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�#bi`�+i

q2 bim/v � +H�bb Q7 +QMi`�+ib i?�i Bb #2+QKBM; 2p2` KQ`2 +QKKQM �KQM; 2t@
2+miBp2b- BM r?B+? i?2 K�M�;2` 2�`Mb � /Bb+`2i2 #QMmb B7 ?Bb T2`7Q`K�M+2 +H2�`b
�M 2tTHB+Bi i?`2b?QH/X h?2b2 T2`7Q`K�M+2 i�`;2ib T`QpB/2 i?2 }`K rBi? �M �/@
/BiBQM�H BMbi`mK2Mi iQ `2bQHp2 Bib KQ`�H ?�x�`/ T`Q#H2K rBi? Bib K�M�;2`X h?2
T2`7Q`K�M+2 i�`;2i +�M �+?B2p2 }`bi@#2bi mM/2` `BbF M2mi`�HBiv- rBi? � i�`;2i T`2@
+Bb2Hv 2[m�H iQ i?2 /2bB`2/ 2zQ`i i?�i i?2 }`K b22Fb iQ BM/m+2X h?2 QTiBK�H #QMmb
BM+`2�b2b BM `BbFX A7 i?2 K�M�;2` Bb bm{+B2MiHv `BbF �p2`b2- i?2 }`K rBHH b?�/2
i?2 QTiBK�H i�`;2i #2HQr 2[mBHB#`BmK 2zQ`i iQ T`QpB/2 � 7Q`K Q7 BMbm`�M+2 iQ i?2
K�M�;2`- QmibB/2 Q7 i?2 bi�M/�`/ `2/m+iBQM BM i?2 #QMmbX
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R AMi`Q/m+iBQM
1p2` bBM+2 i?2 a2+m`BiB2b �M/ 1t+?�M;2 *QKKBbbBQM `2[mB`2/ +QKT�MB2b iQ /Bb+HQb2 /2@
i�BHb Q7 i?2B` 2t2+miBp2 T�v TH�Mb BM kyye- r2 ?�p2 FMQrM i?�i K�Mv- B7 MQi KQbi- +QK@
T�MB2b mb2 bQK2 FBM/ Q7 � T2`7Q`K�M+2 i�`;2i- BM r?B+? i?2 K�M�;2` 2�`Mb � #QMmb B7 ?Bb
T2`7Q`K�M+2 +H2�`b �M 2tTHB+Bi i?`2b?QH/X >Qr2p2`- i?2 i?2Q`2iB+�H HBi2`�im`2 ?�b 2Bi?2`
2t�KBM2/ i?2 +H�bb Q7 HBM2�` +QMi`�+ib mM/2` MQ`K�HHv /Bbi`B#mi2/ 2``Q`b �M/ 2tTQM2MiB�H
miBHBiv Ui?2 bQ@+�HH2/ G1L KQ/2HV- Q` ?�b �`iB+mH�i2/ QTiBK�H MQMHBM2�` +QMi`�+ib BM 7mHH
;2M2`�HBiv i?�i #2�` HBiiH2 `2b2K#H�M+2 iQ +QMi`�+ib mb2/ BM T`�+iB+2X q?�i Bb KBbbBM;
Bb � i?2Q`2iB+�H 2tTHQ`�iBQM Q7 T2`7Q`K�M+2 i�`;2ib- KQiBp�i2/ #v i?2B` �+im�H mb2- iQ
T`QpB/2 #Qi? TQbBiBp2 T`2/B+iBQM �M/ MQ`K�iBp2 ;mB/�M+2X

lMiBH MQrX q2 2t�KBM2 i?2 +H�bb Q7 T2`7Q`K�M+2 i�`;2i +QMi`�+ib mM/2` � p�`B2iv Q7
b2iiBM;bX hQ }t B/2�b- r2 #2;BM rBi? � `BbF@M2mi`�H �;2Mi- �M/ b?Qr i?�i T2`7Q`K�M+2
i�`;2ib �+?B2p2 }`bi@#2bi- rBi? i?2 i�`;2i QTiBK�HHv b2i iQ 2{+B2Mi 2zQ`i BM �M QTiBK�H
+QMi`�+iX h?Bb `2bmHi #2�`b bBKBH�`Biv iQ i?2 2{+B2M+v Q7 `�MF@Q`/2` iQm`M�K2MibX �M/
7Q` ;QQ/ `2�bQM- bBM+2 � T2`7Q`K�M+2 i�`;2i Bb HBF2 � iQm`M�K2Mi- 2t+2Ti i?�i i?2 i�`;2i
Bb MQi � bi`�i2;B+ +?QB+2 #v � b2T�`�i2 �;2Mi- #mi `�i?2` �M QTiBK�H +?QB+2 Q7 i?2 }`KX
h?2 i�`;2i T`QpB/2b �M 2ti`� +QMi`�+i T�`�K2i2`- bQ i?�i i?2 }`K +�M F22T QM2 Q7
i?2 Qi?2` +QKT2Mb�iBQM T�`�K2i2`b Ui?2 #QMmbV }t2/X h?mb- i?2 i�`;2i Qz2`b i?2 }`K
�M �//BiBQM�H BMbi`mK2Mi iQ `2bQHp2 i?2 K�M�;2`Ƕb 2zQ`i T`Q#H2K- � i?2K2 i?�i rBHH
T2`K2�i2 i?2 �M�HvbBbX *QMi`�bi i?Bb rBi? i?Bb HBM2�` +QMi`�+i- BM r?B+? b�H�`v �M/
#QMmb #Qi? +?�M;2 r?2M i?2 2MpB`QMK2Mi +?�M;2bX

q2 i?2M 2t�KBM2 `BbFX h?2 +�MQMB+�H KQ/2H T`2/B+ib i?�i BM+`2�b2b BM `BbF rBHH
`2bmHi BM bK�HH2` #QMmb2b- �b i?2 #QMmb HQ�/b `BbF QMiQ i?2 K�M�;2`X >Qr2p2`- i?2
2KTB`B+�H 2pB/2M+2 QM i?2 `BbF@BM+2MiBp2b i`�/2@Qz ?�b #22M KBt2/ US`2M/2`;�bi UkyykVVX
lM/2` � T2`7Q`K�M+2 i�`;2i- i?2 QTiBK�H #QMmb BM+`2�b2b BM p�`B�iBQM BM i?2 K�M�;2`Ƕb
T2`7Q`K�M+2 K2�bm`2X q?2M QmiTmi p�`B�M+2 BM+`2�b2b- i?Bb /�KT2Mb BM+2MiBp2b iQ rQ`F-
�b Bi Bb H2bb HBF2Hv i?�i QmiTmi 7`QK � ;Bp2M mMBi Q7 2zQ`i rBHH +H2�` i?2 i�`;2i U#2+�mb2 Q7
i?2 BM+`2�b2/ MQBb2 BM i?2 bvbi2KVX hQ +QKT2Mb�i2 7Q` i?Bb- i?2 }`K BM+`2�b2b i?2 #QMmb
BM Q`/2` iQ 2ti`�+i 2zQ`i 7`QK i?2 K�M�;2`X h?�i i?2 #QMmb BM+`2�b2b BM MQBb2 K�v ?2HT
2tTH�BM i?2 KBt2/ 2KTB`B+�H i2bib Q7 i?2 `BbF BM+2MiBp2b i`�/2@QzX h?2b2 i2bib H�`;2Hv
`2;`2bb T�v@T2`7Q`K�M+2 b2MbBiBpBiv USSaV QM biQ+F `2im`M pQH�iBHBiv- �M/ K2�bm`2 SSa
i?`Qm;? +?�M;2b BM iQi�H /B`2+i +QKT2Mb�iBQMX >2`2- �M BM+`2�b2 BM `BbF /B`2+iHv BM+`2�b2b
i?2 #QMmb- r?B+? rBHH BM+`2�b2 /B`2+i +QKT2Mb�iBQM �M/ i?2`27Q`2 SSa- T`QpB/BM; � T�`iB�H
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2tTH�M�iBQM 7Q` r?v 2KTB`B+�H i2bib Q7 i?2 `BbF BM+2MiBp2b i`�/2@Qz ?�p2 #22M KBt2/X
L2ti- r2 bQHp2 i?2 KQ/2H mM/2` ;2M2`�H `BbF �p2`bBQMX q?BH2 Bi rQmH/ #2 2{+B2Mi iQ

T�v i?2 K�M�;2` � ~�i r�;2 BM Q`/2` iQ T`QpB/2 7mHH BMbm`�M+2- i?Bb rQmH/ `mBM BM+2MiBp2b
iQ rQ`FX q2 b?Qr i?�i i?2 }`K rBHH QTiBK�HHv b2H2+i � i�`;2i #2HQr i?2 b2+QM/@#2bi
2[mBHB#`BmK 2zQ`i H2p2HX Cmbi �b i?2 b2+QM/@#2bi T`Q;`�K BMpQHp2b � bK�HH2` #QMmb iQ
`2/m+2 i?2 K�M�;2`Ƕb 2tTQbm`2 iQ `BbF- bQ /Q2b i?2 HQr2` i�`;2i T`QpB/2 i?Bb BMbm`�M+2
2z2+i iQ i?2 K�M�;2`X PM+2 �;�BM- i?2 i�`;2i b2`p2b �b � bm#biBimi2 BMbi`mK2Mi 7Q`
i?2 #QMmb- �b i?2v �Hi2`M�iBp2Hv `2bQHp2 i?2 K�M�;2`Ƕb KQ`�H ?�x�`/ T`Q#H2K rBi? i?2
K�M�;2`X

h?2`2 rBHH �Hr�vb #2 irQ bQHmiBQMb i?�i BM/m+2 i?2 b�K2 2zQ`i- ;Bp2M #v � HQr i�`;2i
�M/ � ?B;? i�`;2iX >Qr2p2`- 2p2M i?Qm;? #Qi? i�`;2ib BKTH2K2Mi i?2 b�K2 2zQ`i- i?2
}`K Bb MQi BM/Bz2`2MiX h?2 HQr i�`;2i Bb 2�bB2` iQ �+?B2p2- �M/ i?2`27Q`2 i?2 K�M�;2` Bb
KQ`2 HBF2Hv iQ `2+2Bp2 ?Bb #QMmb- bQ ?Bb 2tT2+i2/ #QMmb +QKT2Mb�iBQM Bb ?B;?2`X "2+�mb2
Q7 i?Bb- ?2 rBHH �++2Ti � bK�HH2` b�H�`v iQ T�`iB+BT�i2X "2+�mb2 Q7 `BbF �p2`bBQM- i?2 }`K
+�M HQr2` i?2 #QMmb �HbQ iQ K�i+? BM+2MiBp2b �i i?2 ?B;? i�`;2iX �b bm+?- i?2 }`K T`272`b
i?2 HQr@i�`;2i +QMi`�+i #2+�mb2 Bi +�M BM/m+2 B/2MiB+�H 2zQ`i �i HQr2` +QbiX

q2 7Q+mb �ii2MiBQM QM }M/BM; i?2 QTiBK�H +QMi`�+i rBi?BM i?2 +H�bb Q7 T2`7Q`K�M+2
i�`;2i +QMi`�+ibc q2 /Q MQi bQHp2 7Q` i?2 QTiBK�H +QMi`�+i mM/2` �HH TQbbB#H2 +QMi`�+ib
iQ b?Qr i?�i T2`7Q`K�M+2 i�`;2ib �`2 ;HQ#�HHv QTiBK�HX Pm` T�T2` Bb BM i?2 bTB`Bi Q7
i?2 G1L HBi2`�im`2- r?B+? b22Fb iQ /Bb+Qp2` QTiBK�H HBM2�` +QMi`�+ib rBi?BM i?2 bK�HH2`
+H�bb Q7 G1L +QMi`�+ibX h?Bb 7Q+mb QM � `2bi`B+i2/ bm#b2i Q7 i?2 7mHH +QMi`�+i bT�+2 ?�b
T`QpB/2/ Km+? Q7 Qm` +Q`2 #�b2 Q7 FMQrH2/;2 QM p�`BQmb BM+2MiBp2 b+?2K2b �M/ i?2B`
QTiBK�H �ii`B#mi2b- bm+? �b i?2 `BbF@BM+2MiBp2b i`�/2@QzX q2 /2T�`i 7`QK i?2 G1L KQ/2H
BM Qm` 7Q+mb QM i�`;2ib UMQi HBM2�`V- ;2M2`�H 7Q`Kb Q7 `BbF �p2`bBQM UMQi QMHv 2tTQM2MiB�HV
�M/ ;2M2`�H /Bbi`B#miBQMb i?�i �`2 bvKK2i`B+ �M/ bBM;H2@T2�F2/ UMQi QMHv MQ`K�HVX q2
r`Bi2 BM i?2 bTB`Bi Q7 _Qbb Ukyy9V- r?Q m`;2b `2b2�`+? iQ +QMbB/2` T`QT2`iB2b Q7 +QMi`�+ib
i?�i �`2 mb2/ BM T`�+iB+2- `�i?2` i?�M 7Q+mbBM; �ii2MiBQM 2t+HmbBp2Hv QM 7mHHv ;2M2`�H
+QMi`�+ib i?�i �`2 K�i?2K�iB+�HHv +QKTH2t #mi H�+F `2�HBbKX

h?2`2Ƕb � bK�HH 2KTB`B+�H HBi2`�im`2 QM T2`7Q`K�M+2 i�`;2ib �M/ �M 2p2M bK�HH2` i?2@
Q`2iB+�H QM2X Jm`T?v UkyyyV Bb �M 2�`Hv 2KTB`B+�H �M�HvbBb Q7 T2`7Q`K�M+2 i�`;2ib i?�i
}M/b i?�i BMi2`M�HHv /2i2`KBM2/ T2`7Q`K�M+2 bi�M/�`/b �`2 KQ`2 HBF2Hv iQ ?�p2 /Bb+QM@
iBMmQmb 72�im`2b i?�i H2�/ iQ BM+QK2 bKQQi?BM;X Jm`T?v UkyyyV +QMbB/2`b +QKT2Mb�iBQM
BM i?2 7Q`K Q7 s + b(X − X̄)- r?2`2 X Bb i?2 K�M�;2`Ƕb T2`7Q`K�M+2 K2�bm`2- �M/ X̄

Bb i?2 bi�M/�`/ i?�i i?2 K�M�;2` 7�+2bX q?BH2 i?Bb /Q2b +�Tim`2 i?2 ~�pQ` Q7 � T2`@
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7Q`K�M+2 i?�i Kmbi 2t+22/ � bi�M/�`/- Bi Bb MQM2i?2H2bb � HBM2�` +QMi`�+i BM X − X̄X
AM/22/- Km+? Q7 i?2 T`BQ` HBi2`�im`2 �bbmK2b i�`;2ib Q7 i?Bb 7Q`K- �M/ /Q2b MQi KQ/2H
i?2 /Bb+QMiBMmQmb M�im`2 Q7 i?2 i�`;2i 2tTHB+BiHvX h?Bb T�T2` �BKb iQ mb2 i?2 /2b+`BTiBQM
Q7 T2`7Q`K�M+2 i�`;2ib �M/ bi�M/�`/b 7`QK Jm`T?v UkyyyV- #mi iQ KQ/2H i?2 K�M�;2`Ƕb
QTiBKBx�iBQM T`Q#H2K KQ`2 2tTHB+BiHvX

Jm`T?v UkyyyV 7m`i?2` /Q+mK2Mib i?2 T`2b2M+2 Q7 �M ǳBM+2MiBp2 xQM2Ǵ BM r?B+? i?2
K�M�;2`Ƕb T�v Bb HBM2�` rBi?BM i?2 BM+2MiBp2 xQM2 �M/ ~�i QmibB/2 Q7 BiX q2 /Q MQi
+QMbB/2` i?2 QTiBK�H BM+2MiBp2 xQM2- �b i?2 KQ/2H Bib2H7 ?�b 2MQm;? +QKTH2tBiv �b Bb-
rBi?Qmi 2t�KBMBM; � HBM2�` `2;BQM BM #2ir22M irQ /Bz2`2Mi i�`;2ibX J�iÿDF� �M/ _�v
UkyR9V 2t�KBM2 i?2 BM+2MiBp2 xQM2 BM � KQ/2H Q7 KmHiBTH2 T2`7Q`K�M+2 i�`;2ib �M/ /B7@
72`2MiB�H BM+2MiBp2 r2B;?ibX :miBû``2x �`M�Bx �M/ a�H�b@6mK�b Ukyy3V b?Qr i?�i i?2
BM+2MiBp2 xQM2 +QHH�Tb2b iQ � ǳ/B+?QiQKQmb #QMmbǴ Ui?2 FBM/ r2 +QMbB/2` ?2`2V r?2M i?2
T2`7Q`K�M+2 ?Q`BxQM +QHH�Tb2b- b�v 7`QK �M �MMm�H #�bBb iQ � [m�`i2`Hv #�bBbX

:miBû``2x �`M�Bx �M/ a�H�b@6mK�b Ukyy3V bQHp2 7Q` i?2 QTiBK�H +QMi`�+i BM � bT2+B}+
b2iiBM;XR h?2v /Q MQi �Mbr2` i?2 KQ`2 ;2M2`�H [m2biBQM Q7 QTiBK�H i�`;2ib mM/2` �Mv
bvKK2i`B+ /Bbi`B#miBQMX h?2B` +QMi`�+i Bb +m`pBHBM2�` BM i?2 BM+2MiBp2 xQM2- �b Bi Bb
� 7mM+iBQM Q7 i?2 HBF2HB?QQ/ `�iBQ- � bi�M/�`/ 72�im`2 Q7 QTiBK�H +QMi`�+ib mM/2` `BbF
�p2`bBQMX h?Bb 7mM+iBQM Bb +QMp2t �M/ i?2M #2+QK2b +QM+�p2 �7i2` Bi ?Bib �M BM~2+iBQM
TQBMi- r?B+? i?2 �mi?Q`b �`;m2 Bb 2z2+iBp2Hv i?2 T2`7Q`K�M+2 i�`;2iX >Qr2p2`- #2+�mb2
i?2v bQHp2 i?2B` KQ/2H BM � ;2M2`�H +QMiBMmQmb 7`�K2rQ`F- i?2v /Q MQi ?�p2 � T`2+Bb2
+?�`�+i2`Bx�iBQM Q7 i?2 QTiBK�H #QMmb �M/ i�`;2iX

Pi?2` i?2Q`2iB+�H rQ`F QM i�`;2ib 2t�KBM2b bi�;2 }M�M+BM; BM p2Mim`2 +�TBi�H U.�?Bv�
�M/ _�v UkyRkVV �M/ T2`7Q`K�M+2 2p�Hm�iBQM Qp2` KmHiBTH2 T2`BQ/b U_�v UkyydVVX AM/D2@
DBFB�M 2i �HX UkyR9�V �M/ :2`�FQb �M/ EQp`BDMvF? UkyRjV #Qi? +QMbB/2` 2�`MBM;b i�`;2ib-
�M/ i?2 H�ii2` T�T2` BM/22/ +QMi�BMb � 7Q`K�H KQ/2HX >Qr2p2`- MQM2 Q7 i?2b2 T�T2`b
bQHp2 7Q` i?2 QTiBK�H i�`;2iX h?2`2 Bb Q7 +Qm`b2 � H�`;2 HBi2`�im`2 QM i?2 `�i+?2i 2z2+i
Uq2BixK�M URN3yVc AM/D2DBFB�M 2i �HX UkyR9#Vc �`�M/� 2i �HX UkyR9Vc �`MQH/ �M/ �`ix
UkyR8Vc �M/ "Qmr2Mb �M/ E`QQb UkyRRVV- r?B+? T`BK�`BHv +QM+2`Mb /vM�KB+ +?�M;2b BM
i�`;2ib Qp2` iBK2X h?2b2 T�T2`b Q7i2M �bF r?2i?2` i?2 `�i+?2i 2z2+i 2tBbib �i �HH- �M/
;2M2`�HHv i�F2 i?2 }`bi T2`BQ/ i�`;2i �b ;Bp2M- `�i?2` i?�M bQHpBM; 7Q` Bi QTiBK�HHvX

Rh?2v �bbmK2 � avKK2i`B+ o�`B�M+2 :�KK� Uao:V /Bbi`B#miBQM- �M/ i?2 �;2Mi K�F2b � QM2@b?Qi
+?�M;2 iQ i?2 K2�M Q7 � biQ+?�biB+ T`Q+2bbX J�/�M �M/ a2M2i� URN3dV �M/ *�`` �M/ :2K�M UkyykV
b?Qr i?�i i?2 ao: T`Q+2bb }ib /�i� 7`QK b?�`2 T`B+2b- #mi �b Q7 v2i- i?2`2 Bb MQ 2pB/2M+2 i?�i ao: }ib
/�i� 7`QK �++QmMiBM; MmK#2`b- QM r?B+? KQbi T2`7Q`K�M+2 i�`;2ib �`2 #�b2/X
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h?2 2tBbiBM; 2KTB`B+�H HBi2`�im`2 QM T2`7Q`K�M+2 i�`;2ib H�`;2Hv 7Q+mb2b QM i2biBM;
i?2 `�i+?2i 2z2+i- BX2X- r?2i?2` BM+`2�b2b BM i�`;2ib �`2 TQbBiBp2Hv �bbQ+B�i2/ rBi? T`BQ`@
v2�` T2`7Q`K�M+2 `2H�iBp2 iQ i?2 i�`;2iX h?2 2pB/2M+2 Q7 i?Bb Bb KBt2/- �b bQK2 T�T2`b
}M/ � TQbBiBp2 �bbQ+B�iBQM U2X;X- G2QM2 �M/ _Q+F UkyykVc >QHi?�mb2M 2i �HX URNN8Vc Jm`@
T?v UkyyyVc �M/2`bQM 2i �HX UkyRyVc "Qmr2Mb �M/ E`QQb UkyRRVc EBK �M/ u�M; UkyR9VV-
r?BH2 Qi?2`b /Q MQi U2X;X- AM/D2DBFB�M �M/ L�M/� UkyykVc AM/D2DBFB�M �M/ J�iÿDF� UkyyeVc
*?QB 2i �HX UkyRkVVX aQK2 Q7 i?2 KQ`2 `2+2Mi T�T2`b QM T2`7Q`K�M+2 i�`;2ib i?�i i�F2
�/p�Mi�;2 Q7 i?2 2t2+miBp2 +QKT2Mb�iBQM /Bb+HQbm`2 `2[mB`2K2Mib Q7 kyye +QmH/ #2 `BT2
2MpB`QMK2Mib iQ i2bi bQK2 Q7 i?2 T`2/B+iBQMb Q7 i?Bb T�T2`X AM T�`iB+mH�`- �7i2` kyye- i?2
a2+m`BiB2b 1t+?�M;2 *QKKBbbBQM- i?2 lXaX 2[mBiB2b `2;mH�iQ`- `2[mB`2/ �Mv lXaX +QKT�Mv
i?�i i`�/2b QM lXaX 2t+?�M;2b iQ /Bb+HQb2 /2i�BHb Q7 i?2B` +QKT2Mb�iBQM TH�Mb- bm+? �b
T2`7Q`K�M+2 i�`;2ib- BM b2iiBM; 2t2+miBp2 T�vX "2+�mb2 bm+? T2`7Q`K�M+2 i�`;2ib `2Hv
QM Q#b2`p�#H2 T2`7Q`K�M+2 K2�bm`2b HBF2 2�`MBM;b Q` biQ+F T`B+2- Bi rQmH/ #2 TQbbB#H2
iQ +�H+mH�i2 i?2 p�`B�M+2 Q7 i?Qb2 T2`7Q`K�M+2 K2�bm`2b iQ i2bi S`QTQbBiBQM kX aT2+B}@
+�HHv- � biQ+F T`B+2 i�`;2i H2M/b Bib2H7 iQ +�H+mH�iBM; pQH�iBHBiv Qp2` bQK2 }t2/ ?Q`BxQM-
bm+? �b jy@- ey@- Q` Ny@/�v H�;- r?B+? +QmH/ #2 �M 2KTB`B+�H T`Qtv 7Q` p�`B�M+2 BM i?2
T2`7Q`K�M+2 K2�bm`2X 6Q` 2�`MBM;b i�`;2ib- � `2�bQM�#H2 2KTB`B+�H T`Qtv 7Q` p�`B�M+2
rQmH/ #2 i?2 pQH�iBHBiv Q7 i?2 [m�`i2`Hv 1Sa i�`;2ib Qp2` �M �MMm�H Q` KmHiBv2�` ?Q`BxQMX
h?mb- 2t2+miBp2 T2`7Q`K�M+2 i�`;2ib #�b2/ QM biQ+F T`B+2b �`2 T�`iB+mH�`Hv r2HH bmBi2/
7Q` i2biBM; i?2 2KTB`B+�H T`2/B+iBQMb Q7 i?Bb T�T2`- �M/ KQ`2 �M/ KQ`2 `2b2�`+? iQ/�v
miBHBx2b i?Bb TQbi@kyye /Bb+HQbm`2- bQ bm+? � i2bi rQmH/ M�im`�HHv }i BMiQ i?�i 2K2`;BM;
HBi2`�im`2X

