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Abstract

With the development of wind power energy, the steel-concrete hybrid tower has
been gradually popularized as the onshore tall wind turbine tower. To avoid the resonant
response that brings violent damage to the wind turbine tower, the fundamental
frequency of the hybrid tower must be carefully analyzed. This study develops a closed-
form solution of the fundamental frequency of the hybrid tower, where the abrupt
changes of cross-section and material properties, the effect of prestressing, and the mass
and rotary inertia of the wind turbine are taken into account. It provides an effective
way to obtain the fundamental frequency in the preliminary design of the hybrid tower.
The effectiveness of the proposed solution is validated by comparing it with the results
of finite element analysis, showing good agreement. By using the proposed solution, a
parametric analysis is conducted to investigate the variation rules of the fundamental
frequency to the design parameters. It indicates that with the variation of the proportion
of the concrete/steel segments, the correlations between the fundamental frequency and

the design parameters also change significantly. The parametric analysis conducted



herein may provide instructive guidelines to adjust the parameters in the preliminary
design of the hybrid tower.

Keywords: Steel-concrete hybrid structure, Onshore wind turbine tower, Closed-form
solution, Fundamental frequency, Parametric analysis.

1. Introduction

With the depletion of fossil energy and the aggravation of environmental pollution,
the world is devoted to the research and promotion of clean energy. Wind power energy,
which is highly efficient and renewable, plays an important role in promoting the
construction of a low-carbon and environment-friendly society [1-4]. With the
development of the wind power industry, the locations of the wind farm are converting
from high-wind-speed areas to low-wind-speed areas [5,6]. To obtain a more stable
wind speed and improve the generation efficiency of wind power in the low-wind-speed
area, strategies aimed at increasing hub heights have been proposed, which means that
the wind turbine tower has to be built with a taller height [7,8]. This puts forward higher
requirements for the load-bearing capacity of the support structure to ensure the normal
operation of the upper wind turbine.

The tubular steel tower, which is the most common support structure, has many
limitations in production and transportation, for example, the tower diameter is limited
to 4.3 m to meet the requirements of overpass heights of highway lines [9,10]. It means
that the bending stiffness does not increase proportionally due to the limitations in
transportation and manufacturing as the tower height increases, resulting in the decrease

of the fundamental frequency. In consequence, the high tubular steel tower may



experience severe vibration [11]. Some new and innovative alternative tower concepts
[12-15] have been proposed to overcome the limitations. One alternative approach is to
construct the steel-concrete hybrid tower (SCHT), as shown in Fig. 1, which consists
of several lower hollow concrete segments with prestressing force and upper tubular
steel segments [16,17]. A concrete segment can be divided into several assembling parts
and each part is prefabricated separately, which means that the diameter of the concrete
segment can be much larger than that of the steel segment. Recently, a lightweight
engineered cementitious composite (ECC) was developed to serve as protective
coatings on the tall concrete towers, which can improve the durability performance of
the concrete towers without compromising the towers’ structural performance [18,19].
Therefore, it will be more effective to construct the SCHT to offer sufficient strength

and stiffness for supporting wind turbines with increasing size and mass.

(a) Shanghai Electric Group. (b) Huadong Engineering Corporation.

Fig. 1 On-site photos of concrete-steel hybrid tower in China.

The fundamental frequency is a vital parameter affecting the dynamic response of
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the structure. When the frequency of the applied load becomes close to the fundamental
frequency, the structure resonance may occur. It means that the dynamic amplification
factor of the structure will tend to be its maximum value, producing a violent dynamic
response [20-22]. Therefore, in the structure design, the fundamental frequency of the
structure must be kept away from the frequency ranges where resonance may occur. For
the wind turbine tower, the frequency ranges causing the structure resonance include
the rotor frequency (fip) and the blade passing frequency (f3p), and the permissible
fundamental frequency lies between fi, and f3, [23,24]. For a three-bladed turbine,
which is the most common horizontal axis wind turbine, it has f3, = 3:fip. The
operational rotor speed of the MW-level wind turbine is about 6.9 to 12.1 revolutions
per minute [25], which means that the range of rotor frequency fi, is 0.115 Hz~0.202
Hz, and the range of blade passing frequency f3, is 0.345 Hz~0.606 Hz. Fig. 2 shows
the range of permissible frequency considering a relative deviation of =+ 10%, where
Vmax and Vmin denote the maximum and minimum rotor speed, respectively. Based on
the above analysis, the fundamental frequency lying in the range of [0.222 Hz, 0.310

Hz] is feasible for the tower supporting the MW-level wind turbine.
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Fig. 2 Range of permissible frequency.

Diftferent from the conventional tubular steel tower, the SCHT is composed of two
different construction materials, and its cross-section size suddenly changes at the joint
connecting the steel segment and the concrete segment, which leads to the complex
structural configuration of the SCHT. Therefore, the structure analysis of the SCHT is
mainly carried out through the finite element method (FEM) [26-30], and the related
theoretical researches are still insufficient. Although FEM can offer accurate results
about the static and dynamic response of the structure, the FE models might need to be
reestablished when the configuration is adjusted, which makes FEM inefficient to be
conducted in the preliminary design. On the other hand, the analytical method can offer
an efficient way to obtain the fundamental frequency of the SCHT, and it also can be
employed to investigate the variation rules of the fundamental frequency to the design
parameters. Therefore, it is necessary to obtain the analytical method to calculate the
fundamental frequency of the SCHT.

