Influence of initial crack length on fracture properties of limestone using DIC technique
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Abstract
Due to limitations in equipment and testing methods, there is currently little literature studying the effect of initial crack length (a0) on fracture parameters. Considering that limestone is often associated with the construction of cultural heritage buildings, monuments, tunnels, subways and power stations, so limestone beams were used as the experimental objects, and were used to conduct three-point bending (3-p-b) tests based on digital image correlation (DIC) technique to study the influence of a0 on fracture parameters, including critical crack tip opening displacement (CTODc), nominal strength without considering the crack (σN), nominal strength considering the crack (σn), critical mid-span deflection (δc), critical crack mouth opening displacement (CMODc), unstable fracture toughness (Kun Ic), fracture energy (Gf) and fully developed fracture process zone length (lmFPZ). In addition, based on the boundary effect model (BEM), the relationships between the crack-to-depth ratio (α0=a0/D) with Kun Ic and Gf were analyzed. The findings indicate that, as a0 increases, σN, Kun Ic, Gf, and lmFPZ decrease gradually, while CMODc, CTODc, and δc increase gradually; as two important parameters of the BEM, the boundary influence length (A1) and size-independent fracture energy (GF) are 27.08 mm and 74.67 N/m, respectively.
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1. Introduction
[bookmark: OLE_LINK33][bookmark: OLE_LINK26][bookmark: PositionBeforeFormat]Fracture parameters, including crack tip opening displacement (CTOD), unstable fracture toughness (Kun Ic), crack mouth opening displacement (CMOD), and fracture energy (Gf), are often used to evaluate the safety and stability of rock masses or masonry structures under tension, making it necessary to research the fracture of related building materials. For quasi-brittle building materials [1-3], the fracture process zone (FPZ) is present at the real crack tip [4, 5]. Previous studies show that specimen size and shape affect the FPZ, and further affect fracture parameters [6-8]. The question of how to predict changes in fracture parameters, according to specimen shape and size, has thus become an important subject.
[bookmark: OLE_LINK1]In evaluating the effects of specimen size and shape on fracture parameters, existing experimental research has mainly focused on two aspects: (1) study of the influence of specimen size when it changes proportionally; and (2) study of the influence of initial crack length (a0) when specimen size remains unchanged. The first case has been extensively studied, and many results have been obtained [6, 7, 9-11]. However, few studies have focused on the second case due to various problems, as discussed herein.
[bookmark: OLE_LINK38][bookmark: _Hlk129675566][bookmark: OLE_LINK2]First, some fracture parameters, such as CMOD, have been conventionally measured directly by a clip gauge, but due to the limitations of the instrumentation, CTOD is not obtainable by this method [6]. Second, the brittle post-peak failure behavior of some materials, such as semi-circle bending granite and sandstone specimens [12], under three-point bending (3-p-b) tests means that Gf cannot be obtained from the load versus displacement curve. Furthermore, inconsistent results on the effect of a0 on some fracture parameters have been found. For example, with increased a0, Fan et al. [8] found that the Kun Ic of reinforced concrete increased gradually while Tang et al. [13] pointed out that the Kun Ic of graphite remained largely unaffected; Chen et al. [14] reported that the CTOD of self-compacting concrete gradually decreased while Tang et al. [13] showed that the CTOD of graphite remained essentially unchanged.
[bookmark: OLE_LINK21][bookmark: OLE_LINK3][bookmark: OLE_LINK28]The above problems have necessitated further research into how a0 related to fracture parameters of quasi-brittle building materials. Recently, non-contact full-field optical measurement technology has developed rapidly [15]. Digital image correlation (DIC) and electronic speckle pattern interferometry (ESPI) techniques have been widely employed in many fields and have become practical tools to investigate material fracture parameters. For example, the ESPI method has been employed with rock [16], concrete [17, 18], mortar [19], pressure pipe [20], and graphite [21], while the DIC method has been employed with concrete [22-25], rock [26], aerospace materials [27], concrete-concrete interfaces [28], rock-concrete interfaces [15] and graphite [29]. The application and development of these monitoring techniques create an excellent base for the comprehensive study of material fracture parameters.
[bookmark: OLE_LINK23][bookmark: OLE_LINK131][bookmark: OLE_LINK7]As a widely distributed rock in the crust, limestone is often used in cultural heritage buildings and monuments [30]. In addition, limestone is related to the construction of many underground projects such as tunnels, subways, and power stations. For example, the construction of the Taoziya Tunnel in China [31], the Prada Tunnel in Spain [32], the KVMRT Metro Station in Singapore [33], and the Houziyan Hydropower Station in China [34, 35] all incorporated limestone. Therefore, the importance of limestone is self-evident. In this study, a total of 15 limestone beams in five groups with different initial crack lengths were employed to conduct 3-p-b tests using the DIC technique. The effects of a0 on peak load (Pmax), critical crack tip opening displacement (CTODc), critical mid-span deflection (δc), critical crack mouth opening displacement (CMODc), fracture energy (Gf), unstable fracture toughness (Kun Ic) and fully developed FPZ length (lmFPZ) was systematically investigated. The conclusions are helpful to evaluate the fracture properties of limestone.

