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Abstract

This study proposes a model and method for solving the transit timetabling problem with consideration
of passenger path choices within a congested and schedule-based transit network. The model has two
submodels: transit timetabling and passenger-equilibrium assignment. The transit timetabling
submodel generates timetables to improve passengers’ journey experience based on the results of
passenger-equilibrium assignment, whereas the passenger-equilibrium assignment loads passengers
on transit vehicles based on a fixed vehicle capacity and timetable output from the transit timetabling.
An iterative method is developed to connect these two submodels and efficiently determine an optimal
solution. The iterative method includes an equilibrium assignment method to simulate passenger
loading and suggests a decomposition approach for transit timetabling. The decomposition approach
has a significant computational advantage when handling transit systems that involve hundreds of
transit vehicles because the algorithm generates a timetable for one transit line in each step rather than
for all transit lines. The decomposition approach can therefore handle relatively large problems with
more transit lines. The suggested algorithms are analyzed with a hypothetical example and with the
practically sized example of South China’s high-speed railway in terms of efficiency, optimality, and
applicability.

Key words: Transit network; Schedule-based; Timetabling; Decomposition approach
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1. Introduction

Transit operators seek to improve passenger services within their operating budget to prevent
customers from becoming dissatisfied and turning to alternative traffic modes. Many approaches to
this have been studied (Yan et al., 2013; Szeto and Jiang, 2014b; Robenek et al., 2016; Schobel, 2017;
Tang et al., 2020; Ceder and Jiang, 2020; Zhan et al., 2020). Among these, the design of a user-friendly
timetable is an important approach. When a new timetable is published, passengers may change their
travel plans to maximize the utility of their trips. Passenger behavior dynamics cannot be modeled if
the transit timetable does not include a passenger assignment model, which may affect the timetable
quality (Borndorfer et al., 2017). We therefore propose a schedule-based model for solving transit
timetabling problems (TTPs) that considers passenger path choices within a congested transit network.
The transit line plan, safety headway between transit services, and time-dependent origin-destination
trip demand are assumed to be given. The transit line plan considers the operating budget and
determines the general framework of transit lines (e.g., operation time, stopping pattern, maximum
running speed, dwell times, and number of transit services on a line). Transit services with a fixed
capacity are assumed to operate precisely as detailed in the published timetable, and all passengers are
assumed to have the ability to predict transit network conditions. The passengers in an urban transit
network may take transit services every workday for their commute; thus, they accumulate sufficient
experience to predict network information. In an intercity transit network such as the high-speed
railway (HSR) network, which has great punctuality and reliability, passengers may not use HSR
services as frequently as they use urban transit services, but they can rely on the HSR timetables
accessible online to understand the HSR network conditions. Moreover, according to one study of the
Chinese HSR (Li and Schmdcker, 2017), after their first HSR trip, most people prefer the HSR for
intercity travel, with most making an average of 10 HSR trips a year. The first Chinese HSR line was
opened in 2008; we assume that in the 12 years since, frequent HSR users have gained sufficient
knowledge to predict HSR network conditions. With this predictive information, passengers choose
paths that minimize their generalized cost, which encompasses seven components: (a) in-vehicle time
(IVT), (b) walking time, (c) wait time, (d) transfer penalty, (e) access and egress time, (f) ticket fare,
and (g) extra cost due to the limited capacity. With this passenger information, the model provides the
operation details of each run on a line (e.g., departure/arrival times and station track allocation) to
maintain the feasibility of the paths selected by passengers and minimize passenger journey time costs,
which include (a) IVT, (b) wait times at the origin and transfer stations, and (c) walking time. We use
a simulation-based iterative method to solve this problem.

The literature review that follows provides a brief introduction of recent studies and highlights areas
that require further research attention.

