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Abstract
Subcritical crack propagation in stressed carbonate rocks in a chemically reactive environment is a fundamental mecha-

nism underlying many geomechanical processes frequently encountered in the engineering of geo-energy, including

unconventional shale gas, geothermal energy, carbon sequestration and utilization. How a macroscopic Mode I crack

propagates driven by a reactive fluid pressurizing on the crack surfaces with acidic agents diffusing into the rock matrix

remains an open question. Here, the carbonate rock is modeled as an elasto-viscoplastic material with the mineral mass

removal process affecting the rock properties in both elastic and plastic domains. A blunt-tip crack is considered to avoid

any geometrically induced singularity problem and to allow a numerical analysis on the evolution of the chemical field

being linked to the micro-cracking activities in front of the crack tip, affecting the delivery of acid. The model is capable of

reproducing an archetypal three-region behavior of subcritical crack growth in a reactive environment. The crack prop-

agation exhibits a prominent acceleration in Region III due to a two-way mutually enhancing feedback between mineral

dissolution and the degradation process, which is most pronounced in front of the crack tip. With the consideration of initial

imperfections in the rock, the macroscopic crack propagation is further accelerated with a secondary acceleration arising

due to self-organization of micro-bands inside the chemically enabled plasticity zone.

Keywords Reactive environment � Micro-cracking � Acid enhancement � Stress intensity factor � Chemical softening �
Self-organization

List of symbols

_eelij ; _e
pl
ij

Elastic (reversible) and plastic (irre-

versible) part of the strain rate

Eijkl Elasticity tensor

rij Stress tensor

nREV Integrated mineral mass removal in a

representative elementary volume

(REV)

nloc Integration of local chemical mass

removal
_nREV Mineral dissolution rate at REV-scale

_nloc Mineral dissolution rate at local scale

of=orij Yield locus gradient

_k Magnitude of plastic strain rate

h•i Macaulay brackets

_eplq ; _e
pl
v

Deviatoric and volumetric compo-

nents of the plastic strain rate

_eref Reference strain rate

q; p0 Equivalent deviatoric stress and the

volumetric mean effective normal

stress

Yp0;q The normal or deviatoric component

of the reference yield stress without

any chemical dissolution

bq; bp0 Coefficients representing the effect of

mass removal on the deviatoric and

normal components of the yield limit

ê Strain invariant acting as a proxy for

local mechanical damage

g Coefficient of microcracking

enhancement on the process of chem-

ical dissolution

xCa2þ Molar fraction of calcium& ManMan Hu
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bHþ Lumped constant representing a com-

bined effect of local acidity and

damage enhancement on the mass

dissolution rate

k0 Exponential index

DCa2þ Diffusivity of calcium

DHþ Diffusivity of hydrogen

cCH Proportionality constant of the con-

centration change rate of hydrogen

due to consumption over the mass

transfer rate of calcium production in

the REV

CHþ Local hydrogen concentration

Lref ; rref ;Cref ; tref Reference values for displacement,

stress, concentration and time,

respectively

t Time

E0 Initial Young’s modulus

t Poisson’s ratio

k Yield stress

c0 Initial rock cohesion

pin Fluid pressure applied on both the

crack surfaces and the tip

pex Confining pressure applied on the

exterior of the process zone

Ca Hydrogen concentration imposed at

the cavity boundary

a; b Radius of the round-tip of the blunt

crack and the size of the process zone

rr; rh Radial and circumferential stress

components

ua Movement of the crack tip point

1 Introduction

To meet the increasing energy demand world-widely,

hydrocarbon exploitation of unconventional reservoirs

undergoes rapid development toward a commercial scale in

recent years. Unconventional oil and gas reservoirs in

general refer to those tight rock formations characterized

by very low permeability, for which the bearing hydro-

carbon resources can hardly be extracted at economic flow

rates without the assistance of a suitable stimulation

treatment [38]. Together with the development of hori-

zontal drilling, hydraulic fracturing (i.e., fracking) has

become a common technique for the subsurface exploita-

tion of unconventional oil and gas reservoirs. The process

of fracking typically involves injection of a highly

pressurized fluid into the target bedrock to create a network

of cracks and hence sufficient fluid pathways. For those

unconventional reservoirs containing rich carbonate, the

acidizing treatment is often incorporated to chemically

soften the host rock. The predominant chemical reaction

occurring in a carbonate under weak acid assisted fractur-

ing can be described by Eq. (1) [46]:

CaCO3 sð Þ þ Hþ aqð Þ $ Ca2þ aqð Þ þ HCO�
3 ðaqÞ ð1Þ

When in-situ chemical weakening is at play in the rock

formation, a reduced hydraulic pressure is required and

cracks propagate at a subcritical regime [3]. A proper

understanding of acid–water–rock interactions is of critical

importance to the optimization of acidizing-assisted

hydraulic fracturing in terms of operational cost and well

productivity, as well as the environmental safety. This calls

for an in-depth investigation into the evolving interplay

between the constitutive behavior, including both the

elastic and plastic domain [9, 26, 27], of a degrading

geomaterial and the chemically reactive environment it is

subject to. In particular, how a single macroscopic crack

propagates with fluid pressurizing on the crack surface in

tandem with mineral mass removal occurring around the

propagating front remains an open question.

Studies on tensile (Mode I) crack propagation in solids

date back to the classical Griffith’s criterion [18] based on

energy balance for linear elastic brittle materials and

Irwin’s modification [30] to account for the crack-tip

plasticity accompanied by dissipation of heat. An energetic

path-independent contour integral is widely adopted to

calculate the fracture toughness from far-field avoiding the

stress-field singularity problem associated with the crack

tip, which is often referred to as the J-integral, after Rice

[39]. Notable extension of the J-integral concept as applied

to tensile cracking includes theoretical investigations

focusing on e.g. energy flow during elastic crack extension

[5, 16], elastoplasticity of a hardening material [28], rhe-

ological behavior of viscoelastic materials [40] and inter-

facial crack growth of anisotropic bimaterials [37].

Abundant laboratory evidences have revealed that the

stress intensity factor derived from the J-integral repre-

senting the fracture toughness in a brittle solid during

propagation is correlated to the logarithmic of crack

velocity following a linear trend in non-reactive environ-

ments [8, 47]. For a reactive environment, for instance in

the presence of water, vapor, or fluid carrying acidic

agents, stress corrosion in the vicinity of the propagating

crack tip plays a role. The experiment presented by

Atkinson and Meredith [4] investigates the influence of

fluid acidity on the tensile cracking velocity in synthetic

quartz specimens, which demonstrates that the chemical

enhancement on crack propagation is proportional to the

pore water activity of the imposed aqueous environment.
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The underlying mechanism of dynamic crack growth in

quartz is believed to be a microscopic picture pertinent to

bond-rupture that is induced chemically or mechanically

(or both, in a coupled manner) depending on the crack

propagation velocity and the time scales defining the

reaction–diffusion processes [15, 47].

