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Abstract: We consider the two dimensional surface quasi-geostrophic equations with
super-critical dissipation. For large initial data in critical Sobolev and Besov spaces, we
prove optimal Gevrey regularity endowed with the same decay exponent as the linear
part. This settles several open problems in Biswas (J Differ Equ 257(6):1753-1772,
2014), Biswas et al. (J Funct Anal 269(10):3083-3119, 2015).

1. Introduction

We consider the following two-dimensional dissipative surface quasi-geostrophic equa-
tion:

90+ w-V)+vDY0 =0, (t,x) € (0,00) x R?;
u=RL9 = (—Ry0,R0), R;=D"'9;; (1.1)
0(0,x) =6p(x), xeR?

where v > 0,0 < y < 2, D = (—A)%, DY = (—A)%, and more generally
the fractional operator D* = (—A)% corresponds to the Fourier multiplier |£]*, i.e.

5’7(%‘) = |&)® f(é) whenever it is suitably defined under certain regularity assumptions
on f. The scalar-valued unknown @ is the potential temperature, and u = D~!V+0
corresponds to the velocity field of a fluid which is incompressible. One can write
u = (—R20, R16) where R; is the j™ Riesz transform in 2D. The dissipative quasi-
geostrophic equation (1.1) can be derived from general quasi-geostrophic equations in
the special case of constant potential vorticity and buoyancy frequency [24]. It models
the evolution of the potential temperature 6 of a geostrophic fluid with velocity u on
the boundary of a rapidly rotating half space. As such it is often termed surface quasi-
geostrophic equations in the literature. If 6 is a smooth solution to (1.1), then it obeys
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the L”-maximum principle, namely
16, )l Lrw2y < 1601l Lr @2 1>0, VI < p=<oc. (1.2)

Similar results hold when the domain R? is replaced by the periodic torus T2. Moreover,
if 6y is smooth and in H -3 (Rz), then one can show that

O L (1.3)

More precisely, for the inviscid case v = 0 one has conservation and for the dissipative
. 1

case v > 0 one has dissipation of the H ™~ 2-Hamiltonian. Indeed for v = 0 by using the

identity (below P is a smooth frequency projection to {|§| < constant - 27

1d 1
EE”D 2P<19||% = —/ P_;(OR0) - P_;ROdx,

one can prove the conservation of || D’%Q ||% under the assumption 6 € L?_x. The two
fundamental conservation laws (1.2) and (1.3) play important roles in the wellposedness
theory for both weak and strong solutions. In [25] Resnick proved the global existence of
a weak solution for 0 < y < 2in LXL2 for any initial data 6y € L2. In [23] Marchand

1 1

proved the existence of a global weak solution in L® H, ? for 6y € H, *>(R*) or L®LY
for 6p € LY(R?), p > g, when v > Oand 0 < y < 2. It should be pointed out
that in Marchand s result, the non-dissipative case v = 0 requires p > 4/3 since the
embedding L 3 < H77 is not compact. On the other hand for the diffusive case one
has extra LZZI-'I 5-3 conservation by construction. In recent [10], non-uniqueness of
stationary weak solutions were proved for v > 0 and y < % In somewhat positive
direction, uniqueness of surface quasi-geostrophic patches for the non-dissipative case
v = 0 with moving boundary satisfying the arc-chord condition was obtained in [7].

The purpose of this work is to establish optimal Gevrey regularity in the whole
supercritical regime 0 < y < 1. We begin by explaining the meaning of super-criticality.
Forv > 0, theequation (1.1) admits a certain scaling invariance, namely: if 6 is a solution,
then for A > 0

0, (1, x) = AYO 1, Ax) (1.4)

is also a solution. As such the critical space for (1.1) is H*Y (R?) for0 < y < 2.Interms
of the L°° conservation law, (1.1) is L°°-subcritical fory > 1, L°°-critical fory = 1 and
L*>-supercritical for 0 < y < 1. Whilst the wellposedness theory for (1.1) is relatively
complete for the subcritical and critical regime 1 < y <2 (cf. [1,11,12,15,18] and the
references therein), there are very few results in the supercritical regime 0 < y < 1 (
[13,17,21,27]). In this connection we mention three representative works: (1) The work
of Miura [22] which establishes for the first time the large data local wellposedness in
the critical space H 2=y, (2) The work of Dong [12] which via a new set of commutator
estimates establishes optimal polynomial in time smoothing estimates for critical and
supercritical quasi-geostrophic equations; (3) The work of Biswas, Martinez and Silva
[3] which establishes short-time Gevrey regularity with an exponent strictly less than
y, namely:

sup 1 P oG, ) 143y ,sneonBH,_y, (1.5)

0<t<T qu p.q
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where2 < p <00, <g <ococandua < y.

Inspired by these preceding works, we develop in this paper an optimal local regu-
larity theory for the super-critical quasi-geostrophic equation. Set v = 1 in (1.1). If we
completely drop the nonlinear term and keep only the linear dissipation term, then the
linear solution is given by

Otinear (1, X) = (¢"P70p)(1, x). (1.6)

Formally speaking, one has the identity e’ pr (Blinear (7, -)) = g forany ¢ > 0. This shows
that the best smoothing estimate one can hope for is

le'P” Brinear (. N x < 160l x (1.7)

where X is a working Banach space. The purpose of this work, rough speaking, is to
show that for the nonlinear local solution to (1.1) (say taking v = 1 for simplicity of
notation), we have

e =P @1, N lIx Ze l60llx (1.8)

where €y > 0 can be taken any small number, and X can be a Sobolev or Besov space.
In this sense this is the best possible regularity estimate for this and similar problems.

We now state in more detail the main results. To elucidate the main idea we first
showcase the result on the prototypical L2-type critical H>~? space. The following
offers a substantial improvement of Miura [22] and Dong [12]. To keep the paper self-
contained, we give a bare-hand harmonic-analysis-free proof. The framework we develop
here can probably be applied to many other problems.

Theorem 1.1. Letv = 1,0 < y < 1 and 6y € H>™Y. For any 0 < €y < 1, there
exists T = T(y,00,€0) > 0 and a unique solution 6 € C,0 H?>7 N C,1 H'"" n
L2 H>5([0, T] x R2) to (1.1) such that f(t,-) = ¢©'?"0(:,) € COH?> N L2
H> 5[0, T] x R?) and

T
sup £t 2y + / 1@, dt < Clool,
O0<t<T 0 H™ 2

where C > 0 is a constant depending on (y, €p).

Our next result is devoted to the Besov case. In particular, we resolve the problem
left open in [3], namely one can push to the optimal threshold « = y. Moreover we
cover the whole regime 1 < p < oo.

Theorem 1.2. Letv=1,0<y < 1,1 < p <ocoand 1 < g < oco. Assume the initial
1+2—
data 6y € B), V(]R2). There exists T = T (y, 0y, p,q) > 0 and a unique solution 6 €

1+z—y 1.y 1+;—y
C([0,T1, Byy ) to (1.1) such that f(t,-) = e2'P"0(t,-) € C2([0,T1, BpS )

and

sup [lez'27 0z, |

2
1+
0<t<T B,/

= Clléol 1.3
p-q

P.q

where C > 0 is a constant depending on (y, p, q).
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The techniques introduced in this paper may apply to many other similar models
such as Burgers equations, generalized SQG models, and Chemotaxi equations (cf.
recent very interesting works [4,8,14,28]). Also there are some promising evidences
that a set of nontrivial multiplier estimates can be generalized from our work. All these
will be explored elsewhere. The rest of this paper is organized as follows. In Sect.2 we
collect some preliminary materials along with the needed proofs. In Sect.3 we give the
nonlinear estimates for the H2~7 case. In Sect.4 we give the proof of Theorem 1.1. In
Sect.5 we give the proof of Theorem 1.2.

2. Notation and Preliminaries
In this section we introduce some basic notation used in this paper and collect several

useful lemmas.
We define the sign function sgn(x) on R as:

1, x>0,
sgn(x) =4—1, x <0,
0, x=0.

For any two quantities X and Y, we denote X < Y if X < CY for some constant C >
0. The dependence of the constant C on other parameters or constants are usually clear
from the context and we will often suppress this dependence. We denote X <z, . 7, ¥
if the implied constant depends on the quantities Zi, ..., Zy. We denote X ~ Y if
X<YandY < X.

For any quantity X, we will denote by X+ the quantity X + € for some sufficiently
small € > 0. The smallness of such € is usually clear from the context. The notation X — is
similarly defined. This notation is very convenient for various exponents in interpolation
inequalities. For example instead of writing

<
I8l < 11, 2 o el 2 o

we shall write

Ifgliwy = 1 lp2-m) I8l L2+ ) - (2.1

For any two quantities X and Y, we shall denote X <« Y if X < c¢Y for some
sufficiently small constant c. The smallness of the constant ¢ (and its dependence on
other parameters) is usually clear from the context. The notation X > Y is similarly
defined. Note that our use of < and > here is different from the usual Vinogradov
notation in number theory or asymptotic analysis.

