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Abstract—Capacitive micromachined ultrasonic transducers 

(CMUTs) are promising in the emerging fields of personalized 

ultrasonic diagnostics, therapy and noninvasive 

three-dimensional biometric. However, previous theories 

describing their mechanical behavior rarely consider multi-layer 

and anisotropic material properties, resulting in limited 

application and significant analysis errors. This paper proposes 

closed-form expressions for the static deflection, collapse voltage, 

and resonant frequency of circular-microplate-based CMUTs, 

which consider both aforementioned properties as well as the 

effects of residual stress and hydrostatic pressure. These 

expressions are established by combining the classical laminated 

thin plate (CLTP) theory, Galerkin method, a partial expansion 

approach for electrostatic force, and an energy equivalent method.  

A parametric study based on finite element method simulations 

shows that considering the material anisotropy can significantly 

improve analysis accuracy (~25 times higher than the theories 

neglecting the material anisotropy). These expressions maintain 

accuracy across almost the whole working voltage range (up to 96% 

of collapse voltages) and a wide dimension range 

(diameter-to-thickness ratios of 20~80 with gap-to-thickness 

ratios of ~2). Furthermore, their utility in practical applications is 

well verified using numerical results based on more realistic  

boundary conditions and experimental results of CMUTs chips. 

Finally, we demonstrate that the high accuracy of these 

expressions at thickness-comparable deflection results from the 
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extended applicable deflection range of the CLTP theory when it 

is used for electrostatically actuated microplates. 

 
Index Terms—CMUTs; Closed-form expressions; Hydrostatic 

pressure; Laminated anisotropic microplates; Mechanical 

behavior analysis; Residual stress 

 

I. INTRODUCTION 

APACITIVE micromachined ultrasonic transducers 

(CMUTs) have drawn considerable attention for their 

widespread applications in personalized ultrasonic diagnostics, 

three-dimensional (3D) biometrics, gesture recognition and 

biochemical detection [1-6]. CMUTs are a kind of typical 

electrostatically actuated microplate-based devices, in which 

one microplate with its all edges clamped is suspended in 

parallel over the other fully fixed one. The suspended 

microplate can produce vibrations under co-action of direct 

current (DC) and alternating current (AC) voltages to transmit 

ultrasound waves (ultrasound transmitters), or produce 

electrical signals under co-action of DC voltage and incident 

waves to detect ultrasound waves (ultrasound receivers). The 

mechanical behaviors of CMUTs under those excitations, such 

as deflection, collapse and resonance, determine their 

performance. For example, the static deflection determines the 

electromechanical coupling coefficient, transmitting intensity 

and receiving sensitivity [7]. The minimum voltage required to 

force the microplate to collapse (collapse voltage), determines 

the applicable range of the applied DC voltage and operation 

modes (non-collapse and collapsed models) [8-11]. 

Additionally, the resonant frequency is related to the bandwidth 

and detection resolution, as well as the sensitivity when 

CMUTs are used as resonators for biochemical detection [12]. 

These performance-related mechanical parameters essentially 

depend on both the dimensions of CMUTs and the applied 

loads. Theoretical study on the relationships of these 

performance parameters with their dimensions and loads is 

important because it provides an effective and efficient 

approach for the design and optimization of CMUTs, 

significantly reducing the time and cost of device development. 

Previously, different theoretical models were proposed to 

study the nonlinear mechanical behaviors of CMUTs under 

various loading conditions, including equivalent circuit models 
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from the point of view of electricity and mechanical models 

from the point of view of mechanics [13-15]. This study 

focuses on the mechanical model since it is more advantageous 

in the analysis of the aforementioned mechanical parameters. 

For this, Ergun et al. [16] considered CMUTs as a 

spring-mass-capacitor system and proposed a lumped 

electromechanical model for the mechanical behavior analysis, 

which neglected the deflection of the microplate and led to an 

underestimated pull-in voltage. Heller et al. [17] and Mura et al. 

[18] employed finite element method (FEM) simulation to 

obtain relatively accurate results. However, this approach is 

often time-consuming. Therefore, many researchers were 

devoted to exploring distributed theoretical models. For 

instance, the step-by-step linearization method [19, 20], 

perturbation method of multiple time scales (MTS) [21, 22], 

displacement iteration pull-in extraction (DIPIE) algorithm 

[23], shooting method [24], differential quadrature method 

(DQM) [25] and various reduced-order models [26-31] were 

developed to study those mechanical parameters. However, the 

majority of the aforementioned modeling methods were finally 

evaluated numerically, and the accuracy of the numerical 

solutions easily fluctuates with the chosen voltage step size [32]. 

Compared with these numerical methods, closed-form 

expressions are desirable for the design and optimization of 

CMUTs because they provide an efficient and reliable 

approach for mechanical behavior analysis. Towards this end, 

Liao et al. [33] and Chao et al. [34] proposed closed-form 

expressions for pull-in voltages of circular and rectangular 

microplates, respectively, under residual stresses using 

reduced-order models. Ahmad and Pratap [35] established a 

closed-form expression for static deflection analysis using the 

Galerkin method and the linear term of the Taylor series 

expansions of electrostatic force. In our previous work [36], 

closed-form expressions for the static deflection,  and pull-in 

voltage of CMUTs with circular microplates were developed 

using an improved reduced-order model. However, these 

closed-form expressions suffered from the following 

limitations, which inhibited their widespread applications. 