2. [bookmark: OLE_LINK29]Test program
2.1. Digital image correlation technique
[bookmark: OLE_LINK34]In this study, digital image correlation (DIC) technique (as proposed by Japanese professor, Yamaguchi I [36], in 1981) was employed due to its advantages of simple data acquisition, low experimental environmental requirements, simple specimen preparation, high measurement accuracy, and wide application field. Before the use of the technique, speckles should be sprayed on the specimen surface. Speckles making process can be divided into three steps: 1) to wipe the specimen surface to avoid the impact of dust on the experimental results; 2) to spray a layer of white matte paint on the surface; and 3) to spray black matte paint on the specimen surface to form high contrast spots.
[bookmark: OLE_LINK30][bookmark: OLE_LINK31][bookmark: OLE_LINK5]As shown in Fig. 1, the square region with P(xi, yi) as the center and 2N+1 pixels as the side length is the reference subset (represented by ABCD) prior to the specimen deformation; the square region with P(xi, yi) as the center and 2M+1 pixels as the side length is the research subset after the specimen deformation; the quadrilateral region with 2N+1 pixels as the side length in the research subset is the deformation subset (represented by AiBiCiDi). By using a specified correlation function, it is easy to obtain the correlation coefficient between each deformation subset and the reference subset. When the coefficient is minimum or maximum, the corresponding deformation subset is considered the target subset with Pʹ(xʹi, yʹi) as the center; that is, the reference subset in the deformation image. Thus, the displacement of Pʹ(xʹi, yʹi) and P(xi, yi) can be obtained. Using the approach described above, the displacement of each point on specimen surface can be obtained.
	[image: DIC原理图]

	[bookmark: _Ref23348]Fig. 1 Fundamental tenet of DIC.


The selection of the correlation function is very important in ensuring calculation accuracy and speed. The zero-normalized cross-correlation coefficient (ZNCC) and the zero-normalized sum of squared difference coefficient (ZNSDC) [37] are two popular correlation functions and can be expressed by:

[bookmark: OLE_LINK51]		(1)

		(2)

		(3)
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		(5)

		(6)
[bookmark: OLE_LINK88][bookmark: OLE_LINK27]Where f and Fm represent the gray and average gray before the deformation. g and gm represent the gray and average gray after the deformation. In this study, VIC-2D was used to calculate the deformation of the specimens while the ZNSDC was employed as the correlation function. In addition, to increase the reliability of DIC analysis results, the noise level has been calibrated, and the impact of noise was reduced by implementing low-pass filters and high-order interpolation.
2.2. Specimens
The limestone used in this study was taken from Hebei Province, China. The tensile strength (ft) of the limestone is approximately 7.77 MPa. The microstructure of the limestone (see Fig. 2) shows that the surface of the limestone is smooth. The mineral elements of the limestone (see Fig. 3) shows that calcium and magnesium account for 23% and 0.2% of the total elements, respectively. According to the proportion of molecular weight and order of chemical affinity [38, 39], the content of dolomite and calcite can be calculated as follows: 

		(7)

		(8)

		(9)

		(10)
	[image: 颗粒尺寸107um]
	[image: 25℃石灰岩矿物含量]

	Fig. 2 Microstructure of limestone.
	Fig. 3 Energy spectrum.