1.1 Literature review

Models for public transit systems differ from those for private car systems because transit vehicles
follow predetermined routes and timetables, whereas private cars have more possible options of
departure times and routes (Tong and Richardson, 1984). Frequency-based and schedule-based
modeling approaches have been established on the basis of these transit system attributes. Reviews of
these two approaches were published by Fu et al. (2012) and by Cascetta and Coppola (2016). The
frequency-based approach regards each transit line as having multiple runs with a constant headway
and running speed, and it measures passenger behaviors and system performance in terms of averages.
For instance, it expects that passengers wait at a station for an average period equal to half of the
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headway. In contrast, the schedule-based approach describes the operation of each transit service using
precise departure/arrival times and allows variation in the headway between transit services and in the
running speed. Accordingly, the schedule-based approach also models passenger behavior in a
disaggregated manner; for example, choices to board certain transit services can be considered (Fu et
al., 2012). The schedule-based approach therefore has less error in prediction than the frequency-based
approach. Hence, this study adopts the schedule-based approach to solve the TTP with consideration
of passenger path choices.

Some studies have used an iterative approach to consider similar problems (Sels et al., 2011; Siebert,
2011; Schobel, 2017). The iterative method separates the model into two submodels: a timetabling
model that considers passenger assignment and a passenger-assignment model based on timetables.
The method iterates between these two submodels until convergence is reached, which presents two
primary advantages. First, this separation reduces the computational complexity to allow the problem
to be solved efficiently. Second, the iterative process captures the interaction between the passenger
choices and the timetable design. Specifically, the operator publishes a timetable upon which the
passengers base their choices. After the operator has gathered passenger choice information from ticket
sales, the operator can improve the situation by updating the timetable. Passengers can then adjust their
choices in response to the new timetable, and the operator may need to further adjust the timetable.
This interaction continues until an equilibrium is reached between the passengers and operator. Due to
these advantages, the iterative method is adopted here. Our iterative method presents two main
differences from previous iterative methods, including (a) the use of an improved solution method for
transit timetabling and (b) a different approach to assign passengers with consideration of vehicle
capacity constraints.

Here, we consider only the most relevant studies that apply heuristics to solve large-scale problems
(Sections 1.1.1) and those that include passenger assignment in transit timetabling models (Section
1.1.2). We refer interested readers to the following reviews for further information about TTPs: ()
Harrod (2012) summarized four model structures commonly used for timetabling; (b) Cacchiani and
Toth (2012) and Lusby et al. (2018) reviewed the development of robust timetabling; and (c) Parbo et
al. (2016) discussed the progress of passenger-oriented timetabling.

1.1.1 Heuristics for transit timetabling models

Many studies have noted that determining an exact globally optimal solution for the TTP is a
nondeterministic polynomial-time (NP)-hard problem (Jong et al., 2013; Barrena et al., 2014; Schmidt
and Schobel, 2015; Talebian and Zou, 2015). Effective heuristic approaches are therefore needed to
solve large-scale problems to yield relatively high-quality solutions in a reasonably quick manner.
Extensive research has been performed in this area, and many illuminating approaches have been
proposed, such as those based on modified linear programming relaxation (Wong et al., 2008),
simulated annealing (Burdett and Kozan, 2010; Jamili et al., 2012; Zhou et al., 2015), genetic
algorithms (Niu and Zhou, 2013; Jong et al., 2013), and decomposition approaches (Carey and
Lockwood, 1995; Brannlund et al., 1998; Ingolotti et al., 2006; Caimi et al., 2009; Sinha et al., 2016;
Guo et al., 2016; Zhou and Teng, 2016).

The decomposition approach decomposes a large and complex problem into smaller and simpler
subproblems and then resolves the subproblems individually. The ability of the decomposition
approach to handle complicated problems with efficiency and tractability of computation has led to its
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wide adoption in solving TTPs. One option involves the use of the decomposition approach to
decompose the entire network into different zones and then generate timetables within the zones
(Caimi et al., 2009; Sinha et al., 2016; Guo et al., 2016). However, this requires additional effort to
coordinate operations between zones. Alternatively, decomposition can be performed at the train level
(Carey and Lockwood, 1995; Brannlund et al., 1998; Ingolotti et al., 2006; Zhou and Teng, 2016), for
which a timetable is obtained train by train. However, train-level decomposition for TTPs is not
suitable for use with iterative methods because it may result in an unsatisfactory initial timetable at the
beginning of the iterative process. For example, it is possible that several trains with the same stopping
pattern will be scheduled to depart within a short period, whereas no such trains are allocated in another
period. This arrangement would have a negative influence on passenger assignment, which is
performed according to the initial timetable and used to guide later timetable adjustments. To avoid
this, we group trains with the same stopping pattern into lines and perform decomposition at the line
level for TTPs so that transit services on the same line are scheduled simultaneously according to a
specific distribution constraint. This improves the starting point of the iterative method.