Firstly, most state-of-the-art models neglected the material 

anisotropy of the microplate, which could result in significant 

analysis errors (up to 25% as demonstrated in [37, 38]). 

Secondly, most studies focused on modeling single-layer 

microplates, which could not be used for the performance 

analysis of more general CMUT structures consisting of 

multilayer microplates. Given these limitations, Zhang et al. 

[39] studied the static deflection and frequency response of 

CMUTs with multilayer square microplates under different 

pressures using the Ritz method. However, the material 

anisotropy of the microplate was not considered in their work. 

Rahman et al. [40] proposed a two-dimensional polynomial 

function to model the deflection shape of CMUTs with square 

multilayer microplates. However, their work did not study the 

effect of the material anisotropy and other performance 

parameters such as pull-in voltage and resonant frequency. 

Therefore, to enable more general and accurate analyses of the 

performance parameters of CMUTs, more efforts are required 

to establish theoretical models and closed-form expressions 

which can simultaneously consider the properties of the 

multilayer and material anisotropy.  

Herein, we propose a general reduced-order model, which 

considers both multilayer and anisotropic material properties, 

for CMUTs with circular microplates subjected to residual 

stress and pressure. In this model, the classical laminated thin 

plate (CLTP) theory, the Galerkin method, a partial expansion 

approach to approximate the electrostatic force and an energy 

equivalent method are used to establish closed-form 

expressions for the pull-in voltage, static deflection and 

resonant frequency of CMUTs. These closed-form expressions 

are well validated using a parametric study based on FEM 

simulations and experimental results of CMUTs chips with 

multilayer anisotropic microplates. The results demonstrate the 

high accuracy of our closed-form expressions with the material 

anisotropy considered ((7~25 times higher than the theories 

without the material anisotropy considered), as well as their 

widespread applicability across a wide range of bias voltage 

(0~96% of collapse voltage) and device dimension sizes 

(diameter-to-thickness ratios of 20~80). We further discuss the 

underlying reason for the high analysis accuracy of our 

closed-form expressions.  

II.  PROBLEM FORMATION 

The schematic of a typical CMUT cell with a circular 

anisotropic microplate composed of n layers is shown in Fig. 1. 

 
Fig.1. Schematic illustration of a CMUT cell with a layered circular anisotropic microplate; (a) typical structure of CMUTs with multilayer anisotropic microplate, 

where the substrate works as the bottom electrode; the nth layer of the multilayer microplate works as the top electrode, the gap (cavity) shape is circular, the 

vibrating area of the microplate over the cavity is circular and referred to as "circular microplate"; (b) the enlarged schematic of the layered circular vibrating 
microplate composed of n layers with their edges fully clamped. 
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The whole microplate as well as each layer is assumed to be 

thin plates with the same radius of R [41]. The edge of the 

layered microplate is assumed to be fully clamped. The gap and 

insulation layer have the thickness of d0 and hi, respectively, 

resulting in an equivalent electrode distance of de between the 

top and bottom electrodes. The layered microplate vibrates 

under applied DC bias and AC voltages, implementing the 

operation of CMUTs. The CLTP theory is used to analyze the 

mechanical behaviors of the CMUTs under electrostatic force 

and the concerned loads such as residual stress and hydrostatic 

pressure. In this theory, the bonding between two adjacent 

layers is assumed to be perfect without any shear deformation, 

and the transverse shear strains and the strain in the direction 

normal to the neutral plane are neglected [42]. Additionally, the 

material of each layer of the microplate is assumed to be 

orthotropic because the most-often used anisotropic material 

for CMUTs, silicon, is orthotropic [43]. As such, the vibration 

governing equation of the layered circular anisotropic 

microplates of CMUTs under electrostatic force, residual stress 

and pressure can be written as: 
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where P is the hydrostatic pressure; Fe represents the 

electrostatic force per unit area, given as: 
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where 0 is the permittivity of the gap, and V is the voltage 

applied to the layered microplate which can be written as: 

 bias AC
( ) ( )V t V V t= +   (3) 

where Vbias and VAC(t) represent the applied DC and AC 

voltages, respectively; correspondingly, the deflection of the 

layered microplate, w(x, y, t), can be written as: 

 bias AC
( , , ) ( , , )w x y t w w x y t= +   (4) 

where wbias represents the static deflection under Vbias and wAC(x, 

y, t) represents the small vibration around the static deflection; 

Nx and Ny represent the residual stress of the whole layered 

microplate in the x and y directions, respectively, which can be 

obtained by integrating the residual stress over the n layers as: 
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where 
k 

x and 
k 

y  represents the residual stress in x and y 

direction of the kth layer; D11, D12, D22 and D66 are the 

equivalent stiffness of the layered microplate (given by 

(A1)-(A5) in Appendix A), and e and h are the equivalent 

density and thickness, respectively (given by (A7)-(A8) in 

Appendix A). 