We shall adopt the following notation for Fourier transform on R":

FNHE) = F&) = /R feEdx,

Flow =g [ s@d

@m)"
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Similar notation will be adopted for the Fourier transform of tempered distributions. For
real-valued Schwartz functions f : R” — R, g : R” — R, the usual Plancherel takes

the form (note that g(§) = §(—¢))

/ F)g()dx = f F)a(—£)de.
R» R»

1
2m)"
We shall denote for s > 0 the fractional Laplacian D* = (—A)*/? = |V|° as the

operator corresponding to the symbol |£]°. Forany 0 < r € RR, the Sobolev norm || f | 5~
is defined as

1 lgr = ID" fll2 = 1(=A)"* f2.

We will need to use the Littlewood—Paley (LP) frequency projection operators. To
fix the notation, let ¢ € C2°(R") and satisfy

0<¢o=<1, ¢o(§)=1 forl§] <1, ¢o(§) =0 for|§| >7/6.
Let ¢ (&) := ¢o(§) — ¢o(2£) which is supported in § < |¢] < Z. Forany f € S'(R"),
j € Z, define
Poif€) =90Q7Of&), Pojf=f—Psf.
Pf®) =70 f€. ek
Sometimes for simplicity we write f; = P; f, f<; = P<; f, and fja,p) = Zasjﬁb fi-

Note that by using the support property of ¢, we have P; Pj; = 0 whenever |j — j'| > 1.
For f € 8" withlim_, _o P<; f = 0, one has the identity

f = Z f] s ( inS /)
JEZ
and for general tempered distributions the convergence (for low frequencies) should be

taken as modulo polynomials.
The Bony paraproduct for a pair of functions f, g € S(R") take the form

fe=) figli-visn+ Y fig=ia+ Y gif<ia.
ieZ i€Z ieZ

Fors e R, 1 < p, g < oo, the Besov norm || - ||B;,q is given by

g = LIP=0f o+ QT2 2RI g < oo
b T 1P=0fllp + supgst 2XUPf I, g = 00,

The Besov space B[S,’ ¢ 1s then simply

B, = {f . feS. Ifllsy, < oo}.

Note that Schwartz functions are dense in B}, , when 1 < p, g < oo.

In the following lemma we give refined heat flow estimate and frequency localized
Bernstein inequalities for the fractional Laplacian |[V|Y,0 < y < 2. Note that for y > 2
and p # 2 there are counterexamples to the frequency Bernstein inequalities (cf. Li and
Sire [20]).
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Lemma 2.1 (Refined heat flow estimate and Bernstein inequality, case 0 <y < 2). Let
the dimensionn > 1. Let 0 < y <2 and 1 < g < oo. Then for any f € LY1(R"), and
any j € Z, we have

le™ NP fll, < e TP fll,, Vi=0, 2.2)

where c¢1 > 0 is a constant depending only on (y, n). For0 <y < 2,1 < g < 00, we
have

/R (VI"PiOIP;fI972 P fdx = 22V [P fllg, ifl <gq <007 (23)
/R(WVij) sgn(P; dx = 22’V Pi fl. ifg =1, 2.4

where ¢ > 0 depends only on (y, n).
The g = oo formulation of (2.3) is as follows. Let 0 < y < 2. Forany f € L (R"),
if j € Zand |(P;j f)(x0)| = | P f lloo, then we have

sgn(P; f (x0)) - (VI Pj £)(x0) = 3277 || P f oo, (2.5)
where c3 > 0 depends only on (y, n).

Remark. For 1 < g < oo the first two inequalities also hold for y = 2, one can see
Propositions 2.5 and 2.7 below. On the other hand, the inequality (2.4) does not hold
for y = 2. One can construct a counterexample in dimension n = 1 as follows. Take
glx) = %(3 sinx — sin3x) = (sinx)? which only has zeros of third order. Take & (x)

with /2 compactly supported in |£| < 1 and k(x) > O for all x. Set
J(x) = g(x)h(x)

which obviously has frequency localized to || ~ 1 and have same zeros as g(x). Easy
to check that || f||; ~ 1 but

/Rf”(X) sgn(f(x))dx = 0.

Remark 2.2. For y > 0 sufficiently small, one can give a direct proof for 1 < g < oo
as follows. WLOG consider g = Py f with | gll; = 1, and let

1) = [ 497 ot e
One can then obtain
1(y) ~1(0) = /ﬂ‘v(/oy Togds)lgl Pgdx, Tig®) = s( log |EDE ().
Since g has Fourier supportlocalizedin {|§| ~ 1}, one can obtain uniformlyin0 < s < 1,

”ng”q S ”g”q =1

Note that 7/ (0) = 1. Thus for y < yp(n) sufficiently small one must have % <I(y) < %
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Remark. The inequality (2.5) was obtained by Wang-Zhang [26] by an elegant con-
tradiction argument under the assumption that f € Co(R") (i.e. vanishing at infinity)
and f is frequency localized to a dyadic annulus. Here we only assume f € L° and
is frequency localized. This will naturally include periodic functions and similar ones
as special cases. Moreover we provide two different proofs. The second proof is self-
contained and seems quite short.

Proof of Lemma 2.1. For the first inequality and (2.3), see [19] for a proof using an
idea of perturbation of the Lévy semigroup. Since the constant ¢, > 0 depends only on
(v, n), the inequality (2.4) can be obtained from (2.3) by taking the limit g — 1. (Note
that since fj = P; f € L' and has compact Fourier support, f; can be extended to be
an entire function on C" and its zeros must be isolated.)

Finally for (2.5) we give two proofs. With no loss we can assume j = 1 and write
f = P1f. By using translation we may also assume xo = 0. With no loss we assume

[ flloo = f(x0) = 1.
The first proof is to use (2.2) which yields

eV £ (0) < e,

where ¢ > 0 depends only on (y, n). Then since f = P; f is smooth and

13 t N
f—e V= / eI\ VY fds = 1|V|Y f — f (/ e—f'VV|V|2Vfdr> ds.
0 0 \Jo
One can then divide by # — 0 and obtain

(IVI"£)(©0) = c.

The second proof is more direct. We note that [ ¥ (y)dy = 0 where ¥ corresponds
to the projection operator P;. Since 1 = (P f)(0), we obtain

1—f(y)d

[y

1=/w(y>(f(y>— Ddy < sup(|w<y>|-|y|"+y>-f
y#0 Rn

1—
g)/n / —f(y)dy
TJre Ayt

Thus

(AVIV)O0) Zyn 1.
O

In what follows we will give a different proof of (2.3) (and some stronger versions,
see Propositions 2.5 and (2.7)) and some equivalent characterization. For the sake of
understanding (and keeping track of constants) we provide some details.

Lemma 2.3. Let0 < s < 1. Thenforany g € L>(R") with g being compactly supported,
we have

1 lg(x) — g(»)I?
Lo / 180) = 8O 4y = 11wpgl,
2 RrxRe X — y|"
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where Cys , is a constant corresponding to the fractional Laplacian |V|* having the

asymptotics Co 5 n ~n s(1—5)for0 < s < 1. Asaresult, ifg LE2R")and || |V|* gl <
oo, then

lg(x) — g

s(1—ys)-
RoxRe X — y|m*2s

dxdy ~, | IVI°gl3.

Similarly if g € L*(R™) andf dedy < 00, then

|x_y|n+2s

lg(x) — g

IIVIEgI3 ~n s(1—5) -
! RrxRn X — y|"+?S

Proof. Note that

Ivie3 = [ v oeswar= [ (tmcan [ SRRy )swar,
! ¥

€—>0 ) —x|>€ lx — y|”+2‘

where Cos.,, ~, s(1 —s). Now for each 0 < € < 1, it is easy to check that (for the case

% < s < 1 oneneeds to make use of the regularised quantity g(x)—g(y)+Vg(x)-(y—x))

gx) —gy)

y|n+2s

| dyl S 18|+ M)+ M@ ()] + M@ ) (x)],

|y—x|>€ |x -

where Mg is the usual maximal function. By Lebesgue Dominated Convergence, we
then obtain

vl g||2—czsnhm// 8 =80 ) (v,

[y—x|>e€ |x - )’|"+2‘

Now note that for each € > 0, we have

/n/ | lg(x) |ff2ys)|d lg(x)|dx ge,n /Rn(lg(x)|+|Mg(x)|)|g(x)|dx < 0.

lx —y

Therefore by using Fubini, symmetrising in x and y and Lebesgue Monotone Conver-
gence, we obtain

=5 Cos.p lim dedy = =Cosn M
> |x — y|n+2s

2 _
1viFglls =
gl2=3 0 Jiuyjme |x — ynt2s 2

dxdy.