�HH i?2b2 T�T2`b T`QpB/2 � KQ/B+mK Q7 2pB/2M+2 bmTTQ`iBM; i?2 `�i+?2i 2z2+i- r?B+?
Bb 7mM/�K2Mi�HHv � /vM�KB+ BM+2MiBp2 biQ`vc i?2 KQ/2H �M/ �TTHB+�iBQM ?2`2 Bb iQ � bi�iB+
+QMi`�+iX S2`?�Tb i?2 ;`2�i2bi +QMi`B#miBQM Q7 Qm` i?2Q`v Bb bBKTHv 2bi�#HBb?BM; i?�i
i?2 QTiBK�H i�`;2i rBHH HB2 #2M2�i? i?2 2[mBHB#`BmK 2zQ`i i?�i i?2 T`BM+BT�H b22Fb iQ
BM/m+2X h?Bb Bb � bi�i2K2Mi 7mM/�K2Mi�HHv �#Qmi i�`;2i /B{+mHivX h?2`2 Bb �M 2K2`;BM;
HBi2`�im`2 QM i�`;2i /B{+mHiv- r?B+? Qz2`b +QM/BiBQMb QM ?Qr iQ i�`;2i /B{+mHiv +?�M;2b
rBi? `2bT2+i iQ i?2 2tQ;2MQmb T�`�K2i2`bX lHiBK�i2Hv- Qm` +QMi`B#miBQM Bb iQ T`Qp2 i?�i
}`Kb rBHH b2i �+?B2p�#H2 i�`;2ib BM 2[mBHB#`BmK- r?B+? T`QpB/2b bQK2 Q7 i?2 7QmM/�iBQM�H
�bbmKTiBQMb 7Q` i?2 2MiB`2 2KTB`B+�H HBi2`�im`2 QM i�`;2iBM;X Pm` Q#D2+iBp2 Bb iQ T`QpB/2
� i?2Q`2iB+�H DmbiB}+�iBQM 7Q` Km+? Q7 i?2 2KTB`B+�H rQ`F BM i?Bb �`2�X

P7 +Qm`b2- Bi Bb bQK2r?�i Q// i?�i i?2 2tBbiBM; i?2Q`2iB+�H �M/ 2KTB`B+�H HBi2`�im`2
QM T2`7Q`K�M+2 i�`;2ib `2K�BMb T`2Q++mTB2/ rBi? i�`;2i `�i+?2iBM;- �M BM?2`2MiHv /v@

e



M�KB+ +QM+2Ti- r?2M i?2`2 Bb �M �#b2M+2 Q7 i?2Q`v UQ` 2KTB`B+bV QM i?2 KQ`2 2H2K2Mi�H
T`Q#H2K Q7 ?Qr iQ b2i bi�iB+ T2`7Q`K�M+2 i�`;2ibX AM i?�i b2Mb2- i?2 +�`i ?�b +QK2 #2@
7Q`2 i?2 ?Q`b2X h?Bb Bb mMmbm�H- bBM+2 ?BbiQ`B+�HHv- �;2M+v i?2Q`v }`bi bQHp2/ i?2 bi�iB+
bBM;H2@�;2Mi T`Q#H2K #27Q`2 Bi KQp2/ QM iQ bQHp2 KmHiB@�;2Mi �M/fQ` /vM�KB+ BM+2MiBp2
T`Q#H2KbX h?Bb T�T2` b22Fb �M �Mbr2` iQ i?�i KQ`2 #�bB+ [m2biBQM Q7 ?Qr i?2 }`K b2ib �
T2`7Q`K�M+2 i�`;2i BM � bi�iB+ b2iiBM;X h?2 K�BM i?2Q`2iB+�H T`2/B+iBQM Bb QM i?2 `2H�iBQM
#2ir22M i?2 QTiBK�H i�`;2i �M/ i?2 2[mBHB#`BmK 2zQ`i +?Qb2M #v i?2 K�M�;2`X 1p2M
i?Qm;? K�M�;2`B�H 2zQ`i Bb mMQ#b2`p�#H2- QM2 T`Qtv 7Q` 2[mBHB#`BmK 2zQ`i K�v #2 T`BQ`
T2`7Q`K�M+2X AM i?�i +�b2- i?Bb T�T2` Bb KQ`2 +QMbBbi2Mi rBi? i?2 +QMi`�`B�M HBi2`�im`2
i?�i b?Qrb i?�i K�M�;2`b rBi? ?B;? T2`7Q`K�M+2 �`2 KQ`2 HBF2Hv iQ +H2�` 7mim`2 i�`;2ib
U2X;X AM/D2DBFB�M �M/ L�M/� UkyykVc AM/D2DBFB�M �M/ J�iÿDF� UkyyeVc *?QB 2i �HX UkyRkVVX

h?2 T�T2` T`Q+22/b �b 7QHHQrbX a2+iBQM k +QMbB/2`b i?2 #�b2 KQ/2H mM/2` `BbF M2m@
i`�HBiv �M/ /Bb+mbb2b i?2 `BbF@BM+2MiBp2b i`�/2@QzX a2+iBQM j BMi`Q/m+2b K�M�;2`B�H `BbF
�p2`bBQMX a2+iBQM 9 +QKT�`2b T2`7Q`K�M+2 i�`;2ib iQ HBM2�` +QMi`�+ibX a2+iBQM 8 +QM@
+Hm/2bX

k h?2 JQ/2H
hQ KQiBp�i2 i?2 KQ/2H- +QMbB/2` bQK2 b�KTH2 2t2+miBp2 T�v +QMi`�+ib +m`�i2/ 7`QK T`Qtv
bi�i2K2Mib Q7 +Q`TQ`�i2 }HBM;bX AM kyRy- J+.QM�H/Ƕb b2i � i�`;2i 7Q` QT2`�iBM; BM+QK2
�i 0dXk9 #BHHBQMX A7 i?2 *1P ?Bi i?Bb i�`;2i- ?Bb T�vQmi r�b 0k-Rey-yyyX h?Bb i�`;2i r�b
/Bb+`2i2- BM i?�i Bi Qz2`2/ � }t2/ +�b? T�vK2Mi B7 i?2 T2`7Q`K�M+2 +H2�`2/ i?2 i�`;2i �M/
MQi?BM; Qi?2`rBb2X Pi?2` +QKT�MB2b ?�p2 BKTQb2/ bBKBH�` /Bb+`2i2 i�`;2ibX 6Q` 2t�KTH2-
"�MF Q7 �K2`B+� BM kyRR b2i � j@v2�` �p2`�;2 _P� i�`;2i- �r�`/BM; jjW Q7 i?2 iQi�H
#QMmb B7 i?2 2t2+miBp2Ƕb �+im�H _P� 2t+22/2/ 8y #Tb- �M/ MQi?BM; Qi?2`rBb2X "�`M2b �
LQ#H2 2M7Q`+2/ �M �/Dmbi2/ 1"Ah i�`;2i Q7 @0Rd3Xkd KBHHBQM- � HQr #�` ;Bp2M i?2 /B;Bi�H
#mbBM2bb r�b 2tT2+i2/ iQ ?�p2 bB;MB}+�Mi +�b? ~Qr `2[mB`2K2Mib BM 6Bb+�H kyR9X *?2p`QM
b2i � i�`;2i #�b2/ QM BMp2bi2/ +�TBi�H rBi? MQ T2`7Q`K�M+2 b?�`2b �r�`/2/ B7 _PA* 72HH
#2HQr R3W- 3W �r�`/2/ B7 Bi 2t+22/2/ R3W- 9yW �r�`/2/ B7 Bi 2t+22/2/ kyW- �M/ 3yW
�r�`/2/ B7 Bi 2t+22/2/ kkW Q` ?B;?2`X _Qm;?Hv j3W Q7 i?2 *1PǶb +QKT2Mb�iBQM r�b
T�B/ BM T2`7Q`K�M+2 b?�`2b- /2HBp2`2/ BM +�b?X

h?2b2 �`2 �HH 2t�KTH2b Q7 b�KTH2 2t2+miBp2 +QMi`�+ib i?�i +QMi�BM bQK2 FBM/ Q7 /Bb@
+`2i2 T2`7Q`K�M+2 i�`;2i- BM r?B+? T2`7Q`K�M+2 Kmbi +H2�` �M 2tTHB+Bi i?`2b?QH/X P7i2M-
bm+? i�`;2ib QT2`�i2 �i i?2 HQr 2M/ Q7 T2`7Q`K�M+2- BM r?B+? i?2 2t2+miBp2 Kmbi Q#i�BM

d



� KBMBK�H H2p2H Q7 T2`7Q`K�M+2 BM Q`/2` iQ `2+2Bp2 �Mv FBM/ Q7 T�vQmi �i �HHX aQK2iBK2b
i?2 T�vQmi `Bb2b HBM2�`Hv rBi? T2`7Q`K�M+2- BM r?B+? +�b2 i?2 #Q�`/ BMi2`TQH�i2b � #QMmb
MmK#2` 7Q` T2`7Q`K�M+2 BM #2ir22M irQ /Bb+`2i2 i�`;2ibXk LQM2i?2H2bb- 2p2M �#b2Mi BM@
i2`TQH�iBQM- K�Mv 2t2+miBp2 T�v +QMi`�+ib +QMi�BM bQK2 FBM/ Q7 /Bb+`2i2 i�`;2iX h?2
AM+2MiBp2 G�# /�i�#�b2 +Qp2`b i?2 iQT d8y }`Kb UK2�bm`2/ #v K�`F2i +�TBi�HBx�iBQMV
Qp2` RNN3 iQ kyRk- r?B+? 2M+QKT�bb2b 9-edj mMB[m2 *1P A.bX P7 i?2 k-9k9 *1Pb i?�i
mb2 �#bQHmi2 K2i`B+b- R-eee UQ` eNWV ?�p2 bQK2 /Bb+`2i2 T2`7Q`K�M+2 i�`;2iX P7 i?2
k-9kd i?�i mb2 `2H�iBp2 K2i`B+b- R-y33 Q` U98WV ?�p2 bQK2 /Bb+`2i2 T2`7Q`K�M+2 i�`;2iX
hQ F22T i?2 �M�HvbBb 7Q+mb2/- r2 rBHH 2t�KBM2 QMHv � bBM;H2 T2`7Q`K�M+2 i�`;2i rBi?
MQ BMi2`TQH�iBQMX P7 +Qm`b2- KmHiBTH2 T2`7Q`K�M+2 i�`;2ib rQmH/ #2 � bi`�B;?i7Q`r�`/
;2M2`�HBx�iBQM Q7 i?2 i?2Q`v /2p2HQT2/ ?2`2X

h?2 T2`7Q`K�M+2 i�`;2i +QMi`�+i Bb `2�HHv � +H�bb Q7 +QMi`�+ib �M/- HBF2 �HH i?2Q`2iB+�H
KQ/2Hb- Bb � M2+2bb�`v bBKTHB}+�iBQM Q7 `2�HBivX h?2`2 Bb rB/2 p�`B�iBQM �KQM; 2t2+miBp2
+QMi`�+ib QM i?2 FBM/b Q7 T2`7Q`K�M+2 i�`;2ib i?2v /2THQvX aQK2 ?�p2 QMHv bBM;H2 DmKTb-
bQK2 ?�p2 KmHiBTH2 DmKTbX aQK2 ?�p2 `2;BQMb i?�i �`2 ~�i �7i2` i?2 DmKT- r?BH2 Qi?2`b
;`�Mi QTiBQMb �b � #QMmb- r?B+? Bib2H7 BM+`2�b2b BM p�Hm2 rBi? }`K T2`7Q`K�M+2X Ai
rQmH/ #2 BKTQbbB#H2 iQ /Q+mK2Mi �HH i?2 /Bz2`2Mi p�`B�iBQMb- bBM+2 i?�i rQmH/ `2bmHi BM
� KmHiBim/2 Q7 KQ/2Hb �M/ /272�i i?2 Tm`TQb2 Q7 i?2Q`2iB+�H �M�HvbBbX >2`2- Qm` Tm`TQb2
Bb bBKTHv iQ BbQH�i2 i?2 T`QT2`iB2b Q7 � KQ/2H i?�i �HH T2`7Q`K�M+2 i�`;2ib b?�`2- M�K2Hv-
i?2 #�b2 bi`m+im`2 Q7 � bBM;H2 i�`;2i �M/ � bBM;H2 #QMmbX

kXR _BbF@M2mi`�H "2M+?K�`F
� `BbF@M2mi`�H T`BM+BT�H Ui?2 }`KV +QMi`�+ib rBi? � `BbF@M2mi`�H �M/ 2zQ`i@�p2`b2 K�M�;2`
Ui?2 �;2MiVX h?2 K�M�;2` 2t2`ib mMQ#b2`p�#H2 2zQ`i e ≥ 0 �i � +Qbi Q7 2zQ`i C(e) =

0.5ce2- bQ C Bb bi`B+iHv BM+`2�bBM; �M/ +QMp2tX h?2 K�M�;2`Ƕb T2`7Q`K�M+2 K2�bm`2 Bb
;Bp2M #v

q = e+ ε, URV

r?2`2 ε +QM/BiBQM�H QM 2�+? 2zQ`i 7QHHQrb � +QMiBMmQmb /Bbi`B#miBQM G rBi? K2�M 0 �M/
kAM i?Bb +�b2- i?2 +QKT�Mv bBKTHv i�F2b i?2 r2B;?i2/ �p2`�;2 Q7 T2`7Q`K�M+2 �M/ i?2 r2B;?i2/

�p2`�;2 Q7 i?2 T�vQmi i?�i K�i+?2b i?2 r2B;?i QM i?2 T2`7Q`K�M+2X 6Q` 2t�KTH2- bmTTQb2 i?2 +QMi`�+i
Qz2`b i?2 2t2+miBp2 b1 B7 T2`7Q`K�M+2 +H2�`b t1 �M/ b2 B7 T2`7Q`K�M+2 +H2�`b t2X A7 �+im�H T2`7Q`K�M+2 Bb
λt1 + (1− λ)t2- i?2M i?2 BMi2`TQH�i2/ T�vQmi Bb λb1 + (1− λ)b2X

3



p�`B�M+2 σ2 i?�i ?�b mMBKQ/�H �M/ bvKK2i`B+ /2MbBiv 7mM+iBQM gXj *�HH e∗ i?2 }`bi@#2bi
2zQ`i- ;Bp2M �b i?2 bQHmiBQM iQ C ′(e∗) = 1- bQ e∗ = 1/cX P#b2`p2 i?�i iQi�H bm`THmb Bb
e∗ − C(e∗) = 1

2c > 0X h?2 }`K Qz2`b i?2 K�M�;2` � +QMi`�+i (t, s, b)- r?2`2 t Bb i?2
T2`7Q`K�M+2 i�`;2i- s Bb i?2 b�H�`v- �M/ b Bb i?2 #QMmb- +QMiBM;2Mi QM T2`7Q`K�M+2X h?2
K�M�;2` 2�`Mb i?2 #QMmb B7 T2`7Q`K�M+2 2t+22/b i?2 i�`;2i,

Pay =





s B7 q < t

s+ b B7 q ≥ t.
UkV

h?Bb }ib i?2 bBKTH2bi /2b+`BTiBQM Q7 � T2`7Q`K�M+2 i�`;2i- r?2`2 T2`7Q`K�M+2 Kmbi
2t+22/ � i?`2b?QH/ #27Q`2 i?2 K�M�;2` 2�`Mb � T�vK2MiX h?2`2 Bb � /Bb+QMiBMmBiv BM i?2
K�M�;2`Ƕb T�vQz- DmKTBM; 7`QK s iQ s+ b- r?2M T2`7Q`K�M+2 2t+22/b i?2 i�`;2iX9

h?2 T`Q#�#BHBiv i?�i i?2 K�M�;2` `2+2Bp2b ?Bb #QMmb Bb

P ≡ Prob(q ≥ t) = Prob(ε ≥ t− e) = G(e− t), UjV

bBM+2 #v bvKK2i`v Q7 g- G(x) = 1 − G(−x)X P#b2`p2 i?�i i?2 T`Q#�#BHBiv BM+`2�b2b BM
2zQ`i �M/ /2+`2�b2b BM i?2 i�`;2i,

∂P

∂e
= g(e− t) = −∂P

∂t
. U9V

>B;?2` i�`;2ib /B`2+iHv `2/m+2 i?2 K�M�;2`Ƕb T`Q#�#BHBiv Q7 �+?B2pBM; ?Bb #QMmbX h�`@
;2i �M/ 2zQ`i rQ`F BM 2t�+iHv QTTQbBi2 /B`2+iBQMb QM i?Bb T`Q#�#BHBivX h?2 2tT2+i2/
miBHBiv Q7 i?2 K�M�;2` Bb

EU = s+ bG(e− t)− C(e). U8V

h?2 K�M�;2` +�M b2H2+i 2zQ`i �i +Qbi C(e) iQ K�tBKBx2 ?Bb 2tT2+i2/ T�vQzX h?2
bQHmiBQM iQ i?Bb T`Q#H2K ;2M2`�i2b i?2 BM+2MiBp2 +QMbi`�BMi 7Q` i?2 K�M�;2`,

bg(e− t) = C ′(e). UA*V
jh?2 bvKK2i`v Q7 i?2 2``Q` /Bbi`B#miBQM Bb MQi M2+2bb�`v- #mi /Q2b /`�K�iB+�HHv 2�b2 +�H+mH�iBQMX

h?2 KQbi +QKKQM /Bbi`B#miBQMb- bm+? �b i?2 MQ`K�H- �`2 bvKK2i`B+X
9_2+�HH 7`QK `2�H �M�HvbBb i?�i bi2T 7mM+iBQMb +�M �`#Bi`�`BHv �TT`QtBK�i2 +QMiBMmQmb 7mM+iBQMb- �b

i?2 MmK#2` Q7 bi2Tb i2M/b iQ BM}MBiv UG2#2b;m2Ƕb JQMQiQM2 *QMp2`;2M+2 h?2Q`2KVX h?mb- B7 r2 2tT�M/
i?2 +H�bb Q7 +QMi`�+ib iQ BM+Hm/2 KmHiBTH2 T2`7Q`K�M+2 i�`;2ib rBi? KmHiBTH2 #QMmb2b- i?2M BM i?2 HBKBi-
i?2b2 +QMi`�+ib rBHH �`#Bi`�`BHv �TT`QtBK�i2 i?2 QTiBK�H UMQMHBM2�`V +QMi`�+i 7Q` i?2 b�K2 `2�bQMX

N



S2`7Q`K�M+2

S�v

a�H�`v Y
"QMmb

a�H�`v

h�`;2i

6B;m`2 R, .Bb+QMiBMmBiv BM J�M�;2`Ƕb S�v

h?2 K�M�;2` 2[m�i2b i?2 K�`;BM�H +Qbi Q7 2zQ`i iQ i?2 2tT2+i2/ K�`;BM�H #2M2}i-
r?B+? Bb i?2 +?�M;2 BM i?2 T`Q#�#BHBiv Q7 �+?B2pBM; i?2 #QMmb- iBK2b i?2 mM+QM/BiBQM�H
#QMmb Bib2H7X h?Bb K�`;BM�H 2z2+i QM i?2 +?�M;2 BM T`Q#�#BHBiv Bb `2T`2b2Mi2/ #v i?2
i2`K g- �M/ rBHH T2`K2�i2 i?2 �M�HvbBbX q?BH2 ?B;?2` i�`;2ib mMBH�i2`�HHv /2+`2�b2 i?2
T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2i- i?2 2z2+i QM i?2 +?�M;2 BM T`Q#�#BHBiv Bb mHiBK�i2Hv
r?�i K�ii2`bX AM/22/- i?2 }`K TB+Fb � +QMi`�+i i?�i BM/m+2b i?2 K�M�;2`Ƕb 2zQ`i-
�M/ i?2 /Bz2`2M+2 #2ir22M i?2 i�`;2i �M/ 2zQ`i rBHH mHiBK�i2Hv /`Bp2 i?2 K�M�;2`Ƕb
BM+2MiBp2bX �b Bb +QKKQM- �bbmK2 i?2 K�M�;2` 7�+2b �M QmibB/2 QTTQ`imMBiv ū BM Q`/2`
iQ BM/m+2 T�`iB+BT�iBQMX h?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz Kmbi 2t+22/ i?Bb QTTQ`imMBiv-
�M/ i?2`27Q`2 BKTQb2 i?2 bi�M/�`/ T�`iB+BT�iBQM +QMbi`�BMi (PC) i?�i EU ≥ ūX

h?2 +QMi`�+i ?�b i?`22 BMbi`mK2Miběi?2 b�H�`v- i?2 #QMmb- �M/ i?2 i�`;2iěiQ +QMi`QH
� mMB/BK2MbBQM�H 2zQ`i@+?QB+2 bm#D2+i iQ irQ +QMbi`�BMib, i?2 T�`iB+BT�iBQM +QMbi`�BMi
�M/ i?2 BM+2MiBp2 +QMbi`�BMiX �b bm+?- i?2 i�`;2i T`QpB/2b �M 2ti`� /2;`22 Q7 7`22/QK �M/
i?Bb rBHH- BM ;2M2`�H- H2�/ iQ � +QMiBMmmK Q7 2[mBHB#`B�X aT2+B}+�HHv- Q#b2`p2 i?�i 7`QK i?2
BM+2MiBp2 +QMbi`�BMi UA*V- �Mv T�B` Q7 #QMmb2b �M/ i�`;2ib i?�i b�iBb7v A* rBHH BM/m+2 i?2
b�K2 2zQ`i H2p2HX hQ `2/m+2 i?2 MmK#2` Q7 2[mBHB#`B�- r2 K�F2 i?2 �//BiBQM�H �bbmKTiBQM
i?�i i?2 }`K rBHH b2H2+i i?2 bK�HH2bi #QMmb r?2M KmHiBTH2 2[mBHB#`B� 2tBbiX h?Bb +�M #2
DmbiB}2/ QM i?2 ;`QmM/b i?�i BM+2MiBp2 +QKT2Mb�iBQM �i }`Kb +�M #2 +QMi`Qp2`bB�H- �b Bi
K�v H2�/ iQ TQHBiB+�H Qmi`�;2X 6Q` 2t�KTH2- `2+�HH i?2 #�+FH�b? i?�i #�MFb 7�+2/ �7i2`
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i?2 lXaX }M�M+B�H +`BbBb 7Q` ?QMQ`BM; i?2 #QMmb T�vK2Mib r`Bii2M BMiQ i?2B` 2t2+miBp2
+QMi`�+ib r?2M i?2 #�MFb `2+2Bp2/ ;Qp2`MK2Mi }M�M+B�H �bbBbi�M+2X q?BH2 r2 /Q MQi
KQ/2H TQHBiB+�H Qmi`�;2 2tTHB+BiHv- r2 bBKTHv `2T`2b2Mi i?Bb �b i?2 �//BiBQM�H +QMbi`�BMi
#v r?B+? i?2 }`K rBHH +?QQb2 i?2 HQr2bi #QMmb �KQM; � b2i Q7 2[mBHB#`B� i?�i ;2M2`�i2
i?2 b�K2 T`Q}ibX

h?2 }`K K�tBKBx2b 2tT2+i2/ T`Q}ib- bm#D2+i iQ i?2 BM+2MiBp2 �M/ T�`iB+BT�iBQM +QM@
bi`�BMibX h?2 bQHmiBQM iQ i?Bb T`Q#H2K ;2M2`�i2b i?2 QTiBK�H 2{+B2Mi +QMi`�+iX �HH T`QQ7b
�`2 BM i?2 �TT2M/BtX