[bookmark: OLE_LINK4][bookmark: OLE_LINK10]Through the above calculation, dolomite content was found to be 2.26% of calcite in the limestone. When studying the mode-Ⅰ fracture of rock, four testing geometries – namely, cracked chevron notched Brazilian disc, chevron bend, short rod, and semi-circular bend – are recommended by the ISRM [40-42], and two testing geometries – namely, single-edge-notch bending (SENB) and compact tension – are recommended by the ASTM [43]. Because the DIC technique is particularly useful for measuring the surface deformation of SENB beams, the limestone was processed into SENB beams, to research the influence of a0 on fracture properties.
[bookmark: OLE_LINK6][bookmark: OLE_LINK18][bookmark: OLE_LINK19]A total of 15 specimens were made and grouped into five groups, each group containing three specimens, as shown in Table 1. The initial crack in the specimens was prepared using a wire-cutting machine, and the thickness was controlled to within 1 mm (see Fig. 4). To enable the results could well be compared, all specimens were obtained from the same rock with good compactness and uniformity.
	[image: 砖墙上
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	Fig. 4 SENB beams.



	
	Table 1 Sizes of limestone specimens.

	Group
	L (mm)
	S (mm)
	B (mm)
	D (mm)
	a0 (mm)

	A
	220
	200
	25
	50
	5

	B
	220
	200
	25
	50
	10

	C
	220
	200
	25
	50
	15

	D
	220
	200
	25
	50
	20

	E
	220
	200
	25
	50
	25


Notes: D, B, L, and a0 represent the depth, thickness, length, and initial crack length, respectively. S refers to the distance between two supports.
2.3. Experimental setup 
[bookmark: OLE_LINK35][bookmark: OLE_LINK32]In this study, the beams were tested at The University of Hong Kong using a 50 kN MTS loading machine by setting a loading rate of 0.1 µm/s. A 2 mm clip gauge and two 25 mm LVDTs were adopted to measure the CMOD and deflection (δ), respectively. In addition, Canon EOS 80D camera (see Table 2) was placed in front of the beam to record the beam deformation, with light sources located on both sides of the camera to reduce the camera exposure and motion blur，and ensure that an image with sufficient brightness and good contrast is obtained, as shown in Fig. 5. Before the test, the time of the data logger and the DIC computer was calibrated to ensure that the data obtained by the data logger would match those obtained by the DIC.
[bookmark: OLE_LINK37]Table 2 Technical specifications of the camera.
	Parameter
	Technical specifications

	Sensor type
	CMOS

	Sensor size
	APS-C

	Resolution
	6000×4000 pixels

	Max resolution
	25.80 megapixels

	Effective resolution
	24.20 megapixels

	Lens model
	EF-S18-55mm f/3.5-5.6 IS STM

	Focal length
	Adjustable, 18-55 mm



	[bookmark: _Hlk139186571](a)[image: 试验设备]
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(b)

	Fig. 5 Test setup: (a) in-site photo; (b) schematic of the DIC equipment layout.



3. Results analysis
3.1. DIC results verification
Taking E-2 beam as an example, the CMOD versus loading time (t) curves are shown in Fig. 6. Obviously, high coincident can be seen between the CMOD calculated by the DIC and clip gauge, implying that calculating the deformation of specimens by way of the DIC is reliable.
	[bookmark: OLE_LINK22][image: 荷载-位移曲线-1 - office_16]

	[bookmark: _Ref22577][bookmark: OLE_LINK14]Fig. 6 Crack mouth opening of E-2 beam.


3.2. Load-displacement curves
As shown in Fig. 7, with increased a0, the slopes of the curves at the pre-peak stage gradually decrease, implying that the rigidity of the beams decreases gradually; the load drop rate decreases gradually at the post-peak stage, indicating better-controlled crack propagation. When a0 = 5 mm, the specimens are rapidly destroyed after reaching the peak, indicating that the specimens are brittle.
	(a)[image: 荷载-位移曲线-1 - office_9] 
	(b)[image: 荷载-位移曲线-1 - office_10] 

	Fig. 7 Load versus displacement curves: (a) P-CMOD curve; (b) P-δ curve.


In accordance with the LEFM, Tada et al. [44] gave the relationship between P and CMOD:

		(11)
Where α0 and E refer to the crack-to-depth ratio (a0/D) and elastic modulus, respectively. By randomly selecting several points from the linear segment of the P-CMOD curve, and substituting these points into Eq. (11), E can be calculated. Table 3 shows the calculated E of E-2 beam, which is about 64.84 GPa.
	Table 3 Elastic modulus of limestone.