For acid-assisted subcritical crack propagation in car-

bonates, while Hu and Hueckel offer a general semi-ana-

lytical formulation [27] extending the Airy stress function

[1] to account for induced chemical softening in rocks, this

contribution aims to provide a numerical platform that

investigates the growth of a single fracture under combined

mechanical and chemical loads, capturing the three-region

crack propagation behavior as an archetype response of

Mode I cracking immersed in a reactive environment. It

has been noted that both chemical dissolution (and possible

re-precipitation) and micro-plasticity around the crack tip

play important roles in the geological setting of subcritical

crack growth [3]. Indeed, a mineral mass removal from a

solid affects the mechanical strength causing degradation

of the material. When the time scale defined by the spon-

taneous or triggered mineral mass flux is comparable to the

counterpart by the mechanical process (e.g. crack propa-

gation in the current study), multiphysics feedback is

expected to pronounce [22]. Laboratory evidence has

shown that the constitutive behavior of calcarenites in the

presence of acidic environment is affected by the progress

of chemical reaction indicated by mass removal content, in

both oedometric and triaxial tests [10–12]. Microscopi-

cally, it is observed that micro-cracking occurs at the

stressed intergranular contact in, for instance, pressure

solution and sedimentary aging [19, 20, 45], providing

additional sites for chemical dissolution [6, 26]. The con-

cept of coupled chemo-plasticity thereby links chemical

softening to the extent of micro-cracking and the associated

irreversible dilatancy, the increase of the total specific

surface area and hence the increase in mineral dissolution

[21, 26].

Rocks, as a natural geological material, are inherently

heterogeneous. While classical analytical solutions

assuming in general homogeneity provide an important

baseline for the evolution of stress and deformation field

during crack growth, here we deploy a numerical experi-

mentation on investigating the role that rock heterogeneity

plays in advancing the propagation of a single crack in a

chemically reactive environment. Studies on the effect that

heterogeneity, manifested as a spatial fluctuation of mate-

rial properties, poses on the emergence of shear banding in

soils and rocks prior to failure have been enabled by

numerical approaches in recent years [29, 32]. The spatial

heterogeneity in terms of density variation has been con-

firmed to be a determining factor for shear localization to

appear in a geomaterial under compressive loading.

Variability in local mechanical properties originating from

the intrinsic heterogeneity of a geomaterial is suggested to

be a major factor influencing the global behavior and the

onset of bifurcation [41]. Heterogeneous microstructure of

claystones is taken into account by Pardoen et al. [33] by

assigning different values of elastic modulus to various

mineral constituents. Further attempts have been made on

mapping the local material properties through non-invasive

laboratory techniques such as X-ray tomography mea-

surements into continuum-based numerical methods for

analyzing the formation of shear bands [13, 42]. However,

the influence of intrinsic rock inhomogeneity on Mode I

crack propagation considering reactive environments has

not been explored so far.

The current study presents a numerical investigation on

the propagation of a single macroscopic crack in a chem-

ical environment, employing a reactive-visco-plasticity

model recently proposed by Tang and Hu [46] based on the

phenomenon of chemical ductilization observed in cal-

carenite tests in post-yield regimes [10, 11]. Sensitivity

studies on the role of the imposed chemical environment as

well as the susceptibility of the rock in the presence of

acidity to microcracking are carried out, followed by an

investigation into the propagation of crack incorporating

the consideration of inhomogeneity modeled as spatial

fluctuation in the initial distribution of the mass removal

field. The paper is organized as follows. Section 2 presents

the numerical setup for a blunt-tip macroscopic crack

undergoing subcritical propagation and formulates the

framework of the coupled chemo-mechanics aiming at

providing such a basis that the intricate interactions

between solid matrix deformation, chemical reaction and

solute transport in the process zone are captured. The

governing equations describing a multiphysics involved

system are implemented into an open-source simulator

based on the MOOSE environment benchmarked against

the slip-line field solution of an axisymmetric deformation,

as detailed in Sect. 3. The numerical results of a two-di-

mensional acid-assisted crack propagation problem are

presented and analyzed in Sect. 4.

2 Model description

In order to investigate the subcritical crack propagation in a

carbonate rock undergoing chemical degradation, a suit-

able model should address the chemical alteration on the

rock constitutive behavior and meanwhile the effect of rock

deformation on the chemical environment. In what follows,

we describe such a conceptual model where the mechanical

behavior of the rock is dependent on the progress of the

chemical dissolution, which is linked to the reactive

transport in the aqueous phase being affected by the micro-
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cracking process via mass balance. A two-way chemo-

mechanical feedback is thereby established, which is con-

sidered as a necessity for modeling the archetypal tensile

crack propagation behavior spanning characteristic three

regions as observed in the laboratory.

2.1 Constitutive considerations for carbonate
rocks in a reactive environment

The constitutive considerations are based on a series of

laboratory experiments on calcarenite specimens exposed

to reactive environments [10–12]. It is observed that the

rock behavior is controlled by the variable of reaction

progress (the integrated mass removal) in terms of both

plastic and elastic properties. Also, a chemically enabled

ductilization in the post-yield regime is noted, as the

stressed rock undergoes chemical softening due to the

progressive loss of mineral mass. In the current study, a

carbonate rock subject to concurrent deformation and

induced internal mass exchange is modeled as an elasto-

visco-plastic material with both the reversible and irre-

versible portions of the strain chemically-affected.

2.1.1 Reactive chemo-elasticity of carbonate rocks

For the elastic portion of deformation, the chemical influ-

ence is implemented into the elastic modulus following the

coupled chemo-elasticity [27], where the elasticity tensor

Eijkl is defined as dependent on a local chemical quantity

nloc.

rij ¼ Eijkl n
loc

� �
� eelkl ð2Þ

where rij and eelkl denote the stress tensor and the elastic

(reversible) part of the strain, respectively. nloc denotes a

scalar variable representing the integration of local mineral

mass removal over time:

nlocðtÞ ¼ r
t

0

_nlocds ð3Þ

where _nloc ¼ dnloc/ds denotes the rate of the local mass

removal.

In analogy to the classical concept of thermo-elasticity,

where the elastic modulus exhibits a dependence on the

thermal field, Eq. (2) in the context of the rock elastic

response being affected by a chemical field is interpreted as

follows. The chemical mass removal from a solid at con-

stant stress via mineral dissolution produces an instanta-

neous strain in addition to the pure mechanical strain,

manifesting as a change in the magnitude of the effective

Young’s modulus. Note that the chemically induced

shrinkage via mineral dissolution is assumed as isotropic

within this chemo-elasticity regime. A linear dependence

of the elasticity modulus on the progress of chemical mass

removal is assumed in this study for simplicity.

2.1.2 Reactive chemo-visco-plasticity of carbonate rocks

For the irreversible portion of the deformation, we follow

the strategy proposed by Tang and Hu [46], where the

magnitude of the plastic strain rate _k is expressed through

deviatoric and volumetric components:

_k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_epl2q þ _epl2v

q
ð4Þ

where _eplq and _eplv represent the deviatoric and volumetric

invariants of the plastic strain rate, respectively. Both

components are assumed to follow Perzyna’s overstress

model of viscoplasticity [34]:

_eplq ¼ _eref
q� yq
rref

� �m

_eplv ¼ _eref
p0 � yp0

rref

� �m

8
>><

>>:
ð5Þ

where _eref is a reference strain rate and m is the exponent in

the power law stress–strain relationship. q and p0 denote the
equivalent deviatoric stress and the volumetric mean

effective stress, respectively. h•i represents the Macaulay

brackets, such that

h/ðp0; qÞi ¼ / p0; qð Þ; if /ðp0; qÞ� 0

0; if / p0; qð Þ\0

�
ð6Þ

where /ðp0; qÞ denotes the overstress function, which in

our model is chemically dependent through the deviatoric

and normal components of the yield stress, yq and yp0 ,

respectively.

