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Abstract  

Purpose: To provide joint calibrationless parallel imaging reconstruction of highly 

accelerated multi-slice 2D MR k-space data. 

Methods: Adjacent image slices in multi-slice MR data have similar coil sensitivity 

maps, spatial support, and image content. Such similarities can be utilized to improve 

image quality by reconstructing multiple slices jointly with low-rank tensor completion. 

Specifically, the multi-channel k-space data from multiple slices are constructed into a 

block-wise Hankel tensor, and iteratively updated by promoting tensor low-rankness 

through high-order SVD (HOSVD). This multi-slice block-wise Hankel tensor 

completion (MS-HTC) was implemented for 2D spiral and Cartesian k-space 

undersampling where sampling patterns vary between adjacent slices. The approach 

was evaluated with human brain MR data, and compared to the traditional single-slice 

simultaneous autocalibrating and k-space estimation (SAKE) reconstruction. 

Results: The proposed MS-HTC approach robustly reconstructed highly undersampled 

multi-slice 2D spiral and Cartesian data. It produced substantially lower level of 

artifacts compared to the traditional single-slice SAKE reconstruction. Quantitative 

evaluation using error maps and root mean-square-errors (RMSEs) demonstrated its 

significantly improved performance in terms of residual artifacts and RMSE. 

Conclusion: Our proposed MS-HTC method exploits the similar coil sensitivity and 

image content within multi-slice MR data through a tensor completion framework. It 

offers a new and effective approach to acquire and reconstruct highly undersampled 

multi-slice MR data in a calibrationless manner. 

  



 

 

Introduction 

Parallel imaging is widely used in clinical MRI to accelerate data acquisition1,2 or 

compensate acquisition imperfections3,4. However, artifacts and noise amplification can 

become severe with high undersampling or acceleration factor. Moreover, conventional 

parallel imaging methods need coil sensitivity calibration information obtained from 

additional calibration scan1 or autocalibrating signals (ACS)2. Acquiring calibration 

data can further prolong the acquisition. Mismatch between calibration data and 

undersampled data due to subject motion2,5 or geometrical distortion6 can undermine 

the reconstructed images in terms of residual artifacts and SNR. In spiral imaging, 

acquiring sufficient ACS data prolongs the acquisition window, which can lead to 

blurring and artifacts due to off-resonance effect. 

In a typical multi-slice clinical scan, multiple consecutive 2D slices are acquired to 

provide a volume coverage. Adjacent slices often exhibit similar image content due to 

slow structural variations along slice direction, especially when the slice thickness/gap 

is sufficiently small7. Such information has been explored for estimating the unacquired 

k-space data by interpolating data from other slices8-10. The similarity can also present 

as sparsity of difference between adjacent slices7. In this regard, the difference between 

adjacent slices can be treated as a sparse transform, and then utilized for compressed 

sensing based super-resolution reconstruction. With adjacent slices being sufficiently 

thin and undersampled differently, the multi-slice data can be sparse in a properly 

chosen transform domain, which offers unique advantages in recovering coarse-scale 

component and makes multi-slice reconstruction superior to single-slice 

reconstruction11. However, these earlier approaches do not utilize the multi-channel 

information, which is now widely available in clinical scans.  

On the other hand, the coil sensitivity varies smoothly within the image planes and 

along slice direction, and adjacent slices have different but similar coil sensitivity 

maps12-14. Therefore, it is feasible to acquire calibration data only for a few evenly 

spaced slices, and then linearly interpolate GRAPPA weights for other slices from those 

for the adjacent slices13. Alternatively, different slices can have an interleaved sampling 

pattern, such that the calibration data can be obtained by combining the central k-space 

lines from adjacent slices13. This is conceptually similar to TGRAPPA, where the 



 

 

calibration data are combined from adjacent time frames15. These two approaches 

require very little or no additional calibration data by exploiting the coil sensitivity 

similarity among adjacent slices.  