S`QTQbBiBQM R h?2 QTiBK�H +QMi`�+i i?�i BKTH2K2Mib }`bi@#2bi 2zQ`i e∗ Bb (t∗, s∗, b∗)

r?2`2

t∗ = e∗, UeV

b∗ =
1

g(0)
, UdV

s∗ = ū+ C(e∗)− 1

2g(0)
. U3V

h?2 T`QTQbBiBQM T`QpB/2b i?2 QTiBK�H +QMi`�+i- r?B+? BM i?Bb +�b2 Bb 2{+B2MiX h?Bb
b?QmH/ +QK2 �b MQ bm`T`Bb2- �b i?2 K�M�;2` Bb `BbF M2mi`�H- �M/ i?2`2 Bb MQ +QM~B+i Q7
BMi2`2bi #2ir22M i?2 }`K �M/ i?2 K�M�;2`X *QKT�`2 i?Bb iQ i?2 mbm�H 2{+B2Mi HBM2�`
+QMi`�+i i?�i K�F2b i?2 �;2Mi i?2 7mHH `2bB/m�H +H�BK�Mi QM }`K QmiTmi- r?2`2 i?2 }`K
2ti`�+ib `2Mib 7`QK i?2 K�M�;2` i?`Qm;? � UTQbbB#HvV M2;�iBp2 b�H�`vX >2`2- i?2 2{+B2Mi
+QMi`�+i Bb MQi?BM; HBF2 i?2 ǳb2HH i?2 }`KǴ +QMi`�+iX h?2 }`K rBHH b2i i?2 i�`;2i iQ i?2
2{+B2Mi 2zQ`i H2p2H- �M/ i?2M b2H2+i i?2 b�H�`v �M/ #QMmb iQ bQHp2 i?2 T�`iB+BT�iBQM �M/
BM+2MiBp2 +QMbi`�BMib- `2bT2+iBp2HvX S`QTQbBiBQM R 7Q`K�HHv T`Qp2b i?�i i?2 }`K +�M b2H2+i
i?2 i�`;2i 2[m�H iQ 2{+B2Mi 2zQ`i mM/2` `BbF M2mi`�HBivX h?Bb +QM7Q`Kb iQ i?2 +QKKQM
BMimBiBQM i?�i i?2 i�`;2i +�M 2[m�H i?2 2zQ`i i?�i i?2 T`BM+BT�H b22Fb iQ BM/m+2- r?B+?
BM i?Bb +�b2 Bb }`bi@#2bi 2zQ`iX8

h?2 T2`7Q`K�M+2 i�`;2i Qz2`b � /Bb+`2i2 DmKT BM T�vQz B7 T2`7Q`K�M+2 +H2�`b i?2
i�`;2iX *QMbB/2` i?Bb � ǳT`Bx2Ǵ Q7 b- i?2 /Bz2`2M+2 BM T�vQz 7`QK +H2�`BM; i?2 i�`;2i
p2`bmb MQiX AM 2[mBHB#`BmK- t∗ = e∗- bQ (IC) BM 2[mBHB#`BmK #2+QK2b

8:miBû``2x �`M�Bx �M/ a�H�b@6mK�b Ukyy3V Qz2` � MmK2`B+�H 2t�KTH2 BM r?B+? i?2 T2`7Q`K�M+2
bi�M/�`/ Bb b2i 2[m�H iQ i?2 KQ/2 Q7 i?2 T2`7Q`K�M+2 /Bbi`B#miBQMX "mi rBi?Qmi 7Q`K�HHv bQHpBM; 7Q`
i?2 QTiBK�H +QMi`�+i T2`7Q`K�M+2 i�`;2i- Bi Bb BKTQbbB#H2 iQ b�v 7Q` bm`2 r?2i?2` i?2 i�`;2i HB2b �#Qp2
Q` #2HQr 2[mBHB#`BmK 2zQ`iX
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b∗ =
1

g(0)
. UNV

h?2 `2H�iBQMb?BT #2ir22M i�`;2i �M/ 2zQ`i Bb MQMi`BpB�H- bBM+2 � b?B7i BM i?2 i�`;2i t

rBHH BKK2/B�i2Hv b?B7i 2[mBHB#`BmK 2zQ`i e(s, b, t)X >Qr2p2`- i?2 T`QQ7 Q7 S`QTQbBiBQM R
b?Qrb i?�i #2+�mb2 i?2 K�M�;2`Ƕb T�`iB+BT�iBQM +QMbi`�BMi rBHH #BM/- }`K T`Q}ib 2[m�H
iQi�H bm`THmb- �M/ i?2`27Q`2 i?2 }`K +�M �zQ`/ iQ �+?B2p2 2{+B2M+vX :Bp2M i?�i i?2
}`K b22Fb iQ BKTH2K2Mi e∗- i?2 QTiBK�H i�`;2i rBHH TBM /QrM 2[mBHB#`BmK 2{+B2Mi 2zQ`i
2t�+iHvX h?Bb Q++m`b T`2+Bb2Hv r?2M i?2 `2im`Mb iQ K�M�;2`B�H 2zQ`i �`2 ?B;?2bi- i?2
TQBMi r?2M � K�`;BM�H BM+`2�b2 BM 2zQ`i H2�/b iQ i?2 ;`2�i2bi +?�M;2 BM T`Q#�#BHBivX
h?Bb Bb 2t�+iHv r?2M i?2 /2MbBiv g ?Bib Bib K�tBKmK �i t∗ − e∗ = 0Xe JQ`2Qp2`- i?2
QTiBK�H b�H�`v +QKT2Mb�i2b i?2 K�M�;2` 7Q` ?Bb QmibB/2 QTTQ`imMBiv �M/ +Qbi Q7 2zQ`i-
#mi i?2M /2/m+ib ?�H7 Q7 ?Bb #QMmb 7`QK ?Bb b�H�`v mT7`QMiX AM/22/- i?Bb Bb M2+2bb�`v
BM Q`/2` iQ T`QpB/2 i?2 K�M�;2` rBi? bi`QM; 2zQ`i BM+2MiBp2bX *QKT�`�iBp2 bi�iB+b QM
i?2 T`QTQbBiBQM BKK2/B�i2Hv ;2M2`�i2 i?2 7QHHQrBM; +Q`QHH�`B2bX 6B`bi +QMbB/2` i?2 2z2+i
7`QK i?2 +?�M;2b BM i?2 QmibB/2 QTiBQMbX

*Q`QHH�`v R h?2 QTiBK�H #QMmb Bb mM+?�M;2/ BM i?2 K�M�;2`Ƕb QmibB/2 QTiBQMb
(
∂b∗

∂ū = 0
)
-

r?BH2 i?2 QTiBK�H b�H�`v BM+`2�b2b BM i?2 K�M�;2`Ƕb QmibB/2 QTiBQMb
(
∂s∗

∂ū > 0
)
X

h?2 T�`iB+BT�iBQM +QMbi`�BMi 2Mbm`2b i?�i i?2 K�M�;2` K22ib ?Bb QmibB/2 QTiBQMbX �b
rBi? i?2 +�MQMB+�H KQ/2H- BM+`2�bBM; QmibB/2 QTTQ`imMBiB2b 7Q`+2b i?2 }`K iQ BM+`2�b2
i?2 b�H�`v BM Q`/2` iQ `2i�BM i?2 K�M�;2`X LQr +QMbB/2` +?�M;2b BM i?2 +Qbi Q7 2zQ`i-
r?B+? i`�+Fb i?2 [m�HBiv Q` T`Q/m+iBpBiv Q7 i?2 K�M�;2`X

*Q`QHH�`v k �b i?2 K�M�;2`Ƕb K�`;BM�H +Qbi Q7 2zQ`i BM+`2�b2b- i?2 QTiBK�H i�`;2i
/2+`2�b2b- i?2 QTiBK�H b�H�`v /2+`2�b2b- �M/ i?2 QTiBK�H #QMmb Bb mM+?�M;2/X

"2+�mb2 Qm` QTiBK�H i�`;2i Bb t∗ = e∗ = 1
c - Bi Bb BKK2/B�i2 i?�i i?2 }`K rBHH /2+`2�b2

i?2 i�`;2i �b i?2 K�M�;2`Ƕb +Qbi Q7 2zQ`i `Bb2bX AM 7�+i- i?Bb Bb i?2 QMHv +QKT�`�iBp2 bi�iB+
BM r?B+? i?2 i�`;2i +?�M;2bX �b 2zQ`i #2+QK2b +QbiHv- }`bi@#2bi 2zQ`i #2+QK2b HQr2` iQ
b�p2 QM i?2 K�M�;2`bǶ /BbmiBHBiv- �M/ i?2`27Q`2 bQ+B�H r2H7�`2X h?2 +Q`QHH�`v b?Qrb i?�i
r?2M K�`;BM�H +Qbi Q7 2zQ`i BM+`2�b2b- }`K /2+`2�b2b i?2 i�`;2i- r?B+? /2+`2�b2b 2zQ`iX
h?2b2 irQ +QmMi2`p�BHBM; 2z2+ib- ?B;?2` K�`;BM�H +Qbi Q7 2zQ`i �M/ HQr2` H2p2H Q7 2zQ`i-

eh?2 mMBKQ/�H +QM/BiBQM �M/ bvKK2i`v BKTHv i?�i i?2 K2�M Q7 i?2 /Bbi`B#miBQM Bb Bib K�tBK�H TQBMi-
r?B+? Bb r?v i?2 }`K rBHH b2i i?2 /Bz2`2M+2 #2ir22M i�`;2i �M/ 2zQ`i iQ #2 2[m�H iQ i?Bb K2�M Q7 yX
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H2�/ iQ HQr2` iQi�H +Qbi Q7 2zQ`i �i QTiBKmKX �b � `2bmHi- i?2 }`K /Q2b MQi ?�p2 iQ T�v
�b Km+? iQ i?2 K�M�;2` iQ +QKT2Mb�i2 7Q` i?2 +Qbi Q7 2zQ`i bQ Bi rBHH bBKmHi�M2QmbHv
/2+`2�b2 b�H�`vX h?2 +QmMi2`p�BHBM; 2z2+i +QK2b 7`QK i?2 7�HH BM i?2 i�`;2iX AM/22/- i?2
i�`;2i Bb � TQr2`7mH BMbi`mK2Mi �M/ ?�b � /B`2+i 2z2+i QM 2zQ`iX h?2 ?B;?2` K�`;BM�H
+Qbi Q7 2zQ`i +QmMi2`�+ib i?2 b�H�`v@`2/m+BM; 2z2+i 7`QK HQr2` 2zQ`iX >Qr2p2`- i?2 b�H�`v
biBHH 7�HH BM 2[mBHB#`BmKX

h?2`2 Bb � +HQb2 i?2Q`2iB+�H �M�HQ;v #2ir22M `�MF@Q`/2` iQm`M�K2Mib UG�x2�` �M/
_Qb2M URN3RVV �M/ T2`7Q`K�M+2 i�`;2ibX "Qi? `2Hv QM � `2H�iBp2 +QKT�`BbQM Q7 QmiTmi
BM Q`/2` iQ b2+m`2 �M 2ti2`M�H T`Bx2X AM T2`7Q`K�M+2 i�`;2ib- i?�i +QKT�`BbQM Bb �;�BMbi
�M bi�M/�`/ b2i #v i?2 }`K- r?2`2�b BM iQm`M�K2Mib i?�i +QKT�`BbQM Bb K�/2 �;�BMbi
i?2 QmiTmi Q7 �MQi?2` bi`�i2;B+ TH�v2` BM i?2 ;�K2X AM #Qi? KQ/2Hb- �M BM+`2�b2 BM
`BbF /�KT2Mb BM+2MiBp2b iQ T`QpB/2 2zQ`i- �M/ #Qi? KQ/2Hb +�M BKTH2K2Mi }`bi@#2bi
mM/2` `BbF M2mi`�HBivX >2`2- i?2 #QMmb `2/m+2b iQ g(0)−1- r?B+? BM i?2 +�b2 Q7 � MQ`K�H
/Bbi`B#miBQM Bb bBKTHv σ

√
2π- bQ i?2 #QMmb BM+`2�b2b BM `BbF mM�K#B;mQmbHvX h?Bb 72�im`2

Q7 ?Qr i?2 #QMmb `2�+ib iQ � +?�M;2 Q7 `BbF Bb [mBi2 ;2M2`�H- �b r2 b?Qr M2tiX

kXk AM+`2�b2b BM _BbF
h?2`2Ƕb ?�`/Hv � KQ`2 +2H2#`�i2/ `2bmHi BM �;2M+v i?2Q`v i?�M i?2 `BbF@BM+2MiBp2b i`�/2@
QzX h?2 bi�M/�`/ G1L KQ/2H Q7 HBM2�` +QMi`�+ib- 2tTQM2MiB�H miBHBiv- �M/ MQ`K�H 2``Q`b
/2pB�i2b 7`QK 2{+B2M+v #2+�mb2 Q7 i?2 `BbF T`2KBmK i?�i i?2 }`K Kmbi T�v i?2 K�M�;2`
iQ #2�` `BbF- i?`Qm;? K2�M@p�`B�M+2 T`272`2M+2b i?�i BM+Hm/2 � /BbmiBHBiv 7Q` `BbFX h?Bb
rQ`F?Q`b2 KQ/2H Q7 +QMi`�+i i?2Q`v- MB+2Hv bmKK�`Bx2/ BM S`2M/2`;�bi URNNNV- TQbBib
i?�i �b `BbF UK2�bm`2/ i?`Qm;? i?2 p�`B�M+2 Q7 i?2 2``Q` /Bbi`B#miBQMV BM+`2�b2b- QTiBK�H
BM+2MiBp2b b?QmH/ /2+`2�b2- bBM+2 i?2 QTiBK�H #QMmb 7`QK i?�i KQ/2H Bb (1 + rcσ2)−1X "2@
+�mb2 Q7 i?Bb- i?2 }`K `2/m+2b i?2 QTiBK�H #QMmb �r�v 7`QK i?�i r?B+? rQmH/ ;m�`�Mi22
2{+B2M+vX

h?2 2tBbiBM; HBi2`�im`2 QM i?2 `BbF@BM+2MiBp2b i`�/2@Qz ?�b #22M KBt2/X aQK2 T�T2`b
}M/ � TQbBiBp2 `2H�iBQMb?BT U*Q`2 �M/ :m�v URNNNV- Pv2` �M/ a+?�272` UkyyRV- *Q`2 �M/
:m�v UkyyRV- L�K 2i �HX UkyyjV- �M/ *QH2b 2i �HX UkyyeVV- bQK2 }M/ � M2;�iBp2 `2H�iBQM@
b?BT UG�K#2`i �M/ G�`+F2` URN3dV- �;;�`r�H �M/ a�KrB+F URNNNV- �M/ CBM UkyykVV- �M/
bQK2 }M/ MQ `2H�iBQMb?BT �i �HH U:�`2M URNN9V- u2`K�+F URNN8V- "mb?K�M 2i �HX URNNeV-
AiiM2` 2i �HX URNNdV- �M/ *QMvQM �M/ Jm`T?v UkyyyVVX JQbi Q7 i?2b2 T�T2`b K2�bm`2
`BbF �b pQH�iBHBiv Q7 biQ+F `2im`Mb �M/ K2�bm`2 BM+2MiBp2b �b T�v@T2`7Q`K�M+2 b2MbBiBpBiv-
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e

G(e− t)

∂e

∂G

6B;m`2 k, �M BM+`2�b2 BM `BbFX h?2 bi22T2` *.6 b2+QM/@Q`/2` biQ+?�biB+�HHv /QKBM�i2b
i?2 ~�ii2` *.6X

K2�bm`2/ �b +?�M;2b BM /B`2+i +QKT2Mb�iBQM 7Q` � ;Bp2M +?�M;2 BM T2`7Q`K�M+2X h?2
2tBbiBM; HBi2`�im`2 ?�b MQi K�/2 � +QM+HmbBp2 bi�i2K2Mi QM r?2i?2` BM+2MiBp2b QTiBK�HHv
BM+`2�b2 Q` /2+`2�b2 rBi? `BbFX h?Bb +�HHb BMiQ [m2biBQM r?2i?2` i?2 i?2Q`v Bb 2p2M p�HB/-
B7 Bi ?QH/b mM/2` bm+? bT2+B�H +B`+mKbi�M+2bX AM/22/- � `�7i Q7 T�T2`b ?�p2 Qz2`2/ +QM/B@
iBQMb mM/2` r?B+? i?2 i`�/2@Qz `2p2`b2b- ;BpBM; � TQbBiBp2 `2H�iBQMb?BT #2ir22M `BbF �M/
BM+2MiBp2b U2X;X- .mii� Ukyy3V �M/ S`2M/2`;�bi UkyykVVX

>2`2- i?2 #QMmb Bb � `2r�`/ iQ i?2 K�M�;2` 7Q` +H2�`BM; i?2 i�`;2i- �M/ �b i?2
BM+2MiBp2 +QMbi`�BMi b?Qrb- Bi rBHH 2[mBHB#`�i2 i?2 K�`;BM�H +Qbi Q7 2zQ`i �;�BMbi i?2
+?�M;2 BM T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2i g(e− t)- iBK2b i?2 mM+QM/BiBQM�H ǳT`Bx2Ǵ Q7
bX lMHBF2 i?2 +�MQMB+�H KQ/2H- i?2`2 Bb MQ /BbmiBHBiv 7Q` `BbF i?�i ?QH/b Qp2` i?2 2MiB`2
/QK�BM Q7 i?2 K�M�;2`Ƕb miBHBiv 7mM+iBQMX _�i?2`- QMHv BM+2MiBp2b �i i?2 i�`;2i K�ii2`X
h?2 �bbmKTiBQM Q7 `BbF M2mi`�HBiv ?2`2 Bb iQ 7Q+mb QM � +QKT2iBM; 2z2+i- M�K2Hv i?2
2z2+i Q7 MQBb2 QM i?2 T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2iXd h?Bb 2z2+i rBHH biBHH T2`K2�i2

dS`2M/2`;�bi UkyykV �HbQ �bbmK2b `BbF@M2mi`�H �;2Mib BM Q`/2` iQ �pQB/ i?2 bi�M/�`/ i`�/2@QzX Ai Bb
TQbbB#H2 i?�i i?2 i`�/2@Qz K�v 2K2`;2 mM/2` `BbF �p2`bBQM- i?Qm;? i?2 KQ/2H /Q2b MQi T2`KBi +HQb2/@
7Q`K bQHmiBQMb Q7 i?BbX AMbi2�/- MmK2`B+�H bBKmH�iBQMb /Q b?Qr i?�i i?2 `BbF BM+2MiBp2b i`�/2@Qz p�MBb?2b
mM/2` `BbF �p2`bBQMX
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� KQ/2H Q7 `BbF �p2`bBQM- i?Qm;? Bi K�v #2 Kmi2/ #2+�mb2 Q7 i?2 M22/ 7Q` BMbm`�M+2X P7
+Qm`b2- HBM2�` +QMi`�+ib �HHQr MQ TQbBiBp2 `2H�iBQMb?BT 7Q` `BbF �M/ BM+2MiBp2b mM/2` �Mv
+QM/BiBQMbX

S`QTQbBiBQM k G2i gi #2 � K2�M@x2`Q- mMBKQ/�H /Bbi`B#miBQM 7Q` i = 1, 2X G2i b∗i #2 i?2
QTiBK�H #QMmb 7`QK S`QTQbBiBQM RX A7 G1 b2+QM/@Q`/2` biQ+?�biB+�HHv /QKBM�i2b G2- i?2M
b∗1 < b∗2X

a�B/ /Bz2`2MiHv- �b `BbF BM+`2�b2b- i?Bb /�KT2Mb i?2 �;2MiǶb BM+2MiBp2b iQ T`Q/m+2
2zQ`iX hQ +QKT2Mb�i2 7Q` i?Bb `2/m+iBQM BM BM+2MiBp2b- i?2 }`K Kmbi BM+`2�b2 i?2 bBx2 Q7
i?2 T`Bx2- 7Q` i?2 b�K2 HQ;B+ �b Q++m`b BM iQm`M�K2MibX h?mb i?2 QTiBK�H #QMmb 2t�+iHv
#�H�M+2b i?2 BM+`2�b2 BM p�`B�M+2X h?Bb }ib 2t�+iHv S`QTQbBiBQM kU#V Q7 :miBû``2x �`M�Bx
�M/ a�H�b@6mK�b Ukyy3V- r?Q }M/ i?2 b�K2 mM�K#B;mQmb `2bmHi i?�i i?2 #QMmb bBx2
BM+`2�b2b BM pQH�iBHBivX 1p2M i?Qm;? :miBû``2x �`M�Bx �M/ a�H�b@6mK�b Ukyy3V mb2 �
KQ`2 bT2+B}+ KQ/2H Uao: T`Q+2bbV- i?2v �HbQ }M/ i?2 b�K2 `2p2`b�H Q7 i?2 `BbF@BM+2MiBp2b
i`�/2@QzX

h?2 i2`K g(0)−1 Bb � T`Qtv 7Q` i?2 p�`B�M+2, �b i?2 p�`B�M+2 QM QmiTmi `Bb2b- i?2
i�BHb Q7 i?2 /2MbBiv g rBHH BM+`2�b2 �M/ Bib K�tBK�H TQBMi g(0) rBHH bBMFX _2+�HH i?�i G

`2T`2b2Mib i?2 T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2i- �M/ g Bb i?2 +?�M;2 BM i?Bb T`Q#�#BHBivX
aQ- mM/2` � ?B;?2` p�`B�M+2- � K�`;BM�H +?�M;2 BM 2zQ`i rBHH H2�/ iQ � bK�HH2` +?�M;2
BM T`Q#�#BHBivX Ai Bb i?2 2t+2bb MQBb2 i?�i 7Q`+2b i?2 K�M�;2` iQ `2/m+2 2zQ`iX 6B;m`2
k b?Qrb irQ /Bbi`B#miBQM 7mM+iBQMb- QM2 i?�i Bb b2+QM/@Q`/2` biQ+?�biB+�HHv /QKBM�Mi
Qp2` i?2 Qi?2`X _2K2K#2` i?�i � K�`;BM�H BM+`2�b2 BM 2zQ`i +?�M;2b i?2 T`Q#�#BHBiv Q7
�+?B2pBM; i?2 i�`;2i- �M/ bQ Bi Bb i?2 +?�M;2 BM T`Q#�#BHBiv Ui?2 bHQT2 Q7 i?2 /Bbi`B#miBQM
7mM+iBQMV i?�i K�ii2`bX AM i?2 HQr p�`B�M+2 +�b2- i?2 bHQT2 Q7 i?2 /Bbi`B#miBQM Bb bi22T2`
�`QmM/ i?2 K2�M Q7 y- bQ � K�`;BM�H BM+`2�b2 BM 2zQ`i H2�/b iQ � ?B;?2` T`Q#�#BHBiv Q7
?BiiBM; i?2 i�`;2i i?�M mM/2` � ?B;? p�`B�M+2 /Bbi`B#miBQMX S`QTQbBiBQM k T`Qp2b i?Bb
`B;Q`QmbHv mM/2` irQ /Bbi`B#miBQMbX

h?2`2 Bb � M�im`�H [m2biBQM Q7 r?2i?2` i?2 #QMmb BM i?Bb KQ/2H +�M +QKT�`2 iQ i?2
#QMmb BM i?2 HBM2�` KQ/2HX _2+�HH i?�i i?2 #QMmb BM i?2 HBM2�` KQ/2H Bb i?2 bHQT2 Q7 i?2
+QMi`�+i- �M/ i?2`27Q`2 /B`2+iHv K�Tb BMiQ � +QM+2Tim�H /2}MBiBQM Q7 T�v 7Q` T2`7Q`K�M+2X
"2+�mb2 Q7 i?2 /Bb+`2i2 M�im`2 Q7 i?2 i�`;2i- i?2`2 Bb MQ M�im`�H �M�HQ;m2 iQ i?Bb bHQT2-
r?B+? Bb i?2 K�`;BM�H +?�M;2 BM T�v 7Q` � K�`;BM�H mMBi Q7 2zQ`iX LQM2i?2H2bb- i?2 K�ii2`
Bb H�`;2Hv BKK�i2`B�H- #2+�mb2 2KTB`B+�H 2biBK�i2b Q7 SSa rBHH �HKQbi �Hr�vb BM+`2�b2 BM
i?2 /Bb+`2i2 #QMmb Q7 i?Bb KQ/2HX
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6Q` 2t�KTH2- �;;�`r�H �M/ a�KrB+F URNNNV- CBM UkyykV- �M/ :m�v URNNNV b22F iQ
2biBK�i2 i?2 `BbF@BM+2MiBp2b i`�/2@Qz #v `2;`2bbBM; T�v 7Q` T2`7Q`K�M+2 b2MbBiBpBiv USSaV
QM `BbF- mbm�HHv K2�bm`2/ i?`Qm;? i?2 pQH�iBHBiv Q7 biQ+F `2im`MbX CBM UkyykV /2}M2b
SSa �b +?�M;2b BM iQi�H /B`2+i +QKT2Mb�iBQM- �b r2HH �b +?�M;2b BM i?2 `2@2p�Hm�iBQM Q7
biQ+F �M/ biQ+F QTiBQMbX �M BM+`2�b2 BM i?2 #QMmb Q7 6B;m`2 R rBHH BM+`2�b2 iQi�H /B`2+i
+QKT2Mb�iBQM- �M/ i?2`27Q`2 rBHH ?�p2 �M mTr�`/ 2z2+i QM i?2 2KTB`B+�H K2�bm`2 Q7
SSaX h?Bb rBHH +QM7QmM/ i?2 `BbF@BM+2MiBp2b i`�/2@QzX

j _BbF �p2`bBQM
LQr +QMbB/2` i?�i i?2 K�M�;2` Bb `BbF �p2`b2 �M/ ?�b � miBHBiv 7mM+iBQM u i?�i Bb bi`B+iHv
BM+`2�bBM; �M/ +QM+�p2X h?2 }`K biBHH r`Bi2b � +QMi`�+i (s, t, b) �b #27Q`2- rBi? � bBKBH�`
#QMmb �M/ i�`;2i bi`m+im`2,