Using the transformation relations between the polar 

coordinate system and the Cartesian coordinate system reported 

in [44], (1) can be further transformed into the polar coordinate 

system to simplify the mechanical behavior analysis of circular 

layered anisotropic microplates. Herein, the deflection is 

assumed to be symmetric because of the symmetry of the 

circular microplate and the applied loadings. Additionally, the 

residual stresses in x and y directions are assumed to be uniform 

and equal to each other, which is a valid assumption for thin 

plates [38]. As a result, (1) can be rewritten as: 
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where D' is given as: 
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and Dx, Dk, Dy and N are given by: 
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As the edges of the circular layered anisotropic microplate 

are clamped, the deflection or vibration function for (6) should 

satisfy the following boundary conditions: 
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III. STATIC BEHAVIOR ANALYSIS 

To obtain closed-form expressions for the deflection and 

collapse voltage of CMUTs with layered circular anisotropic 

microplates under DC bias voltage, residual stress and 

hydrostatic pressure, we used the Galerkin method to establish 

a reduced-order model for (6). Towards this end, the static 

deflection function which satisfies the boundary conditions 

given in (9) is chosen as: 
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where m is the coefficient to be determined, and M is the 

maximum number of the shape functions, m(r), which is given 

as: 
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Additionally, a partial expansion method developed 

previously is used to approximate the electrostatic force  [36]. 

Using this method, (2) can be approximated in the polar 

coordinate system by: 
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 As such, by setting the time-related terms in (6) to be zero, 

substituting (10) into the resultant equation,  multiplying both 

sides with [de-wbias(r)] and k(r), and integrating the resultant 

equation, a reduced-order model is established as: 
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where 4wbias and 2wbias are given as: 
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Using the fundamental deflection function and the first-order 

expansion of the electrostatic force, a closed-form expression 

for CMUTs with circular layered anisotropic microplates under 

the aformentioned loads can be derived from (13) as: 
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where Q is given as: 

 2 2

0 bias e
/ (2 )Q V d=   (17) 

From (16), we can further derive a closed-form expression 

for collapse voltage by taking advantage of the condition that 

the corresponding static deflection reaches its maximum value 

at collapse position. Setting the fifth term in (16) to be zero, the 

collapse voltage of CMUTs under residual stress and 

hydrostatic pressure can be obtained as: 
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IV. NATURAL FREQUENCY FOR SMALL-AMPLITUDE VIBRATION 

OF CMUTS 

In the last section, closed-form expressions for static 

deflection and pull-in voltage were established. Herein, we 

further studied the small-amplitude vibration of CMUTs under 

residual stress and hydrostatic pressure, particularly, the 

first-order natural frequency. For this purpose, we first derived 

the eigenvalue equation of CMUTs with layered circular 

anisotropic microplate under electrostatic force, residual stress 

and hydrostatic pressure. By rewriting (4) into the one in the 

polar coordinate system, substituting the resultant function into 

(6), then eliminating the static deflection governing terms in 

both sides of the resultant equation, expanding wAC-related 

electrostatic force terms at the static deflection, wbias, and 

neglecting those higher-order terms (VDC>>VAC for 

small-amplitude vibration [8, 9, 45]), an approximate 

eigenvalue equation for CMUTs under the aforementioned 

loads can be obtained as: 
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The vibration function, wAC (r, t), in (19) can be written into 

the product of a shape-related mode function and a time-related 

harmonic function as: 

 AC
( , ) (r) sin( t)w r t c =   (20) 

where (r) and  are the mode function and angular frequency, 

respectively.  By substituting (20) into (19), the eigenvalue 

equation can be further simplified as: 
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To solve (21) analytically, we used an energy equivalent 

method to transform the distributed-parameter-based deflection, 

wbias (Vbias, r), into an equivalent lumped deflection, weff (Vbias) 

[46].This method assumes that the works done by the wbias-  and 

weff-related electrostatic forces are the same within the same 

deflection, which can be expressed as: 
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By evaluating (22), the equivalent lumped deflection, weff, can 

be obtained as: 
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where A is set as: 
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Substituting wbias in (21) with weff, the resultant equation can be 

rewritten as: 

 2 2 2 2
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where 
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As the axisymmetrical vibration of the circular microplate is 

concerned (without diametrical lines), the corresponding modal 

function can be expressed as [47]: 

 1 0 2 0
( ) ( ) ( )r C J r C I r  = +   (27) 

where J0 and I0 are the Bessel function of the first kind of zero 

order and the modified Bessel function of the first kind of zero 

order, respectively. The expression (27) can be evaluated using 

boundary conditions given in (9). Substituting (27) into (9), we 

can obtain: 

 1 0 2 0

2 1 1 1

( ) ( ) 0

( ) ( ) 0

C J R C I R

C I R C J R

 

   

+ =

− =
  (28) 

To obtain non-zero solutions to the coefficients C1 and C2, the 

determinant of (28) should be equal to zero, that is: 
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Equation (29) determines the natural frequency of CMUTs 

with layered circular anisotropic microplates under electrosatic 

force, residual stress and pressure. It can be solved by 

combining the underlying relationship between  and  , that is, 

(R)2- (R) 2 =NR2/D'. As such, the resonant frequency can be 

obtained as: 
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For the vibrating microplate without residual stress, the 

determinant given in (29) can be transformed into the common 

one as given in [48] because R = R. The well-known value of 

R, 3.196, for the first-order frequency can be directly used. 

 
Fig. 2. Comparison of the static deflection and resonant frequency of the (100) silicon-based circular microplate using anisotropic elastic constants with those using 

the isotropic elastic constants in [100] and [110] directions. (a) Comparison of static defections under different bias voltages; i) static deflections using (16) and 

FEM simulations; ii) relative difference between the analytical and numerical results. (b) Comparison of resonant frequencies under different bias voltages; i) the 

first-order resonant frequencies using (32) and FEM simulations; ii) relative difference between the analytical and numerical solutions. 
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Substituting R into (30) and setting N to be zero, the first-order 

resonant frequencies of CMUTs with layered circular 

anisotropic microplates under electrostatic force and 

hydrostatic pressure can be given as: 

 
2

0 bias

2 6

e

10.21 '
1

2 10.4334 '

V BD
f

hR D R




= −   (32) 

Equations (16), (18), (30) and (32) can be also used for the 

static deflection, collapse voltage and resonant frequency 

analyses of CMUTs with layered isotropic microplates by 

setting D' = Dx = Dk= Dy.  