The aforementioned approaches of exploring coil sensitivity and image content 

similarities among adjacent slices can be incorporated with calibrationless parallel 

imaging reconstruction. In recent years, low-rank matrix completion has made it 

possible to perform calibrationless reconstruction, which inherently explores the 

redundant information in k-space16-20. Simultaneous autocalibrating and k-space 

estimation (SAKE) formulates parallel imaging as a low-rank matrix completion 

problem, implicitly utilizing the data redundancy from multi-channel acquisition and 

limited spatial support16. LORAKS17 exploits the limited spatial support and smooth 

phase of MR images, and has been extended for multi-channel parallel imaging 

reconstruction (P-LORAKS18). ALOHA formulates the transform sparsity by 

annihilating filter-based low-rank Hankel matrix completion19,20. These methods can 

also be adapted for Nyquist ghost elimination in EPI reconstruction by treating EPI data 

from different readout polarities/shots as from different virtual channels19,21-23. The 

central k-space of multiple slices can also be recovered jointly by extending the existing 

low-rank matrix completion methods with tensorial expressions, and used as calibration 

data for subsequent parallel imaging reconstruction12.  

The multi-slice nature of 2D acquisition allows different slices having complementary 

sampling pattern, and enables missing k-space sample estimation from adjacent slices. 

For example, a sampling scheme that has varying sampling density across different 

slices can be adopted, and missing data from slices with extremely sparse sampling can 

be interpolated from its adjacent slices which are more densely sampled8,24. 

Randomizing the sampling patterns of adjacent slices can improve the incoherency 

between slices when multiple slices are reconstructed together with compressed sensing 

methods11,25.  

In this study, we propose to jointly reconstruct multiple adjacent slices through a block-

wise Hankel tensor completion framework (MS-HTC). The proposed approach exploits 

the coil sensitivity maps, spatial support, and image content similarities among adjacent 

slices. It is further enhanced by using complementary sampling patterns across 

difference slices. The proposed approach was implemented for both multi-slice spiral 



 

 

and Cartesian imaging, and evaluated with multi-slice human brain MR data.  

 

Methods 

Structured low-rank multi-channel multi-slice tensor 

The proposed approach exploits correlations of multi-channel multi-slice k-space data 

by structuring the k-space data into a block-wise Hankel tensor. As shown in Figure 1, 

k-space data from each slice are structured into a block-wise Hankel matrix of which 

columns are vectorized blocks from sliding kernels across the entire k-space16, and then 

stacked along a third dimension, forming a 3rd-order tensor, termed as multi-slice 

tensor (T). Its three dimensions corresponding to the k-space samples from different 

kernels, channels (while within a kernel), and slices are termed as kernel, channel, and 

slice dimensions, respectively. The multi-slice tensor can be viewed as a 3-way tensor 

by unfolding the tensor into matrices26,27. Specifically, the multi-slice tensor can be 

unfolded by stacking vectors of its kernel, channel, or slice dimensions, which are 

termed as 1-mode, 2-mode, and 3-mode unfolding, with the matrix unfolding 

representations denoted as T(1), T(2), and T(3), respectively. 

As revealed in auto-calibrating parallel imaging reconstruction, each k-space sample 

can be fitted from its neighborhood within a compact kernel, which should be consistent 

across the whole k-space2,28. This implies that the block-wise Hankel matrix should be 

inherently low-rank16. Due to the similarities in coil sensitivity, spatial support, and 

image content across adjacent slices, the multi-slice tensor is more rank-deficient when 

compared to the block-wise Hankel matrix constructed from a single slice. First, 

different slices have similar image content, which has been used to interpolate the 

missing samples from its adjacent slices, with the weights estimated from the central k-

space8,29. This can be interpreted as explicitly treating k-space data from adjacent slices 

as from different channels, and directly applying the strategies used in conventional 

parallel imaging. 1-mode unfolding is equivalent to treating k-space data from different 

slices as from different virtual channels. As revealed in traditional parallel imaging 

methods, each k-space sample can be linearly fitted with its neighborhood samples2,16,28, 

and such linear dependency holds across the whole k-space. This leads to the low-



 

 

rankness of constructed block-wise Hankel matrix16. Additionally, each k-space sample 

can also be linearly fitted with the neighborhood samples in adjacent slices due to image 

content similarities among adjacent slices8. In this perspective, the matrix from 1-mode 

unfolding is more rank-deficient compared to the block-wise Hankel matrix constructed 

from single-slice k-space data (Supporting Information Figure S1). Second, the in-

plane and through-plane spatial variation of coil sensitivity is extremely smooth, so that 

coil sensitivity maps (including their phase and magnitude) for adjacent slices are 

similar. Last, due to the slow spatial varying of the subject contour, different slices 

share similar spatial support. Therefore, the linear dependency not only holds across 

the whole k-space, but is also close among different slices. From this point of view, 2-

mode unfolding, which is equivalent to treating data from different slices as from 

different virtual kernels, is also rank-deficient, with its rank close to that for single-slice 

block-wise Hankel matrix.  

