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Abstract 

 

There has been growing interest in exerting radiation forces to trap and cluster randomly 

distributed cells in body fluid, micro-particles in water, or microorganisms in fluid-like culture 

media. Acoustic standing waves are extensively utilized as a patterning tool to assemble particles 

at nodes or anti-nodes but, for frequencies above megahertz, the nodal distances become too small 

for particle separation. We study a mechanism to propel particles towards one central space by 

creating a converging wave field without significant reflections. This is achieved by strong decay 

of the main ultrasound beam by multiple scattering. When two opposing traveling waves are 

suitably decayed towards their meeting point, a converging wave field is created for particle 



 

 

assembly via radiation forces. This paper describes the theoretical prediction model based on the 

translation addition theorem and the partial-wave expansion method. The predicted acoustic 

pressure fields are compared with full numerical simulations for a limited number of particles, and 

the attenuation coefficient is validated by the existing experimental data. The results demonstrate 

that the converging wave field is formed, and the acoustic radiation force vectors in a bulk 

acoustic wave (BAW) device are directed towards the central space for meaningful clustering of 

micro-particles from their host fluid. 
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1. Introduction 

 

In recent years, operations such as trapping [1][2][3][4][5], levitating [6][7][8][9], se

parating [2][10][11], printing [12], and clustering [13] the objects with different sizes in the air 

[6][7][8][14], water [1][15] and other fluid-like media [2][4][16] using acoustic radiatio

n forces are becoming increasingly popular with a range of lab-on-a-chip applications. 

 

Fundamentally, the propagation of an acoustic wave results in acoustic radiation forces on 

particles and the acoustic streaming of fluids. These are second-order effects, caused by 

nonlinearities in the governing physics. Lord Rayleigh laid the foundation of acoustic streaming 

[17] and the acoustic radiation force on a plane obstacle due to a propagating wave [18]. Moder

n understanding of acoustic radiation forces began with King [19], who developed theoretical 

formulas for the force on a rigid sphere in an inviscid fluid exerted by in-plane standing or 

traveling waves. It was extended to solve the problems with compressible and elastic boundaries 

[20][21]. Gor’kov generalized these results to arbitrary acoustic fields, showing that th

e time-averaged acoustic radiation force on a microparticle can be described by a potential [22] 

whose gradient is the exerted force. However, in the case of manipulating or levitating countable 

Mie particles, i.e., particles with diameters comparable with the wavelength, the scattering 

potential from the wave reflection by the particle itself and the rescattering potentials from other 

particles [23] become significant. The countable number of particles allows us to use Newton’s

 law to describe the movement of each particle in the Lagrangian framework. 



 

 

 

In order to analyze and evaluate the radiation forces acting upon any specific probe particle 

surrounded by multiple reciprocal particles, it is convenient to use the partial-wave expansion [24]

 to formulate the acoustic velocity potential fields. In this way, the scattering or rescattering fields 

can be obtained precisely with the help of a translation addition theorem [25]. This mathematical

 combination for the multi-particle problem has been applied widely [23][26]. In addition, as the 

acoustic forces acting upon a single particle can be directly evaluated by integrating the radiation 

stress tensor produced by the incident and scattered waves over the probe particle surface [27][28]

, a series expression for the radiation force components for a single particle within the host fluid 

[29] or a specific probe particle within the multiple particles environment [23] is obtained in the 

Cartesian coordinates. Moreover, as the incident wave with arbitrary wavefront can be formulated 

by partial-wave expansion [30], the expansion can combine with the series expression for the

 acoustic radiation forces. As a result, the radiation forces with arbitrary incident wavefront can be 

evaluated. 

 

With the help of acoustic radiation forces, many promising applications of clustering multiple 

particles have been analyzed in recent years. The bulk acoustic wave (BAW) device [1] with two

 orthogonal standing waves was frequently used to rearrange the patterns of small particles 

[2][4][16][31]. Typically, scaffold patterning can be achieved by standing waves as the acous

tic energy landscape forces the particles into potential wells [22]. In Owens’s research [2], based 

on the principle that the Rayleigh particles are assembled at the nodes or anti-nodes decided by 

their natural properties of acoustic contrast factor, the negative acoustic contrast particles could be 



 

 

separated from the positive ones. Similarly, Atehortua [11] presented a method utilizing the

 radiation forces acting upon the water droplets of the water/oil emulsion to make the small water 

droplets coalesce into bigger droplets in the nodes and realized the separation of crude oil from 

water. A comprehensive theoretical and experimental investigation of the scaffold patterning by 

standing waves for Rayleigh and Mie particles was conducted by Silva [31].

 

The effects of dissipation and absorption of acoustic energy hardly affect the principle of particle 

assembling when the number and the size of the particles are relatively small. However, when the 

volume concentration of the suspension becomes high, such as the case of randomly distributed 

cells in body fluid, the micro-particle in wastewater, and the small droplets in the clouds, energy 

dissipation by scattering plays an essential role in formulating the radiation force vectors. 

 

Normally, a theory for energy dissipation by viscosity, heat transfer, and acoustic scattering effects 

begins with a single particle immersed in the host fluid, which is then extended to the environment 

of multiple particles under the premise that the overall energy dissipation satisfies the 

superposition principle by summing up the energy dissipation derived from the single-particle 

environment [32][33][34][35]. Many experiments in terms of Rayleigh particles [34][36][37

] and Mie particles [35][38][39] with different volume concentrations had been conducted to 

validate the superposition principle. Although the attenuation coefficient calculated by the 

superposition principle agreed well with experiments for low volume-concentration suspensions, 

as the mutual effects among the particles are negligible, deviations become considerable for high 

volume concentrations. Therefore, the mutual effects should be considered by deriving the 



 

 

potential field from the multi-particle environment. In this way, the acoustic energy conservation 

is used to describe the relationship between the dissipation and the acoustic velocity potential [40], 

and then the dissipation can also be formulated by partial-wave expansion consistently. 