V. ACCURACY AND GENERALITY EVALUATION OF 

CLOSED-FORM EXPRESSIONS 

To evaluate the accuracy and versatility of our closed-form 

expressions in the analyses of the static deflection, collapsed 

voltage and resonant frequency of CMUTs with layered 

circular anisotropic microplates, we compared their analytical 

results with the numerical ones from FEM simulations. A full 

3D FEM model for a CMUT cell was established using ANSYS 

15.0, in which the vibrating microplate and electromechanical 

fields between the top and bottom electrodes were modeled 

using SOLID185 and TRANS126 elements, respectively. The 

microplate was assumed to be a single-layer plate made of (100) 

silicon, and its Cartesian coordinate system was aligned with 

the principle material direction of the silicon, [110] (see Table 

AⅠ in Appendix A for the used elastic constants). The meshing       

of the microplate along with the numbers of TRANS126 

elements was optimized to obtain reliable and accurate results. 

The multiphysics solver was used, and static and pre-stress 

mode analyses were conducted to obtain the numerical 

solutions to the aforementioned mechanical parameters under 

different bias voltages, residual stresses and pressures. The 

studied CMUT cell had a circular vibrating microplate of 50 

m in diameter and 1 m in thickness and a gap distance of 0.5 

m, with no insulation layers between its top and bottom 

electrodes. 

We first studied the effects of the used material properties on 

the analysis accuracies of static deflection, resonant frequency 

and collapse voltage. We observed that the analytical solutions 

using the anisotropic elastic constants had a significant 

improvement in accuracy compared to those using isotropic 

elastic constants, i.e. the elastic constants in [100] and [110] 

directions [45]. As shown in the studied case (Fig. 2a-i and 

2b-i), the analytical static deflection and resonant frequency 

based on the anisotropic elastic constants overlap with the 

numerical results obtained by FEM simulations within the bais 

voltage range of 0~96% of collapse voltages, showing a 

maximum difference of 4.1% and 2.0%, respectively (Fig. 2a-ii 

and 2b-ii). However, the analytical solutions based on those                       

frequently  used isotropic elastic constants deviate significantly 

from the numerical solutions with the increased bias voltages, 

 
Fig. 3. Comparisons of the analytical results of maximum deflections (center deflection) and resonant frequencies of CMUTs with FEM simulation results under 
different structure parameters. (a) Deflections and resonant frequencies under different diameter-to-thickness ratios (2R/h = 20, 40, 60 and 80): i) maximum 

(center) deflection; ii) resonant frequency. (b) Deflections and resonant frequencies under different gap-to-thickness ratios (de/h = 0.2, 0.5, 1.0, 1.5 and 2.0): i) 

maximum (center) deflection; ii) resonant frequency. The analytical results of the deflection and resonant frequency were obtained using (16) and (32), 

respectively. 
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showing maximum differences of 30.8% and 56.5% in the 

static deflection and resonant frequency analyses, respectively 

(Fig. 2a-ii and 2b-ii). Compared to theories without material 

anisotropy considered, the closed-form expressions with 

material anisotropy considered can contribute to at least 7 and 

25 times improvement in the analysis accuracies of the 

deflection and resonant frequency, respectively. Additionally, a 

comparison of collapse voltages shows that the accuracy of the 

analytical results considering the material anisotropy is one 

order of magnitude higher than those neglecting the material 

anisotropy (Table Ⅰ). These results demonstrate the necessity of 

including material anisotropy in the mechanical behavior 

analysis of CMUTs with anisotropic microplates. 

To validate their accuracy and applicability within a wide 

range of dimension sizes, we conducted a parametric study on 

the derived closed-form expressions by changing one 

dimension and keeping the others fixed. We first studied the 

analysis accuracy of the static deflection, resonant frequency 

and collapse voltage within the diameter-to-thickness ratio 

(2R/h) range of 20~80 by changing the diameter of the circular 

microplate. The analytical results of the static deflection and 

resonant frequency show maximum differences of 4.6% and 

4.0%, respectively, from those numerical results across the 

diameter-to-thickness ratio range of 20~60 and bias voltages of 

0~ 96% of collapse voltages, Vc, (Fig. 3a-i and 3a-ii). The 

maximum differences increase to 8.4% and 10.2% for the static 

deflection and resonant frequency, respectively, at the 2R/h of 

80 and 96% Vc. However, the differences decrease rapidly with 

reduced bias voltages, 7.8% and 3.5% for the static deflection 

and resonant frequency, respectively, at 90% Vc. This indicates 

that the 2R/h of 80 could be a limit of the applicable dimension 

range for our closed-form expressions. Besides, the analytical 

collapse voltages are excellently consistent with the numerical 

results, showing a maximum difference of 3.0% (Fig. 4a). 

These results demonstrate that our closed-form expressions can 

predict the aforementioned mechanical parameters of CMUTs 

across the wide ranges of diameter-to-thickness ratios (2R/h, 

20~80) and bias voltages (Vbias, 0~96% Vc). 

