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Extended Coulomb liquid of paired hardcore boson model on a pyrochlore lattice
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There is growing interest in the U (1) Coulomb liquid in both quantum materials in pyrochlore ice and cluster
Mott insulators and cold-atom systems. We explore a paired hardcore boson model on a pyrochlore lattice. This
model is equivalent to the XYZ spin model that was proposed for rare-earth-metal pyrochlores with “dipole-
octupole” doublets. Since our model has no sign problem for quantum Monte Carlo (QMC) simulations in a
large parameter regime, we carry out both analytical and QMC calculations. We find that the U (1) Coulomb
liquid is quite stable and spans a rather large portion of the phase diagram with boson pairing. Moreover, we
numerically find a thermodynamic evidence that the boson pairing could induce a possible Z2 liquid in the
vicinity of the phase boundary between Coulomb liquid and Z2 symmetry-broken phase. Besides the materials’
relevance with quantum spin ice, we point to quantum simulation with cold atoms on optical lattices.
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Introduction. The search of exotic quantum phases with
quantum number fractionalization and emergent gauge struc-
ture has been an active subject in modern condensed matter
physics. One theoretical route in the field is to start from
the exotic phase itself and construct solvable models. These
models are often contrived and not quite realistic [1–4].
One exception is the exactly solvable honeycomb lattice Ki-
taev model [5], whose physical relevance to the iridates was
pointed out by Jackeli and Khaliullin [6]. The opposite route
is to start from the realistic systems and build up relevant
models from the microscopic degrees of freedom. Both routes
have been fruitful. The latter route faces several major obsta-
cles. First, constructing a relevant physical model is not often
straightforward. Second, these strongly interacting models of-
ten cannot be solved in a controlled manner. Occasionally,
certain realistic models, such as the square lattice Heisenberg
model for cuprates, may be solved but yield mundane and
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known results and are thus of limited theoretical value for
our understanding of strongly correlated quantum matters.
Therefore, a physically relevant model that can be solved in
a controlled manner and at the same time gives nontrivial
quantum phases is highly valuable in the study of strongly
correlated quantum matters.

The XYZ spin model, derived from the microscopics of
dipole-octupole doublets on pyrochlore and triangular lat-
tices in Refs. [7,8], is a rare example that overcomes the
major obstacles of the second route. It was suggested that
this model on the pyrochlore lattice could stabilize a U (1)
Coulombic liquid [9,10] and may stabilize a Z2 spin liquid
in parts of its phase diagram [7]. The U (1) Coulombic liq-
uid is an exotic quantum state that is described by compact
quantum electrodynamics with emergent quasiparticles [9,10]
and has found relevance in pyrochlore quantum ice materials
[7,11–22] and cluster Mott insulators [23–27]. Besides the
nontrivial ground states, it was further pointed out [7] that
this model does not have a sign problem for quantum Monte
Carlo (QMC) simulation in a large parameter regime, and
in fact it is the case for any lattice [8]. An interesting ex-
tension of this model to the kagomé lattice by dimensional
reduction from the pyrochlores with magnetic fields was pur-
sued numerically in Ref. [28] where a Z2 spin liquid in the
kagomé ice regime was suggested. Our model was initially
proposed for various Nd-based pyrochlore materials [7,29–
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37] and was recently suggested for Ce-based pyrochlore spin
liquid candidates Ce2Sn2O7 and Ce2Zr2O7 [38–43]. Thus,
this model becomes a rare model that describes real physi-
cal systems, supports nontrivial quantum phases, and can be
solved in a controlled manner in a large parameter regime.
Inspired by these compelling properties [7,8,38], we show
that the Coulomb liquid covers a rather large portion of the
phase diagram. Moreover, the physical boson pairing may
render new fates to the emergent spinon-gauge coupling in the
Coulomb liquid [14,15]. We find the thermodynamic evidence
for the possible existence of a Z2 liquid out of the U (1)
Coulomb liquid via an internal Anderson-Higgs mechanism
by the spinon pairing.

The model. We start from the paired hardcore boson model
on the pyrochlore lattice with

H =
∑
〈i j〉

[(−t1b†
i b j − t2b†

i b†
j + H.c.) + V nin j]. (1)

Here, b†
i (bi) creates (annihilates) one boson at site i, and

ni ≡ b†
i bi is the boson occupation number. This model differs

from the usual hardcore boson model [9,26,44–46] by hav-
ing an extra boson pairing term. Previous theoretical works
and numerical efforts on the hardcore boson model with-
out the boson pairing have established the presence of the
Coulomb liquid that supports the gapless U (1) gauge photon
and fractionalized excitations [44,47]. Our main purpose is to
understand the role of this boson pairing on the phase diagram.

