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Abstract. Two-dimensional (2D) InSe, which exhibits high electron mobility and

a wide band gap has emerged as a promising material for photoelectric and

thermoelectric applications. The inadequate understanding of the lattice thermal

conductivity (κ), however, hampers the advancement of 2D InSe. Herein, by taking

into account anharmonicity up to the fourth order and introducing the equibiaxial

tensile strain (ε), we have performed an in-depth study on the lattice dynamics of

2D InSe. Interestingly, the κ exhibits a non-monotonic behaviour as a function of

equibiaxial tensile strain, which can be attributed to the changes in acoustic phonon

lifetimes. At the Γ point, a blue-shift of the lowest optical mode and a red-shift of the

uppermost optical mode are reported for the first time. More strikingly, the blue-shift

can be largely suppressed by equibiaxial tensile strain. Further study indicates that the

unique transition of the potential energy surface is responsible for the disappearance

of the blue-shift. Our work may enlighten the future research on phonon engineering

and management of the lattice thermal conductivity of 2D InSe.
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1. Introduction

Tremendous research on two-dimensional materials in recent years has indicated that

their properties have greatly distinct differences from those of the parent materials.

Recently, monolayer indium selenide (InSe) has been studied because of its outstanding

electronic and optical properties. It is promising for nanoelectronic device applications

because of its high carrier mobility. [1] Monolayer InSe also exhibits excellent optical

second-order susceptibility, and it can be a candidate for photodetector devices. [2–6]

Additionally, due to its high electron mobility and direct semiconducting band gap, it is

particularly promising for photovoltaic and solar cell applications. [7–10] The ultralow
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thermal conductivity also provides broad prospects in the thermoelectric field. [11–14]

Nevertheless, it is still immature for the industrial applications. A critical issue is

how to manipulate the thermal conductivity to improve the performance and efficiency

of devices. For instance, carrier thermalisation typically occurs in a few picoseconds

because of quick thermal transport, which limits the efficiency of solar cells, hence

a significant slowing of carrier cooling and the reduction of κ by phonon engineering

are required. [15–18] On the other hand, fast and effective heat removal significantly

determines the service life of nanoelectronic devices, so in some cases it is necessary to

increase κ to extend the device lifetime.

Strain engineering as a powerful method has always been used to modify the thermal

properties. [19–22] Recently, a large tunability of the lattice thermal conductivity of

monolayer silicene via strain has been reported. [23] Liu et al. found the disparate

strain dependent thermal conductivity of 2D penta-structures, [24] and ding et al. also

used the strain engineering to extensively control the phonon scattering rates and κ of

2D MoS2, [20] so it is advisable to apply the strain to adjust the phonon scattering

processes and κ. To explore the intrinsic principles of lattice thermal transport, it is

important to understand phonons, which are heat excitations in crystals. For instance,

Nissimagoudar et al. have studied the lattice thermal conductivity and size effects of

2D InSe and found that the lattice thermal conductivity is much lower than that of

graphene and MoS2. [8] Zhou et al. showed the unique harmonic phonon behaviour and

ultralow thermal conductance of monolayer InSe. [25] However, the intrinsic anharmonic

phonon scattering mechanisms and strain engineering that can be utilized to regulate

the κ have not been systematically studied.

Unlike some of the 2D materials with simple honeycomb structures, such as

graphene and h-BN, which are composed of a single atomic layer, 2D InSe is composed

of four atomic layers. The top and bottom layers both consist of Se atoms, while the

middle two layers consist of In atoms. The crystal structure of monolayer InSe is shown

in Fig. 1. The relatively complex buckling structure and multi-layer coupling may

induce unique lattice dynamics. In this work, the lattice anharmonicity of monolayer

InSe is explored based on first-principles calculations. A non-monotonic relationship

between the lattice thermal conductivity and strain is reported. The contributions of

different phonon branches to the κ and the variation of phonon lifetime under different

equibiaxial tensile strains have been studied to explain the unusual strain dependent

behaviour. We use three perturbative self energy diagrams (tadpole, bubble and loop

diagrams) to analyse the strain dependent phonon frequency shifts. [26–28] The unique

transition of the potential energy surface (PES) with increasing strains is also discussed

to rationalize the phonon coupling. The phonon anharmonic properties are expected to

pave the way for further thermal optimization and applications of monolayer InSe.
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Figure 1. The top view (a) and side view (b) of the crystal structure of 2D InSe.