 

As the wave energy dissipation by scattering from the multiple Mie particles becomes significant, 

the familiar standing wave pattern is replaced by a traveling wave with decaying amplitudes. 

Since the radiation forces roughly point to the minima of the potential [22], particles should be

 assembled in the central space rather than the scaffolding nodes or anti-nodes in a standing wave 

inside the BAW device. As a result, droplets will coalesce to form rainfall, novel contactless 3D 

printing techniques, and material selection in the refining industry may benefit from this new 

particle assembly mechanism. 

 

The rest of the paper is organized as follows. In Sec. 2, we present a series expression for the 

acoustic velocity potential sourced by the incident waves with arbitrary wavefront, which 

considers the mutual effects among different particles with the help of the addition theorem. To be 

physically consistent, we divide the whole potential field into three parts, the innermost domain, 

the outermost domain, and the middle layer. The effects of wave dissipation are evaluated using 

the potential of the outermost domain. The radiation forces are obtained by the surface integral of 

the probe particle using the potential of the innermost domain. In Sec. 3.1, the theoretical 

predictions of the pressure field are compared with full numerical simulation, and the attenuation 

coefficient is validated by the available experimental data. We introduce the geometric parameters 

of the computational domain and the operating parameters for computations used in the BAW 



 

 

device in Sec. 3.2.  The distribution of force vectors with scattering effects is analyzed and 

compared with numerical simulation in Sec. 3.3. A summary is made in Sec. 4. 

 



 

 

 

2. Theoretical analysis 

 

Fig. 1 Geometric description of multiple particles in a suspension and their relative positions used 

in the translation addition theorem. 

 

Figure 1 shows the multi-particle system where a time-harmonic (with angular frequency  ) 

external incident wave with arbitrary wavefront interacts with a set of spherical particles. The 

particles have radii ( 1,2,...)ia i = , with density i  and speed of sound ic . The center of each 

particle defines a coordinate system denoted by iO . We choose one of the particles as the object 

for the following derivations, which is referred to as probe particle (with index i l= ). The 

position of any field point relative to the center of the probe particle is lr


. All other particles are 

referred to as the source particles for scattering waves with index j l , and the field points are 

located in the source particle coordinates jO  as jr


, while the source particles of the index j  

are located by the probe coordinate system lO  as ljr


, with lj l jr r r= −


. For simplicity, we 

consider an inviscid fluid, which satisfies the viscous thickness requirement [17], with density

 0  and speed of sound 0c , and particles are made by fluids or fluid-like homogeneous 



 

 

materials for which shear waves can be ignored. Even when the particles are not fluid-like 

materials, fluid-like boundary conditions (continuity of the pressure and the radial component of 

fluid velocity) are sufficient to provide accurate numerical results [41][42]. In this case, any 

velocity potential function ˆ( )ir


 (also denoted as ˆ
i ) at a specific position ir


 with respect to 

the system ( 1,2,...)iO i =  satisfies the Helmholtz equation 

( )2 2 ˆ 0,ik  + =  (1) 

where 
2  is Laplace Operator, the hat symbol  represents the complex amplitude, and k  is 

the wavenumber for the fluid. The velocity potential function with respect to the probe system lO  

is contributed by the external incident wave ex
ˆ ( )lr


 (denoted as ex,

ˆ
l ), the scattering wave of 

the probe particle sc
ˆ ( )lr


 (denoted as sc,

ˆ
l ), and the rescattering wave of all source particles 

rsc
ˆ ( )lr


 (denoted as rsc,

ˆ
l ),  

tsc ,

ex, sc, rsc,

ˆ

ˆ ˆ ˆ ˆ ,

l

l l l l



   = + +


 (2) 

while the sum of the two scattering potentials is called the total scattering potential function 

tsc
ˆ ( )lr


 (denoted as tsc,

ˆ
l ). 

 

Physically, in the near-field of the probe particle, a combination of the first and third terms on the 

right-hand side of Eq. (2) can be regarded as an effective incident velocity potential, and the 

second term as the scattering velocity potential. By contrast, in the far-field region, a combination 

of the second and third terms constitutes the total (effective) scattering velocity potential, while 

the first term remains as the external velocity potential. 



 

 

 

2.1. Multiple scattering and the potential fIelds 

 

To utilize the wave expansion technique in the spherical coordinate system, the potential of the 

external incident wave can be described by spherical partial-wave series [24] for an arbitrary 

probe particle coordinate system iO  as 

ex, , ,

,

ˆ ,m

i nm i n i

n m

a J =  (3) 

where 
, 0

n

n m n m n

++

= =−

    and ( ) ( ), ,m m

n i n i n i iJ j kr Y   . ( )n ij kr  is the spherical Bessel function 

of order n  at the position ir , and ( ),m

n i iY    is the spherical harmonic of n th-order and 

m th-degree at the angular position ( ),i i  . i  and i  are the polar and azimuthal angles of 

a spherical coordinate system iO , respectively. Notably, the coefficients ,nm ia  are defined as the 

beam-shape coefficients of the spherical coordinate system iO , which depend on the type of 

external wave considered (plane, cylindrical, spherical waves, or other beams, etc.). It can be 

regarded as a series of coefficients to approach an arbitrary wavefront of the external wave. A 

method based on the partial-wave expansion to formulate the beam-shape coefficients of the probe 

system ,nm la  can be found in [30].