Now if g € L2(R") with || [V|*g|l» < oo, then by Fatou’s Lemma, we get

2
i )/ 80 — s

—y |n+2A

P P
gs(l—s)-lijminf/| “g(x) =8P ) ay <0 51— )1l 19 gl
—

|n+2v
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On the other hand, note that
|P<sg(x) — P<jg(y)|
< / lg(x —2) — g(y — 22" 1p 27 2)Idz

1

2
<, ( f g(r —2) — g(y — z)|22"’|¢(2fz>|dz) ,

where ¢ € L' is a smooth function used in the kernel P ;. The desired equivalence
then easily follows. O

Lemma 2.4. Let 1 < g < oo. Then for any a, b € R, we have

(a —b)(|al7%a — |b|77%b) ~, (lal*'a — b2~ "b)?,

d(g — 1
(@—b)(lal?"%a — |b|"?b) = (q—2)<|a|%—1a — b2 p)2.
q

Proof. The first inequality is easy to check. To prove the second inequality, it suffices
to show forany 0 < x < 1,

1+x‘1—x—x‘1_1>4(q—1)_qz—(6]—2)2
(1—x¥H2 = ¢ q* '

Sett =x? ¢ (0, 1). The inequality is obvious for ¢ = 2. If 2 < ¢ < oo, then we need
to show

If 1 < g < 2, then we need

Setn = min{é, 1-— é} € (0, %). It then suffices for us to show the inequality

" — ¢l
—_ =
1—1¢

Note that £(0) = f(1/2) = 0and f"(n) = —(t" — t'"")(og1)?/(1 — t) < 0. Thus
the desired inequality follows. O

f)=1-2n-

Proposition 2.5. Let 1 < g < ocoand 0 < y < 2. Then for any f € LY1(R") and any
Jj € Z, we have

y 2
/Rn(IVIVR;f)IP;fIq’ZR;fdx ~ |IViEap s R

[ awv e poe, pe2e, pax

= X2 wikarntt e |, = F2 wikar

2
- ‘2. (2.6)




30 Page 10 of 34 D. Li

Consequently if | Pj flly = 1, then forany 0 < s <1,

VAP I Py )2 ~gn 277 2.7)

Also forany 0 < s < 1,

. q :
VAP f1Dl2 ~g.n 27°. (2.8)

Remark. In [16], by using a strong nonlocal pointwise inequality (see also Cérdoba-
Cérdoba [6]), Ju Proved an inequality of the form: if 0 < y < 2,2 < ¢g < 00, 6,
V|6 € L4, then

_ 2 v o g
/(|V|V9)|9|q 20dx > 5|||V|2(|9|2)||%-

A close inspection of our proof below shows that the inequality (2.6) also works with
P; f replaced by 6. Note that the present form works for any 1 < ¢ < oo. Furthermore
in the regime g > 2, we have 4(‘2—;1) > % and hence the constant here is slightly sharper.
Remark. Theinequality (2.7) was already obtained by Chamorro and P. Lemarié-Rieusset
in [9]. Remarkably modulo a g-dependent constant it is equivalent to the corresponding
inequality for the more localized quantity [(|V|? P; f)| ij|‘1’2Pj fdx. The inequality
(2.8) forg > 2 was obtained by Chen, Miao and Zhang [5] by using Danchin’s inequality
V(P f|‘7/2)||§ ~qn I1P1 f||Z together with a fractional Chain rule in Besov spaces.
The key idea in [5] is to show ||V Py, n, ](|P1f|q/2)||2 2 1 and in order to control the
high frequency piece one needs the assumption ¢ > 2 (so as to use |V|'*€0-derivative
for €9 > O sufficiently small). Our approach here is different: namely we will not use
Danchin’s inequality and prove directly || |V [*0(| Py £|2/?) |2 = 1 for some s sufficiently
small (depending on (g, n)). Together with some further interpolation argument we are
able to settle the full range 1 < g < oo. One should note that in terms of lower bound
the inequality (2.8) is stronger than (2.7).

Proof. With no loss we can assume j = 1 and for simplicity write Py f as f. Assume
first 0 < y < 2. Then for some constant C, , ~, y(2 — y), we have (the rigorous
justification of the computation below follows a smilar argument as in the proof of
Lemma 2.3)

€—0 [x — y|mtr

_ -2 _ -2
_lc, f(f(x) SOV =121 0D

|x — y|™r

f (VI DIFI2fdx = Cypon / (lim / | SV = TO) o) 61972 ()
y—x|>€

_ 41 st 2
. 4(q . 1) 'lcy,n/ 127 f ) =1 f 1277 fF(y) dxdy
q 2 lx — y"*y

4(g — 1 Y
- %n IVIEAFIE I3,

where in the last two steps we have used Lemmas 2.4 and 2.3 respectively. One may
then carefully take the limit y — 2 to get the result for y = 2 (when estimating

|||V|%(|f|%_1f)||2, one needs to split into |§] < 1 and || > 1, and use Lebesgue
Dominated Convergence and Lebesgue Monotone Convergence respectively). By the
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simple inequality | | £|2~" f(x) — [ FI3 £ () = | 1£12(x) — | £12 ()], we also obtain
IVIZAL1Z Ol = IVIZALID) o

Next to show (2.7), we can use Remark 2.2 to obtain |||V[*gll2 ~4., 1 for any

0 <s < sp(n) and g = |f|g_1f. Since |lgll = 1 and [|[Vgll2 Sq¢.n 1, a simple
interpolation argument then yields |||V [*gll2 ~4,» 1 uniformly for 0 < s < 1.
Finally to show (2.8), we first use the simple fact that |V (|g])]l2 < [[Vg]|2 to get

HVIAFI3) 2 Sq 1.

It then suffices for us to show |||V|s(|f|%)||2 Zg.n 1for 0 < s < so(g, n) sufficiently
small. To this end we consider the quantity

I(s) = /Rn IV DIA19 dx.

For0 < s < 1thisis certainly well defined since || [VI*(| fDllg S I fllg+IVUfDIg S 1.
To circumvent the problem of differentiating under the integral, one can further consider
the regularized expression (later N — 00)

In(s) = /R VI P<n(LfDIF17 .
Then

i) = v = [ [P 0ds i dx, TaGe) = lel ol

Define 7, (€) = 51&1° (log[€]) - xje1<1/10 and T¥ = Tz — TV It is not difficult to
check that uniformly in 0 < § < 5,

| —

loe| | qe /(1\)
sup max A5 (T <, l.
g#l())la\s[n/Zl('E' [0 (T5 " (E)D) <

Thus by Hormander we get |7\ Poy(IfDlly Sng £y = 1. For 7> one can
use ||V fll; < 1 to getan upper bound which is uniform in 0 < § < % Therefore
IT:P<n(IfDllg Sgn Lfor0 < § < % One can then obtain for 0 < s < so(g, n)

sufficiently small that % <I(s) < % Finally view I (s) as
I(s) = lim / IVE(Qn(fFN(Q=n (D) dx,
N—oo JRn

where 65\1\/(5) = §(27Ng), and § € C° satisfies g(x) > 0 for any x € R” (such ¢
can be easily constructed by taking ¢(x) = ¢ (x)? which corresponds to § = b * ).
By using the integral representation of the operator |V|* and a symmetrization argument
(similar to what was done before), we can obtain

1(s) ~gn I IVIEALIDIB

and the desired result follows. O



30 Page 12 0f 34 D. Li

Lemma 2.6. Let the dimensionn > 1 and 0 < y < 2. Suppose g € L>(R") and for
some Nog > 0, ¢g > 0

||g”L2(\E\>No) st EO”g”LZ(Rn

Then there exists ty = to(€g, No, v) > 0 such that for all 0 <t < 1y, we have

—t|lV|Y —LleoNY
1V gy < e 29N ||g ]l

Consequently if § € L*>(R") satisfies gl = C1 > 0, [|IVI*gll. = C2 > 0 for
some s > 0, then for any 0 < y < 2, there exists to = to(C1, C2,y,n,s) > 0,
co = co(C1, Ca, y,n,s) > 0, such that
—t|V|¥ ~

lle

1
gl < e liglla.

Proof. With no loss we assume ||§||L§ = 1. Then

lle

— YA ~ — VoA
/Rne PEF1GEPE < 1= 1817206 <ngy + €0 1817261 noy

3

<1-—¢g +e_2tN())/60 <l—e+(— EtN())/)EO < e—e()Ngt,
where in the last two steps we used the fact e™ ~ 1 — x + % for x — 0+. The
inequality for g follows from the observation that |||§|S§(§)|| L2(JE1<No) < 1 for Ny
sufficiently small. 0
Proposition 2.7. Let the dimensionn > 1,0 < y <2 and 1 < q < oo. Then for any
f e LIR"), any j € Z and any t > 0, we have

e Py flly < 2P £,
where ¢ > 0 is a constant depending on (y, n, q).

Proof. With no loss we assume j = 1 and write Py f simply as f. In view of the
semigroup property of e’ IVI” it suffices to prove the inequality for 0 < ¢ <, 4., L.