Previous studies on the fundamental frequency of wind turbine towers [31-34] are

mainly for the tubular steel tower. Vugts [31] and Tempel [32] regarded the wind turbine
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tower as a constant cross-section cantilever beam with a lumped mass at its free end
and obtained the approximate expression for calculating the fundamental frequency of
the tubular steel tower. In general, the wind turbine tower was tapered, and its diameter
decreased with the increase in height. To consider the influence of taper on the
fundamental frequency, Yang et al [33] simplified the wind turbine tower to a linearly
tapered cantilever beam with a lumped mass at its free end and put forward a simplified
method for calculating the fundamental frequency of the tubular steel tower based on
the Rayleigh-Ritz method. Based on the transfer matrix method of multibody system,
Gu et al [34] established a multi-body dynamics model of wind turbine tower system.
The existing analytical solutions are derived based on the characteristics that the
material properties of the tower remain unchanged and the dimensions of cross-section
vary linearly with the increase of height. However, those characteristics are inapplicable
for the SCHT. As illustrated in Fig. 3, the material properties and the cross-section
dimensions change suddenly at the connection joints between the adapter ring and the
steel/concrete segment, resulting in discontinuity of bending stiffness and mass along
the tower length. In addition, to restrain the crack generation and fully display the
superior compressive performance of concrete, the prestress is applied by arranging
post-tensioning strands along with the concrete segments, which also has an impact on
the fundamental frequency of the structure [35-37]. Therefore, the existing analytical
solutions to the fundamental frequency of the wind turbine tower are no longer
applicable to the SCHT. In Ref. [38], Huang et al solved the transverse free vibration

equations of the SCHT by using the differential quadrature method [39,40] and obtained



the fundamental frequency of a numerical example. Despite this, the analytical solution

for calculating the fundamental frequency of SCHT is still lacking in the investigation.
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This study aims to obtain a closed-form solution of the fundamental frequency of
the SCHT through theoretical derivation, taking into consideration the changes of cross-
section dimensions and material properties of the tower along its length and the
prestress applied along the concrete portion. By comparing the results of the proposed
solution with the simulation results from FEM, the proposed solution is proved to be
effective and accurate. In addition, a parametric analysis is conducted to investigate the
correlation between the fundamental frequency and different design parameters, so as
to provide the guidelines for the preliminary design of the SCHT.

2. Theoretical derivation



2.1 Transverse vibration equation

Considering a steel-concrete hybrid wind turbine tower, as shown in Fig. 3,
consisting of the upper wind turbine, the steel portion, the adapter ring, and the concrete
portion. D1y, D2y, and D3y, respectively denote the outer diameter of the bottom section
of the concrete portion, the adapter ring, and the steel portion. Correspondingly, Dy,
Dy, and Ds; denote the outer diameter at the top section of each portion, and /4, 4>, and
h3 denote the length of each portion. For the SCHT, the concrete base diameter is within
10 m and the length is usually over 100 m [38]. The relatively large ratio of height to
diameter makes the shear effect of the tower under the action of the transverse load
inapparent. Besides, the upper wind turbine, including the nacelle and blades, can be
regarded as a lumped mass. Therefore, the wind turbine tower is simplified as an Euler-
Bernoulli beam with a lumped mass at its free end, as shown in Fig. 4, where o denotes
the origin of the coordinates system, u and x denote the transverse and longitudinal
coordinates respectively, u(x, ) denotes the transverse displacement of the hybrid tower,
which continuously varies with longitudinal coordinate x and time ¢, d denotes the
distance from the centroid of the wind turbine to the top end of the tower. According to
the transverse vibration theory of Euler-Bernoulli beam [20], the transverse free

vibration equation of the hybrid tower can be written as

M (x) 2D ”a(tf’t) + 2 {K(x)—a ”(x’t)}=0, (1)

o ox’
where K(x) denotes the function of bending stiffness, and M(x) denotes the function of

mass per unit length.
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Fig. 4 Simplified configuration of steel-concrete hybrid tower.
For an onshore wind turbine tower, it is usually supported on a huge reinforced
concrete plinth with piles attached, which leads to the fact that the soil-structures

interaction can be ignored in the design [41]. Therefore, it is reasonable to consider the

foundation as fixed. The boundary conditions at the bottom end are
u(0,£)=0, 2)

ou

ox

As shown in Fig. 5, the lumped mass is taken as the isolated body to analyze the

boundary conditions at the top end, where my. and J,: denote the mass and rotary inertia

of the wind turbine, respectively.
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Fig. 5 Force analysis of the isolated body.
From the equilibrium conditions of force and moment acting on the lumped mass,

it can be deduced that the boundary conditions to be satisfied at the top end of SCHT

are
o’u azu(H,t) 63u(H,t)
KE L (H, 1) =— d
(H) o5 (Hot)=om,, | — =t d— o ®
o’u Ou(H,t) o*u(H,t)
K(H)§(H,t):——axat2 (JW,+mwtd2)——at2 m,d . (5)