Our model has a strong physical motivation. Via the
standard mapping bi ≡ S−

i , ni ≡ Sz
i + 1/2, this model is iden-

tical to the XYZ spin model that was derived as a generic
and realistic model for the interaction between the so-called
“dipole-octupole doublets” on the pyrochlore lattice [7,8,38].
The boson pairing naturally arises from the spin-orbit entan-
glement of dipole-octupole doublets. At the end of this Rapid
Communication, we further mention the relevance with the
cold-atom systems [48,49]. Because of the boson pairing, the
global U (1) symmetry is absent and the total boson num-
ber is not conserved, but the Hamiltonian remains invariant
under a global Z2 (or Ising) symmetry transformation with
bi → −bi, b†

i → −b†
i . Throughout this Rapid Communica-

tion, we work on the regime with an average 1/2-boson filling.
In the following, we first carry out the theoretical analysis
and provide the physical understanding of the internal and
emergent gauge structure and fractionalized excitations of this
model and then implement the large-scale QMC simulation to
confirm the theoretical expectation.

The internal gauge structure and phase diagram. Since
the hardcore boson model without t2 pairing is equivalent
to the XXZ spin model and has been extensively studied
[9,44–46], we briefly explain the ground state in this limit.
When the hopping t1 exceeds a critical value, the bosons
are simply condensed and form a superfluid by breaking the
global U (1) symmetry. In the opposite case when t1 is less
than a critical value, the system would form a U (1) Coulomb
liquid with emergent U (1) gauge structure. Note this emergent
U (1) gauge structure in the U (1) Coulomb liquid has nothing
to do with the global U (1) symmetry of the model in the XXZ
limit. Because of the emergent nonlocality of the underlying
U (1) gauge structure, the Coulomb liquid in the small-t1

regime is robust against any small and local perturbation such
as the weak t2 boson pairing.

The U (1) Coulomb liquid in the phase diagram can also
be established from the limit with t1 = 0. As we elaborate in
Ref. [50], a sixth-order degenerate perturbation theory in the
t2 pairing is needed to generate the three-boson hopping on
the perimeter of the elementary hexagons of the pyrochlore
lattice. It is this three-boson collective hopping that allows the
system to fluctuate quantum mechanically within the exten-
sively degenerate ground-state manifold (or spin ice [9,51–53]
manifold in the spin language) of the predominant boson inter-
action and lead to the Coulomb liquid. When both t1 and t2 are
present and remain small, similar perturbative treatment again
leads to Coulomb liquid. Therefore, we expect the Coulomb
liquid to appear as the ground state when both t1 and t2 are
reasonably smaller than V .

To establish the phase diagram, we first realize that the sys-
tem favors a ferromagnetic order with 〈Sx〉 ≡ 〈b + b†〉/2 �=
0 when t1, t2 � V and t1, t2 > 0. Moreover, the phases for
t2 > 0 and t2 < 0 are related under the transformation bj →
ib j . To reveal the connection between the Coulomb liquid and
the ferromagnet, we view the Coulomb liquid as the parent
phase and implement the spinon-gauge construction [14,15]
for the hardcore boson operators that is appropriate for the
Coulomb liquid phase,

b†
i ≡ 1

2
�†

r �r′eiArr′ ,
∑
i∈tetr

ni = ηrQr + 2, (2)

where �†
r (�r) creates (annihilates) a spinon at the center

(labeled by r) of the tetrahedron (tetr), and ηr = ±1 for two
sublattices of the diamond lattice formed by the tetrahedral
centers. As we explain in detail in Ref. [50], the paired hard-
core boson model becomes

H =
∑

r

V Q2
r

2
− t1

4

∑
[rr′]

�†
r�r′e−i(Arr′′ +Ar′′r′ )

− t2
8

∑
〈rr′′〉

∑
〈r′r′′〉

[�†
r′′�

†
r′′�r′�r′′e−i(Arr′′ +Ar′r′′ ) + H.c.], (3)

where 〈· · · 〉 ([· · · ]) means the nearest (next-nearest) neighbors
and r′′ is the common nearest neighbor of r and r′. The boson
pairing mediates the spinon interaction in the spinon-gauge
formulation [14] that may induce pairing between these frac-
tionalized degrees of freedom and thus gap out the continuous
part of the internal U (1) gauge field via an internal Anderson-
Higgs mechanism. Through mean-field analysis, we do not
actually find any pairing instability within the Coulomb liquid
[see Fig. 1(a)] that can be a mean-field artifact. Nevertheless,
the mean-field theory gives a large region for Coulomb liquid
in Fig. 1(a).