It is supported by laboratory evidence that the yield limit

of carbonate rocks is affected by the reaction progress of

mineral mass removal [10, 11]. Chemical reactions occur at

local scale while the yield limit of a rock is a continuum-

scale quantity. The concept of representative elementary

volume (REV) is hence adopted to provide a bridge

between the two scales. Here we consider a specific REV

that satisfies the following conditions: (1) both the chem-

ical and mechanical properties of the rock under investi-

gation can be attributed to; (2) the size of the REV is larger

than the characteristic length-scale of the chemical process

considering diffusive transport; (3) the REV includes the

presence of sufficient numbers of grains, pores, voids, and

interactions between grains; (4) the REV can render the

encapsulated material volume qualified as a continuum

element in the process zone around the tip of the propa-

gating crack.
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The effect of chemical mass removal on the irreversible

component of the rock mechanical behavior is expressed

through a REV-averaged variable, nREV, defined as

nREV ¼ r
t

0

1þ gêð Þ _nlocds ð7Þ

where ê denotes a strain invariant representing the local

mechanical damage and g the coefficient of microcracking

enhancement on the chemical process which is linked to

the specific surface area of the pre-existing voids per unit

volume in the matrix [26]. nREV is hence interpreted as the

time integration of the mass removal within the REV

considering an enhancement on the local mass removal rate
_nloc by a mechanical variable representing the effect of

microcracking. This REV-scale variable is bounded by

nREV 2 ½0; 1�, where the lower limit denotes the pristine

carbonate rock without any chemical dissolution while the

upper limit corresponds to when all the dissolvable mineral

mass is removed from the solid matrix.

Inside the REV, when irreversible deformation or

damage is produced, new micro-crack walls are generated,

increasing the total Specific Surface Area (SSA) of the

solid–fluid interface per unit volume. Thereby, the total

amount of mass removal by mineral dissolution is

enhanced, assuming that the dissolution rate is proportional

to the total SSA per unit volume of the REV. As a result,

the stressed rock undergoing chemical erosion gets weak-

ened, where local damage as well as the irreversible por-

tion of deformation are in turn enhanced. A two-way

chemo-mechanical coupling mechanism is therefore

formed underlying the post-yield regime rock behavior.

The yield limit, found to be dependent on the chemical

progress, is here modeled as a function of nREV. The fol-

lowing expression is adopted for describing the effect of

chemical degradation on the yield limits:

yp0;q ¼ Yp0;q 1� bp0;qn
REV

� �
ð8Þ

where Yp0;q denotes the normal or deviatoric component of

the reference yield stress without any chemical dissolution.

bp0;q denotes the constant coefficients representing the

effect of mass removal on the respective components of the

yield limit.

Assuming an associated flow rule, the plastic strain rate

in the form of second-order tensor is expressed as

_eplij ¼ _kof=orij ð9Þ

where f is the yield function and of=orij denotes the yield

locus gradient giving the mode of plastic strain rate. Sub-

stituting Eqs. (4–8) into Eq. (9) we obtain the irreversible

portion of the strain rate. Here the effect of chemical

degradation is enabled through the scalar multiplier _k, and

the consideration of chemical reactions possibly changing

the direction of the viscoplastic flow is out of the scope of

this study.

2.2 Acid delivery coupled to damage evolution
around the crack tip

We consider a macroscopic fracture undergoing subcritical

growth in an above-described carbonate rock being affec-

ted by the chemical dissolution described by Eq. (1). How

this single fracture would extend depends on the stress

conditions as well as the chemical environment it is subject

to. In the vicinity of the crack tip, local chemical envi-

ronment for the rock material is not static but evolving due

to the elevated damage associated with severe stressing

around the tip, opening microcracks and affecting the

delivery of acidic agents. Meanwhile, the acid delivery

affects the local chemical dissolution as its reaction rate is

dependent on the local concentration of the hydrogen. With

an enhanced chemical mass removal, the rock material in

the vicinity of the crack tip goes through further degrada-

tion. Therefore, acid transport through the aqueous phase

and damage evolution in the solid matrix are coupled in a

two-way manner.

2.2.1 Process zone around the tip of a subcritical crack

A process zone around the tip of a single fracture is

illustrated in Fig. 1, where a blunt tip is considered to avoid

Fig. 1 Acid-assisted hydro-fracturing model of a single fracture in the

presence of hydrogen invasion. The crack surface is subject to

constant hydraulic pressure and acid exposure, and the exterior

boundary is constrained by overburden pressure
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the singularity problem associated with a sharp tip. The

geometry of the fracture is defined as follows. The two

fracture surfaces are parallel to each other with an opening

of 2a; at the fracture tip the curvature from h ¼ �p=2 to

h ¼ p=2 is constant, x ¼ 1=a (see Fig. 1). To simulate

acid-assisted fluid pressurization, a long-lasting acidic

solution with a constant hydrogen concentration

(pHin ¼ 5:3) is pressurized inside the fracture opening,

posing a uniformly distributed fluid pressure pin on the

crack surfaces and the tip. On the exterior boundary

(r ¼ b), a uniformly distributed confining pressure pex
representing the overburden is considered. An extremely

low permeability carbonate is considered, assuming neg-

ligible evolution of the rock porosity with the chemical

process. The chemically induced degradation of the rock is

manifested in both the elastic and plastic domains of rock

behavior. Inside the process zone, both the elastic modulus

and yield limit are affected by the process of damage-en-

hanced mass removal. The chemical boundary condition on

the exterior of the process zone is assumed as uncon-

strained. For the initial conditions, a neutral pH environ-

ment is applied to the entire process zone which is selected

as the reference hydrogen concentration.

2.2.2 The role of damage in reactive transport
within the process zone

Transport of the dissolved mineral mass is here described

by a reactive–diffusion equation with a nonlinear source

term representing the rate of mass flux generated from the

damage-enhanced chemical dissolution processes. Advec-

tive transport is assumed negligible. On the chemical part,

dissolution occurs when a reactive species (hydrogen, Hþ)
attacks the soluble matter (CaCO3) which consumes the

reactive agent. The reaction/dissolution will stop when the

soluble mass or the reactive agent is exhausted, whichever

occurs earlier. In this contribution we chose to consider the

former case in an open system scenario, which allows flux

of ions entering or exiting the system from/to the envi-

ronment, formulating boundary value problems (BVPs)

well constrained from both the mechanical and chemical

fields. One prominent motivation is that emergent phe-

nomena or self-organized spatio-temporal patterns [23, 24]

often occur resulting from coupled multiphysics reaction–

diffusion feedback processes, which operate away from

thermodynamic equilibrium relaxing the constraints of a

closed system. Our viscoplasticity based model hence

simplifies the chemical damage model of Borja et al. [7]

inspired by the transition state theory while capturing the

ductilization effect induced by the diffusion of surrounding

chemical environment, supported by laboratory evidence

shown in the post-peak regimes of calcarenites tests

[10, 11].