1.1.2 Passenger assignment in transit timetabling models

Passengers may be unable to use their preferred path due to limited vehicle capacity; hence, vehicle
capacity should be considered. Some studies have included a vehicle capacity constraint in their
timetabling models but have made some unrealistic assumptions. For instance, Chang et al. (2000)
constrained the passenger flow per train to prevent it from violating the train’s capacity; however, they
assumed that all passengers would eventually board a train because the system as a whole had sufficient
trains. Niu et al. (2015) followed the first-come-first-served principle to load passengers. In their model,
passengers who cannot board a train will wait for the next available train, and the last train, which
stops at all stations in the train corridor, can serve the remaining passengers. Yang et al. (2016) required
that the total demand at a station on a train corridor fall within the total loading capacity of trains that
stop at this station. However, in such a system, passengers may fail to purchase tickets for their
journeys, and the railway system will then lose these customers. To relax these assumptions, Canca et
al. (2014) and Robenek et al. (2018) adopted the logit model, which calculates the possibility that
passengers shift to another transit mode. In addition, Robenek et al. (2018) dealt with the problem for
a railway network rather than in the simpler situation of a train corridor. However, the logit model
requires extra information from other available traffic modes. Robenek et al. (2016) proposed another
approach to address the conflict between demand and supply in railway networks that is simpler and
does not require additional information: they divided passengers into groups and assigned each group
to a single path. The use of this approach means that passenger groups cannot be split, and if no path
can accommodate a passenger group due to the train capacity constraint, this passenger group is
assumed to travel outside the planning horizon. However, this assignment is not realistic because
passengers in the same group would in reality have the ability to use different feasible paths within the
planning horizon. Hence, the assignment method should be modified to increase the applicability of
this simpler approach to optimize vehicle capacity. To address this problem, we allow passenger
groups to be split and assign them to different paths in a transit network based on the vehicle capacity
constraint. A residual path using an artificial vehicle with unlimited capacity is generated to
accommodate passengers who fail to board any transit services.

Furthermore, passenger assignment must be performed under either the system optimum condition or
the user equilibrium (UE) condition. Under the system optimum condition, the total passenger travel
cost is minimized. In contrast, under the UE condition, passengers cannot reduce their travel cost by
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shifting to another path. When the vehicle capacity is assumed to be sufficient, the solutions for these
two conditions are the same. Previous iterative methods (Sels et al., 2011; Siebert, 2011; Schobel,
2017) assumed that the vehicle capacity was sufficient and assigned passengers to the shortest path;
hence, the obtained solution was not only the system optimum but also the UE solution. However,
vehicle capacity is generally limited in practice. Timetabling studies that have considered vehicle
capacity have generally proposed models under the system optimum condition (Chang et al., 2000;
Niu et al., 2015; Robenek et al., 2016; Yang et al., 2016).