 

The information among different coordinate systems can be mutually expressed using the 

translation addition theorem [25]. The beam-shape coefficients of different coordinate systems

 ,nm ja  can be expressed by the beam-shape coefficients of the coordinate system of probe 

particle ,nm la  as 



 

 

( ), (1)

, , ,

,

, 1,2, butm

nm j l n lja a S r j j l

 
 

= = 



 

(4) 

where ( ), (1)

,

m

n ljS r




 is the separation transform matrix of the first kind, which is used to 

transform the values of the beam-shape coefficients among different coordinate systems. Based on 

Eq. (4), if the beam-shape coefficients of the probe system ,nm la  and the relative position vector 

ljr


 are determined, the beam-shape coefficients of any source system ,nm ja  can be calculated.  

 

As mentioned before, each particle contributes to the total scattering field, thereby making the 

problem much more complicated. The velocity potential function for the scattered field by one of 

the coordinate systems iO  can be described as 

sc, , ,

,

ˆ , 1,2,...,m

i nm i n i

n m

s H i = =  (5) 

where the scattering coefficients, ,nm is , describe the scattering effects from multi-particle under 

the system iO . A combining function ( ) ( ), ,m m

n i n i n i iH h kr Y   . ( )n ih kr  is the Hankel 

function of the first kind at the position ir . Therefore, the total scattering potential function tsc  

can be found by summing contributions from all the scattering fields of the particles 

tsc sc, , ,

1,2,... 1,2,... ,

ˆ ˆ .m

i nm i n i

i i n m

s H 
= =

= =    (6) 

 

Once all the scattering coefficients, ,nm is , are determined, the total scattering potential field and 

the whole potential field are obtained. In order to solve the scattering coefficients, we need to use 

the boundary conditions between the particles and the host fluid. 

 

The calculation of Eq. (6) requires all data from different coordinate systems for the coefficients 

,nm is  and the function ,

m

n iH , which is unnecessary and difficult to handle. To simplify, the 



 

 

information of all coordinate systems can be put into the coordinate system of probe particle lO  

by the translation addition theorem. 

 

Mathematically, the addition theorem has different translation expressions depending on the 

relations between the distance of a particle to the center of the probe particle lr


 and the distance 

of the center of the probe particle to the center of the translating source particle ljr


 [25]. We

 divide the whole computational domain into three parts, as shown in Fig. 2. 

 

 

Fig. 2 Definition of the innermost domain, the outermost domain, and the middle layers in the 

translation addition theorem. 

 

For the innermost domain (cf Fig. 2), where all source particles distribute outside of this region 

with respect to the system lO  (i.e., inlr R


), the total effects of all scattering fields from all 

particles Eq. (6) can be rewritten as  



 

 

( )

sc, rsc,

, (2)

tsc, , , , , ,

, , ,

(in)

, , , ,

, ,

ˆ ˆ

ˆ

,

l l

m m m

l nm l n l j n jl n l

n m n m j l

m m

nm l n l nm l n l

n m n m

s H s S r J

s H rs J



 
 

 




 
= +  

 

= +

  

 





 

(7) 

where 
1,2,3...&j l j j l = 

  , ( ), (2)

,

m

n jlS r




 means the separation transform matrix of the second 

kind, which is used to transform the values of the scattering coefficients among different 

coordinate systems. ( )(in) , (2)

, , ,

,

m

nm l j n jl

j l

rs s S r

 
 




 are the rescattering coefficients of the 

innermost domain with respect to the coordinate system lO , describing the rescattering 

contributions from all source particles.  

 

The rescattering coefficients of the innermost domain 
(in )

,nm lrs  are directly decided by the 

scattering coefficients ,nm is . It implies that if the scattering coefficients ,nm is  are determined, 

the total scattering field from Eq. (7) can be calculated. It can be seen that the total number of 

unknown variables of the scattering coefficients ,nm is  is 
2( 1)M N+  , where M  and N  

are, respectively, the truncation number and the number of particles. Therefore, to determine the 

scattering coefficients ,nm is , a set of 
2( 1)M N+   equations is required, which is derived in 

Appendix I.  

 

In the innermost domain, Eqs (2), (3), and (7) may be combined to show the potential function ˆ
l  

with respect to lO  as follows 

( )(in)

, , , , ,

, ,

, , , , ,

, ,

ˆ

.

m m

l nm l nm l n l nm l n l

n m n m

m m

nm l n l nm l n l n l

n m n m

a rs J s H

b J b s H

 = + +

= +

 

 
 

(8) 

The effective beam-shape coefficients ,nm ib  and the scalar scattering coefficients ,n is  are 



 

 

defined in Appendix I. It is worth noting that, for the innermost domain, the velocity potential 

function ˆ
l  can be physically separated into two parts, namely, the effective incident potential 

and the effective scattering potential. In this case, the rescattering waves from all source particles 

can be thought of as other external waves considered in the first part, and the effective scattering 

wave of the probe particle depends on not only the external incident wave, but also these 

rescattering external waves. In this sense, the multi-particle system becomes a single-particle 

system with respect to the innermost domain. Similar formulas to describe the innermost domain 

were also presented in [23].

 

In the outermost domain (seeing Fig. 2), where all source particles are distributed inside the region 

with respect to the system lO  (i.e., outlr R


), the total scattering fields Eq. (6) can be rewritten 

as 

( )

sc, rsc,

, (1)

tsc, , , , , ,

, , ,

(out )

, , , ,

, ,

ˆ ˆ

ˆ

,

l l

m m m

l nm l n l j n jl n l

n m n m j l

m m

nm l n l nm l n l

n m n m

s H s S r H

s H rs H



 
 

 




 
= +  

 

= +

  

 





 

(9) 

where ( )(out) , (1)

, , ,

,

m

nm l j n jl

j l

rs s S r

 
 




 are the rescattering coefficients of the outermost domain, 

which describe the rescattering contributions from all source particles. 