Following the kinetics of calcite dissolution given by

Sjöberg and Rickard [44], the rate of the dissolution of

CaCO3 is assumed as a power law function of the local

hydrogen concentration CHþ , which leads to the reactive-

transport process of Ca2þ being coupled to the irreversible

damage of the solid matrix as well as the delivery of

hydrogen:

otxCa2þ ¼ DCa2þr2xCa2þ þ bHþ 1þ gêð Þ CHþð Þk
0

ð10Þ

where xCa2þ denotes the molar fraction of calcium in the

fluid phase within the process zone, DCa2þ denoting the

diffusivity of calcium, assumed as constant in the process

zone. bHþ denotes a lumped constant representing a com-

bined effect of local acidity and damage enhancement on

the mass dissolution rate. The exponent k0 is usually

assumed as constant with a value between 0.5 and 1.0, and

k0 ¼ 0:9 is adopted in the present study [43]. The evolution

of acidity distribution over time is controlled by

otCHþ ¼ DHþr2CHþ � cCH _nREV ð11Þ

where DHþ denotes the diffusivity of hydrogen and cCH is a

proportionality constant of the concentration change rate of

hydrogen due to consumption over the mass transfer rate of

calcium production in the REV. To this end, the reactive–

diffusion of calcium, the spreading of acidity, the chemical

dissolution occurring at the solid–fluid interfacial areas,

and the matrix yielding as well as the dissipative micro-

cracking process are fully coupled.

3 Computational method

3.1 Finite element implementation
of the proposed reactive-chemo-mechanical
framework

An open-source finite element simulator, MOOSE

[17, 35, 36], is employed as the numerical platform to

implement Eqs. (2–11) for investigating the problem of

subcritical crack propagation in a carbonate considering

chemical degradation and the associated reactive transport

of solute as well as damage-dependent acid delivery in the

process zone. The involved complex process is described

by three modules, representing the chemically affected

mechanical behavior, the progress of mineral dissolution,

and the damage-dependent transport processes. The three

modules are tightly connected interactively via the

involved parameters enclosing the state information at each

time step for each feeding back or forward. The family of

finite element shape functions for all unknown variables to
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be solved in PDEs, including displacement (ux, uz, uz) and

solute concentration (CHþ , xCa2þ), is linear Lagrange with

the first order form. Newton–Raphson algorithm is adopted

to calculate the increments of the elasto-visco-plastic

variables at each timestep. ConstantDT timestepper is used

which initially simply takes a constant time step size

throughout the analysis unless the solver fails to converge

on an iteration. In what followed, the time step size is

repeatedly cut back until a successful solution is obtained.

To describe the system response under loading, the

elastic and plastic regimes of rock behavior are influenced

by the local dissolution rate nloc and a REV-scale mass

removal nREV taking into account the irreversible micro-

cracking and path-dependence in time. Meanwhile, the

progressive degradation of rock strength leads to further

damage and the newly generated micro-fracturation acts as

an addition to the SSA per unit volume accelerating the

overall chemical mass removal rate. This internal mass

exchange process serves as the source or sink terms in the

reaction–diffusion equations of ion transport, and hence the

transport process is coupled to the irreversible deformation

of the rock. In MOOSE implementation, a plasticity check

at each node is incorporated for each Newton–Raphson

iteration to determine if the material point enters the

plasticity regime. In the elastic regime, for example the

area near the exterior, only the elasticity tensor is updated

with an updated amount of mass removal from the reac-

tion-transport processes at each time step. Once plasticity is

reached, i.e., in the vicinity of the fracture tip where stress

concentrates, the incremental plastic flow, the flow tensor,

the deviatoric and volumetric components of the yield

stress as well as the damage proxy get updated at each

iteration.

The above-discussed physico-chemical processes origi-

nating from the micro-scale are linked to a continuum-scale

description of rock behavior via the selected REV. Details

on how kernels and auxiliary kernels are established for the

coupled reactive-chemo-mechanical model can be found in

the Appendix of the reference [46]. For the investigation of

acid-assisted subcritical crack propagation, all the involved

physico-mechano-chemical variables and parameters are

normalized for the numerical implementation. The nor-

malization rules for a conversion of the system description

into a dimensionless group are outlined as

xH ¼ x

Lref
; rHij ¼

rij
rref

; CH ¼ C

Cref

; tH ¼ t

tref
ð12Þ

where Lref , rref , Cref , and tref denote the reference values

for displacement, stress, concentration and time, respec-

tively. In the current study, the initial radius of the cavity is

chosen to be the reference length Lref . The selection of tref

is made based on tref ¼ L2
ref

DHþ ;ref
, where DHþ;ref denotes a

reference value for the diffusivity of hydrogen (Hu and

Hueckel 2019). Cref here represents the hydrogen concen-

tration in a neutral condition where no dissolution occurs.

The reference for the stress components is commonly the

initial value of rock cohesion. For all the numerical

investigations in this study, mesh refinement and a small

enough time-step are incorporated to ensure the accuracy

of our results from our numerical experiments. Under

sufficiently large fluid pressurization, slip-line field is

expected to develop from the assumed round-tip of a blunt

fracture (as illustrated in Fig. 1) following the trace of

logarithmic spirals [31]. In what follows, we first bench-

mark the implemented code with the analytical solution of

the slip-line field for an internally pressurized thick-walled

cylinder.

3.2 Benchmarking against Johnson’s analytical
solution of an internally pressurized cylinder

Before proceeding to the numerical investigation of sub-

critical cracking, this section presents benchmark tests of

the implemented code against the analytical solution [31]

of the slip-line field around an internally pressurized thick-

walled cylinder, as depicted in Fig. 2. Two-dimensional

quadrilateral mesh (3107 elements in total) is used, and the

mesh size is progressively smaller as getting closer to the

cavity wall. Ideal rigid plasticity is assumed for the mate-

rial under consideration. No chemical dissolution or

Fig. 2 Slip line field solution for the expansion of a circular hole in an

ideal rigid-plastic medium. Radial pressure is applied at r = r1,
traction-free condition assumed at r = r2. With the assumption of von

Mises material, the a slip lines (in blue) and b slip lines (in green) are

orthogonal at crossing points (color figure online)
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internal erosion is considered here. The pressure variation

on slip lines is described by Hencky’s equations. The

hydrostatic pressure r varies with the angle u along the slip

line in a linear relationship with the yield stress k:

r� 2ku ¼ C1 along a line ð13aÞ
rþ 2ku ¼ C2 along b line ð13bÞ

The boundary conditions are uniformly distributed

radial pressure applied on the interior of the cylinder and

the exterior free of traction. Plane strain conditions are

assumed. The maximum and minimum principal stresses in

this case are r1 ¼ rh and r3 ¼ rr, corresponding to 1
2
ðrh �

rrÞ ¼ k for von Mises materials (i.e., yielding upon the

second invariant of deviatoric stress reaches a critical

value) according to the Mohr’s circle criterion. A slip line

growing from an arbitrary point of the interior, for instance,

AB in a logarithmic form, takes the mathematical

description r ¼ r1e
u. At the traction-free point B, rr ¼ 0,

rh ¼ 2k which can be derived from the yield criterion, and

uB ¼ ln r2
r1
. The value of C1 along the a line can be obtained

via Hencky’s equations:

C1B ¼ 1

2
ðrh þ rrÞ � 2k ln

r

r1
¼ k � 2k ln

r2
r1

ð14Þ

With the assumed ideal rigid plasticity, the radial and

circumferential stress components at any point can be

expressed as

rr ¼ �2kln
r2
r

� 	
ð15aÞ

rh ¼ �2kln
r2
r

� 	
þ 2k ð15bÞ

The von Mises material under consideration is assigned

with a yield stress k ¼ 20MPa over the entire region. Rigid

plasticity is modeled by taking a sufficiently large exponent

(here m ¼ 20 is adopted) in the power law relationship

[25]. A comparison of the distribution of the radial, cir-

cumferential and shear stress components along the radius

computed from the analytical solution (by marks) and the

numerical implementation (by solid curves), respectively,

is illustrated in Fig. 3. Zero difference shows between the

numerical and analytical solutions of the radial distribution

of the shear stress component. The numerical results of the

distribution of rrr and rhh along the radius show R2 values

of 0.9999 and 0.9998, respectively, in comparison with the

analytical solution. Benchmarking against the classical

thick-walled cylinder problem demonstrates the capability

of the implemented numerical code as a robust simulator

for processes involving plastic deformation.