Since the cross-section dimensions and material properties of the hybrid tower
vary along longitudinal coordinate x, it is appropriate to describe M(x) and K(x) by
piecewise functions. Let £1, E», and Ej3 respectively denote the modulus of elasticity of
the concrete portion, the adapter ring, and the steel portion. Correspondingly, p1, p2, and
p3 denote the mass density of each portion, and ¢, 2, and #3 denote the thickness of each

portion. Then, M(x) and K(x) can be expressed as

my, +m,Xx, 0<x<h
M(x)=3 my,+m,(x—nh), h <x<h+h, , (6)
My, +my (x—h —h,), h+h <x<h+h,+h,
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3
D kX, 0<x<h
i=0
3
K(x)= Zkzz b <x<h+h, ) (7)
i=0
3
Dk (x=h=h), h+h <x<h+h+h,
i=0
where
T
my =" p| DI =(D,~21) ], ®)
D. —D.
il:%p{%][(q_zg)—q], 9)
k,=ZE(D'-(D,-2t)"), 10
[ Dy - D,
kl.l—16El[(D—2ti) D}( ; tj, (11)
2
_37[ Dzb Di
ki2—32El[D ~(D, - 21)}( ; t], (12)
3
D —D
k.=—E[(D.—-2t)-D. || =2——Zn | 13
i3 l: tl) :I[ hi j ( )

2.2 Derivation of vibration frequency

The transverse free vibration equation of the hybrid tower, Eq. (1), is a partial

differential equation with variable coefficients, and the coefficients are discontinuous

functions, making it difficult to analytically solve Eq. (1) by elementary methods. This

section presents a detailed analysis of the kinetic energy and the potential energy of the

SCHT, where the influence of m, Jw, and prestressing force are taken into

consideration. Then, a frequency equation of the SCHT is established based on the

Rayleigh-Ritz method [20], from which the natural frequencies and the corresponding
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vibration modes can be obtained
The kinetic energy of the SCHT comes from two aspects, including the one of the

SCHT itself and the one of the wind turbine. As depicted in Fig. 6, a segment of a
microelement with a length of dx is cut from the tower. The mass and velocity in the

lateral direction of the microelement are M(x)dx and 0Ou(x,)/0t , respectively. Then

the kinetic energy of this microelement, which is denoted by d7(¢), can be expressed

as
(14)

i ) M ){Gu(x r)}

Integrating the above formula within the interval [0, H] yields the kinetic energy of the

(15)
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Fig. 6 Kinetic energy analysis of SCHT

The kinetic energy of the wind turbine can be expressed as
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1 1
Tz(t):Emwtvlz +E(Jwt+mwtd2)wf, (16)
where v and w; denote the velocity of the wind turbine at its centroid and the angular

velocity of the tower at its top end, respectively. The expressions of v; and w; are as

follows
2
VIZM g ey , (17)
ot |._y oxot | _,
2
_utsn) s
OxOt x:H

Substituting Egs. (17) and (18) into Eq. (16) yield the kinetic energy of the wind turbine.

2
x=H j|

The kinetic energy of the whole structure is

o)=L w200 g Ly, {_aug;ﬂ

2
x=H i|

In practical engineering, the upper ends of the steel strands are anchored at the top

2
o d o u(x,t)
—n Oxot

(19)

2
+1(JWt +mwta’2) Ou(x1)
2 OxOt

of the adapter ring, and the anchor points of the lower ends are located in the internal
cavity of the foundation, making it unable to form a self-equilibrium system between
the hybrid tower and the steel strands. Therefore, the prestress effect applied by the steel
strands is simplified as the axial external force acting on the top surface of the adapter
ring. Since the locations of the adapter ring and the wind turbine vary during the
vibration, the work done by the axial force and the gravity of the wind turbine would
affect the potential energy of the SCHT. It has

U=U+U,+U,, (20)

where U denotes the potential energy of the system, U; denotes the bending strain
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energy, U> and Us denote the work done by the axial force and the gravity of the wind

turbine. The bending strain energy U, can be written as
z_j K(x >F” *x, ”} dr. (21)

To obtain the expressions of U, and Us, starting from the transverse deformation
of the concrete portion, the displacement of the acting position of axial force is studied.
As shown in Fig. 7, a segment of a microelement AB witha length of dx is cut from

the undeflected tower, where P denotes the axial force. When the tower is deflected, the

microelement AB became A'B', and the vertical displacement of the top end of the

microelement is

& =(1—cosf)dx, (22)

where 6 denotes the included angle between AB and A'B'.

Fig. 7 Potential energy analysis of SCHT.

Suppose that the microelement is cut from the concrete portion, it is under the
action of the axial force P. The component of the axial force P along the direction of

the x-axis is P-cosé. Then, the work d W, done by the axial force P on the microelement

14



segment with a length of dx is
dW, . =P-cosf-o. (23)

Since @ 1is infinitesimal, according to the theorem of equivalent infinitesimal

replacement, it has

P-cosf~ P, (24)

1—cost9~%t92, (25)

0 ~ tan @ = 2450 (26)
ox

Substituting Egs. (24)-(26) into Egs. (22) and (23), it yields

5=l[8u(x,t)} dv | 27)

2 ox

dw,_ = i{a”(x”)} dx . (28)
P 2] ox

Egs. (27) and (28) are integrated within the intervals [0, H] and [0, #;+h2], respectively,
yielding the vertical displacement of the wind turbine and work done by the axial force

P during the vibration of the SCHT

o[22
_£ Iy +hy au(x,t) 2
Wpre_zjo [ = }dx. (30)

The work done by the gravity of the wind turbine is

1 H| ou(x,t) ?
th _EthgIO |: ax :| dxa (31)

where g denotes the acceleration of gravity. Since both the Wy and W) are positive,
then the increase of the potential energy is negative. The total potential energy of the

hybrid tower is
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U(t)zlJ.HK(x)[auz(xJ)} dx_ﬁ‘[/1]+hz|:au(x,t)j| de

270 ox’ 270 ox
. (32)
— mwtg IH au(xﬂt) dx
2 Jo ox
The transverse displacement of the hybrid tower can be expressed as
u(x,t)=y(x)sin(wt+ @), (33)

where y(x) denotes the vibration mode, @ and ¢ denote the natural frequency and
vibration phrase, respectively.