In practice, the system optimum is difficult to achieve in a congested network because it requires
passengers to be selfless, which means that some passengers must forgo selecting their ideal option
and give up their seats for others to minimize the system cost. However, passengers are generally
selfish (Bell and Lida, 1997) and maximize their own utility via different strategies. For instance,
schedule-based UE models consider that passengers compete for seats with strategies such as learning
from their failure-to-board experiences (Nuzzolo et al., 2012), handling supply uncertainties
(Hamdouch et al., 2014), and using real-time on-board crowding predictions (Nuzzolo et al., 2016). In
this case, the total passenger travel cost is higher than that under the system optimum condition, but
the UE condition is more suitable to describe the real situation. For more detail, we refer interested
readers to the theory presented by Gentile et al. (2016). In terms of passenger behaviors, there exist
two kinds of UE model: deterministic UE (DUE) and stochastic UE (SUE). DUE models assume that
passengers’ perceptions are homogeneous and that they have perfect information (e.g., Xu et al.
(2018)), whereas SUE models account for the heterogeneity and errors in passengers’ perceptions and
in operators’ observations (e.g., Zhang et al. (2010), Liu and Meng (2014), and Sun and Szeto (2018)).
The integration of TTP and SUE theoretically results in a better timetable than does the integration of
TTP and DUE, because SUE models more realistically predict passenger flows than do DUE models.
However, as suggested by Gentile et al. (2016), DUE models can identify the major passenger flows
in the railway system, the outputs of which are generally easier to understand and interpret. Moreover,
SUE models require much more computational effort than do DUE models. However, as far as transit
timetabling is concerned, the optimized timetable may not be very sensitive to differences in the
predictions of deterministic assignment and stochastic assignment models (Hartleb and Schmidt, 2019).
Hence, a DUE model is adopted for passenger assignment in this study. Future studies could study the
integration of TTP and SUE for a railway system with significant heterogeneity in passenger choice
behavior.

1.2 Contributions

This study suggests a model and method for solving the transit timetabling problem within a congested
and schedule-based transit network with consideration of passenger path choices. The model has two
submodels: transit timetabling and passenger-equilibrium assignment. The transit timetabling
generates timetables to improve the passengers’ journey experience according to the results of the
passenger-equilibrium assignment, whereas the passenger-equilibrium assignment loads passengers
on transit vehicles based on the timetable output from the transit timetabling and adopts the residual-
path concept and splitting strategy for passenger groups to accommodate vehicle capacity constraints.

An iterative method is developed to connect these two submodels and efficiently determine the
solution. This method iterates between transit timetabling and passenger loading. To further improve
the computational efficiency, the decomposition approach is adopted for TTPs. Thus, the
decomposition approach decomposes a network-scale problem to the line level, which means that
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feasible suboptimal solutions can be obtained efficiently to address large-scale problems. Numerical
tests on South China’s HSR network show that our algorithm obtains satisfactory results within a
reasonable time for practical applications.

The remainder of this paper is organized as follows. Section 2 describes the terminology used in the
study and outlines the basic assumptions. In Section 3, we introduce the model and solution method.
Section 4 tests the model and solution method using two example networks. We summarize the
conclusions of the study in Section 5.

2. Assumptions and terminology
Before introducing the model’s details, we first clarify our assumptions and terminology.
2.1 Network assumptions and terminology

A transit system is a system of transportation services (e.g., buses or trains) that run on fixed routes
and follow published timetables for public travel. This study focuses mainly on a train-type transit
system. With certain modifications, our model can also be used for bus-type transit systems. To
describe a transit system in our model, we make the following definitions and assumptions.

First, a train carries passengers from its origin terminal to its destination terminal along a specific route
with specific arrival and departure times and uses track at each passing station of the transit network,
and a line is a group of trains that passes through the same stations, following the same order and
stopping pattern. In consideration of the operating budget, a plan for a line decides the operation
requirements of trains on this line, including the operating time-window, the minimum running times,
and the maximum and minimum dwell times. Following the line plans, a timetable details the operation
of trains on all lines. The operation details include when a train departs from or arrives at a passing
station and which station track a train uses when it skips or stops at a passing station. To avoid
allocation of trains too close to one another on the same line, we set a minimum departure time interval
between two trains on the same line.

Second, two adjacent stations are linked by a segment consisting of two running tracks. We consider
trains in both directions. Trains in one direction use one running track, and those in the other direction
run on the other running track. A train station has several station tracks to serve several trains
simultaneously; however, a safety headway should be maintained between two entering/leaving trains.
Train overtaking can only occur at a station that has several station tracks. According to practice, not
all tracks at a station can be used by a passing train. Some station tracks do not have platforms and are
used only by trains that skip this station. A train timetable thus should detail the station track allocation.
In addition, a station can have several yards, and each yard serves one transit corridor. For instance,
Zhaogingdong Station has two yards, one for the Guangzhounan-Guilinbei HSR corridor and the other
for the Guangzhounan-Nanning HSR corridor.! As a result, Zhaogingdong Station is abstracted as
two substations for these two yards. Passengers can use walking links between the two substations to
make a transfer.