4 Simulation results

In what follows, we present our simulation results on

subcritical growth of a single fracture subject to fluid

pressurization and a chemically reactive environment as

illustrated in Fig. 1 (98,876 elements in total are used with

mesh size made smaller gradually as is closer to the crack

tip surface). Plane strain conditions and von Mises yield

criterion are assumed. Acidic agents are diffusing into the

process zone around the tip point in the carbonate rock with

a constant source concentration at pH ¼ 5:3, from the

crack surfaces and the tip, and a neutral pH environment is

assumed as the initial condition for the entire material. The

mechanical boundary conditions are a uniform fluid pres-

sure pin ¼ 0:4MPa acting on both the crack surfaces and

the tip and a confining pressure pex here set as vanishing on

the exterior of the process zone. A mild value of fluid

pressurization is used to emphasize on the chemically

induced yielding enabled by the diffusion of acidic agents.

The basic mechanical properties of the carbonate rock used

in this study include the initial Young’s modulus

E0 ¼ 20GPa, Poisson’s ratio t ¼ 0:25 and the initial rock

cohesion c0 ¼ 10MPa. The size of the process zone is

assumed extending to the radius b ¼ 10 � a, where a is the

radius of the round-tip of the blunt crack, here set as

a ¼ 1:5mm. The diffusivity of hydrogen takes the value

DHþ ¼ 3:6� 10�5 cm2/s after Fredd and Fogler [14]. The

other input parameters for the coupled reactive-chemo-

mechanical system underlying the crack-tip process zone

include bp ¼ 0, bq ¼ 1, g ¼ 2� 104 [26, 46], k0 ¼ 0:9,

bHþ ¼ 2:5� 10�3 [11], if not specified or subject to a

parametric study.

Fig. 3 Distribution of stress components along the cylinder radius.

This benchmarking against Johnson’s analytical solution demon-

strates the simulator as a robust numerical platform for plasticity

computations
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4.1 Evolution of chemical mass removal
and the stress field around the crack tip

For the acid-assisted subcritical crack propagation problem

under investigation (see Fig. 1), the stress field involved is

no longer axisymmetric, but symmetric with respect to the

crack propagation direction (h ¼ 0). The distribution of the

deviatoric stress invariant along the radius at three direc-

tions (h ¼ 0; p=4; p=2) upon an exposure of 900 h is

illustrated in Fig. 4. It is shown that along the direction

perpendicular to the crack propagation direction (i.e., at

h ¼ p=2) the deviatoric stress is relatively mild, with the

value decreasing from the crack tip toward the exterior. At

the direction h ¼ p=4, the deviatoric stress is significantly

higher near the tip with the maximum value reaching 0:8C0

and the distribution along the radius follows still a mono-

tonically decreasing trend. The radial distribution of the

deviatoric stress at the crack propagation direction (h ¼ 0)

is, however, nonmonotonic, with the location of the max-

imum value slightly ahead of the tip (around 1:1a). This

strong nonlinearity arises from the severe stressing at the

crack tip area interacting with the damage-affected chem-

ical processes, which is also shown in the inset of Fig. 1

showing the contour representation of the normalized

deviatoric stress in the vicinity of the crack tip.

The stress drop between r ¼ a and r ¼ 1:1a also sug-

gests a dramatic effect of chemical degradation that is

commonly observed for stressed materials exposed to a

reactive environment for a sufficient long duration, for

example in the experimental observations on calcarenite

specimens [11]. The yield limit of a dissolvable rock drops

as a result of chemical degradation. Figure 5 further shows

the evolution of the radial distribution of the deviatoric

stress along the crack propagation direction at an early (up

to several days) and later (more than 1 month) stages, with

Fig. 5a depicting the deviatoric stress distribution for

t ¼ 10; 50; 100 h of exposure and Fig. 5b for

t ¼ 300; 600; 900 h of exposure. The non-monotonicity in

the radial distribution starts to appear after 100 h, and

becomes more pronounced in the later stage as shown in

Fig. 5b due to an accumulated effect of chemical degra-

dation concentrating in front of the crack tip. Quantita-

tively, the normalized deviatoric stress invariant (q/c0) at

the tip reaches 0.936, 0.813, and 0.544, after

t ¼ 300; 600; 900 h, respectively, which corresponds to

0.064, 0.187, and 0.456 of total mass removal (see Fig. 6)

at the tip point.

Figure 6 depicts the evolution of the accumulated mass

removal with two representative points on the round-tip of

the crack at h ¼ 0 and p=2, respectively. At h ¼ p=2, the
time evolution up to 1000 h is close to a linear trend as no

significant damage enhancement involved. In comparison,

a clear acceleration in the time evolution of the mass

removal nREV is observed at h ¼ 0, resulting in the value

3.3 times of the counterpart at h ¼ p=2 at the end of 900 h

exposure. At the cack tip point along the crack propagation

direction where stress concentrates, the effect of chemical

softening is enhanced as a result of intensified damage

evolution. Continuously increasing SSA per unit volume

due to damage serves as additional solid–fluid interfaces

providing extra locations for mineral dissolution to occur,

resulting in a higher dissolution rate and hence an enhanced

regional chemical degradation, as evidenced in Fig. 4. The

distribution of deviatoric stress and deviatoric strain fields

around the crack tip at t ¼ 900 h, is shown in the insets of

Figs. 4 and 6, respectively. The contours show a general

agreement with the stress and deformation concentration in

the vicinity of the crack approximated by the classical

linear elastic fracture mechanics (LEFM) for plane-strain

Mode I fracture scenarios [2]. Plasticity is very much

confined in the near-tip area, within the region of a radius

1:1a at t ¼ 900 h (see Fig. 5), as a result of mild fluid

pressurization imposed on the crack opening allowing for a

chemically enabled yielding that extends from the blunt-

tip.

Figure 7 depicts a comparison between the evolution of

distribution of acidity along the radius in the two directions

(h ¼ 0; p=2). At an early stage (e.g. within several days) of

acid exposure, as shown in Fig. 7a, the pH value of the

domain chemical environment represented by the radial

distribution along both directions increases at a fast rate,

indicating a diffusion-dominant transport of hydrogen. In

contrast, upon a longer period of exposure, e.g. approxi-

mately 1 month as shown in Fig. 7b, the acidity distribu-

tion in the process zone becomes stabilized, close to a

steady-state where the acidity over the entire process zone
Fig. 4 Distribution of deviatoric stress normalized by the initial

cohesion along radius at three trajectories (h = 0, p/4, p/2) at a

timestep with 900 h of exposure
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is equal to the acidity inside the crack opening. Compared

to the axisymmetric scenarios, for instance the cavity

expansion case [46], the evolution of the acid distribution

exhibits a directional spreading in the process zone.