We further studied the accuracy of the closed-form 

expressions in the analysis of the concerned mechanical 

parameters under different gap-to-thickness ratios (de/h) by 

changing the gap distance. Excellent agreement between the 

theoretical analysis and FEM simulations were observed across 

the gap-to-thickness ratios of 0.2~2. The analytical results of 

the deflection and resonant frequency show the maximum 

differences of 4.1% and 2.2% from the numerical results, 

within almost the whole bias voltage range, up to 96%Vc (Fig. 

3b-i and 3b-ii). Additionally, the analytical collapse voltages 

almost overlap with those numerical results, showing a 

 
Fig.4. Comparison of collapse voltages between theoretical analysis and FEM simulations. (a) Collapse voltages under different diameter-to-thickness ratios; i) 

analytical and numerical solutions to collapsed voltages; ii) relative difference analysis. (b) Collapsed voltages under different gap-to-thickness ratios; i) analytical 

and numerical results of collapse voltages; ii) relative difference analysis. 

TABLE I 
COLLAPSE VOLTAGES OF THE CMUT WITH/WITHOUT THE MATERIAL 

ANISOTROPY CONSIDERED 

Source Anisotropic 

(FEM) 

Anisotropic 

(analytical) 

Isotropic 

[110] 

(analytical) 

Isotropic 

[100] 

(analytical) 

Pull-in 
voltage (V) 

116.0 116.2 121.4 110.7 

Relative 

error 

- 0.1% 4.7% -4.6% 
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maximum difference of 1.8% across the dimension range 

mentioned above (Fig. 4b). These results demonstrate that our 

closed-form expressions retain high accuracy in analyses of the 

static deflection, resonant frequency and collapse voltage of 

CMUTs across a wide gap-to-thickness ratio and almost the 

whole working voltage ranges. 

Subsequently, we investigated the ability of our closed-form 

expressions to analyze the effects of residual stress and pressure 

on the mechanical parameters of CMUTs by changing one load 

and keeping the other two fixed (the applied bias voltage and 

pressure, or the applied bias voltage and residual stress). We 

observed that both analytical results of the mechanical 

parameters under residual stresses and pressures agreed well 

with those FEM-simulation-based results. For instance, within 

the studied residual stress range of 0~120 MPa, the analytical 

results of the collapse voltages, static deflection and resonant 

frequency agree well with those numerical results, within the 

differences of 3.4% and 7.5% and 0.2%, respectively (Fig.5a). 

The analytical deflection shows a higher difference because the 

residual stress casues middle-plane stretching and harden the 

stiffness, however, which could be compensated to reduce the 

difference at high DC voltages because of the enhanced  

electrostatic-softening effects. Additionally, within the studied 

pressure range of 0~130 kPa, the analytical results of the 

aformentioned mechanical parameters also show excellent 

agreements with numerical results, with the maximum 

differences of 0.04% and 0.13% in the static deflection and 

resonant frequency analyses, respectively (Fig.5b). These 

results indicate that our closed-form expressions can accurately 

predict the effects of residual stress and pressure on the 

aforementioned mechanical parameters of CMUTs with 

circular anisotropic vibrating microplates. 

VI. APPLICATION OF CLOSED-FORM EXPRESSIONS ON CMUTS 

In this section,  results under more realistic conditions were 

used to validate our closed-form expressions and highlight their 

utility in practical applications. We first evaluated the 

expressions using numerical results based on a boundary 

condition emulating the reality of the CMUT vibrating 

microplate, where its lower surface attached to the post was 

assumed to be fully clamped, while  its vertical edges were only 

constrained in the radial direction (Fig. 6a). This is different 

from the simplified boundary conditions used in the theoretical 

analysis and the FEM simulations in Section Ⅴ where only the 

movable area of the vibrating plate with a radius of R was 

considered and its vertical edges were assumed to be fully 

clamped (Fig. 1b). Comparisons between the analytical results 

and the FEM-simulation-based results under both fully 

clamped and more realistic conditions (different post 

widths[49]) yields two conclusions. 1) The differences of  the 

analytical results from the simulated results under different post 

widths slightly increases compared to those from the simulated 

results under fully clamped edges. For instance, the maximum 

difference increases from 4.1% to 6.2% for deflection analysis 

(Fig. 6b), and from 2.0%  to 9.1% (4.8% under bias voltages of 

lower than 83%Vc) for resonant frequency analysis under bias 

voltages lower than 93% of the collapse voltages  of the 

vibrating microplate with the post width considered (Figure. 

6c). The difference in the collapse voltage analysis increases 

from the 0.17% to 4.1% (Fig. 6d). 2) the difference between the 

 
Fig. 5. Comparison of the collapse voltage, static deflection and resonant frequency of CMUT under different residual stresses or pressures with a fixed DC bias 
voltages of 20%Vc (23.2V). (a) The analytical and numerical results of the collapse voltage, static deflection and resonant frequency  under residual stress of 0 to 

120 MPa ; i) collapse voltages; ii) static deflection; iii) resonant frequency. (b) The analytical and numerical results of the collapse voltage, static deflection and 

resonant frequency  under pressure of 0 to 130 KPa; i) collapse voltages; ii) static deflection; iii) resonant frequency.  
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analytical results and the numerical results under more realistic  

boundary conditions are independent of the post width because 

the numerical results of the deflection, resonant frequency and 

collapse voltage under different post widths overlap with each 

other (Fig. 6b-d). Although the closed-form expressions show 

an increased difference compared with the numerical results 

under more realistic boundary conditions, their analysis 

accuracy is still accurate enough for practical applications. 