Denote e !IVI” f = K % f and observe that K is a positive kernel with [ K(z)dz = 1.
Consider first 2 < g < o0o. Clearly

q q
I / Kx —y)f(ndyl? < f K(x —ylf(yl2dy.
By Lemma 2.6 and Proposition 2.5, we then get

V| —t|v| —
le™ YV £18 < 1le V(113 < el £

For the case 1 < g < 2, we observe

II/K(x—y)If(y)Idylqu

< ||(f K — pIf o)ty </ K= WIf 01y 7l

< II(/K(x—y)If(y)lfdy) £ IILﬁII(/K(x—y)If(y)

— q 2
e N (TS ER A A
Thus this case is also OK. m|
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For the next lemma we need to introduce some terminology. Consider a function
F : (0,00) — R. We shall say F is admissible if F € C* and

IFO@) <erx ™ V=0, 0<x < oo.

Itis easy to check that F(x) = xF'(x) is admissible if F is admissible. A simple example
of admissible function is F (x) = e~* which will show up in the bilinear estimates later.

Lemma2.8. Let0 <y < lando(&E,n) = |E]Y +n]Y —|&E+n|Y forE, neR", n > 1.
Then for 0 < |&€] < 1, |n| ~ 1, the following hold:

(1) 19285 0 (€. )| Sapyn 117719, for any e, B.
2) |8§‘(07”’)| Se,y.m.n |.§|’m7’"°‘|f0r anym > 1 and any «.

~

(3) 19¢ (F(to))| Sayn.F lE|171 for any «, t > 0, and any admissible F.
(@] |8§‘8,’73(F(ta))| Se.y.Bn.F \E|71! for any «, B, and any t > 0, F admissible.

~

Remark 2.9. The condition |§| < 1, [n| ~ 1 can be replaced by 0 < || < 1, || ~ 1,
& +nl~ 1.

Remark. This lemma also highlights the importance of the assumption 0 < y < 1. For
0 < y < 1, note that the function g(x) = 1 +x¥ — (1 + x)¥ ~ min{x?, 1}. By the
triangle inequality, this implies o' (¢, ) = 5[ + [y — (&] +n))? = min{|£]", [n]”}
which does not vanish as long as |£€| > 0 and |n| > 0. However for y = 1, the phase
o(&,n) = |&| +|n| — | + n| no longer enjoys such a lower bound since o = 0 on the
one-dimensional cone & = An, A > 0.

Proof. With no loss we consider dimension n = 1. The case n > 1 is similar except
some minor changes in numerology.
(1) Note that for |§] < 1, || ~ 1, we have

o(e.n) = £l - y/ol n+ 081 20+ 66)d0 - .
Observe that
dno(§,n) = (OK) - &,

where we use the notation OK to denote any term which satisfy

10¢9f (OK)| < 1, Va.B.
This notation will be used throughout this proof. Thus for any 8 > 1, o > 0, we have

8¢ o €. I < 15111
On the other hand, if 8 = 0 and @ > 1, then clearly

¢ o (&, | = 10 (1E]” — & +nI")| < |&17 710

(2) Observe that for |§| < 1 and |n| ~ 1, we always have o (&, ) 2 |€]”. One can
then induct on «.
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(3) One can induct on «. The statement clearly holds for « = 0. Assume the statement
holds for @« < m and any admissible F. Then for « = m + 1, we have

ot (F o)) = 9 (F(t0) -0~ - 30,

where F (x) = xF'(x) is again admissible. The result then follows from the inductive
assumption, Leibniz and the estimates obtained in (1) and (2).
(4) Observe that 8,,(%) = —0’28,,0 = 0’25 - (OK), and in general for g > 0,

1 —
()= ), o "I (OK).
0=m=p
Note that for § > 1 the summand corresponding to m = 0 is actually absent (this is

allowed in our notation since we can take the term (OK) to be zero). Similarly one can
check for any admissible F and ¢ > 0,

W (Fto) = ) Fm(m>~<§> - (0K),

0<m=<p

where F), are admissible functions. This then reduce matters to the estimate in (3). The
result is obvious. |

3. Nonlinear Estimates: H>~Y Casefor0 <y < 1

Lemma 3.1. Set A = DY, s = 2 — y and recall R+ = (=D Y%, D~19)). For any
real-valued f, g € L*>(R*) with f and § being compactly supported, it holds that

| / D¥(e " Rtg - Ve 't YD fdx| <, ||g||,,r||f||2 e 3.1
RZ
If in addition supp(g) C B(0, Ny) for some Nog > 0, then

|/ DS(eflAng.veftAf)DseTAfd)d
2

‘<

2 z
NS 2ILIZNg N2+ 1 s - IF 1 ey - Mgl Ng 2 (3.2)
| / Df(e*“‘le Ve*’Ag>DSefAfdx| Sy 1% Noligla + Ng* 21 £ 13118112,
(3.3)
| / DU RY g Ve A D2 x| Sy NG I8N 2 e <2n)- (34
R

Remark 3.2. Note that if f is localized to || = Ny, then the low-frequency term
N1 £13llgll2 can be dropped in (3.2) and (3.3).
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Proof. We first show (3.1). For simplicity of notation we shall write Rg as g. Note
that in the final estimates the operator R+ can be easily discarded since we are in the
L? setting. On the Fourier side we express the LHS inside the absolute value as (up to a
multiplicative constant)

[ 1epsen e g - € — ) s - ) f-epdsan.
Observe that by a change of variable & — 1 — £ (and dropping the tildes), we have
[ =g i fi-gras
=5 [ (& = migP e eI gl gt UEP ) fi o fi-gya
Denote

5E, ) = el ((s _ n)|§|236—1(\$—n|y—|§|}') —E|E — n|2se—l(|§|7—|iz—ﬂly)>’
N g% ') = / G (& Mg (g€ — g (—§)dédn.
We just need to bound N (g, f, f). By frequency localization, we have

NG £ 1) = Y (N(8<jo. f1. )+ N(8=jso Fs )+ N (&L= js91, £ 1)-

J

Rewriting ) ; N (8> j+9, fj. f) =2_; N(gj. f<j—o. f), we obtain

N £ ) =D (NG8<jmo f1. )+ N(gjs fejmo )+ N(gij=o.jssr. fs 1))
J
= Z(N(g<_/79, fis fij=2,j42D) + N(gj, f<j—9, fij—2,j+2)) + N(8(j-9,j+91: [} f5j+ll)>
J

= Z(N(g<<j~ Srjo Soj) # N (g~ fjo S~ ) + N(8~js fgj)>,
J

where g« corresponds to [n| < 2/, g~; means |n| ~ 2/, and g<; means [n| < 2/.
These notations are quite handy since only the relative sizes of the frequency variables
n, & and & — n will play some role in the estimates. Note that we should have written
8« S &y1.2! «2jy according to our convention of the notation < but we ignore this slight
inconsistency here for the simplicity of notation.

1. Estimate of N(g«;, f~j, f~;). Note that |n] < 2/, |& — | ~ |E| ~ 2/.1tis not
difficult to check that in this regime

- P
6. I < | — mIEN™ —&[E —n|> |- e~ IMHE=IT=IED
— —t(In|” +Hg—n|¥ —|&]" —t(E[Y +In]Y —|E—=n]”
+|EN|E — n|> - et HE=—IEY) _ o=t (EI il —IE=n1"))
/ _ —t(Inl” +lg=nl” —1&1” —t(IEIY +|nlY —|E=n|”
S22 |+ [£11E — nf* e MPHETIITET) _ pmr (5 HnIT =8 =01
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To bound the second term, we shall use Lemma 2.8. More precisely, denote E=—27Ip,
n=277&T = 2/7t, F(x) = e~ *. Clearly (recall in Lemma 2.8, o (§,7n) = |£]Y +
Inl” —1& +nl")

eIl +E=M—IE1) — (=TUEV+EI i) — p (7o, 7 — £)),
e HET " =E=n1") — F(To (£, 7). (3.5)

Consider for 0 < 6 < 1, the function G(0) = F(Ta(é, n— 65)). By Lemma 2.8, we
have

1 .
IG(1) — G(0)| < /0 10;(F(To (€, 7 — 08))|d6 - |&] S €] =27 n].
Thus

G (&, | <255 .

Then by taking € = y below (note that 0 < y < 1), we get (below “x" denotes the usual
convolution)

1D NG foir SIS Y22 N fjlla - (1 1Dgl # [~ D)
J J
<Y 22 il - (1Dg<ll g - I f~sll o)
J
S el I3y -
H* 2
Here in the second inequality above, we have used the simple fact that
AL 1Bll2 S NANL 1B 2 < 11EIT Al NEN" B 2.
if supp(A) C {|€| < 1}, supp(B) C {|&] ~ 1},and 6 < 1.