Specifically, along the direction perpendicular to crack

extension (at h ¼ p=2, represented by the dashed curve) the
acid front propagates faster than the counterpart along h ¼
0 (the direction of crack extension, represented by the

dashed curve), which is more pronounced in the early

stage. This is due to the fact that the acid consumption in

front of the crack tip along the extension direction is sig-

nificantly higher, as indicated in the mass removal devel-

opment in Fig. 6.

We further explore the time evolution of the accumu-

lated mass removal in a selected domain surrounding the

crack tip. We select a round region of a radius equal to 2a

at the crack tip as shown in Fig. 8a and plot the evolution

of the integrated REV-scale mass removal in this selected

domain under varying acid intensity in Fig. 8b. With a

higher chemical intensity imposed at the crack tip, the

integration of the mass removal nREV over the domain

grows faster, as a result of a higher concentration of

hydrogen diffusing into the carbonate rock matrix causing

an elevated mineral mass removal. The time evolution of

the accumulated mass removal under the different chemical

conditions is nearly linear as observed from Fig. 8b. This is

because the damage-enhancement zone where an acceler-

ated mass removal occurs takes only a small portion of the

selected region, which results in no evident acceleration in

the domain integration of the total mass removal. With an

Fig. 5 Evolution of the distribution of deviatoric stress normalized by the initial cohesion along the radius at propagation direction (h = 0), upon

a 10, 50 and 100 and b 300, 600, and 900 h of exposure

Fig. 6 Evolution of the accumulated mass removal at crack tip point during a long-term acid pressurization. The contours of the deviatoric strain

(total strain) suggest an emergence of localized damage near the tip region, accelerating mineral dissolution, under the combined action of

acidizing and pressurization
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imposed pHa ¼ 5:3, the mass removal over the domain is

approximately 4.25 times of the counterpart with pHa ¼
6:0 at any given time, as Fig. 8b shows. Another influ-

encing factor commonly considered is the microcracking

enhancement on the chemical dissolution, namely the

parameter g, which plays an insignificant role in the evo-

lution of the accumulated mass removal integrated in the

selected domain (not shown here), also due to the very

small plasticity zone developed in front of the crack tip

[46].

4.2 The role of imposed chemical environment
and micro-cracking in front of the blunt-tip

Subcritical crack propagation can be induced in carbonate

rocks under constant fluid pressurization containing acidic

agents [26, 27]. Mass removal by chemical dissolution

causes degradation of rock properties, alteration in acid

delivery as well as a redistribution of the stress and strain

fields in the near-crack tip area. Classically, subcritical

propagation of a crack is described by the correlation

between the logarithmic of crack propagation velocity and

the Stress Intensity Factor (SIF). Before examining such

relationships, we first plot the time evolution of the dis-

placement of the tip point (r ¼ a; h ¼ 0) that represents

crack propagation under various chemical environments, as

shown in Fig. 9a. For the case of pHa ¼ 6:0, the dis-

placement of the crack tip point shows an insignificant

development, especially when compared with the cases of

pHa ¼ 5:6 and pHa ¼ 5:3. With a lower value of pHa

representing a higher intensity of acid exposure, the crack

propagates much faster due to (1) damage-enhanced min-

eral mass removal and hence an enhanced chemical

degradation, and (2) improved acid delivery into the pro-

cess zone enabled by damage evolution. For example,

when exposed to a chemical environment of pHa ¼ 5:3, the

crack propagates further into the stressed rock by more

than one magnitude than with an environment of pHa ¼
5:6 after 1000 h. The combination of the above-mentioned

two effects is also responsible for the prominent nonlin-

earity observed in the propagation of crack versus time

under a relatively low pH environment (e.g. here

pHa ¼ 5:3).

The effect of the microcracking enhancement coeffi-

cient, g, on the crack propagation over time is illustrated in

Fig. 9b. For the case of g ¼ 0, representing a one-way

coupling (i.e., the process of microcracking does not pose

an effect on the progress of chemical mass removal), the

displacement of the crack tip displays a mild development.

For the case g ¼ 1� 104, as the reaction progresses, the

crack propagation shows an exponential development over

time. When micro-fracturation coefficient is doubled, i.e.

g ¼ 2� 104 (meaning e.g. the material is more susceptible

to microcracking under the action of stressing), the crack

propagation demonstrates a substantial increase in terms of

displacement and its rate. This acceleration results from the

mutually promoting mechanism of chemical mass removal

and material degradation, i.e., a two-way feedback loop

pronounces in such an evolving complex system.

Originating from classical fracture mechanics, the SIF

for crack propagation that relates to the energy release rate

during propagation (i.e. opening of crack surface area)

represents an energetic parameter characterizing the frac-

ture toughness of the material in the near-crack tip area.

The J-line integral is often adopted to compute the strain

energy release rate along a closed contour, given below:

J ¼
Z

Wdx2 � Ti
oui
ox1

ds


 �
ð15Þ

Fig. 7 Evolution of the distribution of acidity (represented by pH

values) along radius at propagation direction (h = 0, solid line) and

perpendicular trajectory (h = p/2, dashed line), upon 300, 600 and

900 h of exposure of the combined action of acidizing and

pressurization
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where x1 and x2 represent the coordinate directions parallel

and perpendicular to the crack propagation direction, i.e.,

h ¼ 0 and h ¼ p=2, respectively. W is the strain energy

density, expressed as W ¼
R
rijdeij. Ti is the surface trac-

tion pointing outward and normal to a contour path and ds

is the arc length along the contour path. ui, rij and eij
denote displacement vector, stress tensor and total strain

tensor, respectively.

For Mode I (tensile) loading, as in the current case of

fluid pressurization from the crack opening, the SIF (K1)

can be computed from the J-integral via the relation

J ¼ 1�t2
E K2

1 . By considering a blunt-tip crack, the singu-

larity problem that commonly associates with a sharp tip is

alleviated and the contour along the blunt-tip as the crack

extends is chosen as the integration path for computing the

J-integral. It is found that K1 of a single fracture under a

combined action of fluid pressurization and acid infiltration

from the crack opening (as described in Fig. 1) increases as

the time progresses. The effect of chemical boundary

conditions on the time evolution of K1 is illustrated in

Fig. 10a. With a mild acidity applied on the boundary as

pHa ¼ 6:0, the SIF increases insignificantly as the crack

extends over time, i.e., the redistribution of stress and

deformation in the vicinity of the crack tip can just offset

the effect of chemical softening on reducing the fracture

toughness. For a higher acidity, as shown in the case of

pHa ¼ 5:3, the SIF increases faster with respect to the

reaction time, and shows an overall exponential develop-

ment. As discussed earlier, a higher hydrogen concentra-

tion induces a more intense degradation of the mechanical

properties of the material around the tip in both the elastic

Fig. 8 Time evolution of the integrated REV-scale mass removal in a selected domain: a illustration of the selected domain, here a round region

with r = 2a; b with a variety of acid intensity imposed at the cavity wall, for pHa ¼ 5:3, pHa ¼ 5:6, pHa ¼ 6:0, respectively