Multi-channel multi-slice reconstruction as low-rank tensor completion 

Promoting low-rankness of the multi-slice tensor inherently exploits similarities among 

adjacent slices, including their similarities in coil sensitivity maps, spatial-support, and 

image content. On one hand, with low-rankness of 1-mode unfolding for multi-slice 

tensor promoted, each k-space sample can be interpolated from its neighborhood 

samples within a compact kernel. The neighborhood samples can be extracted from the 

same slice or adjacent slices, this forces adjacent slices to have smooth variation of 

anatomical structures along slice direction, i.e., similar image content across adjacent 

slices. On the other hand, promoting low-rankness of 2-mode unfolding for multi-slice 

tensor enforces the k-space samples within a compact kernel to be represented in a low 

dimensional subspace, and linear dependency of such subspace holds both within the 

whole k-space and across adjacent slices. This ensures that each k-space sample can be 

fitted with its neighborhood samples, and the fitting coefficients are similar across 

adjacent slices. Therefore, the coil sensitivity map and spatial-support of these slices 

should be similar. 

A multi-slice tensor can be decomposed and approximated using rank truncation. In 

this study, high-order SVD (HOSVD) is used for tensor decomposition26,30-32. In 

literature, it is also called as multi-linear SVD26 or Tucker decomposition33. HOSVD 



 

 

decomposes the multi-slice tensor by computing a core tensor S, and 3 orthonormal 

bases U(n) (n = 1, 2, and 3) for the 3 different subspaces of n-mode vectors27, 

 𝑻𝑻 = 𝑺𝑺 ×1 𝑈𝑈(1) ×2 𝑈𝑈(2) ×3 𝑈𝑈(3)  ................................................. (1) 

Here ×𝑛𝑛 is the n-mode product of a tensor and a matrix, and U(n) is the unitary matrix, 

which can be obtained from SVD of the n-mode matrix unfolding T(n). Then, low-

rank tensor approximation can be performed by hard thresholding the core tensor31, 

or truncating the core tensor and unitary matrices when the n-mode ranks are known, 

which is similar to Cadzow algorithm used in SAKE reconstruction16,34.  

An updated k-space estimation can be generated from the low-rank approximated multi-

slice tensor. Specifically, the multi-slice tensor entries corresponding to the same k-

space sample are averaged and used as updated k-space estimation (structural 

consistency). After that, the difference between the estimated k-space and acquired data 

is minimized as below (data consistency). For Cartesian imaging, the data consistency 

is performed by simple substitution with the acquired data. For non-Cartesian imaging, 

the multi-slice tensor is also constructed from an estimated Cartesian k-space, which 

can be iteratively regenerated from the low-rank approximated multi-slice tensor. Non-

uniform FFT (NUFFT)35,36 builds the connection between acquired non-Cartesian data 

and the estimated Cartesian k-space. When enforcing data consistency for non-

Cartesian imaging, the k-space data on non-Cartesian trajectories are calculated using 

NUFFT, and subtracted from the acquired data (Y). The difference is then mapped onto 

Cartesian grids using inverse NUFFT, and added to the current k-space estimation (Xn) 

(Supporting Information Figure S2).  This can be written as,  

 𝑋𝑋𝑛𝑛+1 = 𝑋𝑋𝑛𝑛 +𝐷𝐷−1(𝑌𝑌 −𝐷𝐷𝑋𝑋𝑛𝑛) .................................................. (2) 

where D denotes the sampling operator, D-1 is the gridding operation that maps non-

Cartesian data onto Cartesian grids.  