Substituting Eq. (33) into Egs. (19) and (32), it yields

T(t):%a)2 cos’ (ot +¢) ‘[0 M(x)[y(x)] dx+[y(H)+y'(H)d] , (34)

+(JWl +m,d’ )[y'(]'—])]2

[ K[y ()] de=P[" [y (x)dx

Ut =lsin2 ot +
DT o DT

(35)

On the one hand, the kinetic energy reaches its maximum when =(nm-¢)/w,
meanwhile the potential energy becomes zero. On the other hand, when ¢ takes
[2n+1)n/2-¢p]/w, the kinetic energy is zero, while the potential energy reaches its

maximum. The maximum values of 7(¢) and U(?) can be expressed as

"M (x) “de+m, [y(H)+y' (H)d T
7Ly J, MO[y(x)] detm [y(H)+y' (H)d] | 6

2 +(Jwt+mwtd2)[y'(l—l)]2

1|l K@D @] ac- [ Ly ()T e , (37)

2 |-mgf) [y (x)Jax

max

According to the law of energy conservation, the mechanical energy of a

conservation system remains unchanged when the system vibrates at a certain
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frequency [20], that is
T(1)+U(1)=C, (38)
where 7(¢) and U(¢) denote the kinetic and potential energy of the system at a certain
time, respectively, and C is a constant. Therefore, it has
U =T (39)

A linear combination of a set of independent coordinate functions is used as the

approximate expression of the vibration mode y(x)
y(x)=2 a4 (x) (40)
i=0

where ¢; are undetermined constants, coordinate functions ¢;(x) satisfy the geometry

boundary conditions of the SCHT, which is usually called displacement function.
Since Eq. (40) is an approximate expression, it means that Eq. (39) is not tenable

when adopting Eq. (40) as the vibration mode. It constructs the following function

n=u,, -1 (41)

max *

Substituting Eq. (39) into Egs. (35), (36), and (40), it has

I k| Sao ()] as-p[ | Sad (9] o

2 ul o , 2
mas| S0 ()] o
) ) ) ), (42)
I, M(x){zq,vz (x)} dx+(Jm+mwtd2){Zq,»¢z’(x) }
_%(02 i=0 2 i=0 x=H
+mwt{Zqi¢i(H)+qui¢i'(x) }

where IT is the difference between Unax and Tmax. It should be noted that IT is the

function quadratic in ¢;, and the closer II is to zero, the closer w is to the exact value.
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The necessary conditions for I1 to be minimized are that

o _
0q,

0. (43)
By substituting Eq. (42) into Eq. (43), a set of homogeneous equations can be
obtained, which has the form
(K-o’M)q=0, (44)
where K and M denote the stiffness matrix and mass matrix of the SCHT, q is a vector
composed of undetermined constants g;.
The necessary and sufficient condition for Eq. (44) to have non-zero solutions is
that the coefficient determinant is zero, that is
K -a&’M|=0. (45)
An equation of @ can be obtained after expanding the determinant in Eq. (45),
which is called the frequency equation of the SCHT. Theoretically, the first n+1 orders
of natural frequencies can be obtained by solving the obtained equation

W<, <, <@, . (46)

Taking the damping into consideration, the expression of natural frequency fis

@

f=2A-g, (47)
2

where ¢ denotes the damping ratio of the wind turbine tower, including the aerodynamic

damping ratio and structural damping ratio. Substituting the natural frequency w; into

the homogeneous equations (Eq. (44)), the value of g¢; (i=0,1,2,...,n) can thus be

obtained. Then, ¢; and ¢i(x) are further substituted into Eq. (40), which forms the

vibration mode y; corresponding to each w;.

Substituting the obtained vibration mode y; into Egs. (36) and (37), and making
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the following definition:

2

Me(il)zj M(x)[yl x)| dx+m [ (H )+yi'(H)d}2

J +m,, d2 [J’, T ’ (48)

KY=[" K(x)[yl."( )} dx - Pjh‘””[ ' x)de
~mg]![ v (x)] ax

Then, the natural frequency can also be expressed as

i Vl 5 ; eq (50)

where M. and K.’ denote the equivalent mass per unit length and bending stiffness,

(49)

respectively.
2.3 Construction of displacement function
In this section, a set of Gram-Schmidt orthogonal polynomials [42-44] is used to

construct the displacement function of the SCHT, which has the form of
¢1(x = (x—B)¢0( )
W -8)a @] a
2 (x)_ — (X— k)¢k—1(~x)_ck¢k72 (x) _, )
\/J.O [(x —B, )¢k—1 (x) -Cd, (x)] dx

el ()
J.0H¢k2‘l (x)dx

(51)

; (53)

_[Hx & (x)¢k—2 (x)dx

C, ="—— , (54)
_[0 # (x)dx

where ¢o(x) is the first polynomial. The polynomials ¢x(x) satisfy the orthogonality

condition
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It is noted that if @o(x) satisfies the geometric boundary condition (Egs. (2) and
(3)), then the other members of the orthogonal set also satisfy the geometric boundary
condition, which can be checked from Eq. (51)~Eq. (54). Therefore, the necessary
condition of constructing the first member polynomial ¢(x) is to satisfy the geometric
boundary conditions of the SCHT.