Fig. 9 Time evolution of the crack propagation represented by the normalized movement of crack tip point: a with a variety of acid intensity

imposed at cavity wall, for pHa ¼ 5:3, pHa ¼ 5:6, pHa ¼ 6:0, respectively; and b with microcracking coupling coefficient

g ¼ 0; 1� 104; 2� 104, respectively
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and plastic regimes, which contributes to a reduction in the

strain energy density of rock under the combined chemo-

mechanical loading. Meanwhile, the stored elastic energy

increases as the energy required to form new crack surfaces

decreases due to the chemical softening on the near-tip

material, based on energy conservation. The competition of

these two mechanisms results in a higher level of fluid

acidity and drives more overall strain energy stored in

materials around the crack tip, as indicated by the tensile

SIF K1 (Fig. 10a) leading to a faster propagation of the

crack tip (Fig. 9a). As for the effect of the microcracking

enhancement, we observe that the calculated K1 evolves

exponentially as the crack tip propagates, for the one-way

coupling case (g ¼ 0, no micro-cracking enhancement), as

shown in Fig. 10b. For a higher value of the coefficient g,
K1 accelerates faster as the crack tip propagates. This

suggests that the more susceptible the rock is to microc-

racking under stress, the more overall strain energy is

stored in the near-tip region as the crack extends under a

combined action of pressurization and acid infiltration.

The evolution curve of crack tip velocity (in logarithmic

scale) versus Mode I (tensile) stress intensity factor KI is

illustrated in Fig. 11. With KI upon loading as the driving

parameter, three regions of the development of crack

propagation rate are identified. In the low propagation rate

regime, the acceleration of the crack growth rate with

respect to KI goes through a smooth decrease, character-

izing Region I as shown in Fig. 11. This corresponds to

that at an early stage (a few days) the crack propagation in

the carbonate rock is controlled by the rate of the reaction

between the acidic agents that are diffusing into the rock

matrix and the dissolvable minerals being removed from

the matrix. It is hence hypothesized that the crack growth

in Region I is mainly influenced by the environmental

aspects, in particular the local hydrogen activity that con-

trols the local mass removal rate _n. The role of environ-

mental acidity on the evolution of the crack growth rate

versus stress intensity factor KI is illustrated in Fig. 12a. It

is shown that a more acidic environment leads to an overall

faster crack propagation for the same SIF. At the beginning

of the process, the crack growth rate in the case of pHa ¼
5:3 is higher than the weakest acid case (i.e. pHa ¼ 6:0) by

approximately one order of magnitude. It is also observed

in Fig. 12a that for the case of pHa ¼ 5:3 the acceleration

of the crack propagation velocity is slightly higher than the

Fig. 10 Time evolution of the normalized stress intensity factor during progressive crack propagation: a with a variety of acid intensity imposed

at cavity wall, for pHa ¼ 5:3, pHa ¼ 5:6, pHa ¼ 6:0, respectively; and b with microcracking coupling coefficient g ¼ 0; 1� 104; 2� 104,

respectively

Fig. 11 Crack tip velocity (in logarithmic scale) versus Mode I

(tensile) stress intensity factor (SIF) KI at the crack tip. Three regions

are observed during acid-assisted crack propagation and the second

Region obeys a power law pattern
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other cases when the crack reaches the same fracture

toughness in Region I.

As the process continues, the distribution of hydrogen

concentration over the system is approaching a steady state

and the pH value in the process zone gets stabilized indi-

cating a nearly uniform distribution of the local reaction

rate. The crack propagation hence enters Region II, as

shown in Fig. 11, featuring an intermediate range of the

crack propagation rate with a constant acceleration (in

logarithmic scale) with respect to the stress intensity factor

KI . This constant acceleration is also the lowest among the

three regions. The crack propagation slows down in Region

II due to that the hydrogen delivery lags behind the prop-

agating front of the stress concentration in the near-tip area

and the reaction is hence slowed down. We hypothesize

that in Region II microcracking develops in front of the

crack tip to facilitate the acid delivery, preparing the crack

propagation for entering Region III.

In Region III, the near-tip area is subject to a relatively

uniform chemical environment with elevated acidity, and

the crack propagation rate increases with a growing

acceleration that roots in the micro-fracturation enhance-

ment on the reaction. As the total mass removal is

enhanced by severe stressing induced micro-cracking in the

near-tip area, the crack tip propagates at a fast rate corre-

lating with a higher stress intensity factor. Figure 12b

shows a comparison between the crack propagation rate

versus KI with various micro-cracking enhancement coef-

ficients. In Region I, the difference between the three

curves is insignificant, supporting the hypothesis that the

crack propagation during this stage is mainly reaction-

controlled and the extent of micro-cracking is limited. In

Region II, the acceleration in the propagation rate for an

increasing micro-cracking enhancement coefficient shows

a mild increment, especially compared with Region III. For

the case of g ¼ 2� 104, the crack propagation rate

increases with a more dramatic acceleration compared to

the case of g ¼ 1� 104 in Region III, substantiating the

proposition that micro-fracturation enhancement on the

reaction is a controlling parameter. In other words, in this

region the more susceptible the rock is to microcracking

under stress, the more accelerated the crack grows (see

Fig. 12b).

4.3 The effect of initial imperfections
on the subcritical growth of a macroscopic
crack

In what follows, we investigate the effect of material

heterogeneity on the subcritical propagation of the pres-

surized macroscopic crack under acidizing. The hetero-

geneity is introduced to the system by imposing a randomly

distributed local mass removal, i.e. within the range of [0,

0.05] on the entire process zone as the initial conditions,

simulating an inhomogeneous distribution of mechanical

properties. Specifically, the heterogeneity is assigned to the

spatial distribution of the initial elasticity modulus and the

initial yield limit of the rock according to the chemo-me-

chanical model adopted in this study (see Sect. 2.1). Due to

the imposed inhomogeneity, a redistribution of the initial

stress field in the process zone occurs at the first time step,

acting as a small perturbation for the rock containing a

macroscopic crack undergoing chemically enabled sub-

critical growth.

The time evolution of the distribution of accumulated

mass removal along the radius at the crack propagation

Fig. 12 Crack tip velocity (in logarithmic scale) versus Mode I (tensile) stress intensity factor (SIF) KI at the crack tip: a with a variety of acid

intensity imposed at cavity wall, for pHa ¼ 5:3, pHa ¼ 5:6, pHa ¼ 6:0, respectively; and b with microcracking coupling coefficient

g ¼ 0; 1� 104; 2� 104, respectively
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direction is depicted in Fig. 13a. At the beginning of the

process (t ¼ 10 h), small fluctuations exhibit in the mass

removal profile as a result of the imposed initial hetero-

geneity. The fluctuation in the distribution of the accu-

mulated mass removal appears to be denser within the

range of 1\ r
a\2 due to a necessary incorporation of mesh

refinement in the near-tip region. As the reaction pro-

gresses, e.g. from t ¼ 300 h to t ¼ 600 h, we notice that the

accumulated mass removal starts to undergo a dramatic

development near the crack tip compared to the rest of the

process zone. This is an expected result of the microc-

racking enhancement on the reaction rate due to the severe

stress concentration in front of the crack tip. Interestingly,

it is also noticed that a pronounced localization of accu-

mulated mass removal has developed in proximity to the

crack tip point, for instance, at t ¼ 600 h (at a distance of

around five folds of the mesh size), suggesting a possible

micro-banding that nucleates from the imposed initial

heterogeneity. This micro-localization phenomenon is also

evident in the evolution of the radial distribution of the

deviatoric stress along the crack propagation direction, as

shown in Fig. 13b. At t ¼ 600 h, a drop in the deviatoric

stress distribution profile in close proximity to the crack tip

arises, suggesting a localized softening in the chemically

enabled yield zone.