2. Estimate of N (g~;, f«;, f~j)- In this case [n| ~ |&] ~ 2/, [ — n| < 2/. Since
s =2 —y € (1,2),in this regime we have

16, ) < 1& —nl22* + 271 —n* S2271E — ).
Then
ZN(gN,, f<is DS Zzzﬂn 871 % Dfesl 2 Il f~sl2

2j
S Zz Plig~ill 43 ||Df<<,,~||H1,g||f~,||z Y P g
3. Estimate of N(g~, f~j. f<;). Inthis case [n| ~ [§ —n| ~ 2/, |§] < 2/, and
| DN (~jo foje SIS Y 2P NG5 % [ £l IDf<
J J
S D2 lgmjllall fojllz - NENI DAl - 22

. 2
SHglas I .y
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Now we turn to (3.2). Choose Jy € Z such that 20—1 < Ny < 270, Clearly by
frequency localization,

NG, f. /) =N f<p f<a)+ Y NG [ [
ji2/3>Ny

For the first term we have

— _
ING, f<ns F<a)l S Ng™ N8I+ 1 f< g I <l
2542 2
SN ligl2l £z

For the second term we can use the estimate of N(g«;, f~j, f~;) and take € = % to

get
| Y NG fj IS DY 25l il (1Dgl el il ge)
j2/>> Ny j:27>>Np

2
S Wgs - WS vy - I8Nz - Ny

v
2
The estimates of (3.3) and (3.4) are much simpler. We omit the details. |

4. Proof of Theorem 1.1

To simplify numerology we conduct the proof for the case €9 = 1/2. Throughout this
proof we shall denote s = 2 — y.

Step 1. A priori estimate. Denote A = %DV and f = '46. It will be clear from
Step 2 below that f is smooth and well-defined, and the following computations can be
rigorously justified. Then f satisfies the equation

1
& f = —EDVf — ARt VeTIA ).

Take Jo > 0 which will be made sufficiently large later. Set Ng = 20, Then

1d
2dt
= - / D*(Rte™ A f - Ve A YD P2 fdx.

(1D P-jy F113) + %HD”% P fli3
>
Now for convenience of notation we denote
N(g1,82,83) = / D¥(Rte g - Ve ' gy) D¢ g3dx.

Denote f, = P2, fand f; = f — f,. Then clearly

>Jo

NS, fo o) = N(fns fos fr) + N(fis frs f0) + N(fns fr, fo) + N, fis o).
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By Lemma 3.1 and noting that || f7(£)|l2 < NGt 16012, we get (see Remark 3.2)

INCS s )l
2 2-5 N7 2 2 N/
S llfhllmllfhllﬂﬁ% Sl s Il ey - No 20|60l + Nl fully, - Nye™o ' [16oll2
v
+N§S+2€4N0t”90”g.

This implies for 0 < ¢ < N, 7,

d ) 1 ) LY
e Py f13) + (5 —c1|ID* P>Jof||2) DI P f3

4—
< c2- (NG 6ol + Ny " 1160113) -1 D* P~ sy £113 + c3NG 2160113,

=

where c1, ¢2, ¢3 > 0 are constants depending on y.
Thus as long as supy,, c1[|D* P~ j, f (s) ]2 < % andt < NO_V, we obtain

sup [|D* P- s, f(5)1I3 < ePUIID* P~ 1 00113 + teP 3 NF 216013 4.1)

0<s<t

In particular, for any prescribed small constant €9 > 0, we can first choose Jy
sufficiently large such that

1
| D* P o602 < 5 €o- 4.2)

Then by using (4.1) and choosing Ty = Ty (Jo, 6o, €p) sufficiently small we can guarantee

sup || D*Ps j, f(s)ll2 < €o. 4.3)
0<s<Ty
Step 2. Approximation system. For n = 1,2, 3, - - -, define 9™ as solutions to the

system

30 = —P_,(R*P_,0™ .VP_,0W) — DY,
e(n)it:O = P<n90.

The solvability of the above regularized system is not an issue thanks to frequency cut-
offs. It is easy to check that ™ has frequency supported in |£] < 2" and [0, <
[16oll2. In particular for any 5§ > 0 we have

D5 P< s, 0™ 12 < 267051612, (4.4)

where ¢ > 0 is a constant.
For any integer Jj to be fixed momentarily, it is not difficult to check that

1d 1
57 (ID° P03 + EnD“% P e 0™3

— _/DS(RLPqe(")-VP<n9<">)DSe’APf,oe’AP<n9<">dx.



Optimal Gevrey Regularity for... Page 19 of 34 30

Now fix Jy sufficiently large such that
c1lID* P~ jyboll2 < 1/10.

By using the nonlinear estimate derived in Step 1 (easy to check that these estimates
hold for ™ with slight changes of the constants ¢; if necessary), one can then find
Ty = To(y, 6p) > O sufficiently small such that uniformly in n tending to infinity, we
have

To
sup [l D 0™ (¢, )2 + / e AD* 50 (¢, ) |3dt S 1.
0<r<Tpy 0

. Lo . . - 4
By slightly shrinking 7y further if necessary and repeating the argument for A = 3A =
%DV, we have uniformly in n tending to infinity,

4 .
sup [le3" D0z, ) < 1.
0<t<Ty

Furthermore for any prescribed small constant €y > 0, by using (4.3), we can choose Jy
and Ty such that uniformly in n,

A
sup || D*P- e 0™ ||y < «.
0<r<Ty

Note that this implies

sup || D*P= ,6™]2 < €o. (4.5)
0<t<Ty

The estimate (4.5) will be needed later.
Step 3. Strong contraction of #™ in C?L2. Denote 17,41 = 6"+ —0™ Then (below

for simplicity of notation we write —R~ as R)

O Mn+1 = Pant1 (RP<pi1Mns1 - VPops1Mns1) — DV Mgt
+ Pepst (RP<p10" - VP_yy10™) — Py (RP,0" - VP_,0™)
+ Pyt (RP<y107 - VP thns)
+ Pepst (RP<pii st - VP10, (4.6)

By using the divergence-free property, we have
[@6)- nrdx

= _/<P<n+l (RP<n+19(n)P<n+19(n)) - P<n(RP<n€(n)P<n9(n))) - Vipsdx.

Clearly

I Pyt (RP <10 Pp167) — Py (RP-, 0™ P_,0™) |
< NPt (R(P<pit = P)0 P10 2 + | Pyt (RP <y (Pt — P<)0™)l2
+ [ (P<per — P<p)(RPn0" P02
S22 3, w2702, S 27
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where we have used the uniform Sobolev estimates in Step 2. Note that

IVt SN0 oy + 10D oy S 1.

~

It follows that

1d v
Mnnmn% + D2 0113

= /(RP<n+l77n+1 : VP<n+19(n))P<n+177n+ldx +const 27"
< const-27" + /(RP<n+177n+l : VP>Jo P<n+19(n))P<n+l77n+ldx

+ / (RP—ps10ns1 - VP< g Pons10™) Poyiinps1dx
S22+l 171y 1 IV Py Pann 8112
2 4 Y

2 2Ji
+ st 113 - 2270016 |1
_ Y
27"+ ID T e 113 - 1D Pa 18 12 + 2270 s 113

By using the nonlinear estimates in Step 2 and (4.5), one can choose Jy sufficiently large
(and slightly shrink Tp further if necessary) such that the term || D® P~ 10«9(”) |2 becomes
sufficiently small (to kill the implied constant pre-factors in the above inequality). This
implies

d _
ol 13 < 27" + 220, 13 (4.7)

Thus for some constants ¢; > 0, ¢, > 0, we have

2 é1-220T; 2, 620y A-nx
sup [1Mastllz < € 0 muer (0) 13 + €777 770 - 276, (4.8)
0<t<Ty

The desired strong contraction of ™ — 6 in COL? follows easily.
Step 4. Higher norms. By using the estimates in previous steps, we have for any
0<t<To,

4 . 4
ID*e3"46]13 < limsup | D’ P<y6 |3
N—o0

4
= limsup lim ||D*e3" A P_ny60™ (1)||3 < By < oo,
N—oo 17 N

where the constant By > 0 is independent of 7.
It follows easily that for any 0 < s" < s,

1D 0 (1) — 0(1)) | o2 — 0. asn — o0,

This implies £ (1) = ¢'40(r) € C'H? for any s’ < 5. To show f € CYH? it suffices to
consider the continuity at = 0 (for # > 0 one can use the fact et f € LY°H; which
controls frequencies || > r~!/7, and for the part || < t~!/7 one uses C?L%). Since

we are in the Hilbert space setting with weak continuity in time, the strong continuity
then follows from norm continuity at # = 0 which is essentially done in Step 1.
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5. Nonlinear Estimates for Besov Case: 0 < y <1