3. Error analysis
3.1 Numerical example

One SCHT with a top mass of 250 tons and pretension force of 48 MN is applied

as a numerical example, its dimensions are listed in Table 1.

Table 1 Dimensions of numerical example.

Concrete portion Adapter ring Steel portion
Length (mm) 60000 2000 60000
Thickness (mm) 300 1600 30
Top diameter (mm) 5000 4600 3300
Bottom diameter (mm) 7000 5000 4000

As shown in Fig. 8, the wind turbine is mainly composed of nacelle, blades, and
hub. To facilitate the description of the parameters, a three-dimensional rectangular
coordinate system is established, where the coordinate origin o is located at the centroid
of the wind turbine, the y-axis is in the windward direction of the blades, the z-axis is
in the direction of the tower axis, and the x-axis is perpendicular to the y-z plane. Table
2 lists the main parameters of the wind turbine, where J, and J, denote the rotary inertia
of the wind turbine about the x-axis and y-axis, respectively.

Table 2 Main parameters of wind turbine
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Blade Hub Nacelle Total mass d  Je(kgm?) J, (kg'm?)
diameter diameter dimension
120 m 5m 13mx5mx5.6m 250 t 2.8m 4.23x107 7.47x107

Nacelle

R

Fig. 8 Schematic of wind turbine.

3.2 Development of FE model

As shown in Fig. 9, the FE model included five parts: concrete portion, adapter
ring, steel portion, wind turbine, and steel strand. The concrete portion and wind turbine
were modeled by 8-node linear brick elements with reduced integration (C3D8R), while
the adapter ring was modeled by 10-node quadratic tetrahedral elements (C3D10) with
better grid adaptability because some holes were set in the adapter ring to make it
possible for steel strands to pass through. The steel portion was modeled by 4-node
curved shell elements with reduced integration (S4R), and the steel strand was modeled
by 2-node linear 3-D truss elements (T3D2). Concrete with C60 grade and C70 grade
were used to define the concrete portion and adapter ring, respectively, the steel portion
was defined by Q355 grade steel, and the grade of the steel strand was 1850. Specific
material properties were listed in Table 3. It should be noted that the steel density was

defined as 8500 kg/m? rather than the typical value of 7850kg/m? to consider the
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influence of paint and connections [45]. The coefficient of linear expansion of the steel
strand, which was definite to simulate the effect of prestressing with the method of
cooling temperature [46,47], was also listed in Table 2. All fixed connections, including
the connections between the concrete portion and the adapter ring, the steel portion and
the adapter ring, as well as the steel portion and wind turbine, were simulated by tie
constraints. The top end of each steel strand was coupled with the periphery of each
hole at the top of the adapter ring, and the bottom end of each steel strand was pinned
by restraining all translational degrees of freedom. The bottom end of the concrete
portion was fixed by restraining all translational and rotational degrees of freedom. The
vibration modes of the FE model are shown in Fig. 10, where SS and AF represent the

directions of side-to-side and after-to-front, respectively.
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Wind turbine

Steel portion

Adapter ring
Adapter ring

Steel strand

Concrete portion

Concrete portion  Steel portion

Fig 9 Finite element model of hybrid tower.

Table 3 Definitions of material properties.

Material Density (kg/m?) Modulus of Poisson’s  Coefficient of linear
elasticity (MPa) ratio expansion (1/°C)
C60 concrete 2500 36000 0.2 /
C70 concrete 2500 37000 0.2 /
Steel 8500 206000 0.3 /
Steel strand 7850 195000 0.3 1x10°3
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(a) Mode 1 SS. (b) Mode 1 FA. (c) Mode 2 SS.
(d) Mode 2 FA. (e) Mode 3 SS. (f) Mode 3 AF.

Fig.10 First three vibration modes of SCHT.

To improve the efficiency of numerical simulation, mesh sensitivity analysis is
carried out to determine the appropriate mesh size. The different mesh sizes of 1.5m,
1.0m, 0.5m, 0.25m, and 0.1m were used to divide the FE model, and the comparison
was shown in Fig. 11. It can be seen that the numerical results were insensitive to the
FE models with mesh sizes of 0.25m and 0.10m. To balance the computational

efficiency and accuracy, a mesh size of 0.25 m was adopted for the FE model.
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Fig 11 Sensitivity analysis of mesh size.

For the FE model with an elastic foundation, the bottom end of the concrete portion
was fixed by restraining all translational degrees of freedom, while the rotational
degrees of freedom were restrained by springs with rotational stiffness of Ky 4yn, Where
Ko .dyn 1s calculated by the method in Ref. [48]. Table 4 lists the simulation results of the
FE models with different foundation stiffnesses, where Ry is the radius of the foundation,
E4yn and v are the dynamic compressive modulus and Poisson’s ratio of the soil under
the foundation, respectively, f'is the fundamental frequency of the SCHT, . is the

relative error between the results obtained with fixed and elastic foundations.

éf_e — j[ﬁxed B falastic X 100% ) (56)

fixed

where ffixed (0.23502 Hz) and feasiic denote the results obtained with fixed and elastic
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foundations, respectively.