Utility =





u(s) B7 q < t

u(s+ b) B7 q ≥ t.
URyV

h?2 /Bb+QMiBMmBiv BM i?2 K�M�;2`Ƕb T�vQz MQr DmKTb 7`QK u(s) iQ u(s + b) r?2M
QmiTmi 2t+22/b i?2 i�`;2iX h?2 2tT2+i2/ miBHBiv Q7 i?2 K�M�;2` Bb

EU =

∫ t−e

−∞
u(s)g(ε)dε+

∫ ∞

t−e

u(s+ b)g(ε)dε− C(e). URRV

h?2 BMi2;`�H bTHBib �i t − e #2+�mb2 i?�i Bb 2t�+iHv i?2 TQBMi 7Q` ε bm+? i?�i i?2
K�M�;2` 2�`Mb i?2 #QMmb Uq ≥ t- Q` ε ≥ t − eVX AKTQb2 i?2 bi�M/�`/ T�`iB+BT�iBQM
+QMbi`�BMi (PC) i?�i EU ≥ ūX P#b2`p2 i?�i #2+�mb2 i?2 T�vQz iQ i?2 K�M�;2` i�F2b
QMHv irQ /Bb+`2i2 p�Hm2b- u(s) �M/ u(s+b)- i?2 }`K +�M +QKTH2i2Hv +QMi`QH i?2 K�M�;2`Ƕb
#2?�pBQ` i?`Qm;? i?2 +?QB+2 Q7 i?2b2 irQ T�vQz H2p2HbX �b bm+?- i?2 +QKT2Mb�iBQM i2`Kb
T�bb Qmi Q7 i?2 BMi2;`�H �M/ r2 +�M `2@r`Bi2 EU �b,

EU = u(s)G(t− e) + u(s+ b)G(e− t)− C(e). URkV
h?mb- i?2 2tT2+i�iBQM K�F2b i?2 /Bb+`2i2 T�vQz bi`m+im`2 +QMiBMmQmb- �M/ bQ i?2

K�M�;2` +�M b2H2+i 2zQ`i iQ K�tBKBx2 ?Bb 2tT2+i2/ T�vQzX h?2 bQHmiBQM iQ i?Bb T`Q#H2K-
;Bp2M #v i?2 }`bi@Q`/2` +QM/BiBQM- ;2M2`�i2b i?2 BM+2MiBp2 +QMbi`�BMi 7Q` i?2 K�M�;2`,

g(e− t)

(
u(s+ b)− u(s)

)
= C ′(e). UICV

Re



�b #27Q`2- i?2 #2M2}i Q7 2zQ`i BM+Hm/2b Bib 2z2+i QM +?�M;BM; i?2 T`Q#�#BHBiv Q7
+H2�`BM; i?2 i�`;2i- 2tT`2bb2/ BM i?2 i2`K g(e − t)X P#b2`p2 i?�i mM/2` `BbF M2mi`�HBiv-
i?2 miBHBiv bT`2�/ +QHH�Tb2b iQ i?2 #QMmb �b � bT2+B�H +�b2X h?2 BM+2MiBp2 +QMbi`�BMi MQr
+QMi�BMb i?2 i2`K u(s + b) − u(s)- r?B+? r2 +�HH i?2 miBHBiv bT`2�/X h?Bb Bb i?2 ;�BM BM
miBHBiv 7`QK �+?B2pBM; i?2 #QMmbX aBM+2 miBHBiv Bb BM+`2�bBM;- i?2 bT`2�/ `Bb2b BM i?2 #QMmb
(u′(s+ b) > 0)X

h?2 +QM+�pBiv Q7 i?2 miBHBiv 7mM+iBQM T`2p2Mib }`bi@#2bi +QMi`�+i #2BM; �/QTi2/ �M/
rBHH H2�/ iQ �M 2zQ`i /BbiQ`iBQMX hQ b22 i?Bb- BK�;BM2 i?�i i?2 }`K +QmH/ BKTH2K2Mi
}`bi@#2bi 2zQ`iX SHm;;BM; i?Bb BMiQ i?2 BM+2MiBp2 +QMbi`�BMi ;2M2`�i2b g(e − t)∆ = 1-
r?2`2 ∆ Bb i?2 miBHBiv bT`2�/X _2�``�M;BM; i2`Kb ;Bp2b

g(e− t) =
1

∆
>

1

b∗
= g(0). URjV

r?2`2 i?2 #QMmb QM i?2 `B;?i@?�M/ bB/2 Bb b2i �i i?2 }`bi@#2bi H2p2H- �M/ ∆ < b∗ #v `BbF
�p2`bBQMX "mi Q7 +Qm`b2- i?Bb Bb BKTQbbB#H2 bBM+2 i?2 /Bbi`B#miBQM T2�Fb �i x2`QX aQ- BM
7�+i- (IC) rBHH ?QH/ �i �M 2zQ`i H2p2H /BbiQ`i2/ �r�v 7`QK }`bi@#2biX h?Bb Q++m`b T`2+Bb2Hv
r?2M i?2 miBHBiv bT`2�/ Bb bK�HH2` i?�M i?2 QTiBK�H #QMmb- r?B+? Kmbi Q++m` bBM+2 i?2
K�M�;2` Bb `BbF �p2`b2 �M/ i?2 QTiBK�H i�`;2i HB2b �r�v 7`QK i?2 2{+B2Mi 2zQ`i (t < ê)X
AM/22/- #Qi? i?2 miBHBiv bT`2�/ 7�HHb b?Q`i Q7 i?2 #QMmb- �M/ i?2 +?�M;2 BM T`Q#�#BHBiv
HB2b #2M2�i? Bib K�tBK�H TQBMiX �M/ i?mb i?2 K�`;BM�H #2M2}i Bb H2bb i?�M i?2 }`bi@#2bi
K�`;BM�H +Qbi Q7 QM2- vB2H/BM; i?2 2zQ`i /BbiQ`iBQMX

LQr H2iǶb +QMbB/2` i?2 }`KǶb T`Q#H2K mM/2` `BbF �p2`bBQMX h?2 }`K K�tBKBx2b 2t@
T2+i2/ T`Q}ib- bm#D2+i iQ i?2 BM+2MiBp2 �M/ T�`iB+BT�iBQM +QMbi`�BMibX h?2 7mHH T`Q;`�K
BMpQHp2b 2tT2+i2/ T`Q}ib H2bb � KmHiBTHB2` 7Q` #Qi? +QMbi`�BMib,

max
(s,b,t)

e− (s+ bG(e− t)) . UR9V

bm#D2+i iQ

u(s) +
(
u(s+ b)− u(s)

)
G(e− t)− C(e) ≥ ū, US*V

g(e− t)
(
u(s+ b)− u(s)

)
= C ′(e). UA*V

�b BM i?2 +�b2 Q7 `BbF M2mi`�HBiv- r2 �bbmK2 i?2 }`K rBHH +?QQb2 i?2 bK�HH2bi #QMmb
�KQM; i?2 +QMi`�+ib i?�i ;2M2`�i2 i?2 b�K2 T`Q}ib- B7 i?2`2 �`2 KmHiBTH2 bm+? +QMi`�+ibX
h?Bb rBHH �HHQr mb iQ 7Q+mb QM � mMB[m2 +QMi`�+i i?�i 2K2`;2b 7`QK i?2 T`Q;`�K �#Qp2X
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G2KK� R- k �M/ S`QTQbBiBQM j bQHp2b 7Q` i?Bb T`Q;`�K- �M/ r2 /Bb+Qp2` i?�i i?2 i�`;2i
TH�vb �M BKTQ`i�Mi `QH2 BM #�H�M+BM; i?2 `BbF �M/ BM+2MiBp2b T`Q#H2K,

G2KK� R 6Q` �Mv 2zQ`i- (PC) #BM/b 7Q` i?2 QTiBK�H +QMi`�+i i?�i BM/m+2b i?Bb 2zQ`iX

A7 i?2 T�`iB+BT�iBQM +QMbi`�BMi /Q2b MQi #BM/- i?2 }`K +�M b�p2 bQK2 +Qbib #mi BM/m+2
i?2 b�K2 2zQ`i i?`Qm;? HQr2` b�H�`v �M/ #QMmbX

G2KK� k (IC) #BM/b 7Q` �Mv +QMi`�+iX

A7 i?2 BM+2MiBp2 +QMbi`�BMi /Q2b MQi #BM/- i?2 K�M�;2` +�M �Hr�vb BKT`Qp2 ?Bb 2t@
T2+i2/ T�vQz #v K�`;BM�HHv +?�M;BM; i?2 2zQ`i H2p2HX

S`QTQbBiBQM j lM/2` `BbF �p2`bBQM- #Qi? (IC) �M/ (PC) #BM/ 7Q` i?2 QTiBK�H T2`7Q`@
K�M+2 i�`;2i +QMi`�+iX A7 i?2 �;2Mi Bb bm{+B2MiHv `BbF �p2`b2- i?2 QTiBK�H i�`;2i HB2b
#2HQr 2[mBHB#`BmK 2zQ`i (t̂ < ê)X

q2 K2�bm`2 i?2 H2p2H Q7 `BbF �p2`bBQM BM i2`Kb Q7 �#bQHmi2 `BbF �p2`bBQM �M/ i?2
/2i�BHb �`2 T`QpB/2/ BM i?2 �TT2M/BtX h?2 T`BK�`v `2bmHi Bb i?�i i?2 }`K rBHH b?�/2 i?2
i�`;2i /QrMr�`/ iQ ?�M/H2 i?2 K�M�;2`Ƕb `BbF �p2`bBQMX S`QTQbBiBQM j b?Qrb i?�i i?2
i�`;2i- BM �//BiBQM iQ i?2 #QMmb- Qz2`b BMbm`�M+2X h?Bb `2KQp2b i?2 BMbm`�M+2 #m`/2M
7`QK i?2 #QMmb �M/ Tmib Bi QM i?2 i�`;2i- �b Q7i2M Q++m`b r?2M i?2 }`K ?�b KmHiBTH2
BMbi`mK2Mib iQ /2bB;M QTiBK�H +QKT2Mb�iBQMX _2+�HH mM/2` i?2 #2M+?K�`F KQ/2H i?�i
i?2 BM+2MiBp2 +QMbi`�BMi 2[m�HBx2b i?2 K�`;BM�H +Qbi Q7 2zQ`i �;�BMbi Bib K�`;BM�H `2im`MX
AM i?2 bi`m+im`2 Q7 i?Bb KQ/2H- i?�i Bb 2[mBp�H2Mi iQ � ?Q`BxQMi�H HBM2 T�bbBM; i?`Qm;? i?2
/Bbi`B#miBQM Q7 2zQ`i- �b b?QrM BM 6B;m`2 jX

h?Bb Q++m`b #2+�mb2 Q7 i?2 bvKK2i`v Q7 i?2 2``Q` /Bbi`B#miBQMX 6`QK (IC)- i?2
K�`;BM�H +Qbi Q7 2zQ`i Kmbi 2[m�H i?2 K�`;BM�H `2im`M- r?B+? Bb i?2 K�`;BM�H +?�M;2
BM i?2 T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2i iBK2b i?2 bBx2 Q7 i?2 T`Bx2- i?2 miBHBiv bT`2�/X
"2+�mb2 g Bb bvKK2i`B+- i?2`2 rBHH �Hr�vb #2 irQ i�`;2ib bvKK2i`B+�HHv /Bbi`B#mi2/
�`QmM/ 2[mBHB#`BmK 2zQ`i i?�i bQHp2 (IC)X hQ b22 i?Bb pBbm�HHv- BK�;BM2 � ?Q`BxQMi�H HBM2
T�bbBM; i?`Qm;? i?2 /2MbBiv gX h?2 +QQ`/BM�i2b Q7 i?2 x@�t2b Q7 i?2 BMi2`b2+iBQM TQBMib
�`2 i?2 QTiBKmK i�`;2ib i?�i b�iBb7v (IC)X h?2`2 rBHH �Hr�vb #2 irQ bQHmiBQMb iQ i?Bb
T`Q#H2K- �b 6B;m`2 j BHHmbi`�i2bX

h?2 HQr �M/ ?B;? i�`;2ib rBHH 2[mBp�H2MiHv BM/m+2 i?2 b�K2 2[mBHB#`BmK 2zQ`iX _2+�HH
i?�i i?2 T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2i- P - /2+`2�b2b BM i?2 H2p2H Q7 i?2 i�`;2ic �b bm+?-
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i?2 K�M�;2` ?�b � HQr2` +?�M+2 Q7 `2+2BpBM; i?2 #QMmb rBi? ?B;? i�`;2ibX h?2`27Q`2- i?2
K�M�;2` `2+2Bp2b � ?B;?2` 2tT2+i2/ #QMmb 7`QK � HQr i�`;2i `�i?2` i?�M � ?B;? i�`;2i-
bQ ?2 `2[mB`2b H2bb b�H�`v BM Q`/2` iQ T�`iB+BT�i2X a�B/ /Bz2`2MiHv- i?2 T`BM+BT�H Kmbi
T�v � T`2KBmK iQ i?2 K�M�;2` BM Q`/2` iQ BM/m+2 T�`iB+BT�iBQM mM/2` � ?B;? i�`;2iX
aBM+2 #Qi? i�`;2ib ;2M2`�i2 i?2 b�K2 2[mBHB#`BmK 2z2+i- i?2 ?B;? i�`;2i ?�b MQ #2M2}i
7Q` QmiTmi- QMHv � ?B;?2` +Qbi iQ BM/m+2 T�`iB+BT�iBQMX

h?Bb `2bmHi 7QHHQrb 7mM/�K2Mi�HHv 7`QK `BbF �p2`bBQMX _2+�HH i?�i i?2 miBHBiv bT`2�/
Bb i?2 /Bz2`2M+2 BM miBHBiv 7`QK `2+2BpBM; i?2 #QMmb p2`bmb `2+2BpBM; i?2 b�H�`v �HQM2X
6Q` �Mv }t2/ #QMmb- i?Bb bT`2�/ 7�HHb BM i?2 b�H�`v H2p2H #2+�mb2 Q7 /BKBMBb?BM; K�`;BM�H
miBHBiv U/`Bp2M #v i?2 `BbF �p2`bBQM- BHHmbi`�i2/ BM 6B;m`2 j#VX h?2`27Q`2- r?2M i?2 }`K
Qz2`b � ?B;? i�`;2i rBi? � HQr T`Q#�#BHBiv Q7 T�vQmi- Bi Kmbi Qz2` � +Q``2bTQM/BM; ?B;?
b�H�`v iQ ;m�`�Mi22 T�`iB+BT�iBQMX h?�i ?B;? b�H�`v- +�HH Bi sH - T�B`2/ rBi? � ;Bp2M
#QMmb- +�HH Bi bH - /2i2`KBM2b i?2 miBHBiv bT`2�/ �M/ i?2`27Q`2 2zQ`i BM+2MiBp2bX � HQr
i�`;2i `�Bb2b i?2 T`Q#�#BHBiv Q7 T�vQmi- �M/ i?2 }`K +�M �zQ`/ iQ T�v � HQr2` b�H�`v iQ
;m�`�Mi22 T�`iB+BT�iBQMX "2+�mb2 Q7 /BKBMBb?BM; K�`;BM�H miBHBiv 7Q` � }t2/ #QMmb bH -
i?2 miBHBiv bT`2�/ �i i?2 HQr b�H�`v rBHH 2t+22/ i?2 miBHBiv bT`2�/ �i i?2 ?B;? b�H�`v- bBM+2
i?2 miBHBiv +m`p2 Bb bi22T2` �i i?2 HQr2` b�H�`v H2p2HX hQ F22T BM+2MiBp2b mM+?�M;2/- i?2
}`K +�M i?2`27Q`2 HQr2` i?2 #QMmb iQ bQK2 bL < bH - r?B+? rBHH K�i+? 2t�+iHv i?2 miBHBiv
bT`2�/ �M/ i?2`27Q`2 i?2 BM+2MiBp2b �i i?2 T`BQ` +QMi`�+iX hQ b22 i?Bb pBbm�HHv- Q#b2`p2 BM
6B;m`2 j# i?�i i?2 /BKBMBb?BM; K�`;BM�H miBHBiv U`BbF �p2`bBQMV 7Q`+2b bL < bH BM Q`/2`
7Q` BM+2MiBp2b U∆V iQ #2 B/2MiB+�H �i #Qi? +QMi`�+ibX h?mb- i?2 HQr i�`;2i T�B`b rBi? �
HQr b�H�`v �M/ HQr #QMmb- �M/ Qz2`b i?2 b�K2 BM+2MiBp2b �b i?2 ?B;? i�`;2i rBi? � ?B;?
b�H�`v �M/ ?B;? #QMmbX q?2M i?2 �;2Mi Bb bm{+B2MiHv `BbF �p2`b2- i?2 }`K +�M BM/m+2
i?2 b�K2 H2p2H Q7 2zQ`i �i HQr2` +Qbi mbBM; HQr i�`;2iX

�b bm+?- BM 2p2`v 2[mBHB#`BmK r2 �Hr�vb ?�p2 t̂ < ê B7 i?2 K�M�;2` Bb bm{+B2MiHv
`BbF �p2`b2X h?2 QTiBK�H T2`7Q`K�M+2 i�`;2i +QMi`�+i mM/2` `BbF �p2`bBQM Bb BM?2`2MiHv
+QKTH2t- �b b�H�`v- #QMmb- �M/ i�`;2i DQBMiHv �M/ bBKmHi�M2QmbHv /2i2`KBM2 2zQ`iX Ai Bb
BKTQbbB#H2 iQ +?�M;2 QM2 p�`B�#H2 �HQM2 rBi?Qmi +?�M;BM; Qi?2`b �b r2HHX AM T�`iB+mH�`-
� +?�M;2 BM b�H�`v rBHH �z2+i i?2 BM+2MiBp2b Q7 � `BbF@�p2`b2 K�M�;2`X 1p2M rBi? i?Bb
+QKTH2tBiv- r2 b?Qr i?�i i?2 T�`iB+BT�iBQM +QMbi`�BMi rBHH �Hr�vb #BM/X h?2 }`K rBHH
�Hr�vb #2 �#H2 iQ b2H2+i � i�`;2i bm+? i?�i Bi 2ti`�+ib i?2 7mHH `2Mi 7`QK i?2 K�M�;2`X

hQ b22 r?v- Q#b2`p2 i?�i i?2 }`K ?�b �i Bib /BbTQb�H � i�`;2i i?�i +�M �Hr�vb b2`p2
�b �M 2ti`� BMbi`mK2Mi iQ KQ/mH�i2 i?2 K�M�;2`Ƕb 2tT2+i2/ miBHBivX A7 i?2 i�`;2i Bb
bi`B+iHv #2HQr 2[mBHB#`BmK 2zQ`i- bQ t̂ < ê- i?2M � bH�+F T�`iB+BT�iBQM +QMbi`�BMi H2�p2b

RN



target level

density

e tHtL

ce
u(s+b)−u(s) = g(e− t)

g(0)

U�V .m�H S2`7Q`K�M+2 h�`;2ibX

S�vK2Mi
s" s" + b"

u(s" + b")

u(s")

liBHBiv

}
∆

}
∆

sh sh + bh

u(sh)

u(sh + bh)

U#V PTiBK�HBiv Q7 HQr2` i�`;2iX

6B;m`2 j

`2Mib 7Q` i?2 K�M�;2`X "mi i?2 }`K +�M �Hr�vb bBKmHi�M2QmbHv HQr2` i?2 b�H�`v �M/
`�Bb2 i?2 i�`;2i- F22TBM; 2[mBHB#`BmK 2zQ`i +QMbi�MiX GQr2`BM; i?2 b�H�`v rBHH iB;?i2M
i?2 T�`iB+BT�iBQM +QMbi`�BMi- bBM+2 i?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz rBHH 7�HHX _�BbBM; i?2
i�`;2i rBHH 7m`i?2` iB;?i2M i?2 T�`iB+BT�iBQM +QMbi`�BMi- �b i?2 K�M�;2` +2`i�BMHv T`272`b
HQr i�`;2ib iQ ?B;? i�`;2ibX "mi #Qi? i?2b2 �+iBQMb rBHH `�Bb2 2zQ`i �M/- i?2`27Q`2- T`Q}ib
7Q` i?2 }`K- �M/ i?mb �HHQr i?2 }`K iQ BKTH2K2Mi i?2 b�K2 2zQ`i �i � HQr2` +Qbi U� HQr2`
b�H�`v �M/ HQr2` 2tT2+i2/ +QKT2Mb�iBQMVX h?2 }`K rBHH /Q i?Bb mMiBH i?2 T�`iB+BT�iBQM
+QMbi`�BMi #BM/bX

h?2 }`bi@Q`/2` +QM/BiBQM Q7 i?2 K�M�;2`Ƕb T`Q#H2K K�v ?�p2 KmHiBTH2 bQHmiBQMbX
AM T�`iB+mH�`- #2+�mb2 i?2 /Bbi`B#miBQM Bb mMBKQ/�H- i?2`2 K�v #2 KmHiBTH2 bQHmiBQMbX
>Qr2p2`- i?2 7mHH T`QQ7 Q7 T`QTQbBiBQM j b?Qrb i?�i r?2M i?2 K�M�;2` Bb bm{+B2MiHv
`BbF �p2`b2- i?2 }`K rBHH BKTH2K2Mi � T�`iB+mH�` 2zQ`i �i HQr2` +Qbi #v +?QQbBM; i?2
HQr@i�`;2i +QMi`�+iX 6m`i?2`KQ`2- i?2 K�M�;2` rBHH b2H2+i i?2 2[mBHB#`BmK 2zQ`i 2p2M B7
i?2`2 �`2 Qi?2` bQHmiBQMb iQ i?2 (IC) +QMbi`�BMiX h?Bb ?2HTb iQ 2HBKBM�i2 KQbi Q7 i?2
Qi?2` 2zQ`i H2p2Hb i?�i b�iBb7v i?2 BM+2MiBp2 +QMbi`�BMiX

:Bp2M i?�i- BM 2[mBHB#`BmK- i?2 QTiBK�H 2zQ`i �Hr�vb 2t+22/b i?2 QTiBK�H i�`;2i
(ê > t̂)- r2 +�M ;2M2`�i2 7QHHQrBM; +QKT�`�iBp2 bi�iB+b QM i?2 BM+2MiBp2 +QMbi`�BMiX

G2KK� j h?2 2zQ`i +?Qb2M #v i?2 K�M�;2` `Bb2b BM i?2 #QMmb- 7�HHb BM i?2 b�H�`v- �M/
`Bb2b BM i?2 i�`;2i B7 2zQ`i 2t+22/b i?2 i�`;2i (ê > t̂)X