With n-mode ranks of multi-slice tensor known, the objective function can be formatted 

as 

𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚
𝑋𝑋
‖𝐷𝐷𝐷𝐷 − 𝑌𝑌‖𝐹𝐹2 , 

 𝑠𝑠. 𝑡𝑡.  𝜞𝜞 = 𝑺𝑺 ×1 𝑈𝑈(1) ×2 𝑈𝑈(2) ×3 𝑈𝑈(3), 



 

 

  𝑋𝑋 = 𝑃𝑃−1(𝜞𝜞) ............................................................... (3) 

where P is the operator that constructs multi-slice k-space data X into multi-slice tensor, 

P-1 is the reverse operator that generates k-space data from multi-slice tensor, 𝜞𝜞  is a 

low-rank tensor of rank-(R1, R2, R3), and ||·||F denotes the Frobenius norm. The 

implementation of our proposed calibrationless reconstruction using low-rank tensor 

completion consists of the following steps, as illustrated in Figure 1. First, multi-slice 

multi-channel k-space data are structured into a multi-slice tensor, which is 

decomposed and approximated as a low-rank tensor 𝜞𝜞 . In this work, sequentially 

truncated HOSVD (ST-HOSVD) is implemented for low rank tensor approximation, 

which converts the low rank approximation via matrix SVD and rank truncation of 

unitary matrices37. Specifically, ST-HOSVD approximates a low rank tensor by 

sequentially truncating the unitary matrices U(n). Matrix SVD algorithm is modified 

from a fast SVD implementation, which only computes a few singular values and 

eigenvectors38. The k-space is then recovered from the approximated tensor, with 

structural and data consistency applied. These steps are repeated to update the 

unacquired samples iteratively until convergence.  

Multi-slice data acquisition and retrospective undersampling 

The proposed method was evaluated with both non-Cartesian and Cartesian imaging. 

In vivo data were acquired on a 3T Phillips scanner equipped with an 8-channel head 

coil. All experiments involving human subjects were approved by the local institutional 

board and written information consent was obtained.  

For 2D non-Cartesian spiral imaging, fully sampled data were acquired according to an 

8-shot regular spiral trajectory, with acquisition window = 21 ms, TR/TE = 2700/54 ms, 

FOV = 220×220 mm2, slice thickness/gap = 4/1 mm, matrix size = 220×220, slice 

number = 9, and spectral pre-saturation with inversion recovery (SPIR) used for fat 

suppression. The spiral interleaves spread evenly along azimuthal direction, and have 

the same rotation angle among adjacent slices. Undersampling was performed by 

discarding the spiral shots in an interleaved way. For different slices, the sampling 

complements each other by choosing the spiral shots with different rotation angles.  

For 2D Cartesian imaging, both fully sampled T2w and T1w data were acquired. Data 



 

 

for T2w imaging were acquired using a 15-shot multi-slice 2D fast spin echo (FSE) 

sequence, with echo train length (ETL) set to 24, TR/TE = 3000/115 ms, FOV = 

240×240 mm2, slice thickness/gap = 5/1 mm, matrix size = 360×360, slice number = 

24, and phase-encoding along L/R direction. Data for T1w imaging were acquired using 

multi-slice 2D spin-echo (SE) sequence with TR/TE = 600/10 ms, flip angle = 70°, 

FOV = 240×240 mm2, slice thickness/gap = 4/1 mm, matrix size = 240×240, slice 

number = 20, and phase-encoding along L/R direction. The k-space data were 

retrospectively undersampled by randomly discarding phase-encoding lines according 

to a 1-D Poisson disk pattern. The sampling pattern for different slices was generated 

independently, so that the remaining k-space data for different slices can provide 

complementary information.  

Evaluation of the proposed method 

The proposed method was compared to the traditional SAKE reconstruction, which is 

independently applied for single-slice data. The kernel size for both MS-HTC and 

SAKE was set to 6×6. For spiral imaging, NUFFT was performed using Kaiser-Bessel 

interpolator, with target image size = 220×220, neighborhood size = 6×6, and FFT size 

= 330×330. 

The target rank was optimized for SAKE to ensure its best performance can be achieved. 

The optimized rank was also used as the target rank of 2-mode decomposition in MS-

HTC reconstruction. As for 1-mode decomposition in MS-HTC, the target rank not 

only depends the coil sensitivity maps, spatial support, but is also related to their 

similarities among adjacent slices, and number of slices to be jointly reconstructed. In 

this study, target rank for 1-mode was empirically selected. The iteration process was 

stopped when the update of k-space data estimation is lower than 0.1‰.  