	Specimen no.
	CMOD
(mm)
	P
(kN)
	E 
(GPa)
	Mean
(GPa) 
	Coefficient of variation

	E-2
	0.0015
	0.0674
	63.47
	64.84
	2.42%

	
	0.0017
	0.0796
	66.55
	
	

	
	0.0021
	0.0944
	64.49
	
	


The peak load (Pmax) with the α0 is shown in Fig. 8. With increased α0, Pmax gradually decreases, indicating that limestone is sensitive to the change of a0. A similar phenomenon to which has been found in plain concrete [45]. When α0 increases from 0.1 to 0.5, Pmax decreases from approximately 1.97 kN to 0.63 kN. This is because the greater the a0, the smaller the ligament length (D-a0), and so the smaller the external force required to maintain the stability of the beams. After Pmax is obtained, two different nominal strengths (i.e. σN and σn) can be calculated by [46, 47]:

		(12)
Where σn and σN are nominal strength with and without considering the crack, respectively [6]. As shown in Fig. 9, with increased α0, σN gradually decreases, indicating that σN is related not only to material properties but also to specimen size. Based on the LEFM, σN can be obtained by [46, 47]:

		(13)
Where KIc refers to the fracture toughness without considering nonlinearity. Eq. (13) can be written as [46, 47]:

		(14)
Where α* is a reference crack length. g(α0) refers to a geometry factor. σn fitted by Eq. (14) is shown in Fig. 9. Obviously, the fitting result is good.
	[image: 图表, 折线图

描述已自动生成]
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	Fig. 8 Variations of Pmax and σN with α0.
	Fig. 9 Variation of σn with √ae.


[bookmark: OLE_LINK20]The CMODc of each specimen is shown in Fig. 10. Obviously, CMODc gradually increases with increased α0, and similar trends can be seen with graphite [13]. When α0 increases from 0.1 to 0.5, CMODc increases from approximately 0.007 mm to 0.015 mm. The CMODc obtained by the DIC and clip gauge are largely consistent, but a slight difference is evident. This can be explained from two aspects: (1) the shooting time of speckle patterning cannot completely match the time at Pmax; (2) even if the shooting time of speckle patterning can match the time at Pmax, when DIC post-processing software is used to calibrate the distance (i.e., the relationship between the pixel and length), errors will inevitably occur.
The CTODc with the α0 is shown in Fig. 11. With increased α0, CTODc gradually increases. When α0 increases from 0.1 to 0.5, CTODc increases from approximately 0.0011 mm to 0.0053 mm.
	[image: ]
	[image: ]

	Fig. 10 Variation of CMODc with α0.
	Fig. 11 Variation of CTODc with α0.


The relationship between α0 and δc is shown in Fig. 12. Obviously, δc calculated by the DIC increases gradually with increased α0. When α0 increases from 0.1 to 0.5, δc increases from approximately 0.0122 mm to 0.0216 mm.
	[image: ]

	Fig. 12 Variation of δc with α0.


3.3. Crack evolution
From the displacement fields obtained by the DIC, crack propagation can be observed. Fig. 13 shows the horizontal displacements of E-2 beam. At pre-peak 70% Pmax (see Fig. 13a), along the initial crack, the left part of the beam moved to the left (negative) while the right part moved to the right (positive). However, the crack did not initiate at this stage as the deformation was too small. As the test continued, the opening displacements of the specimen gradually increased. When the beam was loaded to post-peak 35% Pmax (see Fig. 13b), crack propagation was seen.
	[image: 图表, 表面图

描述已自动生成]
	[image: 图表

描述已自动生成]

	(a) Pre-peak 70％ Pmax
	(b) Post-peak 35％ Pmax

	Fig. 13 Horizontal displacement of E-2 at two loading stages.