*Q`QHH�`v j 7QHHQrb /B`2+iHv 7`QK G2KK� jX

ky



*Q`QHH�`v j 1[mBHB#`BmK 2zQ`i `Bb2b BM i?2 #QMmb- 7�HHb BM i?2 b�H�`v- �M/ `Bb2b BM i?2
i�`;2iX

h?2 }`bi 2z2+i 7`QK i?2 #QMmb Bb i?2 b�K2 �b i?2 +�MQMB+�H KQ/2H, ?B;?2` T�v@
7Q`T2`7Q`K�M+2 b2MbBiBpBiv USSaV BM/m+2b i?2 K�M�;2` iQ rQ`F KQ`2X h?2 b2+QM/ `2bmHi
Bb KQ`2 bm`T`BbBM;X :Bp2M i?2 bT2+B}+ 7Q`KmH�iBQM Q7 i?2 G1L KQ/2H- b�H�`v ?�b MQ 2z2+i
QM 2zQ`i BM+2MiBp2b- #2+�mb2 Q7 +QMbi�Mi �#bQHmi2 `BbF �p2`bBQM i?�i 7�BHb iQ +�Tim`2 i?2
r2�Hi? 2z2+i UJ�F�`Qp �M/ a+?Q`MB+F- kyRyc S2`2bb- kyyjVX Ai Bb i?2M bi`�B;?i7Q`r�`/
BM i?2 G1L KQ/2H i?�i i?2 }`K Bb i?2M �#H2 iQ ?QH/ i?2 K�M�;2` iQ ?Bb T�`iB+BT�iBQM
+QMbi`�BMi- bBM+2 Bi +�M HQr2` b�H�`v rBi?Qmi �z2+iBM; UICVX "mi BM Qm` KQ/2H- b�H�`v
�z2+ib i?2 miBHBiv bT`2�/ �M/ i?2`27Q`2 BM+2MiBp2bX h?Bb Bb #2+�mb2 i?2 miBHBiv Q7 r2�Hi?
�M/ i?2 /BbmiBHBiv Q7 2zQ`i 2Mi2` i?2 miBHBiv 7mM+iBQM b2T�`�i2HvX h?2 miBHBiv 7mM+iBQM
r2 +QMbB/2`2/ Bb BM HBM2 rBi? � H�`;2 +H�bb Q7 T`272`2M+2b �bbmK2/ BM i?2 HBi2`�im`2 Ub22
>QHKbi`QK 2i �HX URNdNVV �M/ /Q2b MQi 2t+Hm/2 i?2 r2�Hi? 2z2+iX lM/2` � ;2M2`�H
7Q`K Q7 `BbF �p2`bBQM- `BbF T`272`2M+2b �i �Mv TQBMi /2T2M/ QM r2�Hi? �i i?�i TQBMi
U*Q?M 2i �HX- RNd8c 6`B2M/ �M/ "HmK2- RNd8VX AM Qm` KQ/2H- bT2+B}+�HHv- #2+�mb2 i?2
K�M�;2` ?�b +QM+�p2 miBHBiv �M/ i?2`27Q`2 /BKBMBb?BM; K�`;BM�H miBHBiv- 7Q` � }t2/ #QMmb-
� ?B;?2` b�H�`v rBHH +�mb2 i?2 miBHBiv bT`2�/ iQ b?`BMF UbBM+2 u′(s+ b) < u′(s)VX h?Bb rBHH
/2+`2�b2 2zQ`i BM+2MiBp2bX h?Bb Bb +QMbBbi2Mi rBi? i?2 7�+i i?�i i?2 G1L KQ/2H /Q2b MQi
BM+Q`TQ`�i2 i?2 r2�Hi? 2z2+i- #mi i?2 BKT�+i QM BM+2MiBp2b /Q2b 2tBbi 7Q` � ;2M2`�H +H�bb
Q7 miBHBiv 7mM+iBQMbX

jXR aBKmH�iBQM Q7 i?2 PTiBK�H *QMi`�+i
P#b2`p2 i?�i i?2 QTiBK�H +QMi`�+i 7`QK UR9V /Q2b MQi ?�p2 � +HQb2/@7Q`K bQHmiBQM- bQ
bBKmH�iBQM Bb M2+2bb�`vX >Qr2p2`- i?2 BM+2MiBp2 +QMbi`�BMi /Q2b MQi ?�p2 � +HQb2/@7Q`K
bQHmiBQM 2Bi?2`- bQ r2 +�MMQi }`bi /2`Bp2 i?2 2zQ`i- e �b � 7mM+iBQM Q7 (s, b, t)X h?2`27Q`2
r2 mb2 i?2 ǳ7KBM+QMǴ 7mM+iBQM BM J�hG�" iQ bQHp2 i?2 QTiBKBx�iBQM T`Q#H2KX hQ
;2M2`�i2 i?2 bBKmH�iBQM `2bmHib- r2 i�F2 i?2 7QHHQrBM; bi2TbX

RX q2 �bbmK2 C(e) = 0.5ce2- u(x) = 3
√
x- g(ε) = N(0, σ2)X 6m`i?2`- r2 H2i c = 0.1-

ū = 1X

kX q2 /2}M2 � 7mM+iBQM M�K2/ ǳMH+QMUt- bB;K�VǴ BM J�hG�" iQ +�Tim`2 i?2 +QM@
bi`�BMib BM i?2 QTiBKBx�iBQM T`Q#H2KX >2`2- t Bb � p2+iQ` rBi? 7Qm` 2H2K2Mib-

kR
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6B;m`2 9, LmK2`B+�H bBKmH�iBQMb mM/2` +m#B+ miBHBiv �M/ K2�M@x2`Q MQ`K�H 2``Q`bX h?2
;`�T? b?Qrb i?2 QTiBK�H +QMi`�+i �b � 7mM+iBQM Q7 bB;K�- r?2M i?2 QmibB/2 QTiBQM Bb
}t2/ �i x2`QX

(s, t, b, e)X q2 BM+Hm/2 #Qi? #BM/BM; UA*V �M/ US*V +QMbi`�BMib BM i?Bb 7mM+iBQMX
6m`i?2`- r2 �HbQ `2[mB`2 (s, t, b, e) iQ #2 MQM@M2;�iBp2X

jX q2 KmHiBTHv T`Q}i 7mM+iBQM UR9V #v M2;�iBp2 QM2 �b Qm` Q#D2+iBp2 7mM+iBQMX

9X q2 H2i σ p�`v 7`QK yXR iQ 8 �M/ +�H+mH�i2 QTiBK�H x p2+iQ` (s∗, t∗, b∗, e∗) i?�i
KBMBKBx2b i?2 Q#D2+iBp2 7mM+iBQM mM/2` bT2+B}2/ +QMbi`�BMib �M/ r2 Q#i�BM i?2
+Q``2bTQM/BM; K�tBKmK T`Q}i /2`Bp2/ 7`QK i?2 KBMBKBx2/ Q#D2+iBp2 7mM+iBQMX

6B;m`2 9 b?Qrb MmK2`B+�H bBKmH�iBQM 7`QK i?2 2t�KTH2 rBi? +m#B+ miBHBiv �M/ MQ`K�H
2``Q`bX J�hG�" +Q/2 Bb �p�BH�#H2 QM `2[m2biX AM i?2 ;`�T?- r2 b?Qr i?2 QTiBK�H
+QMi`�+i �b � 7mM+iBQM Q7 σX LQiB+2 i?�i i?2 QTiBK�H i�`;2i �Hr�vb HB2b #2HQr 2[mBHB#`BmK
2zQ`iX AM �//BiBQM- #QMmb BM+`2�b2b rBi? `BbF }`bi- �M/ r?2M `BbF Bb H�`;2 2MQm;?- i?2
#QMmb bi�`ib iQ 7�HH BM `BbF UBM i?Bb +�b2- �TT`QtBK�i2Hv r?2M σ2 > 3.52 = 12.25VX h?mb-

kk



BM i?Bb +�b2 rBi? +m#B+ miBHBiv- i?2`2 Bb MQi �Hr�vb � `BbF@BM+2MiBp2b i`�/2@Qz �b T`2/B+i2/
BM HBM2�` +QMi`�+iX lM/2` T2`7Q`K�M+2 i�`;2i +QMi`�+i rBi? `BbF@�p2`b2 K�M�;2`- i?2`2
�`2 irQ 7Q`+2b i?�i �z2+i i?2 `2H�iBQM #2ir22M #QMmb �M/ `BbFX h?2 }`bi 7Q`+2 +QK2b
7`QK i?2 MQBb2 QM i?2 T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2iX AM Q`/2` iQ 2+QMQKBx2 QM i?2
+Qbib �bbQ+B�i2/ rBi? i`�Mb72``BM; `BbF iQ i?2 �;2Mi- i?2 }`K `2/m+2b i?2 i�`;2iX h?2
b2+QM/ 7Q`+2 +QK2b 7`QK i?2 `BbF@BM+2MiBp2b i`�/2@Qz- r?2`2 i?2 }`K `2/m+2b i?2 #QMmb
r?2M `BbF BM+`2�b2b- #2+�mb2 i?2 #QMmb HQ�/b `BbF QMiQ i?2 K�M;2`X h?2 bBKmH�iBQM `2bmHi
bm;;2bib i?�i #Qi? 7Q`+2b TQi2MiB�HHv +QMi`B#mi2 iQ i?2 `2H�iBQM #2ir22M #QMmb �M/ `BbFX
q?2M `BbF Bb HQr- i?2 }`bi 7Q`+2 /QKBM�i2bX h?2 `BbF@BM+2MiBp2b i`�/2@Qz /QKBM�i2b r?2M
`BbF ;2ib iQQ ?B;?X P7 +Qm`b2- 2p2M BM i?Bb bBKTH2 2t�KTH2- i?2 BKTHB+Bi 2[m�iBQMb i?�i
/2}M2 #Qi? i?2 K�M�;2`Ƕb �M/ }`KǶb QTiBK�H bQHmiBQMb �`2 bm{+B2MiHv +QKTH2t i?�i i?2
QTiBK�H i�`;2i �M/ #QMmb �`2 MQM@KQMQiQMB+X

9 *QKT�`BbQM rBi? GBM2�` *QMi`�+ib
hQ Tmi Qm` `2bmHib BM T2`bT2+iBp2- Bi K�v ?2HT iQ +QMbB/2` � bBKTH2 2t�KTH2 i?�i BHHmbi`�i2b
?Qr T2`7Q`K�M+2 i�`;2i +QMi`�+ib +�M T2`7Q`K #2ii2` i?�M HBM2�` +QMi`�+ibX AM i?Bb
b2+iBQM- r2 +QMbB/2` � HBM2` +QMi`�+i r?2`2 i?2 r�;2 T�B/ iQ i?2 K�M�;2` Bb w(q) = s+bq

�M/ �;2MiǶb +Qbi Q7 2zQ`i C(e) = 1
2ce

2X

9XR _BbF@M2mi`�H J�M�;2`
amTTQb2 i?�i i?2 K�M�;2` Bb `BbF@M2mi`�H �M/ ?�b � [m�/`�iB+ +Qbi Q7 2zQ`i C(e) = 1

2ce
2X

PmiTmi Bb q = e+ε �b #27Q`2- rBi? i?2 2``Q` i2`K MQ`K�HHv /Bbi`B#mi2/- BX2X- ε ∼ N(0, σ2)X
lM/2` i?Bb bT2+B}+ KQ/2H- i?2 K�M�;2` rBHH TB+F 2zQ`i ê i?�i K�tBKBx2b 2tT2+i2/ miBHBiv,

EU = s+ bE(q|e)− 1

2
ce2

= s+ be− 1

2
ce2.

UR8V

aQHpBM; K�M�;2`Ƕb T`Q#H2K r2 ;2i ê = b/cX AM Q`/2` iQ BKTH2K2Mi i?2 }`bi@#2bi 2zQ`i
e∗ = 1/c- i?2 T`BM+BT�H M22/b iQ T�v i?2 �;2Mi � #QMmb b̂ = 1X �b Bb +QKKQM- �bbmK2
i?2 K�M�;2` 7�+2b �M QmibB/2 QTiBQM ūX h?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz Kmbi #2 �i H2�bi
ū iQ BM/m+2 T�`iB+BT�iBQM- EU ≥ ūX q2 rBHH ?�p2 b�H�`v ŝ = ū − 1/(2c)X h?2 +Qbi Q7
BKTH2K2MiBM; e∗ Bb i?2 K�M�;2`Ƕb 2tT2+i2/ r�;2 Q7 Ew = ŝ+ b̂e∗ = (ū− 1

2c)+
1
c = ū+ 1

2c X

kj



AM/22/- r?2M �;2Mi Bb `BbF M2mi`�H- i?2 T`BM+BT�H rBHH ǳb2HH i?2 }`KǴ iQ i?2 K�M�;2` �M/
;2i i?2 7mHH bm`THmbX J2�Mr?BH2- i?2 �;2Mi rBHH ;2i ǳ/QHH�`@7Q`@/QHH�`Ǵ T�vQz 7Q` ?Bb QrM
2zQ`iX

6`QK b2+iBQM kXR- r2 FMQr i?�i i?2 }`bi #2bi +�M #2 BKTH2K2Mi2/ #v � T2`7Q`K�M+2
i�`;2i +QMi`�+i rBi? b�H�`v s = ū+C(e∗)−1/(2g(0))- #QMmb b = b∗ = 1/g(0)- �M/ i�`;2i
t = e∗ = 1/cX lM/2` i?Bb +QMi`�+i- i?2 K�M�;2`Ƕb r�;2 7mM+iBQM Bb

w(q) =





s∗ + b∗ B7 q ≥ e∗

s∗ Qi?2`rBb2.
UReV

h?2 }`K rBHH ;2i i?2 UK�tBKBx2/V iQi�H bm`THmbX h?2 T`Q#�#BHBiv Q7 bm++2bb Q7 `2�+?BM;
i?2 i�`;2i Bb P = Prob(q ≥ e∗) = 1−G(e∗ − e∗) = 1−G(0) = 1

2 X
h?2 +Qbi Q7 BKTH2K2MiBM; e∗ Bb i?2 b�K2 �b i?2 HBM2�` +QMi`�+i, Ew = P (s∗ + b∗) +

(1 − p)(s∗) = s∗ + b∗

2 = ū + C(e∗) = ū + 1
2c X h?2`27Q`2- r?2M i?2 �;2Mi Bb `BbF M2mi`�H-

#Qi? HBM2�` +QMi`�+i �M/ T2`7Q`K�M+2 i�`;2i +QMi`�+i +�M �+?B2p2 }`bi@#2bi 2zQ`i �M/
i?2 T`BM+BT�H ;2ib i?2 iQi�H bm`THmb mM/2` #Qi? +QMi`�+ibX

9Xk _BbF@�p2`b2 J�M�;2` rBi? J2�M@p�`B�M+2 S`272`2M+2b
LQr +QMbB/2` � `BbF@�p2`b2 K�M�;2` rBi? K2�M@p�`B�M+2 T`272`2M+2bX 6B`bi +QMbB/2` �
HBM2�` +QMi`�+i- r?2`2 r�;2 w = s+ bqX J�M�;2`Ƕb 2tT2+i2/ miBHBiv i?2M #2+QK2b

EUL = E(w)− r

2
V (w)− C(e) = s+ be− r

2
b2σ2 − C(e). URdV

H2�/BM; iQ e = b/c 7Q` UA*VX h?2 bm#b+`BTi L /2MQi2b ǳHBM2�`XǴ h?2 }`KǶb T`Q#H2K �HHQrb
bm#biBimiBM; BM UA*V �M/ US*V- bQ 2tT2+i2/ T`Q}ib �`2

ΠL(b) = e− r

2
b2σ2 − C(e)− ū. UR3V

J�tBKBxBM; T`Q}i Qp2` b ;Bp2b bL = (1 + rcσ2)−1X aQ 2[mBHB#`BmK T`Q}i Bb MQr

ΠL =
bL
c

− bL
2

2

(
rσ2 +

1

c

)
− ū URNV

=
1

c+ rc2σ2
− 1

2(1 + rcσ2)2

(
rσ2 +

1

c

)
− ū. UkyV

k9



lM/2` i?2 T2`7Q`K�M+2 i�`;2i +QMi`�+i- i?2 K�M�;2`Ƕb r�;2 7mM+iBQM Bb ;Bp2M #v,

w =

{
s+ b B7 q ≥ t

s B7 q < t.
UkRV

h?2 T`Q#�#BHBiv Q7 +H2�`BM; i?2 i�`;2i Bb P ≡ G(e− t)X P#b2`p2 i?�i,

w2 =

{
(s+ b)2 rBi? T`Q#�#BHBiv P

s2 rBi? T`Q#�#BHBiv 1− P.
UkkV

h?2`27Q`2- r2 +�M +�H+mH�i2,

E(w) = s+ bP, UkjV
E(w2) = (s+ b)2P + (s2)(1− P ) Uk9V

= s2 + P (b2 + 2sb). Uk8V
⇒ V (w) = E(w2)− (Ew)2 = Pb2(1− P ). UkeV

h?2 p�`B�M+2 Q7 i?2 K�M�;2`Ƕb r�;2 Bb � KQ`2 +QKTH2t 7mM+iBQM Q7 i?2 T`Q#�#BHBiv Q7
+H2�`BM; i?2 i�`;2iX A7 i?Bb T`Q#�#BHBiv Bb 2ti`2K2 U2Bi?2` y Q` RV i?2M i?2 p�`B�M+2 Bb y-
�M/ i?2 K�M�;2` rBHH bBKTHv K�tBKBx2 2tT2+i2/ r�;2- �b BM i?2 HBM2�` KQ/2H rBi? `BbF
M2mi`�HBivX h?Bb b?QmH/ #2 BMimBiBp2 #2+�mb2- B7 i?2 K�M�;2` Bb +2`i�BM iQ bm++22/ Q` 7�BH-
i?2`2 Bb MQ mM+2`i�BMiv BM ?Bb r�;2 +QMi`�+iX

aBM+2 i?2 r�;2 /2T2M/b QM r?2i?2` i?2 K�M�;2` +H2�`b i?2 i�`;2i Ur?B+? Bib2H7 /2@
T2M/b QM i?2 `2�HBx�iBQM Q7 εV- i?2 r�;2 Bb i?2`27Q`2 � `�M/QK p�`B�#H2X h?2 K�M�;2`Ƕb
T�vQz Bb � 7mM+iBQM Q7 i?2 KQK2Mib Q7 i?2 r�;2 7mM+iBQMX _2T`2b2Mi i?2 K�M�;2`Ƕb
K2�M@p�`B�M+2 T`272`2M+2b �b,

EU = E(w)− r

2
V (w)− C(e).

r?2`2 r Bb � +QMbi�Mi �#bQHmi2 `BbF@�p2`bBQM T�`�K2i2`X AMb2`iBM; E(w) �M/ V (w) BMiQ
EU ,

EU = (s+ bP )− r

2
Pb2(1− P )− C(e).

J�tBKBxBM; 2tT2+i2/ miBHBiv rBi? `2bT2+i iQ 2zQ`i �M/ `2�``�M;BM; i2`Kb ;Bp2b i?2
BM+2MiBp2 +QMbi`�BMi, (

b− r

2
b2(1− 2P )

)
g(e− t) = ce. UICV

"2+�mb2 (PC) #BM/b #v G2KK� R- i?2 }`KǶb 2tT2+i2/ T`Q}i ;Bp2M 2zQ`i e Bb

e− (s+ bP ) = e−
(
ū+

r

2
Pb2(1− P ) + C(e)

)
. UkdV
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6B;m`2 8, S`Q}i Q7 K2�M@p�`B�M+2 T`272`2M+2b mM/2` T2`7Q`K�M+2 i�`;2i +QMi`�+i �M/ i?2 HBM2�`
+QMi`�+iX

S`QTQbBiBQM 9 h?2 QTiBK�H T2`7Q`K�M+2 i�`;2i +QMi`�+i mM/2` K2�M@p�`B�M+2 T`272`@
2M+2 Bb +?�`�+i2`Bx2/ #v i?2 7QHHQrBM; bvbi2K Q7 2[m�iBQMb,

(
b− r

2
b2(1− 2P )

)
g(e− t) = ce; UICV

∂e

∂t
=

rb2g(e− t)2 + (b− (r/2)b2(1− 2P ))g′(e− t)

rb2g(e− t)2 + (b− (r/2)b2(1− 2P ))g′(e− t)− c
; Uk3V

∂e

∂b
=

−(1− rb(1− 2P ))g(e− t)

rb2g(e− t)2 + (b− (r/2)b2(1− 2P ))g′(e− t)− c
; UkNV

[1− bg(e− t)]
∂e

∂t
+ [bg(e− t)− ce] = 0; UjyV

[1− bg(e− t)]
∂e

∂b
= rbP (1− P ). UjRV

h?2 T`QQ7b �`2 BM i?2 �TT2M/BtX q?2M r = 0- bg(e − t) = 1 #v UjRV �M/ ?2M+2
1 = bg(e − t) = ce #v UjyVX aQ i?2 QTiBK�H +QMi`�+i BKTH2K2Mib i?2 }`bi@#2bi 2zQ`i

ke



e∗ = 1/cX 6Q` ;2M2`�H r > 0- Bi Bb +H2�` i?�i i?2`2 Bb MQ +HQb2/@7Q`K bQHmiBQM iQ i?2
QTiBK�H +QMi`�+i �M/ i?2 2zQ`i BM/m+2/X LQM2i?2H2bb- r2 r2`2 �#H2 iQ bBKmH�i2 bQK2
BMbB;?i BMiQ i?2 [m2biBQM Q7 i?2 QTiBK�HBiv Q7 T2`7Q`K�M+2 i�`;2ib p2`bmb HBM2�` +QMi`�+ib
BM i?Bb KQ/2H Q7 K2�M@p�`B�M+2 T`272`2M+2bX h?Bb �HHQrb KQ`2 Q7 �M �TTH2b@iQ@�TTH2b
+QKT�`BbQM Q7 i?2 }`KǶb T`Q}i mM/2` i?2 irQ +QMi`�+i ivT2bX 6B;m`2 8 b?Qrb THQib 7Q` i?2
irQ /Bz2`2Mi +QMi`�+ibX Pp2`�HH- i?2 T2`7Q`K�M+2 i�`;2i +QMi`�+ib bi`B+iHv /QKBM�i2 i?2
HBM2�` QM2b- 2t+2Ti r?2M i?2 �;2Mi ?�b � HQr H2p2H Q7 `BbF �p2`bBQM Q` i?2 `BbF Bb p2`v HQr
Ur?2`2 i?2 irQ T`Q}ib /Bz2` #v KBMBK�H �KQmMiVX3 AM KQbi Qi?2` `2;BQMb- T2`7Q`K�M+2
i�`;2i +QMi`�+ib 7�`2 #2ii2` i?�M HBM2�` +QMi`�+ibX AM `2�HBiv- 2t2+miBp2 +QMi`�+ib �`2 �
KBt Q7 #Qi? HBM2�` �M/ T2`7Q`K�M+2 i�`;2i +QMi`�+ib- rBi? /Bb+`2i2 DmKTb �M/ HBM2�`
`2;BQMb BM #2ir22M i?2KX h?Bb �M�HvbBb bim/B2b i?2 irQ 2ti`2K2b �M/ i?2 bBKmH�iBQM
`2bmHib H2M/ bmTTQ`i iQ i?2 rB/2 mb2 Q7 T2`7Q`K�M+2 i�`;2i +QMi`�+ibX