(c) Evolution of the crystal structure under different equibiaxial tensile strains. (d)

Evolutions of bond lengths and angle θ as a function of equibiaxial tensile strain.

2. Methodology

Perturbation theory is an effective method to unearth the intrinsic phonon

anharmonicity. The anharmonic terms can be expressed as a perturbation H ′ of the

harmonic Hamiltonian H0 as: [29]

H = H0 +H ′ ≈ H0 +W3 +W4. (1)

Here, we only consider the third-order (W3) and fourth-order (W4) terms since the

contributions of higher-order terms are much smaller. The anharmonic self energy

Πqj(ω) can be extracted by the one-phonon Green’s function and Dyson equation. [30]

There are three main Feynman diagrams to describe the anharmonic phonon self energy.

The bubble and tadpole diagrams are the second-order Feynman diagrams resulting from

the cubic term and the loop diagram is the lowest-order Feynman diagram of the quartic

term, therefore the loop diagram is generally more critical to phonon frequency shift

than the bubble and tadpole diagrams. [31–35]

The phonon frequency shift ∆qj and half width at half maximum Γqj are given as

∆qj = −1
~ReΠqj(ωqj) and Γqj = 1

~ImΠqj(ωqj). Because the bubble diagram is complex

while the tadpole and loop diagrams are real, the total frequency shift and linewidth



4

are given as follows: [36]

∆tot
qj = −1

~

(
Πtadpole

qj + Πloop
qj + ReΠbubble

qj (ωqj)
)
, (2)

Γbubble
qj (ω) =

π

2~2
∑
q1,q2

∑
j1,j2

|V (3)
−qj,q1j1,q2j2|

2

× [−(n1 + n2 + 1)δ(ω + ω1 + ω2) + (n1 + n2 + 1)δ(ω − ω1 − ω2)

−(n1 − n2)δ(ω − ω1 + ω2) + (n1 − n2)δ(ω + ω1 − ω2)] .

After obtaining the frequency shift and linewidth, the phonon power spectrum

χ′′qj(Ω) is given by the Lorentz function

χ′′qj ∝
1

π

[
Γbubble
qj (ωqj)

(Ω− (Ω0 + ∆tot
qj ))2 + (Γbubble

qj (ωqj))2

]
, (3)

where Ω0 represents the harmonic frequency value. To analyse the origin of phonon

frequency shifts, we calculated the potential energy surface (PES) of a phonon mode by

displacing the atoms by: [37]

us =
η√
NMs

eµ(s, qj). (4)

Here, N is the number of unit cells in the supercell and Ms is the mass of the s

atom. η and eµ(s, qj) are the amplitudes of the normal coordinate and the eigenvector,

respectively.

First-principles calculations were performed using the Vienna Ab-initio Simulation

Package (VASP) [38]. The energy cutoff was fixed to 400 eV. Self-consistent calculations

were continued until the total electronic energy difference between two steps became less

than 10−7 eV. The projector augmented wave (PAW) method and Perdew-Burke and

Ernzerhof (PBE) functional were used to calculate the electron-ion [39] and exchange-

correlation interactions. [40] A vacuum space of 25 Å was applied along the z direction

to exclude interactions between adjacent cells. The harmonic and anharmonic force

constants were extracted from ALAMODE. [41] [42] A 6 × 6 × 1 supercell (144 atoms),

and a 2 × 2 × 1 Monkhorst Pack grid were used to calculate the second order force

constants. A 5 × 5 × 1 supercell (100 atoms) and a 3 × 3 × 1 Monkhorst Pack grid

were used to calculate the anharmonic force constants. The force cutoff radius was set

to the 11th and 3rd neighbouring atom distances to extract the third- and fourth-order

force constants, respectively. Note that the fourth-order force constants were used to

calculate the contribution of loop diagram to phonon frequency shift. The relaxation

time approximation (RTA) and the tetrahedron method with a q-mesh of 250 × 250 ×
2 were used to calculate the lattice thermal conductivity. For low-κ materials, the RTA

method can also work well for the calculation of κ because of the dominant Umklapp

processes. Nissimagoudar et al. have used both the RTA and iterative methods to

calculate the κ of 2D InSe [8] and the results are similar. Compared with the Gaussian
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smearing method, the tetrahedron method eliminates the error from the evaluation of the

δ function, and allows more accurate calculation of phonon lifetimes. After applying the

equibiaxial strain, the internal coordinates of all atoms were fully relaxed. The splitting

of the longitudinal optical mode and transverse optical mode (LO-TO splitting) was

also taken into account (More information about convergence tests is available in the

Supplementary materials).