Table 4 Simulation results of the FE models with different dynamic rotational stiffness

Soil Ro(m)  Esayn(MPa) v Koayn(N'm/rad) £ (Hz) Ere
Gravel 10 600 0.2 7.50% 101! 0.23270  0.99%
Sand 10 400 0.25 593X 101 023210  1.24%
Clay 10 300 0.25 474%101" 023137 1.55%

Silt 10 200 0.3 3.27X 10" 0.22976  2.24%

It can be seen that the maximum relative error is 2.24%, while the minimum is
only 0.99%. It indicates that foundation stiffness has a limited influence on the
fundamental frequency of the SCHT. Besides, the calculation method in Ref. [48] has
underestimated the foundation stiffness, since the contribution of piles is not considered.
Therefore, it is reasonable to consider the foundation as fixed.

3.3 Convergence of solution

As can be seen from Section 2, the accuracy of the proposed solution is related to
the form of the assumed vibration mode (Eq. (39)), including the number of
polynomials and the first member of orthogonal polynomials. To study the influence of
the assumed vibration mode on the results obtained with the proposed solution, the

following curves are used to construct ¢o(x). They are
=fiy) () ()
X ()= 3%) ‘(%) (59)
X(x)= (%] (59)

X (x)= (%T . (60)

Eq. (57) and Eq. (58) are the dimensionless deflection curves of a homogeneous
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cantilever beam with length / under uniformly distributed load and concentrated force
at its free end, respectively. Eq. (59) and Eq. (60) are the power functions satisfying
geometric boundary conditions of SCHT. The first member of orthogonal polynomials
#o(x) 1s obtained by normalizing the above curves

¢o(x)=f¢- (61)
jo X’ (x)dx

Fig. 12 shows the convergence trend of the first three orders natural frequencies.
Table 5 lists the convergence results obtained from constructing @o(x) with Eq. (57)~Eq.
(60), respectively, where s denotes the standard deviation of those results. It can be seen
that the natural frequency decreases and tends to converge as the number of polynomials
increases. It indicates that some differences exist between the assumed vibration mode
and the real one, which is equivalent to adding additional constraints to the original
structure, resulting in the overestimation of the natural frequency. Therefore, the
proposed solution is the upper bound of the exact value. As can be seen in Table 5, the
results obtained by constructing ¢o(x) with Eq. (57) are minimum, so Eq. (57) is the
most suitable curve to construct ¢o(x) within the scope of this study. Besides, although
the displacement functions generated with different curves that satisfy the geometric
boundary conditions of SCHT have a certain impact on the convergence trend of the

natural frequencies, the difference among the convergence results is little.
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Fig. 12 Convergence analysis for first three order frequencies.

Table 5 Convergence results obtained from constructing go(x) with different curves.

Order Direction  feq.s7/Hz  feq.58/Hz  feq.s9/Hz  fEq. 60)/Hz s/Hz
st SS 0.23739 0.23741 0.23743 0.23746 2.6X10°
AF 0.24099 0.24101 0.24103 0.24107 3.0X10°
ond SS 0.95463 0.95463 0.95464 0.95607 6.2X 104
AF 1.0634 1.0636 1.0634 1.0652 7.5X 104
31 SS 2.0167 2.0168 2.0170 2.0182 6.0X 104
AF 2.2648 2.2649 2.2651 2.2660 4.7X104
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3.4 Validation and comparison

Based on the numerical examples, the SCHTs with pretension force P from 0 to
48 MN are used to analyze the errors of the proposed solution. Table 6 to Table 8 show
the comparison between the proposed solution and the numerical solution, where the

relative error ¢ is defined as

(f:MXIOO%, (62)

pro

where foro denotes the results of the proposed solution, f,um denotes the results of the

numerical solution.

Table 6 Comparison of 15t order natural frequency.

PIMN 15t order natural frequency (SS) 15t order natural frequency (AF)
fpro (Hz) fnum Hz) ¢ fpro (Hz) fnum Hz) ¢

0.24036 0.24011 0.104% 0.24415 0.24380 0.143%
8 0.23950 0.23930 0.083% 0.24326 0.24295 0.127%
16 0.23863 0.23847 0.067% 0.24235 0.24209 0.107%
24 0.23774 0.23764 0.042% 0.24142 0.24122 0.083%
32 0.23684 0.23678 0.025% 0.24048 0.24033 0.062%
40 0.23592 0.23591 0.004% 0.23952 0.23942 0.042%
48 0.23498 0.23502 0.017% 0.23854 0.23850 0.017%

Table 7 Comparison of 27 order natural frequency.

PIMN 15t order natural frequency (SS) 15t order natural frequency (AF)
fpro (Hz) fnum Hz) ¢ fpro (Hz) fnum Hz) ¢

0.95976 0.96165 0.197% 1.0702 1.0707 0.046%
8 0.95733 0.95919 0.194% 1.0673 1.0677 0.037%
16 0.95488 0.95672 0.193% 1.0644 1.0648 0.038%
24 0.95242 0.95423 0.190% 1.0615 1.0618 0.028%
32 0.94994 0.95173 0.188% 1.0585 1.0588 0.028%
40 0.94745 0.94921 0.186% 1.0555 1.0558 0.028%
48 0.94494 0.94668 0.184% 1.0526 1.0527 0.010%

Table 8 Comparison of 3" order natural frequency.