For 0 = o (&, n) we denote the bilinear operator

To(f, 9)(x) = / / o (€. 1) f ()3 e E N dedn.
R¢ JR{

Lemma 5.1. Suppose supp(c) C {(§,n) : |§] < 1, CLl < |n| < C1} for some constant

Ci>0.Letngo =2d +[d/2]+1and Q2 = {(&,n) : 0 < |&] < 1, CLI < Inl < Cy}.
Suppose o € C/'°(Q) and for some Ay > 0

loc
sup sup |&[*n|Plogafo &, m)l < A1

lee] <[d/2]+1 (§,m)€Q
|B1<2d

Then forany 1 < py <00, 1 < py <00, f, g € S(RY),

1T (f. )lr Sa.cr.arprpa 1 p 181 pss

where % =L4 L
Pom _ _
Similarly if supp(o) C {(&,n) : CL < |&] < Cy, CL < In| < G2} = Qq for some
1 2
constants C1, Ca > 0. Suppose o € Cfo‘i“(Ql) and for some A1 > 0

sup  sup [€]NnPl|ogafo €, mI < Ay
|+ B]=4d+1 (£, m)e

Then forany 1 < p; < oo, 1 < py < 00, f, g € S(RY),

ITo (£ D Saér 6.2y prp 1 1181 pae

where L = L 4 L

rT Pt p;
Proof. For the first case see Theorem 3.7 in [3]. The idea is to make a Fourier expansion
in the n-variable:

o =Y L[| oG ie e o,

. [,L’L]d
kel 272

where L = 8C) and x € C2°((—%, £)?) is such that x () = 1 for 1/Cy < [n] < C.
A rough estimate on the number of derivatives required is ngp = 2d + [d/2] + 1. Note
that > 1/2 and (by paying 2d derivatives) 2dr > d so that the resulting summation
in k converges in ["-norm. For the second case, one can make a Fourier expansion in

&, n. o
Remark 5.2. Fort > 0,0 < y < 1, j € Z, consider

—1([E17 +nl” —1&+nI")

oo(§,m) =e Xig1~2J X|n|~2J X|e-4n|<2i -
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By using the estimates ||~ (e'E" yi¢j<1)ll1 = ||.7-"_1(e‘5‘yx‘s‘ Dl S @< ),
<t

||]-'_1(e_’|5|y)(|g|~1)||1 < e ¢ (C ~ 1), we have for any 1 < r, p1, po < 0o with

1 1 1

T opr T op

—c2JY
1 Too (f- Dllr Syoa € L I llglpy S U1 plgl s

where ¢ > 0 is a small constant. Denote

—1 (&7 +Inl” —|&+n|")

o1§,n) =e Xjgl<2i X|p|~27 5

—1(E +nl” —1&+nI")

0§, m) =e Xig|~2) Xn|<2i s

—1 (&7 +Inl" —1&+nl")

o036, n) =e Xig|~27 X|n|~2J X|g+n|~27 -

By using Lemmas 5.1, 2.8 and some elementary computations, it is not difficult to check

1 . 1 _ 1 1
thatforany2 <r<oo, 1 < p1,p2 <oo,w1thr =i+

176, (fs Oy Sypropra 1 pilIgllpys VI=1,2,3.
We shall need to use these inequalities (sometimes without explicit mentioning) below.
Fixt >0, j € Z,0 < y < 1, and denote
Bj(f7 g) Z[PjetDV’ e—tDVRJ_f] . Ve—tDVg
=Pje'P" (e PTREf Ve P g) — e ' PTREF VP
For integer Jy > 10 which will be made sufficiently large later, we decompose
Bi(f.8)
= B (f<jy+2: &<o+a) + Bj(f<sps2, &> p+a) + Bj (> sp42, 8<ip+2) + Bj(f> jp2, &> Jp+2)
= Bj(f<ip+2: 8<Jo+4) + B (flup+2,Jo+4]» §<Ip+2)
+ B (f> sgras 8<sopv2) + Bj(f<sps2, &> sg+a) + Bj(f> sg42, 8> J+2)-

Lemma 5.3. Bj(f510+2, 8<Jo+4) = 0 and B; (flgo+2, Jo+41, 8<Jo+2) = O for j > Jo +6.
For j < Jo+6and1 < p < oo,

B (f<so+2s &<t p + | Bj (fLig42, Jo+41, 8<so+2) |l p
S D Py f 15 + 11 P<sg+108113).
where c1 > 0 depends on (Jo, p, y).

Proof. Weonly deal with B; ( f< jy+2, g<Jy+4) as the estimate for B ( fjy+2, jo+4]> &<Jo+2)
is similar and therefore omitted. Clearly for j < Jy + 6 (below the notation co—, p+ is
defined in the same way as in (2.1)),

DY L 1 7
le™™ R f<joe2 - VPig<sosallp S IR f<sou2ll p+27° | P< o108 lloo—

Jo(1+2
< 20D (1P g0 f13 + | P< 108 113).

Here p+ is needed for p = 1 so that the Riesz transform can be discarded. On the other
hand for j < Jy +6,

DY —tD¥ pl —tD¥ 2 (1 2 2
IPje'P" (e P" R f< sz - Ve ' P g jud)llp Se" (I P< g0 £ 115 + | P<sgs108117)-

O
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LemmaS4. For j < Jo+6and0 <t <1,

—tDV

1Bj(f<ss2: 8>sp+d)lp S c2lle S<nw2ll pllgLag+s, so+101 1l p-

Forj> Jo+6,t>0andl < p < oo,
1B (f<sps2> 8>dp+4) I p
o ) )
S 2 P flIpllgri—2, 21l p + 2@t + )| P< gy fll p - 277 NI g1j—2, j421 1l ps

where ¢y > 0 depends on (p, Jo), and the notation 0+ is defined in the paragraph
preceding (2.1).

Proof. The first inequality for j < Jo + 6 is obvious. Consider now j > Jy+6. Observe
that by frequency localization B; (f<jy+2, &> Jor4) = Bj(f<jyr2, P> .]O+‘4g[j_2’j+2-]). We
just need to consider TU(RJ-fSJOJrz, VP, joraglj—2,j+2)) With [E] < 27, |n| ~ 2/, and

o(&,m) = [pQ77 (& +n))e EHIT=EDT — 6 07T ye™ 5 1y 1) <o Xpyio2i
= (7T (E+m) — p@ e EIHIT=ERD 5 o X
_ ¢(2‘]n)(e—f(|i‘|y+|77|y—|§+77|y) _ e_t‘s‘y)X|§|<<21X|n|~2J'
=:01(§, 1) +02(8, m).
By Lemma 5.1, it is easy to check that for some ¢> > 0 depending on (Jy, p),
I Toy (R f<sov2s V P jysagj—2. j42) |1 p
S NIRRT fespralloo-llgri—2.js21llpr S 2= 27 1 P<ssa fllpllgrj—2. j+21l -
On the other hand for 0, we introduce for0 <7 <1

F(r) = e tUEN +T (" —1g+n1")) Fi(7) = |n+ &,

Then observe

1
F(1) — F(0) = F'(0) +/ F'(t)(1 — t)dr
0
1
= (g +nl” — ") +/0 F(or*(Inl” — 1§ +n]")*(1 = 1)dz
1
= yte 720 ) +1e71EY / F{'(0)(1 = 7)dz
0

1
+/ F(@)*(Inl” — & +n]")*(1 — t)d.
0

To handle the last term above we make the following observation. Note that for
6] < 27, Inl ~ 2/, one has [In|” — 1§ +nl”| = O(n|”~" - €]) < BI§7, for some
constant 0 < 9 < 1. In particular one may write

F(r) = e~ =0l g1 (ol +r(inl” g +nl?). .1

The symbol corresponding to ¢~ (@ol&l"+T(Inl"=I&+11") j5 clearly good for us whilst the
term e ' 120" can be used to extract additional decay (see below).
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It is then clear that

| T, (R™ f< jps2, VP jora8lj—2,j+2Dlp
Stle P IR foppiallos - 277 NIgj—2, 421l p
+ 270D 11 e7 P 92 RE fojpaalloo— I8 Li—2. 421l pe
+2/3r=D 4252t (1ma0) DY Rt fegpralloo llgrj—2,j+21ll p+

) .
Ser- @+ )Py fllp - 277 llgrj—2,j4211l p-

O
LemmaS5.5. Let 1 < p <oo. Forj <Jyp+6,0 <t <1, wehave
1B (fo sosar 8=spi)lp S c2lle™P” fo gpaallpllg=seallp-
For j > Jo+6 and any t > 0, we have
1B (f>sp+ds 8<spr)|lp S 2 2j0+||P510+2g||p||f[j—2,j+2]||p,
In the above ¢ > 0 depends on (y, p, Jo).
Proof. The estimate for j < Jy + 6 is obvious. Observe that for j > Jy + 6,
Bi(f>jy+4, 8<sp+2) = Pjetm (e_tDyRLP>Jo+4f[j—2,j+2] Ve P P_j09).
Thus by Lemma 5.1,
B (f>so+as 8<to+2) |l p
SR fij—2. js21llpellV Pesgiaglloo S €22/ P<gyiagllpll fij—2. j+21 11 -
O

Lemma 5.6. Denote fh = f>jps2 gh = g>jp+2- Then for j > Jp, 1 < p < oo,
0 <t <1, we have

h _h j h h j h h
1B (" 80 S 27N s, ety el + 277 18" 1o, W junllo

P00 p,oo

. k2 I
+2J Z 2521 fi lp Nl g k=2 k42 1 p-
k=j+8

Proof. Write
Bi(f" 8" =Bj(ft; 5. 8"+ Bi(f]i_ 10 8"+ Bi(fL 110, 8"
h h h h
= Bj(f<j—2v g[j—2,j+2]) + Bj (f[j—z,j+9]’ g<j—4)

h h ho h
+Bj(flj_2, j+o1 8[j—4,j+12) T Z Bj(fi.8")
k> j+10

= () +Q)+Q)+@).