 

Similarly, inserting Eq. (3) and Eq. (9) into Eq. (2) yields the potential field of the outermost 

domain, which is 

( )(out)

, , , , ,

, ,

ˆ .m m

l nm l n l nm l nm l n l

n m n m

a J s rs H = + +   (10) 

The outermost potential field can also be split into two parts: the effective incident potential and 



 

 

the effective scattering potential. However, comparing Eq. (10) with Eq. (8) shows that the results 

for the rescattering waves differ from those of the innermost domain where the rescattering waves 

play a role as incident waves, while they become another essential part of the scattering waves. 

 

More generally, when the position vector lr


 is located at the middle layers between the 

innermost and the outermost boundaries of the system lO  (i.e., in outlR r R 


), for one of the 

source particles of j , some particles are located in the inner domain of in l ljR r r 


 and 

others in the outer domain of outlj lr r R 


, as illustrated in Fig. 2. The total scattering field 

cannot be completely formulated by either Eq. (7) or Eq. (9). Correspondingly, Eqs (8) and (10) 

become invalid for the middle layers. In order to further extend the theory, we start from Eq. (6) 

and the addition theorem to formulate the total scattering field with respect to the system lO  as 

( ) ( )

sc , rsc ,

, (1) , (2)

tsc, , , , , , , , ,

, , inner , , outer ,

(outer ) (inner )

, , , , , ,

, , ,

ˆ ˆ

ˆ

l l

m m m m m

l nm l n l j n jl n l j n jl n l

n m n m j n m j

m m m

nm l n l nm l n l nm l n l

n m n m n m

s H s S r H s S r J

s H rs H rs J

 

   
   

 


 

   
= + +   

   

= + +

      

  





,



 

(11) 

where symbols innerj  and outerj  represent the source particles involved in the inner 

domain and the outer domain, respectively. The outer rescattering coefficients are defined as 

( )(outer) , (1)

, , ,

inner ,

m

nm l j n jl

j

rs s S r

 
 

  


, and likewise, the inner rescattering coefficients as 

( )(inner) , (2)

, , ,

outer ,

m

nm l j n jl

j

rs s S r

 
 

  


. Correspondingly, the velocity potential function is 

( )

( ) ( )

(outer) (inner)

, , , , , , , ,

, , ,

(inner) (outer)

, , , , , ,

, ,

ˆ

.

m m m m

l nm l n l nm l n l nm l n l nm l n l

n m n m n m

m m

nm l nm l n l nm l nm l n l

n m n m

a J s H rs H rs J

a rs J a rs H

 = + + +

= + + +

  

 
 

(12) 

Note that when inner= , 
(outer)

, 0nm lrs =  and 
(inner) (in)

, ,nm l nm lrs rs= , which indicates that all position 

vector of source particles satisfy inl ljr R r 


, Eq. (12) is consistent with Eq. (8). Similarly, 

when outer= , 
(outer) (out )

, ,nm l nm lrs rs= , 
(inner)

, 0nm lrs =  and all source particles position vector satisfy 



 

 

outlj lr R r 


, Eq. (12) is compatible with Eq. (10). 

 

As the acoustic pressure and velocity can be derived directly from the potential function, and the 

acoustic radiation force and the acoustic dissipation are directly related to the pressure and 

velocity, the force and the dissipation can be formulated under similar mathematical structures. 



 

 

 

2.2. Acoustic attenuation along wave propagating direction 

 

As the radiation forces are directly proportional to the square of the complex amplitude of 

pressure, namely the acoustic intensity, the acoustic energy distribution will be less or more 

different if the influence of the acoustic attenuation or acoustic energy dissipation becomes 

stronger or weaker. Interestingly, if the effects from the attenuation within the medium become 

strong enough, the incident wave behaves differently compared with no attenuation medium. One 

of the significant differences is that the stable points for particles will not be located at the nodes 

or the anti-nodes of the standing waves [4][11][31] but assemble at other position

 

 

Fig. 3 The energy conservation and the definitions of spherical space   and scattering 

dissipation of the multiple particles environment. 

 

Acoustic energy conservation is described by Eq. (A11) of Appendix II. Based on the relation, the 



 

 

scattering dissipation sc  is defined as the energy taken away by scattering waves from the 

incident wave interacting with the particles inside the spherical space  , which can be described 

by the scattering potential sc  as 

2
*0

sc sc sc

0

ˆ ˆRe dS ,
2c

 
 



 
 = −  

 
  

(13) 

where symbol Re  means taking the real part of the expressions. sc̂  corresponds to the effective 

scattering potential function of the outermost domain, determined by Eq. (9). Then, inserting the 

effective scattering potential of Eq. (9) into Eq. (13), we arrive at 

2
*0

sc , ,2
,0 0

ˆ 1
,

2
nm l nm l

n m

p
At At

c k
 =   

(14) 

where 0p̂  means the complex amplitude of acoustic pressure of external incident wave. The 

scattering dissipation coefficients 
(out )

, , ,nm l nm l nm lAt s rs= + . It is worth noting that the scattering 

dissipation of the spherical space   does not involve any energy transformation, but that the 

acoustic energy of the incident wave is transferred into the scattering wave by reflection, thereby 

weakening the acoustic intensity in the incident direction. 