To explore the performance of MS-HTC and SAKE with different kernel sizes, both 

methods were applied with kernel sizes of 3×3, 4×4, and 6×6 for the 8-channel T1w 

Cartesian data at R = 5. The influence of different thresholding ranks in MS-HTC and 

SAKE reconstruction was also demonstrated using the 8-channel T1w Cartesian data 

at R = 5. The target rank was optimized for both MS-HTC and SAKE. With 4-slice 

joint reconstruction using MS-HTC, the optimized rank was 1.25/1.61 for 1-mode/2-

mode unfolding. The optimized rank was 1.61 for SAKE reconstruction for these 4 



 

 

slices. For SAKE reconstruction, its performance with suboptimal rank selection was 

evaluated by deliberately setting a rank threshold much smaller/larger (1.11/3.61) than 

the optimized value. For MS-HTC, the rank of one mode was set deliberately made 

small/larger (0.75/3.25 for 1-mode unfolding, and 1.11/3.61 for 2-mode unfolding), 

while keeping the optimized rank for the other mode, such that the effects of each mode 

were independently evaluated. 

The final image was generated by combining all coil images using square root sum-of-

squares (rSOS) method. Besides visually comparing the results reconstructed from 

SAKE and MS-HTC, the residual error maps were calculated as the rSOS of the coil-

by-coil difference between the reconstructed images and reference images 

reconstructed from fully sampled data. Root mean square error (RMSE) was calculated 

within the brain region for each slice.  

Our proposed MS-HTC and its evaluation were implemented using MatLab 

(MathWorks, Natick, MA), and the source code can be obtained online 

(https://github.com/loyalliu/MS-HTC) or from the authors upon request.  

 

Results 

The results for T2w SE spiral imaging are shown in Figure 2. Fully sampled and four-

fold undersampled data were directly reconstructed using NUFFT. MS-HTC jointly 

reconstructed these 4 slices, and SAKE reconstruction was performed on each slice 

independently. As depicted in Figure 3, these adjacent slices exhibited similar coil 

sensitivity maps in terms of their magnitude and phase. Note the coil sensitivity maps 

of these slices were calculated using ESPIRiT toolbox39. Direct NUFFT reconstruction 

from undersampled data with undersampling factor R = 4 suffered from severe aliasing 

artifacts in both brain and background regions. By comparing the aliasing pattern across 

adjacent slices, it could be clearly observed that the aliasing artifacts had different 

rotation angles, which corresponded to the rotation angles of the sampled spiral 

interleaves in adjacent slices. With SAKE reconstruction, artifacts in background 

region were significantly suppressed, while distinct artifacts were still present within 

the brain region. With MS-HTC, these artifacts were effectively eliminated in all slices.  

https://github.com/loyalliu/MS-HTC


 

 

Figure 4 compares the 4 consecutive slices from MS-HTC and SAKE reconstruction 

of Cartesian T2w FSE data at R = 4. For MS-HTC, these 4 slices were jointly 

reconstructed.  For T2w FSE reconstruction, distinct artifacts exhibited in SAKE results 

(red arrow). With MS-HTC, these artifacts were effectively suppressed. As shown in 

error maps, MS-HTC results led to significantly reduced reconstruction error, with an 

overall ~20% reduction of RMSE compared to SAKE reconstruction.  

As shown in Figure 5, for T1w imaging with SE, the improvement of MS-HTC over 

SAKE was even more significant because the slice thickness was smaller and the image 

content was more similar among adjacent slices. Pronounced artifacts were present in 

all 4 slices in SAKE results. They were absent in MS-HTC results, with error maps 

resembling noise-like patterns.  

Figure 6 shows how number of jointly reconstructed slices influenced MS-HTC 

performance at different undersampling factors (R = 3, 4, and 5). Note that with 

relatively low undersampling (R = 3), increasing the number of slices did not 

necessarily improve the reconstruction performance. While at higher undersampling 

factors (R = 4, and 5), increasing slice number in MS-HTC reconstruction could further 

improve its performance in terms of residual artifacts and RMSE (Figure 7). 

As shown in Figure 8, with an extremely compact kernel (3×3), MS-HTC exhibited 

slightly degraded reconstruction accuracy compared to that with larger kernel size. For 

SAKE reconstruction, the degradation became more pronounced and presented as 

increased artifact level. With a large kernel, the constructed multi-slice tensor (for MS-

HTC) and single-slice matrix (for SAKE) become more rank-deficient (Supporting 

Information Figure S3), leading to improved reconstruction accuracy. 