PIMN 15t order natural frequency (SS) 15t order natural frequency (AF)
Joro (H2) JSoum Hz) 4 Joro (Hz) Joum Hz) ¢
0 2.0047 1.9433 3.063% 2.2478 2.1960 2.303%
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8 2.0033 1.9420 3.060% 2.2468 2.1950 2.305%

16 2.0019 1.9406 3.062% 2.2458 2.1941 2.302%
24 2.0005 1.9392 3.064% 2.2448 2.1932 2.299%
32 1.9990 1.9378 3.062% 2.2438 2.1923 2.295%
40 1.9976 1.9364 3.064% 2.2428 2.1913 2.296%
48 1.9962 1.9351 3.061% 2.2418 2.1904 2.293%

Overall, the results of the proposed solution agree well with those of the numerical
solution. Within the scope of this study, the minimum (maximum) relative errors about
the 1°t order natural frequency are 0.004% (0.143%), while those about the 2"¢ and 3™
orders natural frequencies are 0.010% (0.197%) and 2.293% (3.063%), respectively. In
addition, the first three orders natural frequencies display different degrees of decrease
as the prestress increases. Taking the side-to-side vibration as an example, when the
prestressing force P increases from 0 to 48 MN, the first three natural frequencies
decrease by 2.24%, 1.54%, and 0.42%, respectively. It indicates that the prestress
mainly reduces the lower order natural frequencies, while it has slight influence on the
higher order natural frequencies.

4. Analysis and discussion

As mentioned above, the fundamental frequency of the hybrid tower (1% order
natural frequency) needs to be kept away from the frequency range formed by fi, and
f3p to avoid the resonance response. To study the correlation between the fundamental
frequency and the design parameters, a parametric analysis is conducted based on the
numerical example depicted in subsection 3.1. The parameters to be studied include the
geometric dimensions of the concrete portion (Db, D1, t1) and steel portion (Dsp, Dst,
t3), the pretension force (P), and the ratio of steel portion length to concrete portion

length (rsc=hs/hy).
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4.1 Parametric analysis

Fig. 13 shows the variation of the fundamental frequency to the ratio of steel

portion length to concrete portion length (7s=h3/h1) when the other parameters (D, D,

t1, Dsv, P, D3y, t3) takes different values. It can be seen that with the increase of 7, the

fundamental frequency increases at first and then decreases. In addition, Fig. 13 also

illustrates the variation trends of the fundamental frequency to the other parameters.

The fundamental frequency has a positive correlation with the dimensions of the

concrete portion (Div, D1y, ¢1) but has a negative correlation with the pretension force P.

As for the dimensions of the steel portion (Dsy,, D3y, £3), the variation trends are non-

monotonic. When the proportion of the steel portion is small, the fundamental

frequency shows a negative correlation with D3y, Dsi, and #3, while the correlation

gradually turns to be positive as 7, increases.
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Fig. 13 Variation of fundamental frequency to rsc.
To study the sensitivity of the fundamental frequency to the parameters, the

differences between curves in the same figure in Fig. 13 are calculated and their

32



variations with ry are presented, as shown in Fig 14. It indicates that the sensitivities of
the fundamental frequency to the parameters are related to the value of 7, which are
described as follows: 1) With the increase of 7, the sensitivities of f to D, and ¢, have
a significant tendency to increase and then decrease, while the sensitivity of fto Diy, has
a slight increase at first and then decreases significantly. 2) The fundamental frequency
shows significant sensitivity to the pretension force P when the proportion of the steel
portion is small, and the sensitivity decreases drastically as rs increases. 3) The
fundamental frequency shows little sensitivity to D3, when r is small, while the
sensitivity increases significantly as 7y increases. 4) With the increase of 7y, the
sensitivity of the fundamental frequency to the parameters D3 and 3 shows a trend of
increase-decrease-increase. Moreover, there is one intersection between every two
curves in Fig. 13 (e)~Fig. 13 (g), corresponding to the zero points in Fig. 14 (e)~Fig.
14 (g). It indicates that for one SCHT with a determined value of 7y, the situation exists
where changing the parameters (Dsp, D3, £3) from one certain value to another certain

value does not affect the fundamental frequency of the overall structure.
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Fig. 14 Sensitivity analysis of fundamental frequency.
4.2 Influence mechanism analysis
In this section, the results of the parametric analysis are explained based on the
related formula and theory. According to Egs. (19) and (32), the increase of pretension
force P results in the decrease of total potential energy U but no effect on kinetic energy

T. As revealed by Eqgs. (47) and (48), when P increases the equivalent section stiffness
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K" decreases, but equivalent mass per unit length M."” remains unchanged.
Therefore, the fundamental frequency would decrease with the increase of the
pretension force P. Since the pretension force only acts on the concrete portion, thus its
effect on the fundamental frequency fades as the proportion of the concrete portion
decreases. Therefore, the sensitivity of fundamental frequency to P decreases with the
increase of 7.