 

The acoustic intensity along the direction of the incident wave inI


 and the attenuation coefficient 

  due to the scattering dissipation satisfy 

( ) ,02 ,x in inI I   − 


 

(15) 

where x
x


 


 and the initial value of the acoustic intensity 

2

0
in,0

0 0

ˆ1

2

p
I

c
=


. Based on the 

energy relation and the assumption that the particles distribute homogeneously, the intensity 

attenuation per unit meter (along x  direction) and the scattering dissipation can be connected 

with the help of the space density factor nD , which is defined as the number of the spherical 



 

 

space   involved in the unit cubic meter space by 

in sc .x nI D  −  


 (16) 

 

Using Eq. (15) and Eq. (16), the attenuation coefficient can be evaluated by the scattering 

dissipation and, more directly, by the effective scattering coefficients in the outermost domain 

using Eq. (14): 

*

, ,2
,

.
2

n
nm l nm l

n m

D
At At

k
 =   

(17) 

 

For simplification, the number and the initial distribution of the particles involved in the spherical 

space  , as well as the value of the space density factor nD  are decided by the volume 

concentration and the radii of the insoluble particles in the suspension under the premise that all 

particles are distributed homogeneously and uniformly. 

 

It can be proved that sound attenuation from the relaxation processes due to heat transfer, viscosity, 

and evaporation is relatively small compared to the scattering dissipation. The former reaches its 

maximum when 1 =  [46][47]. Regularly, for the small particles with radii ranging from 0.0

1 mm to 1 mm, the relaxation time   varies from 0.001 s to 0.0001 s, which means the most 

effective frequencies are from 160 Hz to 1600 Hz. However, for ultrasonic scenarios, the 

frequencies are remarkably higher than the effective frequencies. Therefore, in this paper, we 

ignore the attenuation from these relaxation processes. 

 

In addition, the acoustic streaming caused by nonlinear and attenuation effects in the host fluid is 



 

 

negligible. Acoustic streaming may cause an additional drag force on the trapped particles. 

However, several experimental and theoretical studies showed that the acoustic streaming is less 

dominant for large particles [48][49]. In our range of interest, the radii of particles are comparabl

e to the wavelength of operating frequency ( ~r  ). We, therefore, ignore the effects of acoustic 

streaming. 

 



 

 

 

2.3. Radiation interaction forces for the particles suspension 

 

The acoustic radiation forces arising from the interaction between an external incident wave and a 

particle are evaluated as a surface integral of the velocity potential functions for the particle. The 

radiation forces act on the particle due to the scattering pressure that can be obtained [27]

R R0
R R

dA dA .F L uu= −  
 

 (18) 

In the above equation, the angle brackets   denote the time average of the variable therein, and 

L  is the acoustic Lagrange density defined as 
2

0 2

0 0

1 1

2 2
L u u p

c



=  −


, 0u u 


 is defined 

as the flux of momentum density, i su u u= +


 is the acoustic velocity, and i sp p p= +  is the 

acoustic pressure with subscripts i  and s  for the incident and scattering waves, respectively. 

The spherical surface R  surrounding the scattering particle is sufficiently far from the scattering 

source, and the direction of the integration element RdA


 is along the outer normal of the surface 

R . To simplify Eq. (18), the following are considered. (i) For the external incident wave that does 

not contribute to the radiation force, i.e., R Ri 0 i i
R R

dA dA =0L u u−  
 

, the acoustic 

Lagrange density for the incident wave is defined as 
2

i 0 i i i2
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2 2
L u u p

c



=  −


. (ii) the 

Sommerfeld radiation conditions require the acoustic Lagrange density for the scattering wave to 

satisfy 
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(19) 



 

 

 

It is convenient to describe Eq. (19) by the velocity potential form as 

2
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(20) 

where re


 is the unit outer normal vector of the spherical surface R . The sum of terms makes 

two types of contributions, (i) squares of s  representing the force from the scattering and 

rescattering waves, and (ii) the rest mixed terms representing the force from interference between 

the incoming and the scattered waves. Obviously, the radiation forces from Eq. (20) hold valid 

only for a single scatterer system, i.e., the problem of an external incident wave and the 

corresponding scattering wave. However, for the multi-particle system, based on Eq. (8) for the 

innermost domain, the velocity potential function l  can be split into the effective incident part 

and the effective scattering part. It means that, for probe particle in a multi-particle system, the 

radiation forces acting on the probe particle can be calculated by Eq. (20) using the potential 

function distribution of the innermost domain. The radiation forces calculation on the probe 

particle is reduced to that of the corresponding single-particle problem, as presented in a recent 

work [23].

 

The acoustic radiation forces on the probe particle with respect to the system lO  can be 

evaluated under the Cartesian coordinate system by substituting Eq. (8) into Eq. (20), using 

relation 
*1 ˆ ˆRe

2
XY XY =

 
. Considering the orthogonality and the recurrence properties of 

the spherical harmonics function to simplify [45]: 
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(21) 

where the combination coefficients , ,nm nm l n lbs b s , symbol Re  means taking the real part of 

the expressions, superscript *  means conjugating the complex variables, 0p̂  and k  mean the 

complex amplitude of acoustic pressure of external incident wave and the complex wavenumber 

for the multi-particle environment, respectively. The weighting coefficients 
m

nA , 
m

nB , 
m

nC , 

m

nD , 
m

nE  and 
m

nF  are defined as 
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(22) 

Based on Eq. (21), the magnitude and the direction of the forces can be determined, which 

indicates that the particles will be moved along the direction of the forces. 

 

Inserting Eq. (17) as the imaginary part of the complex wavenumber k  in Eq. (21), the acoustic 

radiation forces considering the dissipation by the scattering effects along the wave propagating 

direction are obtained. 



 

 

 

3. Results and discussions 

3.1. Example and calibration of theoretical pressure fields and attenuation 

coefficient 

 

The prediction accuracies of the attenuation coefficient by Eq. (17) and the radiation forces by Eq. 

(21) depend on the potential field. Before further analyzing the results, the acoustic pressure field 

calculated by Eqs (8), (10), and (12) should be validated with that from simulations for the same 

geometry. 