3. Results and Discussion

Monolayer InSe has a honeycomb structure with a lattice constant of 4.09 Å. The In-In

and Se-Se bond lengths of the unstrained structure are 2.83 Å and 5.38 Å, respectively,

both of which agree very well with previous DFT calculations. [43] [44] The structures

under 0%, 7%, and 13% strains are shown in Fig. 1c. It can be seen that the tensile strain

reduces the bond angle and buckling distance. The Se-Se bond length continuously

decreases with increasing strains, while the In-In bond length is almost unchanged, as

shown in Fig. 1d, which implies that the perpendicular distance between Se atoms and

In atoms decreases under larger tensile strain.

0  1 2 3 5 7 9 11 13
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Figure 2. The lattice thermal conductivity of monolayer InSe at infinite and finite

sample sizes (2, 20 and 200 µm) at room temperature as a function of equibiaxial

strain.

The primitive cell of monolayer InSe has four atoms, thus there are three acoustic

phonon branches and nine optical branches. To conveniently describe each branch,

they are labelled by a number index according to the frequency values. We used the

perpendicular distance between the uppermost Se atom and the bottom Se atom as the

thickness (dSe−Se) of monolayer InSe to calculate the lattice thermal conductivity. It

should be noted that the lattice thermal conductivity of 2D InSe also diverges with the

q-mesh in the infinite size as in the case of silicene, [23] which may result from some

acoustic phonon modes that have extremely long phonon wavelengths. More information

about the convergence of κ is shown in the Supplementary materials.
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Figure 3. (a) The contributions of different phonon branches to the lattice thermal

conductivity of 2D InSe. The phonon lifetimes under different equibiaxial strains as a

function of frequency (b-d).

The non-monotonic behavior of the lattice thermal conductivity as a function of

equibiaxial tensile strain is shown in Fig. 2. The κ of the unstrained structure at

room temperature is 63.73 W/mK. We noticed that our κ value is slightly larger than

the previous result, [8] which may result from the difference of the integral method in

the Brillouin zone. Under equibiaxial strain, the highest κ value (93.58 W/mK at 300

K) appears at a strain of 1%. When the strain continues to increase, the κ is rapidly

suppressed as expected. As the size effect can induce the boundary scattering, which

imposes a limit on the phonon mean free path (MFP) and eliminates the divergence of

κ at the infinite size, we also consider the sample sizes of 2, 20 and 200 µm. From Fig.

2, it is apparent that the κ of the unstrained structure is enhanced from 22.25 W/mK

to 46.74 W/mK with increasing of sample size from 2 µm to 200 µm, which indicates

that some phonon modes in monolayer InSe have a long MFP. It is noted that the non-

monotonic behaviour of κ exists in all sample size systems even though the highest κ

lying at the strain of 0.5 %.

It is unusual that monolayer InSe exhibits a non-monotonic strain dependent

lattice thermal conductivity. In fact, for bulk materials, such as diamond [45] and

silicon, [46] their lattice thermal conductivities show a conventional monotonic strain



7

𝜀 = 0.07 T=300K
(a) (b) (c)

𝜀 = 0.00 300 K 𝜀 = 0.03 300 K 𝜀 = 0.07 300 K

(d) (e) (f)

4th

6th
12th

100K

200K

300K

4th
6th 12th

100K

200K

300K

4th 6th 12th
100K

200K

300K

Figure 4. Phonon spectra of 2D InSe under (a) 0.00, (b) 0.03, and (c) 0.07 equibiaxial

strains at 300K. The white dashed lines represent the harmonic phonon disersion. The

phonon spectra at Γ point under (d) 0.00, (e) 0.03, and (f) 0.07 equibiaxial strains

at different temperatures. The vertical black dashed lines represent the corresponding

harmonic phonon frequencies. The area under each phonon peak is normalized to one.

dependence. In some 2D materials, such as PtSe2 [47] and MoS2, [48] their lattice

thermal conductivities can be largely suppressed by equibiaxial tensile strain. It was

found from empirical molecular dynamics simulations that the thermal conductivities

of graphene and MoS2 [19,20] also decreases with tensile strain. For some 2D materials

that have buckling structures, such as silicene and penta-structure materials [23,24], non-

monotonic behaviour of κ under strain is observed and attributed to the transition of the

buckling distance in the 2D structures. For instance, the buckling distance in silicene also

has a non-monotonic strain dependence, which implies that the thermal conductivity of

silicene has a strong correlation with the buckling distance. [23] However, in 2D InSe,

we observe a monotonic strain dependent buckling distance even though the lattice

thermal conductivity has a non-monotonic strain dependence. Furthermore, Zhu et al.