QMC results for different phases. To examine our un-
derstanding, we numerically solve the model in Eq. (1) by
performing the the worm-type QMC algorithm [54,55] and
a brief description of this algorithm can be found here [50].
We set the chemical potential μ ≡ 3V to comply with the
XYZ model. To determine the phase boundary between the
liquid phases and the ferromagnet, we monitor the first-order
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FIG. 1. (a) The mean-field phase diagram. Thick (thin) line indi-
cates a first-order (continuous) transition. (b) The QMC phase dia-
gram with the system size L = 8 and the temperature T/V = 1/800.
The detailed properties of the specific points are presented in Figs. 3
and 4. The orange region is the candidate Z2 spin liquid phase and
the transition from the U (1) Coulomb liquid to the Z2 liquid is
continuous.

derivative of the free energy lnZ over t1 and t2 with

E1 = ∂ lnZ
∂t1

= 〈k1〉
t1

, E2 = ∂ lnZ
∂t2

= 〈k2〉
t2

. (4)

We simulate these values by varying t2 for fixed t1’s with the
system size N = 4 × 83, β = (kBT )−1 = 800, where we set
V = 1 as the energy unit. The numerical phase diagram is
presented in Fig. 1(b). As we calculate in Fig. 2, the transitions
are strongly first order at small t1’s and are consistent with
the theoretical results in Fig. 1(a). Moreover, as the system
approaches the phase boundary near the horizontal axis, the
transition becomes weakly first-order like. In general, the
phase boundary in Fig. 1(b) is qualitatively consistent with
the theoretical one.

To understand different phases, we probe the thermody-
namic properties by measuring the specific heat and entropy
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FIG. 2. The hopping and pairing kinks by varying couplings. The
legend suggests the values of t1/V . The system size is N = 4 × 83

and the temperature T/V = 1/800. When t1 � 0.048V the curves of
both kink types are clearly discontinuous, indicating strongly first-
order transitions. For t1 = 0.048V, 0.05V , a weakly first-order phase
transition is more likely.
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FIG. 3. Panels (a), (b), and (c) are heat capacities for points 1, 2,
and 4, respectively. Panels (d), (e), and (f) are entropy densities for
points 1, 2, and 4, respectively. Dashed (solid) curve is a fit of T 3

(exponential decaying) behavior.

for representative points in Fig. 1(b). The results are depicted
in Fig. 3. For the Coulomb liquid in the pyrochlore ice con-
text [9,10,53], it is well known that there exist double peaks
in the heat capacity. The high-temperature peak signals the
entrance into the spin ice manifold, while the low-temperature
peak arises from the quantum fluctuation that breaks the clas-
sical degeneracy of the spin ice manifold. Between two peaks,
there is an entropy plateau at Pauling entropy since the system
is thermally fluctuating within the ice manifold. Below the
low-temperature peak, the specific heat behaves as Cv ∝ T 3

in the zero-temperature limit due to the gapless gauge pho-
ton [15]. For points 1 and 2 in Fig. 1(b), the specific heat
behavior is consistent with the Coulomb liquid (see Fig. 3).
This gapless excitation is the key signature of the emergent
gauge dynamics and is unrelated to any continuous symmetry
breaking, especially since there is no symmetry breaking in
the disordered regime and our model [7] does not have any
continuous symmetry.

For the Z2 liquid, all excitations are gapped. Since the
spinon pairing is expected to occur at very low energy scale,
the double peaks in heat capacity should persist except that
we have an activated behavior of the heat capacity below
the low-temperature peak instead of the T 3 behavior for the
Coulomb liquid. Inside the disordered regime of Fig. 1(b), we
find that the behaviors of “points 3, 4, 5” are consistent with
a Z2 liquid (see Fig. 3 and Ref. [50]). This result provides
a thermodynamic evidence for the presence of a Z2 liquid
phase in the (orange) region of the disordered regime. More
specifically, the thermodynamic gap that is extracted from
the heat capacity for the point 4 is ≈0.018V . This is of the
same order as t2, suggesting the physical origin of the Z2

liquid state. As was noted, the t2 term renders an effective
interaction between the (fractionalized) spinon quasiparticles.
When one pair of spinons is condensed and individual spinon
remains uncondensed, the Coulomb liquid would give way
to the Z2 liquid in a way similar to the superconducting
pairing transition in a BCS superconductor. More physically,
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TABLE I. The physical properties of different phases. Here
“expo” refers to “exponentially” and ñi ≡ ni − 1

2 .