 

We have performed an acoustic scattering pressure field calculation for three rigid particles 

immersed in the air with two traveling waves along the z  axes. The radii of the particles are 2 

mm, located at (-8, 0, -8) mm, (0, 0, 0) mm and (8, 0, -8) mm, respectively. As the accuracy of the 

multiple scattering theory depends on accurately evaluating the scattered and rescattered fields, we 

intentionally selected particles with larger radii (the scattering effect is more significant if the 

particle radius is larger) to validate the accuracy between the theoretical and numerical results. 

The frequency, amplitude, and initial phase of incident waves are 40 kHz, 10 Pa, and 0 rad at the 

position (0, 0, 0) mm, respectively. The results are compared with finite element simulations using 

the COMSOL Multiphysics software. Specifically, the linear acoustic fields are modelled using 

the ‘Pressure Acoustics, Frequency Domain’ interface, the computational domain is enclosed by 

the ‘Perfectly Matched Layer’ to absorb all outgoing wave energy, and the particle surfaces are set 



 

 

to the ‘Sound Hard Boundary’. The comparisons are illustrated in Fig. 4.  

 

The theoretical predictions agree with full numerical simulations, with some amplitude deviations 

in the region far from the particles, which can be corrected by increasing the truncation number 

M . As a higher truncation number M  costs more computational time for the separation matrix 

( ),

,

m

n lqS r




, 12M =  is chosen as a compromise. 

 

Fig. 4 The comparisons of the acoustic scattering pressure fields based on Eqs (8), (10), and (12) 

for the truncation number 12M =  and those from the finite element simulations. a The 

geometric description of three rigid spherical particles in the air. The radii of the particles are all 2 

mm, located at (-8, 0, -8) mm, (0, 0, 0) mm, and (8, 0, -8) mm, respectively, from the left-hand 

side to the right-hand side. b, c, d The acoustic scattering pressure fields source from two opposite 



 

 

traveling waves interacting with these particles of the left view b, the vertical view c, and the front 

view d. The theoretical predictions based on Eqs (8), (10), and (12) are shown on the left-hand 

side, and the simulations are on the right-hand side separated by the red-dot lines in the middle of 

sub-figure b, c, d. 

 

A plane wave attenuation is evaluated by Eq. (17) when the wave propagates through the 

suspension (insoluble particles immersed in water) with different volume concentrations and 

frequencies, as shown in Fig. 5. The diameter of the immersed particles is set as 32 μm  (same 

with experiment [38]) with a rigid boundary condition. In order to summarize the results, the

 independent variable used to describe the attenuation coefficient is the size parameters (ka), not 

the particle radius (a) or frequency (f). Benefitting from the fact that the size parameter contains 

both particle size and frequency information [33][34][38], we use the size parameter as 

an independent variable to discuss the following. 

 

 



 

 

Fig. 5 Attenuation coefficient in the suspension based on Eq. (17) and experimental data with 

different suspension volume concentrations (VCs). The blue curves are quadratic polynomial 

fitting of theoretical results (the blue triangle symbols), and the red curves are experimental data 

of [38]

 

The theoretical calculation of the attenuation coefficient based on Eq. (17) is validated with 

experimental data of [34][38] (The red lines in Fig. 5). The operating frequency should satisf

y 1kr   so that the scattering dissipation plays a dominant role, while the effects caused by 

viscous dissipation can be safely neglected [34][37].

 

The frequency dependence of the attenuation coefficient   for the suspension is indicated in Fig. 

5. It can be found that the trends and values of the attenuation coefficient   predicted by the 

models proposed in the current work are basically in good agreement with those from experiments. 

The perceivable discrepancies between predictions and experiments may arise from different 

settings in the boundary condition of the particles. The rigid boundary condition is applied in the 

predictions to simplify the calculations, while the droplets in the experiments are compressible.  

 



 

 

 

3.2. The pressure field without acoustic attenuation inside the BAW device 

 

The bulk acoustic wave (BAW) device [1] with four traveling waves or two orthogonal standing

 waves launched from four PZT transducers is used to verify the proposed theory. Specifically, the 

BAW device has two pairs of ultrasonic matched transducers. Each of the transducers consists of a 

PZT plate and a matching layer. The four manipulation transducers are designed to be acoustically 

matched with water. The absorbers in the backside of the PZT transducers are designed to absorb 

the extra acoustic energy. The diagrammatic sketch of the BAW device used in this study is 

illustrated in Fig. 6. 

 

Fig. 6 The diagrammatic sketch of a square BAW device with the side lengths equal to 100 mm 

and the ultrasonic transducer includes an impedance matching layer in the front of a PZT plate and 

an absorbing layer in its back. 

 



 

 

In order to reduce the reflection coefficient, the matching layer is designed to be a layer with a 

thickness that is an odd multiple of a quarter wavelength of incoming waves. For the PZT-5H 

material and the operating frequency of 600 kHz used in numerical simulations, the thickness of 

the matching layer (alumina-loaded epoxy [50]) is set as a quarter of the wavelength of incoming

 waves, 1.11 mm (with the speed of sound of 2670 m/s). As the resonance frequency is a function 

of the thickness of the PZT plate, there will be an optimal thickness for the excitation frequency of 

600 kHz [1]. In this study, the thickness of the PZT plate is given as 3.2 mm. Overall, each

 transducer consists of a 100 mm length and 3.2 mm thick PZT plate with a 1.11 mm thick 

matching layer applied to the front face and an absorbing layer applied to the back face. 

 

The detailed settings of the numerical simulation are described as follows: the BAW device 

mainly includes four domains; they are the central water-filled domain, four PZT plates, four 

matching layers, and four absorber chambers. The acoustic waves propagate in the water-filled 

domain, the matching layers, and the backing absorber chambers are modelled by the COMSOL 

‘Pressure Acoustics, Frequency Domain’ interface. The PZT transducers are modelled by the 

‘Solid Mechanics’ interface, applying the ‘Piezoelectric Material’ physics and ‘PZT-5H’ material. 