! Introduction to Zhaogingdong station:
https://zh.wikipedia.org/wiki/%E8%82%87%E5%BA%86%E4%B8%9C%HE7%AB%99 (Accessed August 23, 2018)
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Third, sufficient resources are assumed to be available for staff and vehicles. However, the vehicle
capacity is limited.

Fourth, trains are assumed to operate precisely as specified in the published timetable.
2.2 Demand assumptions and terminology

Our model considers the time-dependent demand. Thus, we group passengers according to their given
origin, destination, and preferred departure time interval as different origin-destination (OD) pairs. All
OD pairs are included in a set (R), and an OD pair r € R represents passengers who wish to travel
from their origin zone to a destination zone at the preferred departure time (T,"°P*"™"®), which is the
end of the preferred departure time interval.

In a train system, a path is a route that connects a given origin zone and destination zone by using a
series of selected trains. Passengers on a path follow the route and timetable of the selected train to
travel from the boarding station to the alighting station, and the IVT of a selected train is the time
difference between the alighting time and the boarding time. Passengers need to pay a ticket fare to
take a train from the boarding station to the alighting station. All ticket fares are assumed to be preset
and unaffected by changes in the train timetable. For a given path, we add the ticket fares of individual
train journeys to determine the total ticket fare of the path. Passengers may need to wait before the
selected train departs from the boarding station. There are two types of waiting: (a) waiting at stations
and (b) waiting in the origin zone. Passengers generally prefer to wait in the origin zone, where they
have access to more activity options than at the origin station. We assume that passengers wait only
for a certain time duration (TW2i) at the origin station. This value is given based on the passengers’
preferences. If the passengers on path q € Q,- (Q, is the set of paths used by OD pair r € R) select
train n to depart from the origin station s and have to wait for longer TWat in the origin, they

choose to stay in the origin zone z. The wait time in the origin zone z is TWait x i,‘l"’ait, where i(‘{"ait

IS @ nonnegative integer variable. We can easily change the method to calculate the wait time in the
origin zone z, if necessary. Thus, the departure time from the origin zone z of path q is

T,PePATTre 4 pWait 5 jWait and the wait time at the origin station s is tpero ¢ — (T,7PAUTe 4

TWait i jWait | 7Zoney \yhere ¢ cP*"™® s the time at which train n departs from station s, and

TZone s the travel time between zone z and station s. TZ°" is assumed to be known in advance
and is unaffected by any changes in the train timetable. In addition, if a path includes more than one
selected train, the passengers on that path will alight from a selected train and board the next selected
train at a transfer station. The total number of transfers is equal to the number of selected trains minus
one. The passengers on the path may need to walk for some distance because these two trains may not
stop on the same track. The walking time for a transfer is considered the average walking time from
the alighting platform to the boarding platform. The average walking time between two platforms is
also assumed to be known in advance and unaffected by changes in the train timetable, but the walking
time for a transfer between two trains may change when a train timetable change involves different
track allocations for the two trains. Furthermore, passengers may need to wait for the next selected
train. This waiting time is the time difference between the arrival time of the passengers and the
departure time of the next selected train, and the arrival time of passengers equals the arrival time of
the last selected train plus the walking time for this transfer.
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The generalized cost of path g is the weighted sum of (a) the IVT, (b) the wait time, (c) the walking
time, (d) the transfer penalty, (e) the access and egress time, (f) the ticket fare, and (g) the extra cost
due to the limited capacity. The weighted sum of the first six cost components (a—f) is the uncongested
cost. Weight coefficients are used to reflect the passengers’ perceptions of these costs. For example,
IVT is usually considered to be less bothersome than wait time at stations; hence, the weight coefficient
for IVT is smaller. Practical applications can obtain weight coefficients with the use of calibration
methods such as the stated preference method.