8 *QM+HmbBQM
lMiBH p2`v `2+2MiHv- �+�/2KB+ `2b2�`+?2`b ?�p2 H�`;2Hv ;m2bb2/ r?�i 2t2+miBp2 +QMi`�+ib
�+im�HHv HQQF HBF2X AM i?2 7�+2 Q7 bm+? H�+F Q7 FMQrH2/;2 �#Qmi i?2b2 bT2+B}+ +QMi`�+ib-
HBM2�` KQ/2Hb �`2 ;QQ/ }`bi �TT`QtBK�iBQMb- ;Bp2M i?2B` bBKTHB+Biv �M/ `Q#mbiM2bbX h?Bb
?�b ;2M2`�i2/ i?2 H�`;2 G1L HBi2`�im`2 BM �++QmMiBM; �M/ }M�M+2 UQM i?2 i?2Q`v bB/2V-
+QmTH2/ rBi? HBM2�` i2bib Q7 i?2 `BbF BM+2MiBp2b i`�/2@Qz UQM i?2 2KTB`B+�H bB/2VX u2i-
2KTB`B+�H i2bib Q7 i?2 `BbF BM+2MiBp2b i`�/2@Qz `2K�BM r2�F- �M/ � +QKT`2?2MbBp2 i2bi
i?�i +QK#BM2b KQ/2Hb Q7 �+im�H +QMi`�+ib- rBi? � T`2+Bb2 }i iQ 2KTB`B+�H /�i�- `2K�BMb
2HmbBp2X

aBM+2 i?2 a1* `2[mB`2/ KQ`2 /Bb+HQbm`2 Q7 2t2+miBp2 +QMi`�+ib BM kyye- r2 MQr ?�p2
� #2ii2` b2Mb2 Q7 r?�i 7Q`K *1P T�v �+im�HHv i�F2bX � MQi2rQ`i?v 72�im`2 Q7 i?2b2
+QMi`�+ib Bb i?2 `2HB�M+2 QM � T2`7Q`K�M+2 i�`;2i Q7 bQK2 FBM/- r?B+? BMpQHp2b �M 2tTHB+Bi
T�vQmi �++Q`/BM; iQ � T`2@bT2+B}2/ i�`;2iX h?Bb T�T2` KQ/2Hb bm+? +QMi`�+ib 2tTHB+BiHvX
q2 b?Qr i?�i mM/2`- `BbF M2mi`�HBiv- i?2 T2`7Q`K�M+2 i�`;2i +QMi`�+i +�M �+?B2p2 }`bi@
#2bi rBi? � i�`;2i T`2+Bb2Hv 2[m�H iQ i?2 /2bB`2/ 2zQ`i i?�i i?2 }`K b22Fb iQ BM/m+2X
q?2M i?2 K�M�;2` Bb bm{+B2MiHv `BbF �p2`b2- i?2 }`K rBHH b?�/2 i?2 QTiBK�H i�`;2i

3AM Qm` bBKmHBiBQM `2bmHib- r2 b2i p�`v σ 7`QK yXR iQ j rBi? � yXR BMi2`p�HX GBM2�` +QMi`�+i QmiT2`7Q`Kb
T2`7Q`K�M+2 i�`;2i +QMi`�+i r?2M σ = 0.1 �M/ T2`7Q`K�M+2 i�`;2i +QMi`�+i bi�`ib iQ QmiT2`7Q`K HBM2�`
+QMi`�+i 7`QK σ = 0.2X h?Bb BM/B+�i2b T2`7Q`K�M+2 i�`;2i +QMi`�+i /QKBM�i2b HBM2�` +QMi`�+i KQbi Q7
i?2 iBK2X

kd



#2HQr 2[mBHB#`BmK 2zQ`i iQ T`QpB/2 � 7Q`K Q7 BMbm`�M+2 iQ i?2 K�M�;2`X Pm` T�T2`
BM/B+�i2b i?�i i?2 T2`7Q`K�M+2 i�`;2i Bb BM/22/ � TQr2`7mH iQQH i?�i T`QpB/2 i?2 }`K
rBi? �M �//BiBQM�H BMbi`mK2Mi iQ `2bQHp2 KQ`�H ?�x�`/ T`Q#H2Kb rBi? i?2 K�M�;2`X

L2p2`i?2H2bb- i?Bb T�T2` ;2M2`�i2b � ?Qbi Q7 M2r BMimBiBQMb �M/ BMbB;?ib i?�i +�M #2
i2bi2/ �;�BMbi 2t2+miBp2 T�v /�i�, URV i?2 QTiBK�H #QMmb BM+`2�b2b BM `BbF- UkV i?2 i�`;2i
T`QpB/2b BMbm`�M+2 UBM �//BiBQM iQ i?2 #QMmbV iQ ?2HT `2bQHp2 i?2 K�M�;2`Ƕb KQ`�H ?�x�`/
T`Q#H2K- �M/ UjV ?Qr i?2 QTiBK�H #QMmb �M/ i�`;2i 7�`2 �;�BMbi � HBM2�` +QMi`�+iX h?Bb
`2bmHi Bb BM +QMi`�bi iQ i?2 BM+2MiBp2@`BbF i`�/2@Qz BM i`�/BiBQM�H G1L KQ/2HXN

h?2 i`2M/ iQr�`/ KQ`2 /Bb+HQbm`2 K�F2b 2t2+miBp2 +QMi`�+ib �p�BH�#H2 iQ i?2 �M�Hvbi-
r?Q +�M i?2M i�BHQ` i?2 i?2Q`v �M/ ;2M2`�i2 KQ`2 T`2+Bb2 2KTB`B+�H T`2/B+iBQMb i?�M r2`2
TQbbB#H2 #27Q`2X h?Bb M2r `2b2�`+? �;2M/� KBt2b i?2Q`v rBi? 2KTB`B+b �i � KQ`2 BMiBK�i2
H2p2H- bBM+2 i?2 +QMi`�+i Bib2H7 2K2`;2b 7`QK T`�+iB+2X q2 `2K�BM QTiBKBbiB+ �#Qmi ?Qr
7mim`2 rQ`F +�M 2tTHQ`2 /vM�KB+ 2z2+ib- 2�`MBM;b K�M�;2K2Mi- i?2 BM7Q`K�iBp2M2bb
T`BM+BTH2- i2�K BM+2MiBp2b- �M/ K�Mv Qi?2` i?2Q`2iB+�H [m2biBQMb `2;�`/BM; +QMi`�+ib
mb2/ BM T`�+iB+2- Q7 r?B+? T2`7Q`K�M+2 i�`;2ib �`2 Dmbi QM2 2t�KTH2XRy q2 ?QT2 i?�i
7mim`2 `2b2�`+? +�M #mBH/ mTQM Qm` KQ/2H �M/ ;2M2`�i2 2KTB`B+�H BKTHB+�iBQMb i?�i +�M
BMbTB`2 7mim`2 `2b2�`+?2`b iQ i2bi i?Qb2 T`2/B+iBQMb �;�BMbi /�i�X

e �TT2M/Bt
AM S`QTQbBiBQM R- r2 +H�BK i?�i i?2 +QMi`�+i t∗ = e∗- b∗ = 1

g(0) - �M/ s∗ = ū+C(e∗)− 1
2g(0)

Bb i?2 QTiBK�H +QMi`�+i UrBi? i?2 bK�HH2bi #QMmbVX *H�BKb R �M/ k T`Qp2 i?Bb T`QTQbBiBQMX
q2 }`bi b?Qr i?�i i?Bb +QMi`�+i mMB[m2Hv BKTH2K2Mib i?2 }`bi@#2bi 2zQ`i e∗X

*H�BK R amTTQb2 i?�i i?2 /Bbi`B#miBQM G b�iBb}2b max[−1/c,0] g′(ε) < cg(0)X h?2 +QMi`�+i
(s∗, t∗, b∗) =

(
ū+ 1

2c −
1

2g(0) ,
1
c ,

1
g(0)

)
mMB[m2Hv BKTH2K2Mib e∗ = 1

c X
Nq?2M i?2 �;2Mi Bb `BbF �p2`b2- QTiBK�H #QMmb }`bi BM+`2�b2b BM `BbF �M/ i?2M /2+`2�b2b BM `BbFX

aiBHH i?Bb `2bmHi bm;;2bi i?2 `2H�iBQM #2ir22M #QMmb �M/ `BbF Bb +QMiBM;2Mi QM i?2 H2p2H Q7 `BbFX AM/22/-
2KTB`B+�H bim/B2b }M/ KBt2/ 2pB/2M+2 QM i?2 `2H�iBQM #2ir22M BM+2MiBp2 #QMmb �M/ `BbFX

Ry6Q` 2t�KTH2- �M QT2M [m2biBQM `2H�i2/ rBi? 2�`MBM;b K�M�;2K2Mi Bb i?2 }`KǶb /2bB`2 iQ /Bb+Qm`�;2
2�`MBM;b K�M�;2K2MiX � 7mHH 2tTHQ`�iBQM Q7 i?Bb T?2MQK2MQM Bb QmibB/2 i?2 b+QT2 Q7 i?Bb T�T2`- #mi
rQ`i?v Q7 7mim`2 `2b2�`+?X "BxD�F 2i �HX UkyR9V }M/b 2KTB`B+�HHv i?�i T2`7Q`K�M+2 i�`;2ib BM/m+2 `2�H
2�`MBM;b K�M�;2K2Mi `�i?2` i?�M �++`m�Hb K�M�;2K2Mi- #mi iQ /�i2 i?2`2 Bb MQ i?2Q`2iB+�H BMp2biB;�iBQM
Q7 i?Bb [m2biBQMX

k3



S`QQ7, LQi2 i?�i e∗ = 1
c �M/ C(e∗) = 1

2c X 6B`bi- r2 b?Qr i?�i (IC) ?QH/b mMB[m2Hv r?2M
e = 1

c = e∗X
P#b2`p2 i?�i i?2 6P* ?QH/b r?2M e = e∗- BX2X-

b∗g(e− t∗)− C ′(e)

=[1/g(0)]g(e− 1/c)− ce

=[1/g(0)]g(0)− 1

=0,

r?2`2 i?2 b2+QM/ 2[m�HBiv Bb b�iBb}2/ r?2M r2 `2TH�+2 e #v e∗ = 1/cX 6m`i?2`KQ`2- i?2
SOC ?QH/b ;HQ#�HHv mM/2` Qm` �bbmKTiBQM- BX2X-

b∗g′(e− t∗)− C ′′(e)

=[1/g(0)]g′(e− 1/c)− c < 0 7Q` �HH e ≥ 0.

h?Bb Bb 2[mBp�H2Mi iQ
g′(ε) < cg(0) 7Q` �HH ε ≥ −1/c.

"v i?2 �bbmKTiBQM Q7 mMBKQ/�H T`Q#�#BHBiv /Bbi`B#miBQM- g′(ε) < 0 7Q` �HH ε > 0X aQ g′(ε) <

0 < cg(0) 7Q` �HH ε > 0X "2+�mb2 i?2 +QMiBMmQmb 7mM+iBQM g′ b�iBb}2b max[−1/c,0] g′(ε) <

cg(0)- g′(ε) < cg(0) 7Q` �HH ε ∈ [−1/c, 0]X >2M+2 g′(ε) < cg(0) 7Q` �HH ε ≥ −1/c �M/
2[mBp�H2MiHv [1/g(0)]g′(e − 1/c) − c < 0 7Q` �HH e ≥ 0X aQ e∗ = 1/c Bb i?2 mMB[m2
K�tBKBx2` 7Q` i?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz ;Bp2M i?Bb +QMi`�+iX

h?2M r2 +?2+F (PC) Bb b�iBb}2/ mM/2` i?Bb +QMi`�+i r?B+? BKTH2K2Mib e = e∗ = 1/c,

u(s)G(t− e) + u(s+ b)G(e− t)− C(e)

=s+ bG(e− t)− C(e)

=ū+ 1/(2c)− 1/[2g(0)] + [1/g(0)]G(e− 1/c)− (1/2)ce2

=ū+ 1/(2c)− 1/[2g(0)] + [1/g(0)]G(0)− (1/2)c(1/c)2

=ū,

r?2`2 i?2 }`bi 2[m�HBiv 7QHHQrb 7`QK `BbF M2mi`�HBiv �M/ i?2 i?B`/ 2[m�HBiv Bb b�iBb}2/
r?2M r2 `2TH�+2 e #v e∗ = 1/cX !

h?2 +QM/BiBQM max[−1/c,0] g′(ε) < cg(0) Bb b�iBb}2/ mM/2` K�Mv /Bbi`B#miBQMbX 6Q`
2t�KTH2- i?2 T`Q#�#BHBiv /2MbBiv 7mM+iBQM Q7 i?2 MQ`K�H /Bbi`B#miBQM rBi? K2�M 0 �M/
p�`B�M+2 σ2 Bb g(ε) = (1/

√
2πσ2) exp (−ε2/(2σ2))X h?2M g(0) = 1/

√
2πσ2 �M/ g′(ε) =

kN



(1/
√
2πσ2)[−ε/(σ2)] exp (−ε2/(2σ2))X aQ g′(ε) > 0 r?2M ε < 0- g′(ε) = 0 r?2M ε =

0- �M/ g′(ε) < 0 r?2M ε > 0X LQi2 i?�i g′′(ε) = (1/
√
2πσ2)[1/(σ2)] exp (−ε2/(2σ2))

[(ε2)/(σ2)−1]X h?2M g′(ε) bi`B+iHv BM+`2�b2b BM ε 7Q` ε < −σ- `2�+?2b i?2 ;HQ#�H K�tBKmK
�i ε = −σ- �M/ bi`B+iHv /2+`2�b2b BM ε 7Q` −σ < ε ≤ 0X � bm{+B2Mi +QM/BiBQM 7Q`
max[−1/c,0] g′(ε) < cg(0) Bb i?�i

c >
exp (−1/2)

σ
, UjkV

BX2X- i?2 +Qbi 7mM+iBQM Bb +QMp2t 2MQm;? Q` i?2 T2`7Q`K�M+2 K2�bm`2 bT`2�/b QmiX h?Bb Bb
#2+�mb2 i?2 K�tBKmK p�Hm2 g′(−σ) = (1/

√
2πσ2)(1/σ) exp (−1/2) �M/ cg(0) = c/

√
2πσ2X

A7 g′(−σ) < cg(0)- i?2M (1/σ) exp (−1/2) < cX h?2`27Q`2- i?2 +QM/BiBQM r2 T`QpB/2 BM
i?2 *H�BK UiQ ;m�`�Mi22 i?2 ;HQ#�HHv b�iBb}2/ SOCV Bb ;2M2`�H 2MQm;? 7Q` bm{+B2MiHv
+QMp2t +Qbi 7mM+iBQMbX

L2ti- r2 b?Qr i?�i (s∗, t∗, b∗) Bb i?2 QTiBK�H +QMi`�+i i?�i ?�b i?2 HQr2bi #QMmbX

*H�BK k h?2 +QMi`�+i (s∗, t∗, b∗) = (ū + 1/(2c) − 1/[2g(0)], 1/c, 1/g(0)) Bb QTiBK�H �M/
i?2 #QMmb Bb i?2 bK�HH2bi �KQM; �HH QTiBK�H +QMi`�+ibX

S`QQ7, (PC) #BM/b mM/2` (s∗, t∗, b∗) #v *H�BK RX "2+�mb2 i?2 }`K K�tBKBx2b ?2` T�vQz
�i i?2 }`bi@#2bi 2zQ`i e∗- (s∗, t∗, b∗) Bb �M QTiBK�H +QMi`�+iX q2 b?Qr i?�i i?2 #QMmb BM
�M QTiBK�H +QMi`�+i +�MMQi #2 HQr2` i?�M 1/g(0)X "2+�mb2 i?2 2zQ`i BKTH2K2Mi2/ Bb e∗

mM/2` �M QTiBK�H +QMi`�+i- FOC Kmbi ?QH/ �i e∗ mM/2` bm+? +QMi`�+iX Pi?2`rBb2- i?2
K�M�;2` rBHH K�F2 �M 2zQ`i Qi?2` i?�M e∗ #v +QMiBMmBiv �M/ i?2 }`K Bb bi`B+iHv rQ`b2 QzX
A7 i?2 #QMmb Bb bi`B+iHv HQr2` i?�M 1/g(0)- i?2 }`bi /2`Bp�iBp2 Q7 i?2 K�M�;2`Ƕb 2tT2+i2/
T�vQz �i e∗ Bb i?2M

bg(e∗ − t)− C ′(e∗)

=bg(e∗ − t)− ce∗

=bg(e∗ − t)− 1

≤bg(0)− 1

<1− 1 = 0,

r?B+? BKTHB2b � +QMi`�/B+iBQMX >2M+2- i?2 +QMi`�+i (s∗, t∗, b∗) = (ū+1/(2c)−1/[2g(0)], 1/c, 1/g(0))

Bb i?2 QTiBK�H +QMi`�+i rBi? i?2 bK�HH2bi #QMmbX !

S`QTQbBiBQM R i?2M 7QHHQrb 7`QK *H�BKb R �M/ kX

jy



S`QQ7 Q7 S`QTQbBiBQM k, q2 mb2 b2+QM/@Q`/2` biQ+?�biB+ /QKBM�M+2 iQ K2�bm`2 �M
BM+`2�b2 BM i?2 /BbT2`bBQM Q7 i?2 /Bbi`B#miBQMX �bbmK2 gi 7Q` i = 1, 2 �`2 irQ T`Q#�#BHBiv
/2MbBiB2b Qp2` i?2 `2�H HBM2 rBi? K2�M 0 �M/ }MBi2 p�`B�M+2 i?�i #Qi? b�iBb7v i?2 bBM;H2@
T2�F2/ +QM/BiBQMX amTTQb2 G1 Bb b2+QM/@Q`/2` biQ+?�biB+�HHv /QKBM�Mi Qp2` G2X "v
/2}MBiBQM- 7Q` �HH w ∈ (−∞,∞)- r2 ?�p2 S1(w) < S2(w) �M/ S1(∞) = S2(∞) r?2`2

Si(w) =

∫ w

−∞
Gi(w)dw. UjjV

amTTQb2 g2(0) > g1(0)X "v i?2 bBM;H2@T2�F2/ +QM/BiBQM- g Bb BM+`2�bBM; Qp2` Bib
M2;�iBp2 /QK�BM- bQ gi(0) > gi(x) 7Q` 2�+? x < 0X LQr g2(0) > g1(0)- #Qi? /2MbBiB2b �`2
bi`B+iHv BM+`2�bBM;- �M/ i?2v #Qi? BMi2;`�i2 iQ i?2 b�K2 p�Hm2- G1(0) = G2(0) =

1
2 - �i

i?2 2M/ TQBMi Q7 i?2 BMi2`p�H (−∞, 0)X h?2M i?2`2 2tBbib � z ∈ (−∞,∞) bm+? i?�i

g2(x) < g1(x), ∀x < z. Uj9V

AMi2;`�i2 #Qi? bB/2b Q7 i?Bb BM2[m�HBiv Qp2` (−∞, x) 7Q` 2�+? x < z iQ ;2M2`�i2

G2(x) < G1(x), ∀x < z. Uj8V

AMi2;`�i2 Qp2` (−∞, z) iQ �``Bp2 �i

S2(z) < S1(z). UjeV

h?Bb +QMi`�/B+ib i?2 /2}MBiBQM Q7 aPa.X h?2`27Q`2 g2(0) < g1(0)- �M/ bQ i?2 QTiBK�H
#QMmb 7`QK S`QTQbBiBQM R Bb

b∗1 =
1

g1(0)
<

1

g2(0)
= b∗2. UjdV

!

6Q` b?Q`i?�M/- /2MQi2

∆ := u(s+ b)− u(s) > 0 �M/ ∆′ := u′(s+ b)− u′(s) < 0. Uj3V

#2+�mb2 miBHBiv Bb BM+`2�bBM; �M/ +QM+�p2X
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S`QQ7 Q7 G2KK� R, amTTQb2 i?�i 7Q` i?2 +?2�T2bi +QMi`�+i (s, t, b) i?�i BM/m+2b �M
2zQ`i e- u(s)G(t − e) + u(s + b)G(e − t) − C(e) > ūX G2i α = u(s)G(t − e) + u(s +

b)G(e − t) − C(e) − ū > 0X *QMbB/2` �M �Hi2`M�iBp2 +QMi`�+i (s′, t′, b′) bm+? i?�i t′ = t-
u(s′) = u(s)− α- �M/ u(s′ + b′) = u(s+ b)− αX "2+�mb2

u(s′)G(t− e) + u(s′ + b′)G(e− t)− C(e)

=[u(s)− α]G(t− e) + [u(s+ b)− α]G(e− t)− C(e)

=u(s)G(t− e) + u(s+ b)G(e− t)− C(e)− α

≥u(s)G(t− ẽ) + u(s+ b)G(ẽ− t)− C(ẽ)− α

=[u(s)− α]G(t− ẽ) + [u(s+ b)− α]G(ẽ− t)− C(ẽ)

=u(s′)G(t− ẽ) + u(s′ + b′)G(ẽ− t)− C(ẽ) 7Q` �HH ẽ,
UICV biBHH ?QH/b �M/ i?2 �;2Mi rBHH biBHH +?QQb2 eX JQ`2Qp2`- u(s′)G(t−e)+u(s′+b′)G(e−
t)−C(e) = [u(s)−α]G(t−e)+[u(s+b)−α]G(e−t)−C(e) = u(s)G(t−e)+u(s+b)G(e−
t) − C(e) − α = ūX aQ (PC) �HbQ ?QH/bX h?2M i?2 +QMi`�+i (s′, t′, b′) BKTH2K2Mib 2zQ`i
e #mi ;Bp2b i?2 }`K � bi`B+iHv ?B;?2` T�vQz UQ` � bi`B+iHv HQr2` T�vQmiV i?�M (s, t, b)-
r?B+? +QMi`�/B+ib i?2 �bbmKTiBQM i?�i (s, t, b) Bb i?2 +?2�T2bi +QMi`�+i i?�i BM/m+2b eX !

S`QQ7 Q7 G2KK� k, h?2 BM+2MiBp2 +QMbi`�BMi Bb

g(e− t)[u(s+ b)− u(s)] = C ′(e) = ce.

G2i e∗ #2 i?2 K�M�;2`Ƕb 2zQ`i BM/m+2/ BM 2[mBHB#`BmKX amTTQb2 i?�i g(e∗ − t)[u(s+ b)−
u(s)] > C ′(e∗) = ce∗X "2+�mb2 i?2 /Bbi`B#miBQM 7mM+iBQM �M/ i?2 K�`;BM�H +Qbi Q7 2zQ`i
�`2 +QMiBMmQmb BM 2zQ`i- i?2`2 Bb e′ > e∗ bm+? i?�i g(e− t)[u(s+ b)−u(s)] = ∆g(e− t) >

C ′(e) = ce 7Q` �HH e ∈ [e∗, e′]X h?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz 7`QK b2H2+iBM; e∗ Bb

u(s) +∆G(e∗ − t)− C(e∗) = u(s) +∆G(−t) +

∫ e∗

0

(∆g(e− t)− ce)de. UjNV

PM i?2 Qi?2` ?�M/- i?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz 7`QK b2H2+iBM; e′ Bb

jk



u(s) +∆G(e′ − t)− C(e′)

=u(s) +∆G(−t) +

∫ e′

0

(∆g(e− t)− ce)de

=u(s) +∆G(−t) +

∫ e∗

0

(∆g(e− t)− ce)de+

∫ e′

e∗
(∆g(e− t)− ce)de

=[u(s) +∆G(e∗ − t)− C(e∗)] +

∫ e′

e∗
(∆g(e− t)− ce)de

>u(s) +∆G(e∗ − t)− C(e∗),

U9yV

r?2`2 i?2 BM2[m�HBiv 7QHHQrb 7`QK ∆g(e− t) > ce 7Q` e ∈ [e∗, e′]X h?Bb BKTHB2b i?�i e∗ Bb
MQi i?2 2[mBHB#`BmK 2zQ`i Q7 i?2 K�M�;2`- r?B+? +QMi`�/B+ib i?2 ?vTQi?2bBbX aBKBH�`Hv-
r2 +�M b?Qr i?�i i?2 K�M�;2` +�M BKT`Qp2 ?Bb T�vQz #v b2H2+iBM; � K�`;BM�HHv HQr2`
2zQ`i B7 g(e∗ − t)[u(s+ b)− u(s)] < C ′(e∗) = ce∗X h?Bb +QKTH2i2b i?2 T`QQ7X !

*H�BK j �bbmK2 i?�i g′′ += 0 Qp2` RX h?2 b2+QM/@Q`/2` +QM/BiBQM 7Q` i?2 K�M�;2`Ƕb
T`Q#H2K g′(e− t)∆− c < 0 ?QH/b �i i?2 2zQ`i BM/m+2/X

S`QQ7, aBM+2 g′′ += 0 Qp2` R- g′ Bb MQi +QMbi�Mi �i i?2 M2B;?#Q`?QQ/ Q7 �Mv TQBMiX aQ
i?2 b2+QM/ /2`Bp�iBp2 g′(e − t)∆ − c Bb MQi +QMbi�Mi �i x2`Q �`QmM/ i?2 2zQ`i BM/m+2/X
LQi2 i?�i g′(e− t)∆− c Bb � +QMiBMmQmb 7mM+iBQM Q7 eX

A7 g′(ê − t)∆ − c > 0 7Q` i?2 2zQ`i ê BM/m+2/- i?2M ∆g(e − t) − ce < 0 7Q` e < ê

�M/ ∆g(e − t) − ce > 0 7Q` e > ê #v i?2 (IC) +QM/BiBQM T`Qp2/ BM G2KK� kX >2M+2
i?2 K�M�;2` +�M BKT`Qp2 ?Bb T�vQz #v K�`;BM�HHv BM+`2�bBM; 2zQ`i 7`QK i?2 bBKBH�`
�`;mK2Mi b?QrM BM G2KK� kX

A7 g′(ê − t)∆ − c = 0 7Q` i?2 2zQ`i ê BM/m+2/- 2Bi?2` ∆g(e − t) − ce < 0 7Q` e += ê

M2�`#v Q` ∆g(e − t) − ce > 0 7Q` e += ê M2�`#vX h?2 K�M�;2` +�M BKT`Qp2 ?Bb T�vQz
#v K�`;BM�HHv /2+`2�bBM; 2zQ`i BM i?2 7Q`K2` +�b2 �M/ #v K�`;BM�HHv BM+`2�bBM; 2zQ`i BM
i?2 H�ii2` +�b2X

h?2`27Q`2 g′(ê− t)∆− c < 0 �i i?2 2zQ`i ê BM/m+2/X !