The acoustic absorption feature of the matching layers is modelled by setting the attenuation 

coefficient in the ‘Alumina-loaded Epoxy’ material; the attenuation coefficient and physical 

parameters are given in the experiments [50]. The absorber chambers, used to absorb the residual

 anti-propagated acoustic wave of the transducers, are defined as ‘Perfectly Matched Layer’. 

 

The pressure field resulting from the continuous sinusoidal excitation by all four transducers at 



 

 

600 kHz is simulated with the same initial phase applied to each contribution. And the simulated 

result in the 100 × 100 mm region of the BAW device is shown in Fig. 7. For the excitation 

voltage used (50 Vpp), the maximum pressure reaches 550 kPa. In the region, the pressure varies 

sinusoidally with an amplitude of 550 kPa. There is a consistent pressure across most of the 

regions of interest, with some amplitude reduction and distortion near the sides [1][13][16][31]. 

 

Fig. 7 Two-dimensional pressure field by simulation for the four transducer manipulation device 

excited at operating frequency 600 kHz and excitation voltage of 50 Vpp in the 100 x 100 mm 

region. The application of the initial phases of the four transducers are set as zeros. 

 



 

 

 

3.3. Radiation force vectors in the BAW device with acoustic attenuation 

 

Fig. 8 a The force vectors and the pressure distribution from two orthogonal standing waves of 

600kHz ( 1.3kr  ) propagating through the suspension inside a square BAW device. The 

radiation force vectors are visualized with blue arrows, and a red arrow represents a resultant 

radiation force of a 2 2   square lattice (i.e., ,l sum l

inside lattice

F F= 


). Four expanded images, 

the centers of these squares located at coordinates of (45, 45) mm, (30, 30) mm, (15, 15) mm, and 

(0, 0) mm from the upper-left corner to the center of the computational domain, describe the 

radiation force vectors (blue arrows) directly from Eq. (21) and their corresponding resultant 

radiation force vectors (red arrows). The background pressure distribution is simulated by the 

corresponding numerical result under the BAW device. The attenuation coefficient 



 

 

( 45.5 / m = ) used in simulation coming from experimental data of [34][38]. b, c Distributio

n of X-component b and Y-component c of the resultant radiation forces along the cut lines of 

different Y-axis positions. 

 

In this section, we have calculated the radiation forces in the BAW device described in Sec. 3.2 

using Eq. (21). Two orthogonal standing waves with a frequency of 600 kHz and amplitude of 150 

kPa are launched from the transducers, and the waves are propagating in the suspension with the 

volume concentration equal to 0.1. The radii of the immersed particles and the sound speed of 

water used in the calculation are 500 μm  and 1480 m/s, respectively. Note that the acoustic 

energy taking away by the scattered and rescattered waves is modelled by an attenuation 

coefficient evaluated by Eq. (17), which is the imaginary part of the wavenumber in Eq. (21). In 

this way, the energy transfer due to the scattering effects of massive particles can be conveniently 

considered in the calculation of the acoustic radiation force.  

 

The numerical model is consistent with that used in Sec. 3.2. However, as the number of 

suspended particles is huge, the coordinates of these massive particles are nearly impossible to 

specify, leading to direct numerical simulation impractically. As a result, we give an attenuation 

coefficient (based on experimental data) to simplify the numerical study. It is worth emphasizing 

that, in order to perform the numerical simulations, we need to input the known attenuation 

coefficient to the numerical model in advance, which is determined by experiments. By contrast, 

we provide a model to evaluate the attenuation coefficient in our theoretical model, which enables 

our method to evaluate the acoustic radiation force in massive particle suspensions without the 



 

 

help of the experimental data. 

 

The force vectors (Eq. (21)) within a square BAW device are shown in Fig. 8. As the wavelength 

of incident waves is much smaller than the size of the BAW device, it is difficult to obtain 

sufficient information by directly displaying the distribution of the radiation force vectors. In order 

to visualize the general features of the radiation forces, we separate the whole computational 

domain into 20 20  square lattices, and the side lengths of each square lattice are 2 . Then, 

the radiation force vectors calculated inside the same square lattice are added together. A new 

resultant radiation force vector is created, which is used to represent the overall effect of these 

radiation forces. When the operating frequency satisfies 1.3kr  , the amplitude of incident 

waves will be attenuated due to the gradual scattering effects, and the scattering energies will be 

fully absorbed by predesigned surrounding sides of the BAW device. The magnitudes of the 

radiation force (
2

0
ˆ| |~F p


) will gradually reduce along these directions. Eventually, the force 

vectors are not directed in the directions of the nodes or anti-nodes, but clump into the central 

space, as shown in Fig. 8. 

 

As the waves are significantly attenuated in the suspension by the scattering effects, the particles 

are more manipulated by the features of traveling waves than by the residual standing waves 

inside the domain. Compared with the pressure field of no attenuation scenario (Fig. 7), the 

amplitude of the pressure becomes weaker along the wave propagating directions, which indicates 

that the force vectors will point to the central space of the BAW device, where the pressure 

amplitude and the gradient of the pressure field tend to be smaller. Particles are trapped within this 



 

 

region and eventually form an assembly (Fig. 8) instead of the well-known scaffold pattern 

[16][31]

 

From the sub-figure b, c of Fig. 8, the resultant radiation forces inside a 2 2   square lattice 

are calculated to describe the overall effects of the forces acting on the particles. Generally, the 

magnitudes of forces increase with the distance to the central domain, and the forces point to the 

central domain. Specifically, the magnitudes of the resultant radiation forces reach the minimum 

value in the central domain, which indicates precisely that the particles can be trapped in this 

domain. 