Figure 9A demonstrates the influence of different thresholding ranks in MS-HTC and 

SAKE reconstruction. For SAKE reconstruction, when the target rank was small, the 

image would present severe artifacts. For MS-HTC, if target rank for 1-mode unfolding 

was sufficiently small, there would be cross-talk among different slices, which was 

more distinct in the error maps. With target rank for 2-mode unfolding sufficiently 

small, MS-HTC also suffered from increased residual artifact, but it was significantly 

less compared to that in SAKE result (Figure 9B). This was probably because the 

information truncated in 2-mode unfolding could be partly recovered from the 1-mode 



 

 

unfolding. With the target rank set to be too large in SAKE, the artifact would be very 

severe. For MS-HTC, with 1-mode rank set to be too large, the images would have 

increased artifact level and noise amplification. The results from MS-HTC with large 

1-mode rank were similar to those from SAKE. This indicated that exploiting 

similarities in image content can significantly reduce this type of artifacts and suppress 

noise amplification due to high undersampling. 

 

Discussion 

Exploitation of multi-channel multi-slice information 

The proposed MS-HTC jointly reconstructs multiple adjacent slices by simultaneously 

estimating the linear dependency among k-space samples and the missing samples 

through low-rank tensor completion. The existing calibrationless reconstruction 

approaches estimate linear dependency from undersampled k-space, and the estimation 

accuracy may be undermined if the k-space is highly undersampled, or sampling pattern 

does not provide sufficient incoherency. The degraded estimation of linear dependency 

can cause severe artifacts in reconstructed images. The proposed MS-HTC implicitly 

exploits the similarities among adjacent slices by promoting the low-rankness of 2-

mode decomposition. In this regard, estimation of linear dependency is more accurate 

in MS-HTC reconstruction, leading to substantially reduced artifacts. Note that 

undersampling adjacent slices differently also enhances incoherence among adjacent 

slices in the wavelet domain11,25. Additional regularization can be applied to promote 

the sparsity in wavelet domain to further improve SNR. 

When multiple adjacent slices are jointly reconstructed using MS-HTC, complementing 

the sampling pattern across adjacent slices can increase the incoherency, leading to 

significantly improved image quality. In this study, 1D Poisson disk sampling pattern 

was independently generated and applied for each slice in Cartesian imaging. This 

provides a uniform-density, yet random and complementary pattern for adjacent slices. 

In future studies, more efficient sampling schemes can be incorporated. For example, 

variable density sampling may provide better performance by more densely sampling 

the central k-space, where most k-space signal concentrates. In fact, Ahmad, et al. 



 

 

proposed to use variable density incoherent spatiotemporal acquisition (VISTA) for 

highly accelerated cardiac cine MRI40, where the highly incoherent spatial temporal 

sampling pattern produced diagnostic quality images at 15-fold acceleration. Variable 

density incoherent sampling pattern across different slices should also be valuable for 

further improving the image quality.  

The proposed MS-HTC is more effective with spiral sampling trajectories than with 

Cartesian sampling trajectories. This is because spiral trajectory can provide a pseudo 

2D undersampling pattern, which spreads the aliasing along both directions, leading to 

a noise-like pattern, especially when multiple shots are used. Choosing spiral 

interleaves with different angles for adjacent slices can make the sampling complement 

each other in a 2D manner, which can further enhance the performance of MS-HTC.  

Parameter selection for the proposed method 

In traditional GRAPPA, a larger kernel size usually leads to better performance, with 

the reconstructed images showing less artifacts and lower noise. This is because a larger 

kernel in k-space can better characterize the coil sensitivity variation in image-space, 

and the SNR of the reconstructed images will be closer to that from image-space 

reconstruction (e.g. SENSE) with accurate coil sensitivity calibration. In iterative k-

space reconstruction (e.g., SPIRiT), the reconstruction is less sensitive to the kernel size, 

but using a larger kernel still slightly increases reconstruction accuracy in terms of 

residual artifacts and noise. Our proposed MS-HTC performs parallel imaging 

reconstruction by finding a low-dimensional subspace for the constructed tensor, and a 

larger kernel size leads to a more rank-deficient multi-slice tensor (Supporting 

Information Figure S3), thus providing improved reconstruction accuracy. Note that, 

in all aforementioned methods, larger kernel size also increases the reconstruction time. 

Therefore, a kernel size that can provide sufficient reconstruction accuracy should be 

used. 