AM S`QTQbBiBQM j- r2 +H�BK i?�i i?2 2zQ`i i?�i Bb �+im�HHv BKTH2K2Mi2/ +�M M2p2`
#2 H2bb i?�M i?2 i�`;2i mM/2` i?2 QTiBK�H +QMi`�+iX h?Bb Bb b?QrM #v /2KQMbi`�iBM;
i?�i � +QMi`�+i rBi? � HQr2` i�`;2i rQmH/ BKTH2K2Mi i?2 b�K2 2zQ`i �i � HQr2` +Qbi
7Q` i?2 }`KX q2 BM+Hm/2 i?2 i2+?MB+�H /Bb+mbbBQM BM i?2 T`QQ7X AM T�`iB+mH�`- r2 b?Qr

jj



i?�i mM/2` i?2 +QMi`�+i rBi? HQr2` i�`;2i- i?2 K�M�;2` rBHH b2H2+i i?2 2[mBHB#`BmK 2zQ`i
2p2M B7 i?2`2 �`2 Qi?2` bQHmiBQMb iQ i?2 (IC) +QMbi`�BMiX h?2 �`;mK2Mi �TTHB2b iQ �Mv
Ubi`QM;HvV mMBKQ/�H /Bbi`B#miBQMX q2 T`Qp2 S`QTQbBiBQM j BM � b2`B2b Q7 bi2Tb- r?B+? r2
bi�i2 �M/ T`Qp2 �b +H�BKbX

Ai Bb +H2�` i?�i ê += t̂ r?2M i?2 K�M�;2` Bb `BbF �p2`b2X q2 }`bi T`Qp2 i?�i B7 �M
2zQ`i Bb BKTH2K2Mi2/ #v � +QMi`�+i rBi? i�`;2i t > e �M/ bT`2�/ ∆- Bi Bb BKTH2K2Mi2/
#v �MQi?2` +QMi`�+i rBi? i�`;2i t < e �M/ i?2 b�K2 bT`2�/ ∆ �b r2HHX

*H�BK 9 A7 � +QMi`�+i rBi? t = ê+ z BKTH2K2Mib 2zQ`i ê 7Q` bQK2 z > 0- i?2M bQ /Q2b
� +QMi`�+i rBi? t = ê− z �M/ i?2 b�K2 bT`2�/X

S`QQ7, G2i (s, b, tH) #2 � +QMi`�+i ;2M2`�iBM; 2zQ`i ê bm+? i?�i ê < tH X G2i ∆ =

u(s + b) − u(s) #2 i?2 bT`2�/X G2i z = tH − ê > 0X q2 b?Qr i?�i i?2 2zQ`i ê Bb �HbQ
BKTH2K2Mi2/ #v � +QMi`�+i rBi? tL = ê − z �M/ i?2 b�K2 bT`2�/ ∆X Ai Bb +H2�` i?�i
tL < ê < tH X

6B`bi- r2 +H�BK i?�i i?2 (IC) +QM/BiBQM ?QH/b 7Q` i?2 +QMi`�+i rBi? i�`;2i tLX LQi2
i?�i i?2 bT`2�/ ∆ Bb i?2 b�K2 7Q` i?2 irQ +QMi`�+iX h?2M r2 ?�p2

g(ê− tL)∆− cê = g(z)∆− cê = g(−z)∆− cê = g(ê− tH)∆− cê = 0, U9RV

r?2`2 i?2 }`bi 2[m�HBiv 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 tL- i?2 b2+QM/ 2[m�HBiv 7QHHQrb 7`QK
i?2 bvKK2i`v Q7 g- i?2 i?B`/ 2[m�HBiv 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 z- �M/ i?2 7Qm`i?
2[m�HBiv 7QHHQrb 7`QK (IC) 7Q` i?2 +QMi`�+i rBi? i�`;2i tH X >2M+2 ê Bb QM2 bQHmiBQM iQ
i?2 (IC) +QM/BiBQM 7Q` i?2 +QMi`�+i rBi? i�`;2i tLX

L2ti- r2 b?Qr i?�i i?2 K�M�;2` rBHH b2H2+i ê mM/2` i?2 +QMi`�+i rBi? i�`;2i tL

2p2M B7 i?2`2 �`2 KmHiBTH2 bQHmiBQMb iQ (IC)X amTTQb2 i?�i i?2 K�M�;2`Ƕb T�vQz +�M #2
K�tBKBx2/ #v �M 2zQ`i e′ += ê mM/2` i?2 +QMi`�+i rBi? i�`;2i tLX aBM+2 ce Bb bi`B+iHv
BM+`2�bBM; �M/ g(e − tL)∆ Bb bi`B+iHv /2+`2�bBM; BM e > tL- i?2`2 Bb � mMB[m2 bQHmiBQM
;`2�i2` i?�M tL iQ (IC) 7Q` i?2 +QMi`�+i rBi? i�`;2i tL- r?B+? Bb ê Uê > tLVX 6m`i?2`
#2+�mb2 e′ += ê- e′ Kmbi #2 H2bb i?�M tLX "2+�mb2 r2 �bbmK2 i?�i i?2 K�M�;2` ;2ib �
r2�FHv ?B;?2` T�vQz 7`QK e′ i?�M ê mM/2` i?2 +QMi`�+i rBi? i�`;2i tL-

j9



∫ ê

e′
(∆g(e− tL)− ce)de

=[u(s) +∆G(−tL) +

∫ ê

0

(∆g(e− tL)− ce)de]− [u(s) +∆G(−tL) +

∫ e′

0

(∆g(e− tL)− ce)de]

=[u(s) +∆G(ê− tL)− C(ê)]− [u(s) +∆G(e′ − tL)− C(e′)] ≤ 0,
U9kV

r?2`2 i?2 BM2[m�HBiv 7QHHQrb 7`QK i?2 ?vTQi?2bBbX 6m`i?2`KQ`2- Q#b2`p2 i?�i g(e −
tH)∆ < g(e− tL)∆ 7Q` e < ê mM/2` i?2 mMBKQ/�H /Bbi`B#miBQMX h?2M r2 ?�p2

[u(s) +∆G(ê− tH)− C(ê)]− [u(s) +∆G(e′ − tH)− C(e′)]

=[u(s) +∆G(−tH) +

∫ ê

0

(∆g(e− tH)− ce)de]− [u(s) +∆G(−tH) +

∫ e′

0

(∆g(e− tH)− ce)de]

=

∫ ê

e′
(∆g(e− tH)− ce)de

<

∫ ê

e′
(∆g(e− tL)− ce)de ≤ 0,

U9jV
r?2`2 i?2 bi`B+i BM2[m�HBiv 7QHHQrb 7`QK g(e − tH)∆ < g(e − tL)∆ 7Q` e < ê �M/ e′ < êX
>2M+2 i?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz u(s) +∆G(ê− tH)− C(ê) 7`QK b2H2+iBM; ê mM/2`
i?2 +QMi`�+i rBi? i�`;2i tH Bb bi`B+iHv HQr2` i?�M i?2 T�vQz u(s) +∆G(e′ − tH)− C(e′)

7`QK b2H2+iBM; e′X h?Bb +QMi`�/B+ib i?2 �bbmKTiBQM i?�i i?2 +QMi`�+i rBi? i�`;2i tH BK@
TH2K2Mib i?2 2zQ`i êX q2 i?2`27Q`2 +QM+Hm/2 i?�i i?2 +QMi`�+i rBi? i�`;2i tL BKTH2K2Mib
i?2 2zQ`i ê �b r2HH �M/ i?�i i?Bb Bb i?2 mMB[m2 bQHmiBQM iQ i?2 K�M�;2`Ƕb T`Q#H2KX !

h?2 HQr@i�`;2i +QMi`�+i `2[mB`2b H2bb b�H�`v �M/ #QMmb iQ BKTH2K2Mi ;Bp2M i?�i Bi
rQmH/ vB2H/ i?2 b�K2 2tT2+i2/ T�vQz 7Q` i?2 K�M�;2`X

*H�BK 8 G2i (s, b, t) #2 � +QMi`�+i i?�i BKTH2K2Mib 2zQ`i ê < tX h?2M i?2 b�H�`v �M/
#QMmb rQmH/ #2 HQr2` 7Q` �MQi?2` +QMi`�+i (s′, b′, 2ê− t) rBi? i?2 b�K2 bT`2�/ B7 Bi ;Bp2b
i?2 K�M�;2` 2[m�H 2tT2+i2/ T�vQz- BX2X- s′ < s �M/ b′ < bX

S`QQ7, Ai Bb +H2�` i?�i 2ê − t < êX q2 bQ +�HH i?2 +QMi`�+i rBi? i�`;2i t ?B;?@i�`;2i
+QMi`�+i- /2MQi2/ #v (sH , bH , tH)- �M/ i?2 +QMi`�+i rBi? i�`;2i 2ê−t HQr@i�`;2i +QMi`�+i-
/2MQi2/ #v (sL, bL, tL)X *H�BK 9 b?Qrb i?�i i?2 K�M�;2` rBHH b2H2+i 2zQ`i ê 2t�+iHv mM/2`

j8



i?2 +QMi`�+i rBi? i�`;2i tL- BX2X- (IC) ?QH/bX q2 i?2M b?Qr i?�i i?2 b�H�`v �M/ i?2 #QMmb
iQ BM/m+2 i?2 b�K2 T�vQz 7Q` i?2 K�M�;2` Bb HQr2` mM/2` i?2 +QMi`�+i rBi? i�`;2i tLX

G2i û #2 i?2 K�M�;2`Ƕb 2tT2+i2/ T�vQz mM/2` i?2 +QMi`�+i (sH , bH , tH)X h?2M

û = u(sH) +∆G(ê− tH)− C(ê) = u(sH) +∆G(−tH) +

∫ ê

0

(∆g(e− tH)− ce)de. U99V

"v i?2 �bbmKTiBQM Q7 mMBKQ/�H /Bbi`B#miBQM- g(e− tH)∆ < g(e− tL)∆ 7Q` e < êX aQ
∫ ê

0

(∆g(e− tH)− ce)de <

∫ ê

0

(∆g(e− tL)− ce)de.

6m`i?2`KQ`2- −tH < −tL < 0 �M/ ∆ > 0X h?Bb BKTHB2b i?�i ∆G(−tH) < ∆G(−tL)X
>2M+2- B7 i?2 b�K2 T�vQz û Bb BM/m+2/ #v i?2 +QMi`�+i rBi? i�`;2i tL- i?2 K�M�;2`Ƕb
b�H�`v sL b�iBb}2b

u(sL) =û− [∆G(−tL) +

∫ ê

0

(∆g(e− tL)− ce)de]

<û− [∆G(−tH) +

∫ ê

0

(∆g(e− tH)− ce)de]

=u(sH),

U98V

#2+�mb2 i?2 bT`2�/ ∆ Bb i?2 b�K2 mM/2` i?2b2 irQ +QMi`�+ibX h?2 bi`B+iHv BM+`2�bBM;
T�vQz 7mM+iBQM u(·) BKTHB2b i?�i sL < sH X

JQ`2Qp2`- r2 ?�p2

u(sH + bH)− u(sH) = ∆ = u(sL + bL)− u(sL).

h?2 K�`;BM�H miBHBiv u′(·) Bb bi`B+iHv /2+`2�bBM; #2+�mb2 Q7 `BbF �p2`bBQM- bQ

u(sH + bL)− u(sH) < u(sL + bL)− u(sL).

Ai 7QHHQrb i?�i
u(sH + bL)− u(sH) < u(sH + bH)− u(sH),

r?B+? BKTHB2b bL < bH #v bi`B+iHv BM+`2�bBM; miBHBiv 7mM+iBQMX !

h?2 M2ti i?`22 +H�BKb rBHH #2 mb27mH BM T`QpBM; G2KK� 9 i?�i � HQr@i�`;2i +QMi`�+i
Bb +?2�T2` iQ BKTH2K2Mi 7Q` � bm{+B2MiHv `BbF �p2`b2 K�M�;2`X

je



*H�BK e A7 � irB+2 +QMiBMmQmbHv /Bz2`2MiB�#H2 7mM+iBQM f b�iBb}2b f ′′(·) > (<)(=)0- i?2M

f(a) + f(b)

2
> (<)(=)

1

b− a

∫ b

a

f(t)dt 7Q` a < b. U9eV

S`QQ7, 6Q` �Mv x bm+? i?�i 0 < x < b− a- a < a+ x < b �M/ a < b− x < bX Ai Bb +H2�`
i?�i

(f(b)− f(b− x))− (f(a+ x)− f(a))

=

∫ b

b−x

f ′(t)dt−
∫ a+x

a

f ′(t)dt

=

∫ a+x

a

f ′(t+ b− x− a)dt−
∫ a+x

a

f ′(t)dt

=

∫ a+x

a

[f ′(t+ b− x− a)− f ′(t)]dt

=

∫ a+x

a

∫ t+b−x−a

t

f ′′(s)dsdt > (<)(=)0.

Ai 7QHHQrb i?�i

f(b)(b− a)−
∫ b

a

f(y)dy

=f(b)(b− a)−
∫ b−a

0

f(b− x)dx

=

∫ b−a

0

(f(b)− f(b− x))dx

> (<)(=)

∫ b−a

0

(f(a+ x)− f(a))dx

=

∫ b−a

0

f(a+ x)dx− f(a)(b− a)

=

∫ b

a

f(y)dy − f(a)(b− a).

h?2 AM2[m�HBiv U9eV i?2M 7QHHQrb- #2+�mb2

[f(a) + f(b)](b− a) > (<)(=)2

∫ b

a

f(y)dy.

!

jd



*H�BK d A7 � i?`22@iBK2b +QMiBMmQmbHv /Bz2`2MiB�#H2 7mM+iBQM h b�iBb}2b h′′′(·) > (<)

(=)0- i?2M h(a+x)−h(a−x)
2x Bb bi`B+iHv BM+`2�bBM; Ubi`B+iHv /2+`2�bBM;V U+QMbi�MiV BM x > 0

7Q` �Mv ;Bp2M aX

S`QQ7, q2 b?Qr i?�i i?2 }`bi /2`Bp�iBp2 Q7 h(a+x)−h(a−x)
2x rBi? `2bT2+i iQ x Bb TQbBiBp2

UM2;�iBp2V Ux2`QV B7 h′′′(·) > (<)(=)0X
h?2 }`bi /2`Bp�iBp2 Bb

d

dx
(
h(a+ x)− h(a− x)

2x
) =

[h′(a+ x) + h′(a− x)](2x)− 2[h(a+ x)− h(a− x)]

4x2

=
[h′(a+ x) + h′(a− x)]/2− [h(a+ x)− h(a− x)]/(2x)

x

=
[h′(a+ x) + h′(a− x)]/2−

∫ a+x

a−x h′(t)dt/(2x)

x
> (<)(=)0

B7 h′′′(·) = (h′)′′ > (<)(=)0 #v *H�BK eX >2M+2 7Q` �Mv a- h(a+x)−h(a−x)
2x Bb bi`B+iHv BM+`2�b@

BM; Ubi`B+iHv /2+`2�bBM;V U+QMbi�MiV BM x > 0 B7 h′′′(·) > (<)(=)0X !

*H�BK 3 A7 irQ +QMi`�+ib rBi? i?2 b�K2 bT`2�/ (sH , bH , tH) �M/ (sL, bL, 2ê − tH) ;Bp2
K�M�;2` i?2 b�K2 2tT2+i2/ T�vQz- i?2 HQr@i�`;2i +QMi`�+i Bb H2bb +QbiHv iQ BKTH2K2Mi B7
�M/ QMHv B7

u−1(u(sL) +∆)− u−1(u(sH))

(u(sL) +∆)− u(sH)
<

u−1(u(sH) +∆)− u−1(u(sL))

(u(sH) +∆)− u(sL)
, U9dV

r?2`2 ∆ Bb i?2 +QKKQM bT`2�/X

S`QQ7, *H�BK 9 b?Qrb i?�i i?2 b�K2 2zQ`i ê rBHH #2 BKTH2K2Mi2/X aBM+2 i?2 K�M�;2`
;2ib i?2 b�K2 2tT2+i2/ T�vQz 7`QK irQ +QMi`�+ib �M/ G(tH − ê) +G(tL − ê) = 1-

u(sH)G(tH − ê) + u(sH + bH)[1−G(tH − ê)]− C(ê)

=u(sL)G(tL − ê) + u(sL + bL)[1−G(tL − ê)]− C(ê)

=u(sL)[1−G(tH − ê)] + u(sL + bL)G(tH − ê)− C(ê).

Ai 7QHHQrb i?�i [1−G(tH − ê)]/G(tH − ê) = [u(sL + bL)− u(sH)]/[u(sH + bH)− u(sL)]X
h?2 +QM+HmbBQM 7QHHQrb 7`QK i?2 2[mBp�H2Mi bi�i2K2Mib #2HQr, i?2 2tT2+i2/ T�vK2Mi Bb

j3



HQr2` 7Q` i?2 HQr@i�`;2i +QMi`�+i i?�M i?2 ?B;?@i�`;2i +QMi`�+i B7 �M/ QMHv B7

sHG(tH − ê) + (sH + bH)[1−G(tH − ê)] > sLG(tL − ê) + (sL + bL)[1−G(tL − ê)]

⇔sHG(tH − ê) + u−1(u(sH) +∆)[1−G(tH − ê)] > sL[1−G(tH − ê)] + u−1(u(sL) +∆)G(tH − ê)

⇔[1−G(tH − ê)]/G(tH − ê) > [u−1(u(sL) +∆)− sH ]/[u
−1(u(sH) +∆)− sL]

⇔ u(sL + bL)− u(sH)

u(sH + bH)− u(sL)
>

u−1(u(sL) +∆)− u−1(u(sH))

u−1(u(sH) +∆)− u−1(u(sL))

⇔(u(sL) +∆)− u(sH)

(u(sH) +∆)− u(sL)
>

u−1(u(sL) +∆)− u−1(u(sH))

u−1(u(sH) +∆)− u−1(u(sL))
.

!

h?2 M2ti G2KK� b?Qrb i?�i i?2 }`K rBHH BKTH2K2Mi � T�`iB+mH�` 2zQ`i �i HQr2` +Qbi
#v HQr@i�`;2i +QMi`�+i B7 i?2 K�M�;2` Bb bm{+B2MiHv `BbF �p2`b2X

G2KK� 9 G2i A(w) = −u′′(w)
u′(w) #2 i?2 +Q2{+B2Mi Q7 �#bQHmi2 `BbF �p2`bBQM- r?2`2 w Bb

i?2 r2�Hi? H2p2HX
URV A7 A(w) >

√
(13)(

u′′′(w)
u′(w) ) 7Q` �HH w- � +QMi`�+i rBi? i?2 b�K2 bT`2�/ �M/ HQr2` i�`;2i

BKTH2K2Mib i?2 b�K2 2zQ`i �i � HQr2` +Qbi 7Q` i?2 }`K i?�M i?2 +QMi`�+i rBi? ?B;?2`
i�`;2iX
UkV A7 A(w) <

√
(13)(

u′′′(w)
u′(w) ) 7Q` �HH w- � +QMi`�+i rBi? i?2 b�K2 bT`2�/ �M/ HQr2` i�`;2i

BKTH2K2Mib i?2 b�K2 2zQ`i �i � ?B;?2` +Qbi 7Q` i?2 }`K i?�M i?2 +QMi`�+i rBi? ?B;?2`
i�`;2iX
UjV A7 A(w) =

√
(13)(

u′′′(w)
u′(w) ) 7Q` �HH w- � +QMi`�+i rBi? i?2 b�K2 bT`2�/ �M/ HQr2` i�`;2i

BKTH2K2Mib i?2 b�K2 2zQ`i �i i?2 b�K2 +Qbi 7Q` i?2 }`K i?�M i?2 +QMi`�+i rBi? ?B;?2`
i�`;2iX

S`QQ7, AM *H�BK 8- r2 ?�p2 2bi�#HBb?2/ i?�i sL < sH �M/ bL < bH X aQ sL < sH <

sL + bL < sH + bH - #2+�mb2 B7 sH ≥ sL + bL- i?2 K�M�;2` ;2ib � bi`B+iHv ?B;?2` T�vQz
7`QK i?2 +QMi`�+i rBi? ?B;?2` i�`;2i- BX2X-

u(sH)G(tH − ê) + u(sH + bH)[1−G(tH − ê)]− C(ê)

≥u(sL + bL)G(tH − ê) + u(sH + bH)[1−G(tH − ê)]− C(ê)

>u(sL + bL)G(tH − ê) + u(sL + bL)[1−G(tH − ê)]− C(ê)

=u(sL + bL)− C(ê)

>u(sL)G(tL − ê) + u(sL + bL)[1−G(tL − ê)]− C(ê).

jN



q2 rBHH b?Qr i?�i B7 i?2 K�M�;2` Bb bm{+B2MiHv `BbF �p2`b2- BX2X- A(·) >
√
(13)(

u′′′(·)
u′(·) )-

i?2 2tT2+i2/ +QKT2Mb�iBQM 7Q` i?2 K�M�;2` Bb HQr2` mM/2` i?2 HQr@i�`;2i +QMi`�+i- BX2X-
sHG(tH − ê) + (sH + bH)[1−G(tH − ê)] > sLG(tL − ê) + (sL + bL)[1−G(tL − ê)]X h?2M
i?2 }`K ;2ib � ?B;?2` 2tT2+i2/ T�vQz iQ BM/m+2 ê mM/2` i?2 HQr@i�`;2i +QMi`�+iX

"v i?2 i?B`/ Q`/2` /2`Bp�iBp2 Q7 6�¨ /B "`mMQǶb 7Q`KmH�-

d3w

du3
=(

dw

du
)4[3

(u′′(w))2

u′(w)
− u′′′(w)]

=(
dw

du
)4[3(−u′′(w)

u′(w)
)2u′(w)− u′′′(w)]

=(
dw

du
)4[3(A(w))2u′(w)− u′′′(w)]

U93V

aQ B7 A(w) > (<)(=)
√

(13)(
u′′′(w)
u′(w) )- i?2M d3w

du3 > (<)(=)0- BX2X- dw
du Bb � bi`B+iHv +QMp2t

Ubi`B+iHv +QM+�p2V UHBM2�`V 7mM+iBQM Q7 i?2 miBHBiv uX
6m`i?2`KQ`2- H2i V =

u(sL) + u(sH) +∆

2
X P#b2`p2 i?�i

u(sL) +∆ = V +
u(sL)− u(sH) +∆

2
, u(sH) = V − u(sL)− u(sH) +∆

2
;

u(sH) +∆ = V +
u(sH)− u(sL) +∆

2
, u(sL) = V − u(sH)− u(sL) +∆

2
.