 

It is worth noting that the central assembly in the BAW device is not only suitable for particles of 

a specific diameter but can also be extended to particles of other sizes. We need to select an 

appropriate frequency ( 1kr  ) to ensure the scattering effects are significant enough. Based on 

this concept, the central assembly will become a tool to clump suspended particles or droplets 

together, increasing the possibility of particle interaction. Moreover, such a central pattern will be 

attractive for the chemical industry and research on droplet coalescence. Also, as the attenuation 

phenomenon is not significant for 1kr  , it is achievable to separate objects with different sizes 

and collect the target objects from one another. 

 



 

 

 

4. Summary 

 

We have presented a multiple-scattering theory, taking account of energy dissipation to calculate 

the acoustic velocity potential field in the multi-object environment. The potential field and the 

attenuation coefficient caused by the travelling wave dissipation based on the theory agree with 

numerical simulation and available experimental data. The theory is further applied to show the 

radiation force vectors in the BAW device, where a central assembling pattern can be found. 

 

Different from the standard patterning method, which constrains the particles in the nodes and the 

anti-nodes resulting from the standing waves, a central assembly can be realized by introducing 

adequate energy dissipation for the traveling waves, forming a convergent wave field when 

travelling waves from opposite directions meet without significant reflection. The central 

assembly provides an option of contactless clumping of suspended objects, allowing droplets 

coalescence for rainfall, and even enhancing particle interaction. It may also allow contactless 

separation for objects with different sizes with an appropriate choice of frequency and spatial 

dimension. These and many other possibilities derived from this study will, we hope, benefit the 

chemical industry and beyond. 



 

 

Appendix I 

 

The continuity of pressure and radial velocity across the boundary of the i th particle (i.e., the 

balances of the potential field outside the particle calculating by Eq. (3) plus Eq. (7) with that 

inside the particle) gives 

, , , ,nm i n i nm ib s s =  (A1) 

where 
(in)

, , ,nm i nm i nm ib a rs= +  are the effective beam-shape coefficients of the system iO , which 

can be regarded as a comprehensive effect of the external wave ( ,nm ia ) and the rescattering waves 

from other particles interacting with i th particle (
(in )

,nm irs ). Equation (A1) indicates that solving the 

scattering coefficients ,nm is  is equivalent to determining the effective beam-shape coefficients 

,nm ib . The scalar scattering coefficients ,n is  describe the scattering effect of the single-particle 

system, which is determined totally by the boundary condition on the surfaces between the i th 

particle and the host fluid [30][43][44]. Specifically, for the inviscid compressible particl

es considered here, the scalar scattering coefficients ,n is  are expressed as  
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(A2) 

where ik  is the inner wavenumber of the i th particle, 0 i
i

i

k

k





 , and the prime symbol 

indicates differentiation. 

 

With the help of the definitions of the effective beam-shape coefficients ,nm ib  and the 

rescattering coefficients of the innermost domain 
(in )

,nm lrs , we have  
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(A3) 

In the above equation, the beam-shape coefficients of different coordinate systems ,nm ia  and the 

scalar scattering coefficients for different particles ,n is  are given in Eqs (4) and (A2), 

respectively. Therefore, Eq. (A3) immediately gives a set of 
2( 1)M N+   equations, which can 

be solved for the unknown effective beam-shape coefficients ,nm ib  (i.e., the scattering 

coefficients ,nm is ). As the scattering coefficients ,nm is  are found, the total scattering potential 

function tsc  in Eq. (6) is determined.  



 

 

Appendix II 

 

A well-known energy conservation-dissipation corollary or acoustic energy conservation [40] is

 provided as 

vis T .
w

I
t


 +  = − −




 (A4) 

 

In order to obtain the energy relation within a certain space, we define a spherical space  . If the 

interaction effects from other source particles far from the probe particle can be ignored, the radius 

of that space is defined as five times larger as that of the probe particle. 

 

As illustrated in Fig. 3, the integration of Eq. (A4) within this space   yields 
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where variable w  and vector I


 mean the acoustic energy and the acoustic intensity, 

respectively. The variables describing the energy dissipation within the spherical space   

include the viscous energy dissipation vis
  and the thermal energy dissipation T

 . Moreover, 



 

 

parameter   represents the thermal conductivity, parameter ij  is the Kronecker function, 

variable 
2

3
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
 is defined as the rate-of-shear tensor, and other variables 

follow their common definitions.  

 

Taking time-averaged of Eq. (A5) and ignoring the effect of heat transfer (i.e., T 0 = ), the 

acoustic energy conservation equation for space   can be rewritten as  

visdv .I


 = − 


 (A10) 

 

Note that, theoretically and experimentally, the viscosity will play a dominant role in energy 

dissipation within the range of long-wavelength regime or Rayleigh regime ( 0 1k r  ) 

[34][37][38]. While for the Mie regime ( 0 or 1k r   ), the scattering dissipation becom

es dominant (at least ten times more than the viscous dissipation [34][38]). As the magnitude of 

the radiation force is minimal for the Rayleigh regime compared with that for the Mie regime, the 

viscosity effect is ignored (i.e., vis 0  ) for the problems involved the Mie particles 

( 0 ~ or 1k r  ). On this Basis, the acoustic intensity in Eq. (A7) becomes I pu=
 

. Then, the 

acoustic energy equation Eq. (A10) can be simplified by means of the Gauss theorem as 

0( i )dS 0,
r


  




 − =
  

(A11) 

where   represents the boundary surface of the volume space  , and   is the velocity 

potential for the multi-particle environment. As the domain of integration belongs to the outermost 

domain (defined in Sec. 2.1), the velocity potential function can be physically separated into the 

effective incident potential function and the effective scattering potential function, i.e., 



 

 

in sc  = + .  
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