made a comprehensive study of the thermal transport behaviors of 2D boron nitride

and the superlattices comprised by 2D boron nitride and graphene under tensile strains,

and found that their thermal conductivities also show the nonmonotonic behavior with

strain. They attributed this behavior to the competition between in-plane softening and

flexural stiffening of acoustic phonons branches [49]

To further comprehend the non-monotonic κ, we first studied the contribution

from different phonon branches under equibiaxial strains. In Fig. 3a, it is clear that

the higher-frequency branches (from the 4th branch to the 12th branch) only make very
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small contributions to the overall κ, so the non-monotonic κ behaviour is mainly due

to the contributions of the acoustic branches. From the Boltzmann thermal transport

equation, we know that there are three crucial parameters that mainly govern the lattice

thermal conductivity: the group velocity, heat capacity, and phonon lifetime. The group

velocity and heat capacity have insignificant variations under equibiaxial strains (see

Fig. s3 in the Supplementary materials), so phonon lifetime dominates the changes of

κ under strains. It is noted that the non-monotonic relationship between κ and strain

in silicene is also governed by the large tunability of the phonon lifetime. [23]

Due to the slight contributions of high-frequency phonon branches to the lattice

thermal conductivity, we focus on the phonon lifetimes of the three lowest-frequency

branches. The relationship between strain and the contribution of the first branch to κ

is also found to be non-monotonic. The contribution of the first branch to κ continuously

increases for strain from 0% to 3% but decreases from 3% to 13%. The transition of

the phonon lifetime with strain in Fig. 3b is consistent with the transition of the

contribution to κ; the phonon lifetime also increases with strain from 0% to 3% and

decreases with strain from 3% to 13%. A similar non-monotonic behaviour also exists

in the third phonon branch, of which the aggregate contribution to the overall lattice

thermal conductivity is more than 45% for the unstrained structure. When applying

an equibiaxial tensile strain of 1%, there is an almost two times of enhancement to

the contribution to κ (from 31.08 W/mK to 59.36 W/mK at 300 K). The apparent

fluctuation of the phonon lifetime in the third branch (Fig. 3d) rationalizes the non-

monotonic behaviour. On the one hand, the phonon lifetimes in the third branch

are generally larger than the first and second branches, which results in a dominant

contribution from the third branch to the total κ. On the other hand, the largest

phonon lifetimes exist under a strain of 1%, which is consistent with the peak location

of the strain dependent κ as shown in Fig. 2. The second phonon branch has the

usual transition tendency with the strain. The phonon lifetime of the second branch

monotonically decreases with increasing strain. Due to the much smaller contribution

to the κ compared with the third branch, 2D InSe still has a non-monotonic lattice

thermal conductivity behaviour.

The phonon frequency shifts and linewidths of some specific modes of 2D InSe

exhibit an unusual strain dependence. We extracted the third- and fourth-order force

constants to calculate the phonon self energies and obtain the phonon frequency shifts.

To illustrate the frequency shifts, we first plotted the phonon spectra under different

strains at 300 K in Fig. 4. For the unstrained structure, the fourth branch has an

obvious blue-shift with an increase of temperature from 0 K (white dashed line) to 300

K, especially at the Γ point (see the white arrow). The twelfth branch has an apparent

red-shift throughout the entire Brillouin zone. We also notice that there is a very wide

phonon linewidth in the sixth phonon branch. These features of phonon imply strong

anharmonicity in unstrained monolayer InSe.

Interestingly, these optical phonon branches have different reactions to equibiaxial

tensile strain. The blue-shift completely vanishes at strains of 0.03 and 0.07 as shown in
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Figure 5. Phonon frequency shifts of the fourth (a) and the twelfth (b) modes at

Γ point under different equibiaxial strains at 300 K, and the contributions from the

tadpole, bubble and loop terms. The PES corresponding to the fourth (c) and the

twelfth (d) phonon modes at Γ point.