Estimate of (1).
Note that for given integer J; > 2, the term Bj(f[]}fj1 i3] g{’jfz j+2]) can be in-
cluded in the estimate of (3).
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It suffices for us to estimate (1A) = T, (R+ fZ h Siene Vg[ =y, +2]) with (here to ensure
|E| <« 27 we need to take J; sufficiently large)

o) = <¢>(5—") ¢( L))ot (&1

n _ v Y_ Y _ v
Y _ Y . - t(|E1 +nlY —1E+nlY) _ ,—11E] . .
+Inl 1§+ )X\g\<<2JX|,7|~2/ ¢(2j )(e e )X\§\<<21X|,7|~21-

By an argument similar to that in Lemma 5.4, we get

IAA

1 rh h —tDY 1 rh
SHBR f<j_2||oof||g[j_2,j+2]||p++t||€ "PTOR f<j—2”oo
. o i
2 ghly + 270D e T2 RE £ ool pe
+2/ @D REFE o g e

<2]y||f I |+7—y||g[‘] 21+2]||p

poo

Estimate of (2). Clearly

Y —tD7? —tDV
@)= Pje!” (RTe™P fl 110 Ve P g ).

Thus
h h h i h
1@y S W2 ooyl I V8 —alloo— S 18" 12 27 s frgyllpe

p.oo

Estimate of (3). Clearly

13 < 277 11"l S 2 Iy oyl

poo
Estimate of (4). We first note that
_ Y
D e PR AV Pigll, S22 H,,yug, 2jenlp (52
k>j+10 Pyo0

On the other hand by using that R f is divergence-free, we have

2.

PjetDyv . <(elDy RLf[jl)(etDyg[hkz’k.‘.zl))

k>j+10 p
j h h
S D0 21K lgl ka2
k>j+10
j k-2 o h
S22 A - g aksn -
k>j+8
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6. Proof of Theorem 1.2

2

1—
Recall that the initial data 6y € Bp,qﬁp, 1<p<oo,0<y<landl <q < 0.
Lemma 6.1. Let x € C2(R?) and 6y € B ,(R*) with 1 < p < 00, 1 < g < oo,

s > 0. Let (A;)32 | be a sequence of positive numbers such that inf,, 1, > 0. Then

lim sup || P~ s, (x (A, ' %) P<ns260 ) 135, = 0.

Jo—>00 > o
Proof. Write [ = x(k;lx), g = P<p4200, then
f8= (fig<j2+8jf<j-2+fi&):
JjEZ
where g; = g2, j+2]. Clearly

js 2 2 —j (2 2—
@PNS78<j-2Mp)it iz S NglpIO*T2 Flloo @20 ) =0,

uniformly in n as Jo — oo. A similar estimate also shows that the diagonal piece f;g;
is OK. On the other hand

@IS <j =287 1)t 20y S 1 o7 P80l )y 240y = O,

uniformly in n as Jy — oo. O

We now complete the proof of Theorem 1.2. This will be carried out in several steps
below.

Step 1. Definition of approximating solutions. Define ¥ = 0. For n > 0, define the
iterates 6"+ as solutions to the following system

9,0t = _RLo . yo+h _ pro@+h)  ( x) € (0, 00) x R2;
9(n+1)’t_0 = x (7 'x) P<y4260,

where x € CCOO(RZ) satisfles 0 < y < 1forall x, x(x) = 1for|x| < 1,and x(x) =0
for |x| > 2. Here we introduce the spatial cut-off x so that "+D € H* forallk > 0

1=
when we only assume 6y lies in L? type spaces. The scaling parameters 1, > 1 are
inductively chosen such that 1, > max{4A,_1, 2"} and

—100n
||90||L”(|X|>,(1)f0)nn) <2 .
Easy to check that
||9(n+1)(0) _ Q(H)(O)Hp < 2*"(1*J/+%)’

and by interpolation for0 < s <1 —y + %, s = 0+,

2
10D ©) =6 Oy 27T (6.1
P,
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Also by Lemma 6.1, we have
10D ©) — 6ol 2 — 0, asn— oo.
p.q i
These estimates will be needed for the contraction estimate later.

Clearly we have the uniform boundedness of L norm:

sup sup ||9<"“>(r>||p<sup I P<ns260llp S 116011 p-

n>00<t<oo n>0
This will often be used without explicit mentioning below.
Step 2. Denote A = 3D, f"*D (1) = /49D (¢). Then
atf(l’l+1) — _Af(ﬂ+1) _ efA(Rlefl‘Af(ﬂ) . Ve*lAf(l’H-l)).

One can view f*1) as the unique limit of the sequence of solutions ( f;, (”H) ~_; solving
the regularized system

O far ("‘H) Af(n+1) IAP (RJ_ —tAf(n) Ve~ tAP o ('H'l))
1
| = P (6050 Priate).

By using the estimates in Sect.2 (and the inductive assumption that £ e C? H* for
all k > 0), we can then obtain £+ e C9([0, T], H¥) forall T > 0, k > 0. Write

t
f(n+1)(t) — e—l‘Af(n+1)(O) _ / e—(l—S)AeSA(Rl_e—SAf(n) . Ve—SAf(l’l+1))ds.
0

By using the fact that f ) f (+h) ¢ C ,0 H*, it is not difficult to check that

sup [|0* f" V(D)) , < 00, YT >0, k> 0.
0<t<T

It follows that for any 7 > 0

sup (13, f™ VN, < sup DY fOV), 4l A(REeTA v A ptDy ) < o0
0<t<T 0<t<T

This together with interpolation implies f*) e C2([0, T1, W*?) for any T > 0,
k > 0. These estimates establish the (a priori) finiteness of the various Besov norms and
associated time continuity needed in the following steps.

Step 3. Besov norm estimates. Denote f (n+l) P;f +1) For any ¢y > 0, we show
that there exists J; sufficiently large, and 77 > O sufficiently small, such that

1—
sup(2/¢ W||f<’“||p>moc<,e[O . j=1) < €0. 6.2)

n>0
Clearly for each j € Z,

1

8tfj(n+1) _ _EDyfj(nH) _ PjetA(RJ_e—tAf(n) . Ve_tAf('H'l)).
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Then by using Lemma 2.1, we get for some constants C; > 0, C, > 0,
1 5 onj 1 ~ - _
o (NF PNy + 2N, < CollLPjett, e ARE F] . Ve A

Take an integer Jo > 10 which will be made sufficiently large later. By using the
nonlinear estimates derived before (see Lemma 5.3-5.6), we then obtain

J t ~
1 — Jv 1 — IV (t—
Lol < e ’||f}””(0>||p+/ e INas,
0

where for some constants 63 >0,Cs >0, 6’5 > 0,

Nj = 1lj<jps6 - C3 - (I P<sprr0f 115
I P=sor10f VNZ + 16011%) + 15 syvs - Ca - 27 (1 P< sy f N p 1A 1)
+1jssps6 - Ca - QI P< iy f VI A ooy
50 P2 f Pl - 277 1) 1)

~oAj (n+l)
+C52”/(”P>Jo+2f ” 1+77V|IP>JO+2]C, 2,j+2] ”p

1
+ ||P>Jo+2f(n+ )”BH%_V ||P>JO+2f[j,2,j+9]||p)

p,0o

+Cs2/ Z 2 P||P>JO+2fk lp ||P>Jo+2fk 2k+2]”l7
k>j+8

Denote

1 i(1—y+2) +1
1F Dl g = @ )||p)17-L,°°<ze[o,T],jzm

One should note that by the estimates derived in Step 2, the above norm of £+ is
finite. Then for0 < T < 1,

17Dl = @S Ol g + €3 6O

_1 2Jov
+Cp - 27207 2T 601, - (LD g + 1N )
2
+CP Tl 1L f " Vllrg + ColF s I F "Vl
where C%), C(Jﬁ) > () are constants depending on (Jy, ¥, p, q), C1, C2 > 0 are constants

depending only on (y, p, g), and C3 > 0 depends only on y.
By Lemma 6.1, one can find Jj sufficiently large such that

1
g fd=y+3 2y p(n+l) 0 ’
sup( PP Ol < o0,
1
Cy .22 L10(1 + 160l ) < ==
Fix such Jy and then choose T = T < 1 such that
1 1
(1) 2 i/ (2)
C, Toll6 . G2 Ty < —, Cy 0 .
7 Tollboll, < 100c, &3 T Tollbollp < 0
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The inductive assumption is || f |7, j, < t. Then clearly

1
(n+1)
”f ”To J() = 100C

1 1 1 1 1
(n+1) (n+1) (n+1)
+ —_— —_— R + — .
100C ” ] ”T() Jo 20 IC 20 ”f ”T(),Jo | ”f ”T(),]O

This easily implies || f "V |7, 5, < ﬁ which completes the argument.
The statement (6.2) clearly follows by a slight modification of the above argument.
Step 4. Contraction in B}, where so > 0 is a sufficiently small number.