Our model assumes that passengers have full predictive network information and are rational, which
means that they always choose the path that minimizes the generalized cost. A residual path § with a
sufficiently large path cost is included in @Q,.. The residual path § is a virtual path that uses an
artificial transit vehicle that runs directly from the origin station to the destination station without
stopping and without occupying any physical track, and the capacity of the artificial transit vehicle
equals the number of passengers in OD pair r to accommodate passengers who fail to board any
trains. When the transit network cannot provide a feasible path for OD pair r, all passengers are loaded
on the residual path §. Alternatively, when the transit network provides feasible paths for OD pair r
but some passengers cannot use any feasible paths due to vehicle capacity, these remaining passengers
are assigned to the residual path §.

3. Model formulation and solution method

The model contains two submodels: a timetable optimization model (TOM) and a passenger
assignment model (PAM). The PAM constructs a time-space network based on the timetable
information (including the train arrival/departure times at stations and the station track allocation)
output by the TOM, after which it identifies feasible paths in the network and assigns passengers to
these paths. The TOM then considers the passenger assignment (i.e., the passenger flow on a path and
path routing, e.g., which train is used) output by the PAM to determine a timetable, as follows:

1) To maintain the feasibility of the selected passenger paths on which the passenger flow is greater
than zero, the TOM does not allow trains to depart earlier than the arrival time of the passengers
who use these trains.

2) The TOM attempts to reduce the walking and wait times of the selected paths by changing the
trains’ arrival/departure times and station track allocations.

3) The passenger flow on a path acts as a weight when the TOM needs to make trade-offs between
reducing the travel cost of one path or another.

Therefore, the TOM outputs timetable T based on passenger assignment A, and the PAM, which
generates passenger assignment A, is limited by timetable T:

Timetable optimization: T = TOM(A); (1)
Passenger assignment: A = PAM(T). (2)
Thus, the model can be formulated as follows:

T = TOM(PAM(T)). (3)
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An iterative method is used to determine the solution. The basic idea of the iterative method is to
generate a starting point using the initial timetabling model (ITM) and improve the timetable via
iteration between the TOM and the PAM. In our studied problem, the line plan and OD demand are
given, but the details of the passenger paths are not known in advance. The ITM aims to generate an
initial feasible timetable when information on passenger assignments is unknown. There is no strict
rule for the objective function. Minimization of the total train running time is widely used in transit
timetabling (Zhou and Teng, 2016); therefore, we adopt this approach to generate a starting point for
the iterative method. The PAM generates the passenger assignment based on the timetable of the ITM.
Based on this passenger assignment, the TOM details a timetable that minimizes the passengers’ total
weighted travel time; that is, the TOM not only keeps the timetable feasible but also ensures the
feasibility of the paths used by the passengers. The PAM then generates a new passenger assignment
based on the improved timetable, and the TOM may need to be run again to improve the timetable.

We terminate the iterative method when the relative difference between the total generalized costs
between two iterations falls below the termination criterion. The termination criterion is based on the
operators’ desired balance between computation effort and level of optimality. If the problem is
complex and large, even a tiny reduction in the objective may substantially prolong the computation
time. In this case, we may consider establishing a relatively larger termination criterion to reduce the
computation effort. In addition, due to the limited vehicle capacity, we may encounter a paradox in
which the decrease in the travel time caused by the timetable change could increase the total
generalized cost. The details of this paradox are given in Section 3.4. If the paradox exists, we opt for
the solution with the lowest total generalized cost. Otherwise, the final output is the solution in the last
iteration that has the lowest total generalized cost. The procedure of the iterative method is shown in
Table 1.

Table 1. Iterative method.

Iterative method

Input: Network information, line plan, and passenger information

Output: Transit timetable

Step 1. Set the iteration count e = 0.

Step 2. If e = 0, then run the ITM to optimality and identify the initial timetable T;orelse T, =
TOM(A4._1).

Step 3. 4, = PAM(T,).

Step 4. If the relative difference of the total generalized cost between two iterations falls below the
termination criterion, the iteration ends, and the solution with the lowest total generalized cost is
output as the final solution; otherwise e = e + 1 and return to Step 2.