Properties U (1) liquid Z2 liquid Ferromagnet

Spectrum Gapless Gapped Gapped
Low-T Cv Power law Activated Activated
〈ñiñ j〉 Power law Expo decay Expo decay
〈b†

i b j〉 Expo decay Expo decay Constant

as t1/V increases inside the Coulomb liquid, the spinon gap
monotonically decreases, and the interaction t2 could lower
the spinon pairing energy and overcome the reduced two-
spinon gap, leading to the Z2 liquid state. However, there
is an alternative explanation for the behavior of the specific
heat and it is the formation of a charge density wave (CDW).
However, stabilizing a CDW would require longer range
density-density interactions only generated at high orders in
perturbation theory so we consider it less likely. In Ref. [50],
we provide more discussion about the detailed features of the
specific heat in Fig. 3 and this possible alternative explanation.

As listed in Table I, another important distinction be-
tween different quantum phases lies in the spatial dependence
of correlation functions. Here we numerically measure the
density-density and the boson-boson correlators that are de-
fined as

Cn(r) ≡
〈(

ni − 1

2

)(
n j − 1

2

)〉
, Cb(r) ≡ 〈b†

i b j〉, (5)

where r is the spatial separation between sites i and j. In the
spin language, Cn corresponds to the Sz-Sz correlator, while
Cb corresponds to the S+-S− correlator.

We compare the correlations of the Coulomb liquid and
those of the ferromagnetic state. As we depict in Fig. 4, the
boson density correlators for the points 1 and 2 decay as
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FIG. 4. Panels (a), (b), and (c) show (equal-time) density cor-
relators Cn for the given parameter points in the figures, and panel
(d) lists the boson-boson correlators Cb. For Cn, we have taken the
absolute value. The solid (dashed) line refers to the behavior of a
1/r4 (exponential) decaying. These data are obtained with the system
size L = 12 and the temperature T/V = 1/1000.

a 1/r4 power law with the distance, and the boson-boson
correlators decay exponentially. This is consistent with the
prediction from the Coulomb liquid in which the density cor-
relator at long distances and low energies [15,16] is mapped
to the U (1) gauge photon modes [56] and the boson-boson
correlator reflects the gapped fractionalized (spinon) quasi-
particles [57,58]. In contrast, for the point 4′ inside the
ferromagnetic state, the boson density correlator decays ex-
ponentially, and the boson-boson correlator saturates to a
constant since the system develops the order in 〈b〉 by break-
ing the global Z2 symmetry and simultaneously leads to a gap
for the density correlator.

For the Z2 liquid, all correlators decay exponentially with
the spatial separations. We find the boson-boson correlation
does indeed decay exponentially. For the density correlators,
despite the thermodynamic gap, we were unable to show more
convincingly the exponetially decaying behavior due to the
finite system size and the tiny energy gap. To resolve this, one
may need even larger system sizes to carry out the simulation
in the future.

Discussion. Combining the analytical and numerical anal-
ysis, we determine the phase diagram in the sign-problem-free
region. When t1 and t2 are small, a U (1) Coulomb liquid
is stable with emergent U (1) gauge structure. As t1 or t2
increases, exceeding their critical values, the system enter a
ferromagnetic phase. However, due to the spinon interaction
induced by the pairing term, a Z2 spin liquid is also a possible
choice via the condensation of spinon pairs, and thermody-
namic evidence is found to support this.

As for the physical realization, the solid-state realization
has been proposed for dipole-octupole doublets that have a
XYZ model interaction [7,8,38]. Several Nd-based [29–37]
and Sm-based [59] pyrochlore magnets [60] were proposed
to realize the dipole-octupole doublets, though most of them
support magnetic orders with mixed dipolar and octupolar na-
ture [29–37]. The known spin liquid candidate is the Ce-based
pyrochlore Ce2Sn2O7 and Ce2Zr2O7 where the Ce3+ ion gives
a dipole-octupole doublet [38–43]. Besides the solid-state
context, the cold atoms on optical lattices are used to realize
exotic quantum models. In a previous proposal, Ref. [49] has
designed a ring exchange interaction for the boson gases via
a Raman transition to “molecular” states on optical lattices
to simulate the U (1) lattice gauge theory, where this Raman
coupling has the form φ†bib j and φ refers to the “molecular”
state. Recently, the cold alkali atoms stored in optical lattices
or magnetic trap arrays were proposed to realize a broad class
of spin-1/2 models including the XYZ model by admixing
van der Waals interaction between fine-structure split Rydberg
states with laser light. Following these early proposals, we
suggest two cold-atom setups to realize our paired hardcore
boson model. In the first setup, we follow Ref. [49] and pro-
pose a resonant coupling of the bosons via a Raman transition
to a “molecular” two-particle state. Instead of choosing the
original d-wave symmetry to simulate the ring exchange in
Ref. [49], we propose an s-wave symmetry and condense the
molecular states φ. Such a design naturally gives rise to an
(uniform) hardcore boson pairing term 〈φ†〉bib j for a given
lattice. For the second setup, one can directly exploit the
known results and methods in Ref. [48] and extend to other
lattices.
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