Furthermore, the difference estimation under practical 

boundary conditions enables the closed-form expressions to 

provide a more reliable prediction for the mechanical 

parameters of CMUTs, which has been rarely studied in 

previous theories.    

 Subsequently, the experimental results of two types of 

CMUTs chips were employed to further validate the potential 

of the closed-form expressions . The first type of CMUTs, 

fabricated by our group [50], has three layers of vibrating 

microplates composed of a (100) silicon layer, a SiO2 insulation 

layer and an aluminum electrode from bottom to top. The 

layered vibrating microplate has an original gap distance of 

0.48 m with respect to the SiO2 insulation layer on the silicon 

substrate (bottom electrode), and an initial deflection of 0.77 

m, which was attributed to the coaction of residual stress and 

atmospheric pressure (see Table Ⅱ for the measured structure 

parameters). Figures 7a-c show comparisons of the 

experimental results of the deformation shape, static deflection, 

and resonant frequency of the CMUTs under different bias 

voltages with the analytical results obtained by our closed-form 

expressions. The experimental results of the static deflection 

and collapse voltage were measured using a white-light 

interference microscope (Talysurf CCI6000, Taylor Hobson 

Ltd., UK), and the resonant frequency was measured by an 

impedance analyzer (E4990A, Agilent Technologies, Inc., 

 
Fig. 6. Effects of practical boundary conditions of CMUTs on the analysis accuracy of closed-form expressions. (a)  Schematic of CMUTs and FEM model with the 

post width considered; i) Structure schematic of multiple CMUT cells with minimum post width, 2Wp; 2) Cross-sectional view of a 3D FEM model of a CMUT cell 
extracted from the multiple CMUTs, where the CMUT cell is assumed to have the half post width, Wp (b) Comparison of CMUT deflections considering the post 

width with that considering fully clamped edges. (c) Comparison of CMUT resonant frequency between the results considering the post width and considered fully 

clamped edges. (d) Comparison of CMUT collapse voltages under conditions of different post widths and full clamped edges, where the simulated collapse 
voltages fluctuate within 0.3 V. In the FEM simulations, the basic structure parameters of the CMUT cell were used, and the post widths were chosen as 4, 6, 8 and 

10 m, which were frequently used in CMUTs [49]. 

TABLE Ⅲ 

MATERIAL PROPERTIES OF THE SIO2 AND ALUMINUM USED FOR THE 

MECHANICAL BEHAVIOR ANALYSIS OF CMUTS  

Material Young’s 

modulus (GPa) 

Passion’s 

ratio  

Density 

(kg/m3) 

Relative 

permittivity 

SiO2 
(isotropic) 

73.1 0.17 2270 3.8 

Aluminum 
(isotropic) 

67.7 0.35 2700 - 

 

TABLE Ⅱ 

MEASURED STRUCTURE PARAMETERS OF THE FABRICATED CMUTS WITH THE 

CIRCULAR LAMINATED ANISOTROPIC MICROPLATE  

Parameters value 

Radius of the layered plate (R) 59.5 m 

Thickness of silicon layer (h1) 2.0 m 

Top insulation layer (h2) 0.20 m 

Aluminum electrode (h3) 0.41 m 

Bottom insulation layer (hi) 0.10 m 

Vacuum cavity (d0) 0.48 m 

 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

10 

USA) with a SourceMeter (Keithley 2612A, Tektronix Inc., 

USA) to supply the DC bias voltage. The residual stress in the 

three-layer vibrating anisotropic microplate of the CMUTs 

chips was estimated to be 120 MPa using a 3D FEM model 

according to the conditions of the initial deflection of 0.77 m 

and an atmospheric pressure of 0.1 MPa. The theoretical results 

of the static deflection, collapse voltages and resonant 

frequency of CMUTs chips were calculated using (16), (18) 

and (30) based on the material propeties given in Table AⅠ and 

Table Ⅲ. 

As shown in Fig. 7a-c, the experimental results of the 

deformation shape across the diameter, and the static deflection 

and resonant frequencies under different bias voltages agree 

well with those theoretical results . The maximum difference 

between the tested and theoretical resonant frequencies is 11%, 

which is a little larger than the difference between the 

theoretical and simulated results demonstrated in the last 

section. This could be caused by the electrode charging 

phenomenon in CMUTs, which produces an external voltage 

superimposed on the applied DC bias voltage and leads to a 

lower resonant frequency and a larger deflection, as well as 

larger changes in the two parameters than their expected results 

[51]. Additionally, another reason for the increased difference 

is attibuted to the discrepancy of  the boundary conditions 

between the theoretical analysis and reality in CMUTs. Further, 

we used the closed-form expressions to predict the mechanical 

parameters of the second type of CMUTs from [45], which has 

a two-layer vibrating microplate composed of a (100) silicon 

layer and an aluminum electrode (Table Ⅳ ). Fig. 7d shows that 

the experimental results of the static deflections almost overlap 

with the analytical results using our closed-form expressions, 

showing excellent agreement. Besides, the measured collapsed 

voltage (140 V) of the CMUTs agrees with the theoretical value 

(143 V) by  (18) within the difference of 2.1%. These results 

demonstrate the practical capability of our closed-form 

expressions on the mechanical parameter analysis of CMUTs 

with layered circular anisotropic microplates. 