As in single-slice reconstruction using SAKE, the rank of the constructed matrix is 

determined by many factors, including the coil number/configuration, kernel size, and 

spatial support of the object within the FOV16. For MS-HTC, the optimal rank is also 

related to number of jointly reconstructed slices, and their similarities in coil sensitivity 

maps and image content. Increased similarities across consecutive slices can lower the 



 

 

rank of the constructed tensor. In this study, the target rank is empirically determined, 

but may not be easily obtained in practice when ground truth is not available. 

Automatically determining the target rank or circumventing the inconvenient rank 

selection problem via a singular value shrinkage scheme can be investigated in future 

studies22,38,41,42.  

As revealed in Figure 9, promoting low-rankness of 1-mode and 2-mode exploits 

different types of data redundancies for multi-channel multi-slice data. Promoting low-

rankness of 1-mode unfolding utilizes the similarity of image content across adjacent 

slices, while promoting the low-rankness of 2-mode unfolding utilizes the similarity of 

coil sensitivity and spatial support of adjacent slices. Careful adjustment of the target 

rank of different modes unfolding can provide a balance between the exploitation of 

image content similarity and coil sensitivity/spatial-support similarity. 

With increased number of jointly reconstructed slices, the constructed tensor becomes 

more rank-deficient (Supporting Information Figure S1), which can lead to further 

improved reconstruction, as shown in Figure 6. Note that as slice gap increases, the 

decreased similarities can undermine the performance of MS-HTC. As shown in 

Supporting Information Figure S4, though the overall image quality of MS-HTC 

results was still better compared to that of SAKE results, it was degraded compared to 

MS-HTC results with small slice gap (Figure 4). This was expected due to the decrease 

of similarities in coil sensitivity maps and image content. Note that, in presence of air-

tissue boundaries, the coil sensitivity and image content may also change dramatically, 

especially at ultra-high field systems. In such scenarios, reconstruction with fewer slices 

or with increased target rank can be used to improve the performance. 

Computation efficiency of the proposed method 

In our implementation, we used a personal desktop computer (PC) equipped with 4-

core i5-6500 CPU and 16-GB RAM, and ran the reconstruction on MATLAB 2016b. 

For 8-channel T1w data with matrix size = 240×240 and R = 3. The kernel size was set 

to 6×6 for MS-HTC and SAKE. The reconstruction times were summarized in Table 

1. The overall reconstruction speed for MS-HTC with different number of jointly 

reconstructed slices were similar. 



 

 

For both MS-HTC and SAKE, the most time-consuming procedures are tensor/matrix 

decomposition, block-wise Hankel tensor/matrix construction from k-space data, and 

k-space data generation from block-wise tensor/matrix. The reconstruction time will 

increase dramatically as the k-space data matrix size and kernel size increase. In 

practice, the computational time can be reduced by increasing the convergence rate, 

reducing the computation cost of each iteration, or/and using GPU-based parallel 

computation. 

Similar to SAKE, the proposed MS-HTC simultaneously estimates the linear 

dependency and missing k-space data, and the convergence rate can be very slow if the 

central k-space is also sparse. Strategies including successive over-relaxation43, 

scheduled relaxation44 that uses a lager relaxation factor to update the k-space data by 

promoting the low-rankness of multi-slice tensor. 

Low-rankness can also be enforced on multi-slice tensor constructed from partial k-

space, which is conceptually similar to ordered subset expectation maximization (OS-

EM) for PET/SPECT reconstruction45 or stochastic gradient descent (SGD) for model 

training in machine learning46. This strategy may significantly reduce computation time 

of each iteration, achieve much faster convergence, and require less memory 

consumption.  

Future studies may also include developing the heavy computational algorithms with 

GPU-based acceleration, e.g., developing in MATLAB with Jacket (a GPU engine for 

MATLAB)47 or C++ with NVIDIA CUDA extension. Such approaches can potentially 

achieve near real-time reconstruction. 