Remark. We chose the space C, OBO+ since it contains L? and its norm coincides with

the usual Chemin-Lerner space L;’O Bgfoo (see (6.10)). This way one can make full use
of the smoothing effect of the linear semigroup on each dyadic frequency block which
is needed for this critical problem.

Set n*D = fth _ £ Then

FnHD = _An(HD _ A (RLA () [y omtA pitD)y A (RL—1A (=) gt Ap (D)

Itis easy to check for 0 < ¢ < Ty, J; € Z (below we work with p+ to avoid the end-point
situation p = 1)

3|l P<2yn™ V1l
Sntopy e ARl FO D oo + IR £ Pllaolle ™ AV,
Satopy I Mp I Plloom + 1L P lloo= 011
< Cryp - U™l + IV ),

where Cy,, j, is a constant depending only on (g, J1, To, ¥, p, ¢). Here in the last in-
equality we used the estimates obtained in Step 3.

(n+1)

On the other hand for j > Ji, denoting n; =P; n"*D | we have

1 =ong 1
ol Ol + €277 I,
S ||Pje[A(Rlefl‘An(n) 7tAf(n+l))” +||[ l‘A Rl 7tAf(n 1) VeilAT](n-H)”p.

We now need a simple lemma.
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Lemma 6.2. Let0 <t < 1,1 < p < oo, J1 > 10. We have for any j > Jj,
_ _ i(1+2—
I (RYe™ Ay - Ve )l S 27T i penllplinl
. Pyl
+ 27 Iz gaillp - @IS e iz

37 (142 . . k(2=
+231¢ +p)||P§311f||p'2]0+||77[j—2vj+3]”17+2j||n“B;(.)oc > 207 ik kel
k> j+4
”PjelA(RJ_e—tAf ) Ve—lArl) _ RJ_e—IAf . VPJU”[)

. 0
S27 N fonll 12y -2 j31llp + Coy - <0l 2% g2, 4311l
B

.00

+Cyy - tll f<prollp - 2V Ingj—2, 4311l p

i(1+2 —s0) i
+|InIIB;ow 2T frizsjasllp # 27V | P=jas S | 12 1jllps
: B

p.oo

where C, is a constant depending on Ji.

Proof of Lemma 6.2. For the first inequality we denote ﬁ}(g, h) = Pje'A(Rte~'4g .

Ve~ !4h). By frequency localization, we write

Nj(m, f) = Nj(n<j-2, fij-2,j+21) + Nj(j—2,j+31, f<jes) + Z Nj(i, fik—2,k+21)-
k> j+4

Clearly

IN;(m<j—2, fij—2.j+2Dlp
. i(1+2—
SN fij-2 sl pelinej2lloo S 2707 SO)||f[j—2,j+2]“p”n”B;Ooc'

For the second term we split f as f = f.37, + f<37,. Then (below we work again with
p+ for the n-term which give rises to 2/9; the reason for p+ is to avoid the end-point
case p = 1)

ING (ngj—2, j+31: f<j+s)llp

2
31(1+2)

i j1(1—y+2 i
Sl TIPS e 22 +2 1P<3s, fllp - 27 lIngj—2, 4311l p-

For the diagonal piece, we have

> ING O fe—2.k02D) 1

k>j+4

. k2 ~ k(3 =s0)
<20 )0 2P Il fuzaeally < 2 limllgo Y 270 Szl
k>j+4 k>j+4

For the second inequality, we denote

Ni(f,n) = Pie'*(RYe A f . Ve Ay) — REe™ A f . VP (6.3)
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Observe that

N;j(fin<j-2)

= Pje!"(RTe™ f - Ve Anjg) = Pie' " (RMe™ fija juay - Ve 2.

Thus
i(1+2—
IN;(fn<j=Dllp S W=z gullp - 277l o .
On the other hand,

N;i(f,n=j+3) = Pie' " (Rte A f - Ve . j13)

— Z PjetA(Rle_tAf[k—Z,k+2] . Ve_tAr/k)-
k>j+4

Thus

: k(2 —
IN; (o= jo)llp S 2 lmllgo, D 297 freaslp-

k>j+4

It remains to estimate N (f, n[j—2, j+31). We first note that

IN;(f=js6 ij—2, 43D p = IR €™ foive - VPl
S2VNPzjr6 1 ez, Il
B

P00

On the other hand,

j(1+2
IN;(fij-s,j+51 -2, +3D1p S 2/ p)||f[j75,j+5]||p||77[j72,j+3]||p~

(6.4)

(6.5)

(6.6)

6.7)

(6.8)

Finally to deal with the piece N;(f<;—¢, nj—2,;+3]), We appeal to similar estimates in

Lemmas 5.4 and 5.6. We obtain

IN; (fij—s.jests nj—2 4300 p S Cry - Q1% +1- 271 P grsio £l p =2, 431l p

+ 27| Poygy f<j=s6ll w2 Imgj—2, 431l p-
B

P.o0
The desired result follows.
It is clear that for any 7 > 0,
1 1 s 1
||77("+ )||C?B;(?OQ([0,T]) ~ ||P§177(n+ )”L?OL,'Z([O,T]) + (2/Y°||77§-n+ )”

(n+1)

6.9)

O

PRI GE0.T], j22)

X .
= || P<in""* )||L?°Lf([O,T]) +(27%n; ||p)l5?°l,°°(te[0,T],j22)a

where the implied constant (in the notation “~") depends only on (sg, p).

(6.10)

By this simple observation, using Lemma 6.2, (6.2), (6.1), and choosing first J;

sufficiently large and then 77 sufficiently small, we obtain

1
(n+1) )] B
I om0,y = 10 Meomo, qom,

p+Cop - 27",



30 Page32of34 D. Li

where Cg, is a constant depending on (g, o, p, ¥, q) and og > 0 depends on (sg, ¥, p).

This clearly yields the desired contraction in the Banach space C? ([0, Tq], B;(foo).
1—y+2
Step 5. Time continuity in B, qy 7. By the previous step and interpolation, we get

£ converges strongly to the limit f alsoinC; B OB l([O Ti]) forany0 < s’ < 1—y+ 2.

We still have to show f € C'B _V ; ([0, T1]). Since ™ —> fin CPLY we only need
to consider the high frequency part. Denote s =1 —y + ; By using the estimates in
Step 3 and strong convergence in each dyadic frequency block, we have forany M > 10,

E Jjsq E : jsq (n)
1<j<M 1<j<M

where A; > 0 is a constant independent of M. Thus [[(f)llj 110 (j=1, rer0,7ip) <
Since P<y f € C?B;’q for any M, and

1

s gl ’
1P f = Pepr fllcopy S ( Y 2y ||L00Lp> —0, asM >M— o,
M-=2<j<M’'+2

we obtain f € CZOB;‘W

Remark. An alternative argument to show time continuity is to use directly (6.2) to get

time continuity at r = 0. For r > 0 one can proceed similarly as the last part of Sect.3
2

I=y+ . .
and show 04’ f € L®B,, /7 for some €y > 0 small and use it to “damp" the high
frequencies.

1—p+2
Step 6. Set 0(f) = e A f(z,-). Clearly 0 € c?Bp,q”P. Recall 6, = e A f,(t, ).
In view of strong convergence of f, to f, we have 6, — 0 strongly in C ? B‘;,/ﬁl for any

0<s < 1—y+%.Sinceforany0§to <t < Ty we have

t
9(n+1)(t) — e—(l—l())DyG(n+1)(t0) _ / V ) e—(l—S)Dy (RJ_Q(”)O(’H—I))(S)CZS.

To

Taking the limit n — oo yields

t
0(t) = e~ =D 910y — / Ve OPT (RE0(5)0(s))ds. (6.11)

fo

It should be mentioned that the above equality holds in the sense of LY and even stronger
topology. It is easy to check the absolute convergence of the integral on the RHS since

IV - e C=9P" (RLO ()0 (s)) I
St =) DR REG (OGN S (1 — )76

1y+
poo
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Thus 6 is the desired local solution. One can regard (6.11) (together with some regularity
assumptions) as a variant of the usual mild solution. Note that 6; = P;0 is smooth, and
one can easy deduce from the integral formulation (6.11) the point-wise identity:

30; = —DV0; — V- P;(OR"0).

From this one can proceed with the localized energy estimates and easily check the
2

. I l=y+3 . .
uniqueness of solution in C B p.oo |- We omit the details.

Remark. Much better uniqueness results can be obtained by exploiting the specific form
of R*6 in connection with the H~!/? conservation law for non-dissipative SQG. Since
this is not the focus of this work, we will not dwell on this issue here.
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