true triaxial compression. For this purpose,
we repeat the validation example in Sect. 3.2.1 with three
different meshes depicted in Fig. 24a. The three meshes are
created with different levels of local refinement, namely
L/h=2,2.6, and 3, fixing the phase-field regularization
length as L = 0.3 mm. Figure 24 compares the simulation
results obtained with the three different meshes. One can
see from Fig. 24b that the cracking patterns obtained with
the three meshes are virtually identical. Also, as shown in
Fig. 24c, the stress—strain curves exhibit very little sensi-
tivity to the element size. Thus it can be concluded that
the simulation results are insensitive to the mesh as long
as L/h > 2.
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