VII. DISCUSSION 

In the parametric study, we observed that our closed-form 

expressions based on the CLTP theory have high analysis 

accuracy even when the deflection increases up to its thickness, 

which is 5 times larger than the well-known applicable range 

(20% of the thickness) of the CLTP theory [52]. This could be 

attributed to that the electrostatic-softening effects induced by 

the electrostatic force weaken the stress-stiffening effects 

TABLE Ⅳ 

STRUCTURE PARAMETERS OF THE CMUTS WITH A TWO-LAYER MICROPLATE 

FROM [45] 

Parameters Value 

Radius of the layered plate (R) 36 m 

Thickness of silicon layer (h1) 1.8 m 

Thickness of Al electrode (h2) 0.2 m 

Thickness of insulation layer (hi) 0.195 m 

Gap distance (d0) 0.457 m 

 

 
Fig. 7. Validation of our closed-form expressions using experimental data of the fabricated CMUTs chips. (a) The tested and theoretical deformation shapes under 

a bias voltage of 40 V; (b) a comparison of the deflections of the center point of the vibrating microplate between theoretical and experimental results; (c) the 

measured and theoretical resonant frequencies under bias voltages from 20 V to 50 V; (d) a comparison of the maximum deflections obtained by our closed-form 
expressions with the experiment results of CMUTs with two-layer anisotropic microplates from [45]. 
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induced by the middle-plane stretching which generally causes 

large analysis errors when the deflection increases above the 

well-known applicable range. To ascertain this point, we 

further studied the stiffness of electrostatically actuated circular 

anisotropic microplates with the inclusion and exclusion of the 

middle-plane stretching. By differentiating the resultant force 

acting on the microplate, the effective stiffness without taking 

into account the middle-plane stretching can be given as: 

 
2

e 0 0 bias

eff 2 2 2 2 2 2 3

e 0

d( )
=

d ( ) 1- [ 1- ]

s
F F D V

D
w r r R d w r R

−
= −

−（ / ） （ / ）


 (33) 

where D0 is the spring-like stiffness of the microplate in the 

center point, given in (B2) in Appendix B; Fs is the 

mechanically restoring force per unit area, equal to 

D0w(r)/[1-(R-r)2]2; w0 is the deflection of the center point under 

only DC voltage. As shown in (33), the effective stiffness Deff 

varies over the plate area in the form of the deflection function, 

(1-r2/R2)2, and decreases with the DC voltage, Vbias. To be clear, 

we focused on the effective stiffness of the center point, which 

can be derived from (33) by setting r equal to zero as: 

 
2

0 bias

eff 0 3

0 e 0

1
( )

V
D D

D d w

 
= − 

− 


  (34) 

Further, with a similar method to represent the 

stress-stiffening effects as in [52], the effective stiffness of the 

center point with the middle-plane stretching included can be 

written as: 

 
2 2

0 0 bias

eff 0 s 2 3

0 e 0

1+
( )

w V
D D C

h D d w

   
= −  

−   


  (35) 

where the term, Csw
2 

0 /h2 , represents the stress-stiffening effect, 

and Cs is the coefficient to be determined. Generally, the 

stress-stiffening effect increases the effective stiffness of 

microplates with the increased deflection. However, for 

electrostatically actuated microplates, the stress-stiffening 

effects can be decreased by the electrostatic-softening effects 

shown in (35). A parametric study on the effective stiffness 

based on a circular isotropic microplate shows that the effective 

stiffness with only the stress-stiffening effect considered 

increases with the deflection and is larger than the one without 

the stress-stiffening effect (Di) considered (Fig.8). However, 

the effective stiffness considering both the stress-stiffening and 

electrostatic-softening effects decreases with the increased 

deflection, and is less than Di (Fig. 8a). The softened stiffness 

can contribute to a larger deflection compared with that of the 

microplate without the action of electrostatic force under the 

same load. In other words, under the same deflection condition, 

the middle plane stretching-induced stress of electrostatically 

actuated microplate is smaller than that of the microplate under 

common loads such as pressure, resulting in reduced errors. A 

further study conducted by us shows that the results of 

deflections (resonant frequency) using FEM simulations with 

the stress-stiffening effects turned on/off overlap with each 

other, showing a minimum deviation of 0.45%, even when the 

deflection increases close to the thickness (Fig. 8b). These 

indicate that the stress-stiffening effects are negligible and do 

not cause large errors within the thickness-comparable 

deflection range for electrostatically actuated microplates. The 

classical thin plate theory can be used for the analysis of the 

deflection of electrostatically actuated microplates in an 

extended range (up to the thickness) without sacrificing the 

accuracy, revealing the underlying reason for high analysis 

accuracy of our closed-form expressions. 

VIII. CONCLUSIONS 

In summary, we propose closed-form expressions for the 

mechanical parameter analysis of CMUTs with layered circular 

anisotropic microplates subjected to residual stress and 

hydrostatic pressure by combining the CLTP theory, Galerkin 

method, a partial expansion approach to approximate 

electrostatic force and an energy equivalent method. These 

closed-form expressions are well validated by a 

 
Fig. 8. Effective stiffness of circular vibrating microplates of CMUTs with/without consideration of the effects of middle-plane stretching and the comparison of 

the static defection (resonant frequency) under the aforementioned conditions.(a) The effective stiffnesses under different deflection-to-thickness ratios. Di 
[1+Cs(w0/h)2] represents the stiffness with the effects of middle-plane stretching considered; Cs is 0.488 from [52]  and Di is the stiffness of circular isotropic 

microplate without action of electrostatic force; w0 is the deflection of the center point of the isotropic microplate which can be derived from (16) by setting both 

pressure and residual stress to be zero (see (B4) in Appendix B). (b) The results of static deflection and resonant frequency with/without the stress-stiffening effects 
considered, obtained by  FEM simulations using the basic parameters in Section Ⅴ. 
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FEM-simulation-based parametric study, and their high 

accuracy and widespread applicability are demonstrated. 