Similarly, the crack evolution can be observed from the strain fields. The horizontal strains of E-2 beam are shown in Fig. 14. At pre-peak 70% Pmax, the strain was small and a strain concentration zone (SCZ) cannot be seen, implying that the beam was elastic. At Pmax, the crack had formed above the initial crack tip due to an obvious SCZ formed. At post-peak 90%, the length of the SCZ was greater than that at Pmax, indicating that the crack had propagated upwards. The crack growth path was not linear but jagged, caused by various micro-voids and microcracks in the specimen.
	[image: 76-u]
	[image: 99-u]
	[image: 76E]

	Pre-peak 70% Pmax
	Pmax
	

	[image: 115-u]
	[image: 127-u]
	[image: 76E]

	Post-peak 90% Pmax
	Post-peak 70% Pmax
	


Fig. 14 Horizontal strain of E-2 beam at different loading stages.
To quantify the effective crack length (lc), the crack tip needs to be determined first. According to previous studies [13, 48, 49], the crack tip can be solved by setting a strain threshold (εc). According to the definition of the bilinear softening law [50, 51], εc can be obtained by:

		(15)
By substituting ft and E into Eq. (15), εc can be obtained, and its value is approximately 120 µε.
[bookmark: OLE_LINK24]Besides the above method, the crack tip can also be determined based on the horizontal displacement field. For example, An et al. [52] considered that the crack tip is located at a turning point where the slope of the horizontal displacement changes; Shah et al. [53] pointed out that it is located at a point with a crack opening of zero.
Taking E-2 beam as an example, lc obtained by the above three methods is shown in Fig. 15. Compared to the slope of the lc-t curve before Pmax, it is larger after Pmax, indicating that the crack begins to enter an unstable growth stage. When the line length from the crack tip to the loading boundary is less than a certain value (approximately 7.55 mm for E-2 beam), the crack growth rate begins to decrease, which is caused by the boundary effect. In addition, lc obtained by the strain threshold is highly compatible with that obtained by observing the turning point, but is quite different from that obtained by observing the crack opening, indicating that lc obtained by observing the crack opening is overestimated.
The difference (lf) between the lc at Pmax and a0 is shown in Fig. 16. As can be seen, lf has relatively large discretion but is less than 5 mm, indicating that the specimens are brittle; with increased α0, lf seems to increase gradually, indicating that the longer the a0, the more serious the stress concentration.
	[image: 图表, 折线图
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	[image: 图表, 箱线图
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	Fig. 15 lc-t curve.
	Fig. 16 Variation of lf with α0.


3.4. Fracture energy
[bookmark: OLE_LINK9]To describe fracture properties from the perspective of energy, fracture energy (Gf) was proposed [54]. According to the RILEM [55], after the complete P-δ curve is obtained, the Gf can be obtained by:

		(16)
Where W refers to the area under the complete P-δ curve. Fig. 17 shows the Gf with the α0. Gf gradually decreases with increased α0. A similar trend has been found in plain concrete [56], UHPC [57], and graphite [13]. When α0 increases from 0.1 to 0.5, Gf decreases from approximately 57.38 N/m to 33.59 N/m, indicating that Gf is affected by specimen size [58].
	[image: ]

	Fig. 17 Relationship between Gf and α0.


[bookmark: OLE_LINK120]To describe the relationship between Gf and specimen size, local fracture energy (gf) was proposed. The distribution characteristics of gf are shown in Fig. 18. If the ligament length is greater than the boundary influence length (A1), there is a zone in which gf remains unchanged and equal to size-independent fracture energy (GF); in addition, there is a zone in which gf decreases gradually along the crack propagation direction. gf can be calculated as follows:

		(17)
	[image: 图示
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	[bookmark: _Ref21176]Fig. 18 Distribution characteristics of gf.


When the crack develops to the back boundary, specimen completely fails, so it can be considered that g0=0. By analyzing gf, it is easy to obtain the equation about gf and Gf:

		(18)
[bookmark: OLE_LINK36]By substituting Eq. (18) into Eq. (17), the equation about Gf and GF can be obtained by:

[bookmark: OLE_LINK42]		(19)
Gf is fitted with Eq. (19) and the fitting result is shown in Fig. 17. The fitted A1 and GF are 27.08 mm and 74.67 N/m, respectively.
3.5. Fracture toughness
To reflect the ability to resist the crack propagation of materials, unstable fracture toughness (Kun Ic) was proposed:

		(20)
[bookmark: OLE_LINK11]The Kun Ic of each specimen is shown in Fig. 19. Obviously, Kun Ic gradually decreases with increased α0. Zhang et al. [59] noticed similar behavior in concrete. When α0 increases from 0.1 to 0.5, Kun Ic decreases from approximately 1.46 MPa·m1/2 to 1.23 MPa·m1/2. It is supposed that the relationship between Kun Ic and Gf can be expressed as: 