We compare the radial distribution of the accumulated

mass removal and the counterpart of the deviatoric stress

along three directions (h ¼ 0; p=4; p=2). We first plot the

comparison after the contained macroscopic crack is sub-

ject to concomitant pressurization and acidizing for 600 h,

as shown in Fig. 14. The enhancement on chemical mass

removal is only significant at the crack propagation direc-

tion, while at the direction of h ¼ p=4 and the direction

perpendicular to the crack propagation (h ¼ p=2) there is

negligible damage enhancement (see Fig. 14a) suggesting

little micro-cracking activities even in the region close to

the blunt-tip. For the stress field, as shown in Fig. 14b, the

distribution of the deviatoric stress along the direction

h = p/4 and p/2 after 600 h is nearly identical to the case

where homogeneity is assumed (see Fig. 4). At h ¼ 0, it is

observed that the maximum value of the deviatoric stress

decreases slightly, and if we zoom into the plasticity region

we notice that minimum of the deviatoric stress shifts from

the inner boundary of the crack tip (as shown in Fig. 4) to a

certain distance away from the tip (as shown in the inset of

Fig. 14b), corresponding to the localized chemical mass

removal in Fig. 14a.

We further plot the time evolution of the distribution of

accumulated mass removal and the counterpart of the

deviatoric stress, respectively, along the surface of the

blunt crack tip at h 2 �p=2; p=2½ �, as shown in Fig. 15a, b.

With the imposed initial imperfection, the distribution

fluctuates outlining the trend of a prominent growth of the

chemical mass removal spanning from h ¼ �0:2p to h ¼
0:2p arises, as evident at t ¼ 600 h in Fig. 15a. Sporadic

values are exceptionally high close to the crack propaga-

tion direction, due to the two-way chemo-mechanical

feedback amplified around the imposed initial imperfec-

tions. These are expected to assist the macroscopic exten-

sion of the single crack, along h ¼ 0. The prominent

growth in chemical mass removal essentially origins from

the intense micro-cracking activities and hence highlights

the chemically enabled plasticity region in front of the

crack tip. Inside the yield zone of h 2 �0:2p; 0:2p½ �, the
chemical softening effect progresses with time, and a sig-

nificant fluctuation in the distribution of the deviatoric

Fig. 13 Evolution of the distribution of a accumulated mass removal and b deviatoric stress normalized by the initial cohesion along the radius at

propagation direction (h = 0), upon 10, 300, and 600 h of exposure for cases with the consideration of heterogeneity on intrinsic material

property
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stress exhibits, again around the crack propagation direc-

tion as demonstrated in Fig. 15b.

How the magnitude of the initial imperfection affects

the propagation of the macroscopic crack is illustrated in

Fig. 16. We compare three cases with the imposed initial

imperfection represented by nloc0 ¼ 0, [0, 0.025], and [0,

0.05], respectively. Compared to the homogeneous case

(nloc0 ¼ 0) where the initial mechanical properties are uni-

formly distributed within the process zone, with an initial

imperfection implemented as nloc0 2 ½0; 0:025� the crack

propagation accelerates in the presence of the same

chemical environment (pHa ¼ 5:3). When the initial

imperfection is increased to nloc0 2 ½0; 0:05�, corresponding

to an increased level of microstructural heterogeneity in the

rock, the acceleration of the macroscopic hydro-pressur-

ized crack propagation under acidizing is enhanced. As

shown in Fig. 16, after 650 h of exposure, with nloc0 2
½0; 0:05� the propagation of the macroscopic crack is

approximately one order of magnitude further into the

softening rock compared to the reference case of homo-

geneity nloc0 ¼ 0.

For this case, a visible jump in the acceleration is

noticed at around t ¼ 580 h when micro-bands start to

develop inside the chemically enabled plasticity zone. As

shown in the magnified deviatoric strain patterns in front of

the crack tip at t ¼ 650 h, the initial imperfection acts as

seeds allowing the deformation in the yield zone spanning

Fig. 14 Distribution of a accumulated mass removal and b deviatoric stress normalized by the initial cohesion along radius at three trajectories

(h = 0, p/4, p/2) at a timestep with 600 h of exposure

Fig. 15 Distribution of a accumulated mass removal and b deviatoric stress normalized by the initial cohesion along crack tip surface

(h 2 ½�p=2;p=2�) upon 10, 300, and 600 h of exposure
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h 2 �0:2p; 0:2p½ � (as Fig. 15 indicates) to self-organize

into a network of micro-bands.

5 Conclusions

This paper presents an investigation on how a macroscopic

blunt-tip crack propagates into a carbonate rock subject to

fluid pressurization and acidizing from the crack opening.

A reactive-chemo-mechanical model is introduced taking

into account the constitutive considerations for carbonate

rocks in a reactive environment in both the elastic and

plastic domains, as well as acid delivery in front of the

crack tip being coupled to micro-cracking activities. A

two-dimensional subcritical propagation of a macroscopic

crack is numerically investigated using a finite element

implementation built in the MOOSE framework. Sensi-

tivity studies on the intensity of the chemical environment

and the damage-enhancement coefficient are incorporated.

The role of initial imperfections in the carbonate rock that

relates to the inherent microstructural variations is also

investigated. The main findings are summarized as follows:

(1) The numerical results show that the chemical process

(here calcite dissolution) plays a crucial role driving

the subcritical propagation of the single crack under

fixed mechanical boundary conditions. Strong non-

linearity appears in the radial distribution of the

deviatoric stress, resulting from the severe stressing

in the vicinity of the crack tip, interacting with the

damage-affected chemical mass removal process.

The mineral dissolution is most enhanced along the

crack propagation direction due to a concentrated

irreversible deformation.

(2) The plot of crack propagation velocity versus stress

intensity factor (Fig. 11) shows a three-region

development which is typical for a single tensile

crack subject to a reactive environment. In Region I,

the crack growth in an early stage is mainly

controlled by the chemical reaction rate; In Region

II, the reaction is slowed down while microcracking

starts to develop in front of the crack tip which

facilitates the acid delivery; In Region III, the crack

propagation exhibits a prominent acceleration due to

an elevated level of local acidity and a micro-

fracturation enhancement. The above-described

hypothesis is further supported by Fig. 12.

(3) Considering an initial imperfection in the rock

material, significant fluctuation appears in the profile

of both the chemical and mechanical fields, with an

outstanding trend of growth in mass removal (and

hence chemical softening) concentrated in the close

proximity of the crack tip. The propagation of the

macroscopic crack is thereby accelerated. A sec-

ondary acceleration of the subcritical macroscopic

crack emerges when a network of micro-bands self-

organizes inside the chemically enabled plasticity

zone spanning h 2 �0:2p; 0:2p½ � in front of the

macroscopic crack tip.
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