Ai Bb +H2�` i?�i u(sH)−u(sL)+∆
2 > u(sL)−u(sH)+∆

2 #v G2KK� 8X "v *H�BK d- B7

d3w

du3
> (<)(=)0,

u−1(V+x)−u−1(V−x)
2x Bb bi`B+iHv BM+`2�bBM; Ubi`B+iHv /2+`2�bBM;V U+QMbi�MiV BM x > 0X Ai i?2M

7QHHQrb i?�i
u−1(u(sH) +∆)− u−1(u(sL))

(u(sH) +∆)− u(sL)
> (<)(=)

u−1(u(sL) +∆)− u−1(u(sH))

(u(sL) +∆)− u(sH)
. U9NV

"v *H�BK 3- B7 1[X U9NV ?QH/b- i?2 HQr@i�`;2i U?B;?@i�`;2iV +QMi`�+i `2[mB`2b H2bb T�v@
K2Mi QM 2tT2+i�iBQM ;Bp2M i?�i i?2 K�M�;2` ;2ib i?2 b�K2 2tT2+i2/ T�vQzX h?2`27Q`2-
B7 A(w) > (<)(=)

√
(13)(

u′′′(w)
u′(w) ) 7Q` �HH w- � +QMi`�+i rBi? i?2 b�K2 bT`2�/ �M/ HQr2`

i�`;2i BKTH2K2Mib i?2 b�K2 2zQ`i �i � HQr2` U?B;?2`V Ui?2 b�K2V +Qbi 7Q` i?2 }`K i?�M
i?2 +QMi`�+i rBi? ?B;?2` i�`;2iX !

amTTQb2 i?�i i?2 K�M�;2`Ƕb T�vQz Bb � TQr2` 7mM+iBQM- BX2X- u(w) = wα 7Q` 0 < α < 1X
aQ i?2 K�M�;2` Bb #2ii2` Qz rBi? KQ`2 r2�Hi? �M/ �HbQ `BbF �p2`b2X h?2M u′(w) = αwα−1-

9y



u′′(w) = α(α − 1)wα−2- �M/ u′′′(w) = α(α − 1)(α − 2)wα−3X Ai 7QHHQrb i?�i A(w) =

−α(α−1)wα−2

αwα−1 = (1 − α)w−1 �M/
√

(13)(
u′′′(w)
u′(w) ) =

√
1
3
α(α−1)(α−2)wα−3

αwα−1 =
√

(1−α)(2−α)
3 w−1X

aQ B7 0 < α < 1/2- Bi Bb H2bb +QbiHv iQ BM/m+2 i?2 HQr@i�`;2i +QMi`�+ic B7 α = 1/2- Bi Bb
2[m�HHv +QbiHv iQ BM/m+2 2Bi?2` +QMi`�+ic B7 1/2 < α < 1- Bi Bb KQ`2 +QbiHv iQ BM/m+2 i?2
HQr@i�`;2i +QMi`�+iX h?2 i?`2b?QH/ Q7 `BbF �p2`bBQM H2p2H Bb i?2M 1/2X

1t�KTH2 R amTTQb2 i?�i u(·) =
√
·- r?B+? Bb bi`B+iHv +QM+�p2X q2 BHHmbi`�i2 i?�i

i?2 2tT2+i2/ +QKT2Mb�iBQM Bb i?2 b�K2 mM/2` i?2 irQ +QMi`�+ib i?`Qm;? i?2 7QHHQrBM;
MmK2`B+�H 2t�KTH2X amTTQb2 i?�i sH = 16- bH = 9- sL = 12.25- bL = 8X h?2M
u(sH + bH) =

√
sH + bH = 5- u(sH) =

√
sH = 4- u(sL + bL) =

√
sL + bL = 4.5- �M/

u(sL) =
√
sL = 3.5X "2+�mb2 i?2 K�M�;2`Ƕb T�vQz Bb i?2 b�K2 mM/2` i?2b2 irQ +QMi`�+ib-

G(tH− ê) = 0.75 �M/ 1−G(tH− ê) = 0.25X q2 +�M i?2M p2`B7v i?�i i?2 2tT2+i2/ T�vK2Mi
Bb 18.25 mM/2` #Qi? +QMi`�+ibX

S`QQ7 Q7 S`QTQbBiBQM j, "v G2KK� 9- B7 i?2 K�M�;2` Bb bm{+B2MiHv `BbF �p2`b2- BX2X-
A(·) >

√
(13)(

u′′′(·)
u′(·) )- i?2M i?2 }`K rBHH BKTH2K2Mi i?2 b�K2 2zQ`i �M/ ;Bp2 i?2 K�M�;2`

i?2 b�K2 2tT2+i2/ T�vQz- #mi K�F2 H2bb 2tT2+i2/ T�vK2Mi #v i?2 HQr@i�`;2i +QMi`�+iX
>2M+2 �Mv +QMi`�+i bm+? i?�i i?2 i�`;2i Bb ;`2�i2` i?�M i?2 2zQ`i +�MMQi #2 QTiBK�H-
#2+�mb2 i?2`2 �Hr�vb 2tBbib � HQr2`@i�`;2i +QMi`�+i i?�i BKTH2K2Mib i?2 b�K2 Qmi+QK2
�i � HQr2` +QbiX h?Bb BKTHB2b i?�i i?2 i�`;2i Bb H2bb i?�M 2zQ`i BM 2[mBHB#`BmK mM/2` i?2
QTiBK�H +QMi`�+iX !

S`QQ7 Q7 G2KK� j, LQi2 i?�i (IC) /2}M2b i?2 2zQ`i H2p2H BKTHB+BiHvX q`Bi2 i?2
b2+QM/@Q`/2` +QM/BiBQM 7`QK i?2 K�M�;2`Ƕb 2zQ`i T`Q#H2K �b

g′(e− t)∆− c < 0. USOCV

"v *H�BK j- i?2 b2+QM/@Q`/2` +QM/BiBQM ?QH/b �i i?2 2zQ`i BM/m+2/XRR .Bz2`2MiB�i2 UICV
rBi? `2bT2+i iQ i?2 #QMmb,

∂e

∂b
=

g(e− t)u′(s+ b)

c−∆g′(e− t)
> 0. U8yV

h?Bb Q++m`b #2+�mb2 u Bb BM+`2�bBM; �M/ 7`QK i?2 (SOC)X LQr- /Bz2`2MiB�i2 (IC) rBi?
`2bT2+i iQ b�H�`v,

∂e

∂s
=

g(e− t)∆′

c−∆g′(e− t)
< 0 U8RV

RRq2 �+im�HHv /Q MQi M22/ iQ `2[mB`2 i?�i i?2 b2+QM/@Q`/2` +QM/BiBQM ?QH/ 7Q` 2p2`v 2zQ`i H2p2HX

9R



7`QK (SOC)X 6BM�HHv- /Bz2`2MiB�i2 (IC) rBi? `2bT2+i iQ i?2 i�`;2i,
∂e

∂t
=

g′(e− t)∆

g′(e− t)∆− c
≥ 0 B7 �M/ QMHv B7 e ≥ t, U8kV

#2+�mb2 i?2 K�`;BM�H /2MbBiv Bb 0 �i e = t- TQbBiBp2 7Q` 2zQ`i H2bb i?�M t- �M/ M2;�iBp2
7Q` 2zQ`i ;`2�i2` i?�M tX !

"v S`QTQbBiBQM j r2 T`Qp2/ �#Qp2- r2 FMQr t̂ < ê BM 2[mBHB#`BmK- �M/ i?2`27Q`2 i?2
/2`Bp�iBp2 rBi? `2bT2+i iQ i�`;2i Bb �Hr�vb TQbBiBp2 BM 2[mBHB#`BmKX

S`QQ7 Q7 S`QTQbBiBQM 9, _2+�HH i?�i i?2 BM+2MiBp2 +QKT�iB#BHBiv +QMbi`�BMi Bb
(
b− r

2
b2(1− 2P )

)
g(e− t) = ce. UICV

"v i?2 AKTHB+Bi 6mM+iBQM h?2Q`2K- r2 ;2i Uk3V �M/ UkNV 7`QK UICV,
∂e

∂t
=

rb2g(e− t)2 + (b− (r/2)b2(1− 2P ))g′(e− t)

rb2g(e− t)2 + (b− (r/2)b2(1− 2P ))g′(e− t)− c

�M/
∂e

∂b
=

−(1− rb(1− 2P ))g(e− t)

rb2g(e− t)2 + (b− (r/2)b2(1− 2P ))g′(e− t)− c
.

6m`i?2`- i?2 }`KǶb T`Q#H2K ?�b #22M `2/m+2/ iQ
max
(t,b)

{e− r

2
Pb2(1− P )− C(e)− ū}

bm#D2+i iQ (IC).
U8jV

h�FBM; }`bi@Q`/2` +QM/BiBQM rBi? `2bT2+i iQ t- r2 ;2i

[1− r

2
b2g(e− t)(1− 2P )− ce]

∂e

∂t
+

r

2
b2g(e− t)(1− 2P ) = 0.

"v UICV- r
2b

2g(e−t)(1−2P ) = bg(e−t)−ceX _2TH�+2 r
2b

2g(e−t)(1−2P ) rBi? bg(e−t)−ce

BM i?2 2[m�iBQM �#Qp2 �M/ Q#i�BM UjyV,

[1− bg(e− t)]
∂e

∂t
+ [bg(e− t)− ce] = 0.

h�FBM; }`bi@Q`/2` +QM/BiBQM rBi? `2bT2+i iQ b- r2 ;2i

[1− r

2
b2g(e− t)(1− 2P )− ce]

∂e

∂b
− rbP (1− P ) = 0.

_2TH�+2 r
2b

2g(e− t)(1− 2P ) #v bg(e− t)− ce �M/ Q#i�BM UjRV,

[1− bg(e− t)]
∂e

∂b
= rbP (1− P ).

h?2M UICV- Uk3V- UkNV- UjyV- �M/ UjRV DQBMiHv /2i2`KBM2 i?2 QTiBK�H +QMi`�+iX !
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_272`2M+2b
�;;�`r�H- _Xc �M/ �X a�KrB+FX ǳh?2 Pi?2` aB/2 Q7 i?2 h`�/2@Qz, h?2 AKT�+i Q7 _BbF QM 1t2+miBp2

*QKT2Mb�iBQMXǴ CQm`M�H Q7 SQHBiB+�H 1+QMQKv Ryd URNNNV, e8ĜRy8X

�M/2`bQM- aX qXc >X *X .2FF2`c �M/ EX GX a2/�iQH2X ǳ�M 1KTB`B+�H 1t�KBM�iBQM Q7 :Q�Hb
�M/ S2`7Q`K�M+2@iQ@:Q�H 6QHHQrBM; i?2 AMi`Q/m+iBQM Q7 �M AM+2MiBp2 "QMmb SH�M rBi? S�`iB+BT�iBp2
:Q�H@b2iiBM;XǴ aa_L 1H2+i`QMB+ CQm`M�H UkyRyV, NyĜRyNX

�`�M/�- *Xc CX �`2HH�MQc �M/ �X .�pBH�X ǳ_�i+?2iBM; �M/ i?2 _QH2 Q7 _2H�iBp2 h�`;2i a2iiBM;XǴ
h?2 �++QmMiBM; _2pB2r 3N UkyR9V, RRNdĜRkkeX

�`MQH/- JX *Xc �M/ JX �`ixX ǳh�`;2i /B{+mHiv- i�`;2i ~2tB#BHBiv- �M/ }`K T2`7Q`K�M+2, 1pB/2M+2
7`QK #mbBM2bb mMBibǶ i�`;2ibXǴ �++QmMiBM;- P`;�MBx�iBQMb �M/ aQ+B2iv 9y UkyR8V, eRĜddX

"BxD�F- CX JXc _X JX >�v2bc �M/ aX GX E�HT�i?vX ǳS2`7Q`K�M+2@*QMiBM;2Mi 1t2+miBp2 *QKT2M@
b�iBQM �M/ 6B`K 1�`MBM;bXǴ aa_L 1H2+i`QMB+ CQm`M�HX kyR9X

"Qmr2Mb- CXc �M/ SX E`QQbX ǳh�`;2i `�i+?2iBM; �M/ 2zQ`i `2/m+iBQMXǴ CQm`M�H Q7 �++QmMiBM; �M/
1+QMQKB+b 8R UkyRRV, RdRĜR38X

"mb?K�M- _X JXc _X CX AM/D2DBFB�Mc �M/ �X aKBi?X ǳ*1P +QKT2Mb�iBQM, h?2 `QH2 Q7 BM/BpB/m�H
T2`7Q`K�M+2 2p�Hm�iBQMXǴ CQm`M�H Q7 �++QmMiBM; �M/ 1+QMQKB+b kR URNNeV, ReRĜRNjX

*�``- SXc �M/ >X :2K�MX ǳh?2 6BM2 ai`m+im`2 Q7 �bb2i _2im`Mb, �M 1KTB`B+�H AMp2biB;�iBQMXǴ h?2
CQm`M�H Q7 "mbBM2bb d8 UkyykV, jy8ĜjjkX

*?QB- "X >Xc aX CX EBKc �M/ EX �X J2`+?�MiX ǳ6B`KbǶ *QKKBiK2Mi iQ JBiB;�i2 i?2 _�i+?2i 1z2+i
mM/2` �MMm�H "QMmb SH�Mb rBi? JmHiBTH2 S2`7Q`K�M+2 J2�bm`2bXǴ aa_L 1H2+i`QMB+ CQm`M�HX kyRkX

*Q?M- _X �Xc qX :X G2r2HH2Mc _X *X G2�b2c �M/ :X :X a+?H�`#�mKX ǳAM/BpB/m�H BMp2biQ` `BbF
�p2`bBQM �M/ BMp2biK2Mi TQ`i7QHBQ +QKTQbBiBQMXǴ h?2 CQm`M�H Q7 6BM�M+2 jy URNd8V, ey8ĜekyX

*QH2b- CXc LX .X .�MB2Hc �M/ GX L�p22MX ǳJ�M�;2`B�H BM+2MiBp2b �M/ `BbF@i�FBM;XǴ CQm`M�H Q7
6BM�M+B�H 1+QMQKB+b dN UkyyeV, 9jRĜ9e3X

*QMvQM- JX CXc �M/ EX CX Jm`T?vX ǳh?2 S`BM+2 �M/ i?2 S�mT2`\ *1P S�v BM i?2 lMBi2/ ai�i2b
�M/ lMBi2/ EBM;/QKXǴ h?2 1+QMQKB+ CQm`M�H RRy UkyyyV, e9yĜedRX

*Q`2- CXc �M/ qX :m�vX ǳh?2 mb2 Q7 2[mBiv ;`�Mib iQ K�M�;2 QTiBK�H 2[mBiv BM+2MiBp2 H2p2HbXǴ CQm`M�H
Q7 �++QmMiBM; �M/ 1+QMQKB+b k3 URNNNV, R8RĜR39X

*Q`2- CX 1Xc �M/ qX _X :m�vX ǳh?2 Pi?2` aB/2 Q7 i?2 h`�/2@Pz, h?2 AKT�+i Q7 _BbF QM 1t2+miBp2
*QKT2Mb�iBQM, � _2pBb2/ *QKK2MiXǴ aa_L 1H2+i`QMB+ CQm`M�HX kyyRX
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.�?Bv�- aXc �M/ EX _�vX ǳai�;2/ BMp2biK2Mib BM 2Mi`2T`2M2m`B�H }M�M+BM;XǴ CQm`M�H Q7 *Q`TQ`�i2
6BM�M+2 R3 UkyRkV, RRNjĜRkReX

.mii�- aX ǳJ�M�;2`B�H 1tT2`iBb2- S`Bp�i2 AM7Q`K�iBQM- �M/ S�v@S2`7Q`K�M+2 a2MbBiBpBivXǴ J�M�;2K2Mi
a+B2M+2 89 Ukyy3V, 9kNĜ99kX

6`B2M/- AXc �M/ JX 1X "HmK2X ǳh?2 /2K�M/ 7Q` `BbFv �bb2ibXǴ h?2 �K2`B+�M 1+QMQKB+ _2pB2r e8
URNd8V, NyyĜNkkX

:�`2M- CX 1X ǳ1t2+miBp2 *QKT2Mb�iBQM �M/ S`BM+BT�H@�;2Mi h?2Q`vXǴ CQm`M�H Q7 SQHBiB+�H 1+QMQKv
Ryk URNN9V, RRd8ĜNNX

:2`�FQb- CXc �M/ �X EQp`BDMvF?X ǳS2`7Q`K�M+2 b?Q+Fb �M/ KBb`2TQ`iBM;XǴ CQm`M�H Q7 �++QmMiBM;
�M/ 1+QMQKB+b 8e UkyRjV, 8dĜdkX

:m�v- qX _X ǳh?2 b2MbBiBpBiv Q7 *1P r2�Hi? iQ 2[mBiv `BbF, �M �M�HvbBb Q7 i?2 K�;MBim/2 �M/
/2i2`KBM�MibXǴ CQm`M�H Q7 6BM�M+B�H 1+QMQKB+b 8j URNNNV, 9jĜdRX

:miBö``2x �`M�Bx- bXc �M/ oX a�H�b@6mK{bX ǳS2`7Q`K�M+2 bi�M/�`/b �M/ QTiBK�H BM+2MiBp2bXǴ
CQm`M�H Q7 �++QmMiBM; �M/ 1+QMQKB+b 98 Ukyy3V, RjNĜR8kX

>QHKbi`QK- "Xc 2i �HX ǳJQ`�H ?�x�`/ �M/ Q#b2`p�#BHBivXǴ "2HH DQm`M�H Q7 1+QMQKB+b Ry URNdNV,
d9ĜNRX

>QHi?�mb2M- _X qXc .X 6X G�`+F2`c �M/ _X :X aHQ�MX ǳ�MMm�H #QMmb b+?2K2b �M/ i?2 K�MBTm@
H�iBQM Q7 2�`MBM;bXǴ CQm`M�H Q7 �++QmMiBM; �M/ 1+QMQKB+b RN URNN8V, kNĜd9X

AM/D2DBFB�M- _X CXc �M/ JX J�iúDF�X ǳP`;�MBx�iBQM�H aH�+F BM .2+2Mi`�HBx2/ 6B`Kb, h?2 _QH2 Q7
"mbBM2bb lMBi *QMi`QHH2`bXǴ h?2 �++QmMiBM; _2pB2r 3R UkyyeV, 39NĜ3dkX

AM/D2DBFB�M- _X CXc JX J�iúDF�c EX �X J2`+?�Mic �M/ qX �X oX .X ai2/2X ǳ1�`MBM;b h�`;2ib
�M/ �MMm�H "QMmb AM+2MiBp2bXǴ h?2 �++QmMiBM; _2pB2r 3N UkyR9�V, RkkdĜRk83X

AM/D2DBFB�M- _X CXc JX J�iúDF�c �M/ CX .X a+?HQ2ix2`X ǳh�`;2i _�i+?2iBM; �M/ AM+2MiBp2b,
h?2Q`v- 1pB/2M+2- �M/ L2r PTTQ`imMBiB2bXǴ h?2 �++QmMiBM; _2pB2r 3N UkyR9#V, Rk8NĜRkedX

AM/D2DBFB�M- _X CXc �M/ .X .X L�M/�X ǳ1t2+miBp2 h�`;2i "QMmb2b �M/ q?�i h?2v AKTHv �#Qmi
S2`7Q`K�M+2 ai�M/�`/bXǴ h?2 �++QmMiBM; _2pB2r dd UkyykV, dNjĜ3RNX

AiiM2`- *X .Xc .X 6X G�`+F2`c �M/ JX oX _�D�MX ǳh?2 *?QB+2 Q7 S2`7Q`K�M+2 J2�bm`2b BM �MMm�H
"QMmb *QMi`�+ibXǴ dk URNNdV, kjRĜk88X

CBM- GX ǳ*1P +QKT2Mb�iBQM- /Bp2`bB}+�iBQM- �M/ BM+2MiBp2bXǴ CQm`M�H Q7 6BM�M+B�H 1+QMQKB+b ee UkyykV,
kNĜejX
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EBK- .X aXc �M/ CX u�M;X ǳ"2�iBM; i?2 h�`;2i, S2`7Q`K�M+2 J�M�;2K2Mi �`QmM/ i?2 �MMm�H
AM+2MiBp2 h�`;2iXǴ aa_L 1H2+i`QMB+ CQm`M�HX kyR9X

G�K#2`i- _Xc �M/ .X G�`+F2`X ǳ�M �M�HvbBb Q7 i?2 mb2 Q7 �++QmMiBM; �M/ K�`F2i K2�bm`2b Q7
T2`7Q`K�M+2 BM 2t2+miBp2@+QKT2Mb�iBQM +QMi`�+ibXǴ CQm`M�H Q7 �++QmMiBM; _2b2�`+? k8 URN3dV, 38Ĝ
RkNX

G�x2�`- 1Xc �M/ aX _Qb2MX ǳ_�MF@P`/2` hQm`M�K2Mib �b PTiBKmK G�#Q` *QMi`�+ibXǴ CQm`M�H Q7
SQHBiB+�H 1+QMQKv 3N URN3RV, 39RĜe9X

G2QM2- �Xc �M/ aX _Q+FX ǳ1KTB`B+�H i2bib Q7 #m/;2i `�i+?2iBM; �M/ Bib 2z2+i QM K�M�;2`bǶ /Bb+`2@
iBQM�`v �++`m�H +?QB+2bXǴ CQm`M�H Q7 �++QmMiBM; �M/ 1+QMQKB+b jj UkyykV, 9jĜedX

J�/�M- .X "Xc �M/ 1X a2M2i�X ǳ*?2#vb?2p SQHvMQKB�H �TT`QtBK�iBQMb �M/ *?�`�+i2`BbiB+ 6mM+iBQM
1biBK�iBQMXǴ CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2ivX a2`B2b " UJ2i?Q/QHQ;B+�HV 9N URN3dV, RejĜReNX

J�F�`Qp- .Xc �M/ �X oX a+?Q`MB+FX ǳ� MQi2 QM r2�Hi? 2z2+i mM/2` *�_� miBHBivXǴ 6BM�M+2
_2b2�`+? G2ii2`b d UkyRyV, RdyĜRddX

J�iúDF�- JXc �M/ EX _�vX ǳ"�H�M+BM; .B{+mHiv Q7 S2`7Q`K�M+2 h�`;2ib, h?2Q`v �M/ 1pB/2M+2XǴ
aa_L 1H2+i`QMB+ CQm`M�HX kyR9X

Jm`T?v- EX CX ǳS2`7Q`K�M+2 bi�M/�`/b BM BM+2MiBp2 +QMi`�+ibXǴ CQm`M�H Q7 �++QmMiBM; �M/ 1+QMQKB+b
jy UkyyyV, k98Ĝkd3X

L�K- CXc _X 1X PiiQQc �M/ CX >X hX C`X ǳh?2 1z2+i Q7 J�M�;2`B�H AM+2MiBp2b iQ "2�` _BbF QM
*Q`TQ`�i2 *�TBi�H ai`m+im`2 �M/ _�. AMp2biK2MiXǴ h?2 6BM�M+B�H _2pB2r j3 UkyyjV, ddĜRyRX

Pv2`- SXc �M/ aX a+?�272`X ǳGBiB;�iBQM *Qbib �M/ _2im`Mb iQ 1tT2`B2M+2XǴ aa_L 1H2+i`QMB+ CQm`M�HX
kyyRX

S2`2bb- CX ǳq2�Hi?- BM7Q`K�iBQM �+[mBbBiBQM- �M/ TQ`i7QHBQ +?QB+2XǴ h?2 _2pB2r Q7 6BM�M+B�H aim/B2b
Rd UkyyjV, 3dNĜNR9X

S`2M/2`;�bi- *X ǳh?2 S`QpBbBQM Q7 AM+2MiBp2b BM 6B`KbXǴ CQm`M�H Q7 1+QMQKB+ GBi2`�im`2 jd URNNNV,
dĜejX

S`2M/2`;�bi- *X ǳh?2 h2MmQmb h`�/2@Qz #2ir22M _BbF �M/ AM+2MiBp2bXǴ CQm`M�H Q7 SQHBiB+�H 1+QMQKv
RRy UkyykV, RydRĜRRykX

_�v- EX ǳS2`7Q`K�M+2 1p�Hm�iBQMb �M/ 1{+B2Mi aQ`iBM;XǴ CQm`M�H Q7 �++QmMiBM; _2b2�`+? 98 UkyydV,
3jNĜ33kX

_Qbb- aX �X ǳ*QKT2Mb�iBQM- AM+2MiBp2b- �M/ i?2 .m�HBiv Q7 _BbF �p2`bBQM �M/ _BbFBM2bbXǴ h?2 CQm`M�H
Q7 6BM�M+2 8N Ukyy9V, kydĜkk8X
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q2BixK�M- JX GX ǳh?2 ǳ_�i+?2i S`BM+BTH2Ǵ �M/ S2`7Q`K�M+2 AM+2MiBp2bXǴ h?2 "2HH CQm`M�H Q7
1+QMQKB+b RR URN3yV, jykX

u2`K�+F- .X ǳ.Q +Q`TQ`�iBQMb �r�`/ *1P biQ+F QTiBQMb 2z2+iBp2Hv\Ǵ CQm`M�H Q7 6BM�M+B�H 1+QMQKB+b
jN URNN8V, kjdĜkeNX
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