 

Conclusion 

Our proposed MS-HTC approach exploits the similar coil sensitivity and image content 

within adjacent multi-slice MR data through a tensor completion framework. It offers 

a new and effective approach to acquire and reconstruct highly undersampled multi-

slice multi-channel MR data in a calibrationless manner. 
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Table 1. Reconstruction time for MS-HTC and SAKE  
 MS-HTC 

SAKE  2 slices 3 slices 4 slices 
Iteration number 193 192 145 352 
Reconstruction time 
(second per slice) 453 473 380 336 

  



 

 

Figure Captions 

Figure 1. Diagram of joint multi-slice reconstruction with block-wise Hankel tensor 

completion (MS-HTC). Within each iteration, (1) multi-slice datasets are constructed 

into a 3rd-order tensor, where block-wise Hankel matrices constructed for multiple 

slices are concatenated along the 3rd dimension. (2) HOSVD is then applied to 

decompose the constructed multi-slice tensor into multiplication of a core tensor S and 

unitary matrices U(1), U(2), and U(3). (3) Low-rank approximation is performed through 

multilinear low-rank representation of U(1), U(2), U(3), and S, and the unacquired data 

are updated by exploiting multi-slice correlations and redundancies. (4) Last, k-space 

is recovered from the low-rank tensor, imposing the data consistency by minimizing 

the difference between estimated k-space and acquired data, and structural consistency 

by enforcing the multi-slice tensor entries from the same k-space sample to be identical. 

Figure 2. Reconstruction for 8-channel T2w SE spiral data. (A) Reference images 

reconstructed from 8 shots using NUFFT. (B) Images reconstructed from 2 shots using 

NUFFT, MS-HTC, and SAKE. (C) Error maps displayed with enhanced brightness (×5) 

and root mean square error (RMSE) calculated within brain region for each slice. The 

results show that compared to SAKE, MS-HTC could have significantly reduced 

artifacts and noise amplification. 

Figure 3. (A) Magnitude and (B) phase of coil sensitivity maps corresponding to the 4 

consecutive slices displayed in Figure 2A. Each row includes the coil sensitivity maps 

of a selected coil for those consecutive slices. The coil sensitivity maps were calculated 

using ESPIRiT toolbox. Note that the coil sensitivity maps for adjacent slices show 

similar and smooth magnitude and phase distribution. 

Figure 4. Reconstruction for 8-channel Cartesian T2w FSE data. Retrospective 

undersampling was performed by randomly discarding phase-encoding lines following 

a 1D Poisson disk pattern. (A) Fully sampled data were reconstructed and used as 

reference, and undersampled data were reconstructed with MS-HTC or SAKE. (B) The 

error maps for MS-HTC or SAKE were displayed with enhanced brightness. 

Figure 5. Reconstruction for 8-channel Cartesian T1w SE data. Retrospective 

undersampling was performed by randomly discarding phase-encoding lines following 



 

 

a 1D Poisson disk pattern. (A) Fully sampled data were reconstructed and used as 

reference, and undersampled data were reconstructed with MS-HTC or SAKE. (B) The 

error maps for MS-HTC or SAKE are displayed with enhanced brightness. 

Figure 6. Evaluation of MS-HTC with different number of jointly reconstructed slices. 

(A) Reconstruction for 8-channel T2w Cartesian data undersampled with 1D Poisson 

disk at R = 2-4. For MS-HTC, data corresponding to 2 (Slice I-II), 3 (Slice I-III), or 4 

(Slice I-IV) consecutive slices shown in Figure 4 were jointly reconstructed. Only Slice 

II is displayed. (B) Reconstruction for 8-channel undersampled spiral data. For MS-

HTC, data corresponding to 2 (Slice I-II), 3 (Slice I-III), or 4 (Slice I-IV) consecutive 

slices shown in Figure 2 were jointly reconstructed. Only Slice II is displayed. Results 

show that MS-HTC could significantly reduce residual artifacts, especially at higher 

acceleration factors (R = 4).  

Figure 7. Error maps corresponding to Figure 6. When selected slices were sufficiently 

similar in terms of coil sensitivity and image content, with increased number of jointly 

reconstructed slices, the MS-HTC further reduced reconstruction error in terms of 

residual artifacts and RMSE. 

Figure 8. Reconstructed images and error maps (brightness × 5) for MS-HTC and 

SAKE with different kernel sizes for 8-channel T1w Cartesian data undersampled at R 

= 5. 

Figure 9. Reconstruction for 8-channel T1w Cartesian data undersampled at R = 5. (A) 

Results for MS-HTC and SAKE with suboptimal rank. The error maps are displayed 

with enhanced brightness (×5). (B) Reconstructed images for fully sampled reference, 

and MS-HTC/ SAKE with optimized target rank.  
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