According to Egs. (8)-(13), the section stiftness K(x) is linearly related to the fourth
power of the cross-section dimensions (diameters and wall thickness), while the mass
per unit length M(x) is linearly related to the second power of the cross-section
dimensions. This means that K(x) is more sensitive to the section dimension compared
with M(x), that is, the increase of K(x) is greater than that of M(x) when the cross-section
dimension increase. In addition, in the formula to compute fundamental frequency Eq.
(50), the term representing stiffness is the numerator while the term representing mass
per unit length is the denominator. Therefore, in general, the fundamental frequency
would increase with the increase of cross-section dimensions. However, besides the
influence introduced above, the increase of some cross-section dimensions, especially
the parameters of the steel portion, also enlarge the mass of the upper part of the SCHT.
As proved in Ref. [20], the increase of mass at the free end of a cantilever beam would
reduce the fundamental frequency of the overall structure. Therefore, the correlations
between the fundamental frequency and parameters (Dip, Dit, t1, Db, D3, t3) are
affected by those two factors.

The increase of parameter D, does not affect the upper mass of the concrete
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portion, thus increasing fundamental frequency. However, the increase of D;; and ¢
increase the upper mass of the concrete portion, which weakens the positive correlation
between the fundamental frequency and parameters D;; and #;. Besides, the influence
of such an effect on the fundamental frequency declines with the increase of r,
resulting in the sensitivity of fundamental frequency to parameters D;; and #; increase
at the initial stage. With the continuous increase of 7y, the proportion of the concrete
portion decreases, leading to the fading influence of changing parameters of the
concrete portion on the fundamental frequency of the overall structure. Therefore, the
sensitivity of fundamental frequency to parameters D; and ¢ presents a variation trend
of increase-decrease.

When 7y is small, the proportion of steel portion in the overall SCHT is low,
leading to the variation of the parameters of steel portion (Djsp, D31, £3) causing a slight
effect on M(x) and K(x), but affect the mass of upper part of the SCHT apparently.
Therefore, the fundamental frequency decreases with the increase of D3y, D3¢, and #3
when r is relatively small. However, the parameters of the steel portion (Djsp, D3, £3)
gradually become the leading parameters that affect M(x) and K(x) as 7, increases. This
causes the reason for fundamental frequency to increase with Dsp, D3¢, and 3 when 7
is relatively large.

It can be seen from Eq. (49) that when the total height of the SCHT H is kept
unchanged, the fundamental frequency f is directly related to the equivalent section
bending stiffness K., and the equivalent mass per unit length M., . Therefore, to

investigate the influence mechanism of parameters 7y on the fundamental frequency £,
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itis necessary to analyze the influence of 7. on parameters K. and M., . Fig. 15 shows
the variations of parameters K., /(K. Ymax, Mey’ /(M Ymax, and f/(f)max With 7, Where
(K Y maxs (M Ymax, and (Hmax respectively denote the maximum value of K.\”, M.,
and f'when ry varies from 0.1 to 1.5. As can be seen from Fig. 15, with the increase of
Fse, Ko’ and M." present different variation trends. At the initial stage of the increase
of 7, K.," has a slight increase and then decrease while M.,  decreases rapidly,
resulting in that f increases with r,. With the continuous increase of ., the decreasing
rate of K.’ almost remains unchanged, while the decreasing rate of M,  gradually
declines to such an extent that the variation curve almost becomes a horizontal line,

resulting in that /' decreases with the increase of 7.
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5. Conclusion

This paper developed a closed-form solution of the fundamental frequency of the
steel-concrete hybrid tower (SCHT). In the theoretical derivation, the kinetic energy
and potential energy of the SCHT are analyzed, where the abrupt changes of cross-
section and material properties, the effect of prestressing, and the mass and rotary inertia
of the wind turbine are taken into account. The frequency equation is established based

on the law of energy conservation, and a set of orthogonal polynomials generated by
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using a Gram-Schmidt process is used to construct the displacement function. Then,
based on a numerical example, the convergence of the proposed solution is analyzed,
and its effectiveness is validated by comparing the results of the proposed solution with
those of the numerical solution (FEM). In addition, by using the proposed solution, a
parametric analysis is conducted to investigate the variation rules of the fundamental
frequency to the design parameters.

The parametric analysis indicates that the fundamental frequency fincreases with
the cross-section dimensions of the concrete portion (D, D1y, ¢1) but decreases with the
increase of the pretension force P. The variation rules of the fundamental frequency f
to cross-section dimensions of the steel portion (D3, D3y, £3) are related to the proportion
of steel/concrete portion in the SCHT. When r is small, the fundamental frequency f
has a negative correlation with the parameters Dsp, D3, and #3. But this correlation
gradually becomes positive with the increase of .. Besides, when parameters except
rsc remain unchanged, the fundamental frequency f performs a variation trend of initial
increase and subsequent decrease with the increase of 7. In addition, the sensitivity of
each parameter to the fundamental frequency f'is also related to the value of 7. . With
the increase of 7y, the sensitivities of the fundamental frequency f'to the cross-section
dimensions of the concrete portion (D, D1y, t1) and the steel portion (D3¢, Dsb, £3) show
tendencies of increase-decrease and increase-decrease-increase, respectively. As for the
pretension force P, the tendency performs a continuous decline as the increase of 7.
The influence of prestress on the natural frequency is mainly reflected by Eq. (49), from

which it can be seen that the increase of prestress would reduce the equivalent bending
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stiffness, thereby causing the decrease of the natural frequency.

Based on the related formula and theory, the phenomena in the parametric analysis
are explained, which indicates that the results obtained from the parametric analysis are
reasonable. The proposed solution provides an effective approach for determining the
fundamental frequency of the SCHT, and the results of the parametric analysis
conducted herein may offer guidelines to adjust the parameters in the preliminary
design of the SCHT.
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