		(21)
By substituting Eq. (21) into Eq. (19), the relationship between Kun Ic and α0 when D(1‑α0)>A1 can be expressed as:

		(22)
[bookmark: OLE_LINK12]The effect of fitting Kun Ic using Eq. (22) is shown in Fig. 19. The fitting effect is good and the fitted λ is 0.0253, indicating that the ratio of stress intensity factor to energy release rate is not fixed. It is supposed that the equation about GF and size-independent fracture toughness (K* Ic) can be expressed by:

		(23)
[bookmark: OLE_LINK15]By substituting GF, E, and λ into Eq. (23), K* Ic can be calculated and is approximately 1.76 MPa·m1/2 here. The K* Ic (1.76 MPa·m1/2) of limestone is greater than that of plain concrete (1.53 MPa·m1/2), as measured by Chen et al. [60] using 3-p-b testing, which can be explained by the fact that the ft of limestone (approximately 7.77 MPa) is higher than that of concrete (approximately 3.03 MPa), and so limestone has greater inherent toughness than concrete. It should be noted that the relationship between GF and K* Ic mentioned above is a hypothesis only and further study is necessary to obtain the true relationship between the two.
	[image: ]

	[bookmark: _Ref20820]Fig. 19 Variation of Kun Ic with α0.


3.6. Fracture process zone
To calculate the FPZ length (lFPZ), the FPZ tip and rear need to be determined first. The location of the tip was considered to be at the point of the maximum y‑coordinate in the area surrounded by εc (120 µε), while that of the rear was identified by observing the initial crack tip opening. If the initial crack tip opening was not greater than the critical crack opening (wf), the rear would be seen as located at the initial crack tip; otherwise, the rear would be considered to have moved upwards. The wf can be calculated by [61]:

		(24)
By substituting ft and Gf of each beam into Eq. (24), wf can be calculated. Fig. 20 shows the evolution of lFPZ of E-2 beam. Notably, lFPZ first increases, as the test continues, it then decreases. A similar law has been found in concrete [62] and graphite [13]. An interesting finding emerged in that, when the initial crack tip opening reached wf, lFPZ reached the maximum, indicating that the FPZ was fully developed. To research the effect of α0 on fully developed FPZ length (lmFPZ), lmFPZ of each specimen was calculated, as shown in Fig. 21. It is notable that lmFPZ gradually decreased with increased α0. A similar trend has been found in concrete [62]. When α0 increases from 0.2 to 0.5, lmFPZ decreases from approximately 23.09 mm to 12.66 mm. This shows that, when specimen size is consistent, the larger the α0, the more obvious the effect of the loading boundary on the FPZ [63].
	[image: 图表, 折线图
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	[bookmark: _Ref20595]Fig. 20 Variation of lFPZ with CMOD.
	[bookmark: _Ref20539]Fig. 21 Influence of α0 on lmFPZ.



4. Conclusions
The fracture parameters of limestone beams with the same geometry but different initial crack lengths were studied. The followings were the key conclusions:
(1) [bookmark: OLE_LINK25] The DIC was applied to determine the deformation of the limestone beams. By contrasting the CMOD obtained by the DIC and clip gauge, the accuracy of the DIC in measuring materials deformation was proved.
(2) [bookmark: OLE_LINK16] According to the strain and displacement fields obtained by the DIC, the crack evolution was analyzed qualitatively and quantitatively. The effective crack length (lc) obtained using the strain threshold was close to that obtained by observing the turning point but was much smaller than that obtained by observing the crack opening which overestimated the lc.
(3)  With increased a0, Pmax, σN, Kun Ic and Gf decreased gradually, while CMODc, CTODc, and δc increased gradually. With increased ae, σn decreased gradually.
(4)  According to the BEM, the relationship between α0 and Gf was fitted, and the boundary influence length (A1) and the size-independent fracture energy (GF) were obtained, which were 24.37 mm and 68.88 N/m, respectively.
(5) [bookmark: OLE_LINK17] Once the strain threshold (εc) and critical crack opening (wf) had been determined, FPZ length (lFPZ) was determined by the DIC. By studying the influence of α0 on fully developed FPZ length (lmFPZ), it was found that lmFPZ gradually decreased with increased α0.
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