Fig. 4b and Fig. 4c, respectively. While the red-shift of the twelfth phonon mode still

exists but the amplitude is slightly suppressed under strain. To show these frequency

shifts more clearly, the phonon spectra at the Γ point at different temperatures are also

shown in Fig. 4. With the increasing temperature, the fourth branch moves towards

the high-frequency region, while the twelfth branch moves towards the low-frequency

region. After applying equibiaxial strains, the temperature dependent frequency shift of

the fourth branch is completely suppressed. Additionally, the amplitude of the red-shift

of the twelfth phonon mode decreases under strain. It is also noted that the strain also

has a significant effect on the linewidth of the sixth phonon branch. In Fig. 4a and 4d,

it is apparent that the sixth phonon branch shows very large linewidths and thus very

small phonon lifetimes. The linewidth of the sixth branch significantly decreases under

equibiaxial tensile strains (Fig. 4e and 4f); whereas, the linewidth of the twelfth phonon

mode increases with increasing strains. The different strain dependence of linewidth of

these phonon modes may be attributed to the redistribution of three-phonon phase space

or the changes of third-order anharmonic force constants under strain. As these optical

phonon modes do not significantly contribute to the lattice thermal conductivity, the

changes in their linewidths have a minor effect on the κ of 2D InSe.

To further comprehend the origin of the phonon frequency shifts, we extracted the

contributions of the three perturbation terms (tadpole, bubble and loop) corresponding
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to the fourth phonon mode at the Γ point at equibiaxial tensile strains of 0.00, 0.03 and

0.07. Fig. 5a shows that the tadpole term makes the most significant contribution to the

blue-shift of unstrained 2D InSe. This is unusual, because the first-order perturbation

of the fourth-order anharmonic term (loop diagram) usually makes a major contribution

to the frequency shift, as shown in previous reports [33, 35, 50, 51]. Moreover, the

frequency shift contributed by the tadpole diagram is almost inhibited under equibiaxial

tensile strain, which results in a suppression of the blue-shift. For the red-shift of the

twelfth phonon mode at the Γ point when ε = 0.00, it is also found that the third

order perturbation terms (the tadpole and bubble diagrams) make more significant

contributions than the fourth order term. After applying equibiaxial strains, the tadpole

term is also greatly suppressed, resulting in a reduction of the amplitude of the red-shift.

The tadpole diagram is usually related to the structural symmetry. If the internal

atomic coordinates are determined by the crystal symmetry, then the contribution of

the tadpole term is zero. [34, 52] However, In and Se atoms in the primitive cell of

2D InSe occupy the 2h (1
3
,2
3
,z) and 2i (2

3
,1
3
,z) Wyckoff positions, respectively. [53]

The z coordinates of In and Se atoms cannot be determined by the symmetry, thus

the tadpole term may play a crucial role in the phonon frequency shift of monolayer

InSe. Nevertheless, the dominant blue-shift disappears under equibiaxial tensile strains

because of the remarkable reduction of the tadpole diagram contribution, as shown in

Fig. 5a.

In Fig. 5c, the PES of the fourth phonon mode at the Γ point under different

equibiaxial strains is shown. At ε = 0.00, the PES is strongly asymmetric, suggesting

large contributions from the third-order anharmonic terms, which is consistent with

the large blue-shift contributed by the tadpole diagram. When equibiaxial tensile

strain is applied, the third-order contributions are reduced and the PES becomes more

symmetrical, resulting in a suppression of the blue-shift. Therefore, the correlation

between the frequency shift of the fourth phonon mode at the Γ point and strain can

be attributed to the unique transition of the PES. In Fig. 5d, the PES corresponding

to the twelfth phonon mode at Γ point is also shown. It is seen that equibiaxial tensile

strain results in a more asymmetric PES, which may be related to the contributions of

the tadpole and bubble terms to phonon frequency shift.

4. Conclusions

By employing the first-principles calculations, we studied the lattice anharmonicity of

monolayer InSe under different equibiaxial tensile strains. The non-monotonic lattice

thermal conductivity of 2D InSe as a function of strain has been reported. Phonon

lifetimes at different strains were calculated to rationalize this unusual behaviour. The

third phonon branch plays a critical role in the non-monotonic strain dependence of

the lattice thermal conductivity. A blue-shift of the fourth phonon branch and a red-

shift of the twelfth phonon branch are also reported for unstrained 2D InSe at elevated

temperatures. The blue-shift of the fourth phonon mode at the Γ point is found to
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result from the contribution of the tadpole diagram, and to be related to the crystal

symmetry and the strongly asymmetric PES. This phonon blue-shift is very sensitive

to equibiaxial tensile strains and is suppressed after applying strains of 3% and 7%;

the strain dependence is found to be related to the transition of the PES. Our findings

provide a more complete understanding of the phonon anharmonicity and its strain

dependence in 2D InSe, which may be instructive for thermal transport engineering.
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