Besides, the closed-form expressions can also accurately 

predict the effects of low range residual stress and pressure on 

the mechanical parameters of CMUTs. More work need to be 

done toward analyzing the effects of high residual stress and 

pressure. Furthermore, we demonstrate the capability of our 

closed-form expressions in practical applications with 

fabricated CMUT chips and numerical results based on 

boundary conditions in reality.  

Finally, It’s demonstrated that the high accuracy of our 

closed-form expressions, even when the deflection is up to the 

thickness, is attributed to that the electrostatic-softening effect 

dominates the mechanical behavior during that deflection range 

comparable to the thickness. These closed-form expressions, 

more efficient and accurate compared with those numerical 

methods, can be widely used for the design and optimization of 

CMUTs with arbitrary layers of circular anisotropic 

microplates. Furthermore, they can also be used to establish 

closed-form approaches for other performance parameter 

analysis of CMUTs, such as capacitance, electromechanical 

coupling coefficients and equivalent circuit models. 

APPENDIX 

Appendix A: 

The stiffnesses, D11, D12, D22 and D66, of the laminated 

anisotropic microplates with n layers can be obtained by: 

 
11

3 3

11 1

1

1
( ),

3

n
k

k k

k

D Q z z
−

=

= −    (A1) 

 
12

3 3

12 1

1

1
( )

3

n
k

k k

k

D Q z z
−

=

= − ，  (A2) 

 
22

3 3

22 1

1

1
( )

3

n
k

k k

k

D Q z z
−

=

= − ，  (A3) 

 3 3

66 66 1

1

1
( )

3

n
k

k k

k

D Q z z
−

=

= − ，  (A4) 

where Q
k 

11, Q
k 

12, Q
k 

22 and Q
k 

66 are the elastic constants of the kth 

layer, given in the common coordinate system of the microplate. 

These elastic constants result from the transformation of the 

elastic constants in principal material directions where 

engineering elastic constants are generally tested. The 

transformation is necessary since the common coordinate 

system is not always aligned with the crystal coordinate system. 

As shown in Fig. A1, the axises xk and yk define the crystal 

coordinate system, and the axises x and y define the common 

coordinate system. The angle  between them is assumed to be 

positive when the common coordinate system rotates clockwise 

to the crystal coordinate system. The elastic constants 

(represented by Q ̃
k 

11, Q ̃
k 

12, Q̃
k 

22, and Q̃
k 

66) in the crystal coordinate 

system can be expressed in engineering elastic constants as: 
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  (A5) 

The elastic constants in the crystal coordinate system can be 

transformed into the common coordinate system of the 

laminated microplate by [42]: 
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The elastic constants of (100) silicon in its principal material 

directions, [110], are given in Table AⅠ. 

The equivalent density and thickness of the circular layered 

anisotropic microplate of CMUTs can be given by (A7) and 

(A8), respectively. 
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h h h h= + +   (A8) 

  

Appendix B: 

The deflection of CMUTs with layered circular anisotropic 

microplates under only hydrostatic pressure can be derived 

 

Fig. A1. Schematic of coordinate systems for the transformation of elastic 
constants 

TABLE AI 
ELASTIC CONSTANTS OF (100) SILICON WITH INCLUSION AND EXCLUSION OF 

ITS MATERIAL ANISOTROPY  

Material 

Young’s 

Modulus 

(GPa) 

Shear 

Modulus 

(GPa) 

Passion’s 
ratio 

Density 
(kg/m3) 

Isotropic[100] 130 (E) E/[2(1+v)] 0.28 (v) 2332 
Isotropic[110] 169 (E) E/[2(1+v)] 0.064 (v) 2332 

Anisotropic 

169 (Ex) 50.9 (Gxy) 0.064 (vxy) 

2332 169 (Ey) 79.6 (Gyz) 0.36 (vyz) 

130 (Ez) 79.6 (Gzx) 0.28 (vzx) 
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from (6) by eliminating time-related terms and setting both 

electrostatic force Fe and residual stress N equal to zero. 

Subsequently, substituting the first-order trail function in (10) 

into the resultant equation, a closed-form expression for the 

deflection can be obtained as: 

 
4 2

2

2
1-

64 '

R P r
w

D R
= （ ）  (B1) 

As such, the inherent mechanical stiffness of the microplate 

can be derived by differentiating the pressure to its deflection, 

which can be obtained as: 

 0

4 2 2 2 2 2 2

64 '
( ) =

1- 1-

DD
D r

R r R r R
=

（ / ） （ / ）
  (B2) 

where D0 is given as: 

 4

0
64 '/D D R=   (B3) 

The dimensionless defection of the circular microplate under 

electrostatic force can be given as: 

 

2

0 2 4

0.6563 0.1126

0.1126 33.9660 34.9682
e

s
d

s s
w

 −
 
 − − + 

=   (B4) 

where s is set as: 

 

3/2 1/2

e i

bias c c 2 1/2

0

5.369
/    

d D
s V V V

R
= =，


  (B5) 
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