ITM and TOM are both transit timetabling models. Two solution methods are used to manage transit
timetabling models, the branch-and-bound algorithm and the decomposition approach, which are
introduced in Sections 3.2.1.1 and 3.2.1.2, respectively. The iterative method that adopts the branch-
and-bound algorithm is called the IM-BBA, whereas the iterative method that uses the decomposition
approach is called the IM-DA. The IM-BBA ensures that global optima of the ITM and TOM can be
found when the problem is simple; however, the computational efficiency deteriorates when the
problem size increases. The IM-DA cannot guarantee that the generated solutions for the ITM and
TOM are globally optimal, but it provides a strong computational advantage in large-scale problems.
The decision to apply IM-BBA or IM-DA depends on practical need. The PAM formulates the UE
assignment problem as a linear programming (LP) problem and solves the LP problem using a column-
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generation method. The following section provides details of the three models (ITM, TOM, and PAM)
and their newly specified solution methods.

3.1 Notations
The notations used in the models are introduced in Table 2.

Table 2. Notations used in the models.

Component Type Definition
r Element OD pair
q Element Path
q Element Residual path
Lorl Element Line
n orn' Element Train
ngrigin Element Train used by passengers on path g to leave the origin
Ag{la“Sfer Element Train from which passengers on path g transfer to train n
s ors' Element Station
s(?,]light Element Station where path g considers passengers who alight from train n
s}f,?ard Element Station where path g considers passengers who board train n
s U8 Element Origin terminal of line
spestination Element Destination terminal of line 1
Downstream Element Downstream station of station s for train n
p or p' Element Track
z Element Zone
ZomEn Element Zone that is the origin of OD pair r
R Set Set of OD pairs
Q. Set Set of paths for OD pair r
N, Set Set of trains that belong to line [
NPath Set Set of trains used by path ¢
S; Set Set of stations used by line [
L Set Set of lines
P, Set Set of tracks that can be used by train n at station s
Aq Real variable | Passenger inflow on path g
CcTo Real variable Obijective of the timetable optimization model
Cq Real variable Generalized cost using path g
Cost components of path g: (a) m =1, IVT; (b) m = 2, time waiting
. at stations; (c) m = 3, time waiting in the origin zone; (d) m = 4, time
Cqm Real variable . _ . v .
walking; (e) m =5, total number of transfers; (f) m = 6, travel time
between zones and stations; (g) m = 7, ticket fare.
Eﬁst'ra Real variable E’xtra cost for-using trgin nona segment between station s and station
s’ due to limited vehicle capacity
ngtra Real variable Extra cost of path g
cgne Real variable | Uncongested cost of path g
[ Real variable | Equilibrium travel cost over all paths of OD pair r
F Real variable Objective of the LP model
7 Total Real variable | Total train running time
tXYSfF Real variable Walking tim(’a that passengers on path g spend on the transfer from train
n totrain n
t,‘1’¥lait Real variable | Wait time for train n at the boarding station on path g
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tArrival Real variable | Time of arrival of train n at station s
goeparture Real variable | Time of departure of train n from station s
jyvait Integer variable | Number of T2t in the origin zone for path g
bprns Binary variable | Equals 1 if train n’ reaches station s before train n, or 0 otherwise
b rns Binary variable | Equals 1 if train n' leaves station s before train n, or 0 otherwise
Line . . Equals 1 if train n begins to operate before train n’ (trains n and n'
brn Binary variable bglong to the same Iineg), or 0 otﬁerwise (
bg{,“k Binary variable | Equals 1 if train n uses track p, or O otherwise
bg;;};, Binary variable Equ_als 1’if path g usi-ng train n on a segment between station s and
station s’, or O otherwise
cResidual Parameter Uncongested cost of a residual path
D, Parameter Number of persons in OD pair r
M Parameter Sufficiently large integer
nﬁapadty Parameter Capacity of train n
T Platform Parameter Average time that passengers sPend walking from the platform serving
pp track p to that serving track p
Departure Parameter Preferred time for departing from the origin zone of OD pair r
TZone Parameter Journey time between station s and zone z
T Wait Parameter Longest time for which passengers will wait at the origin station
TP Parameter Earliest time of departure for trains on line [
Tprrival Parameter Latest time of arrival for trains on line [
THmin Parameter Minimum dwell time of trains on line [ at station s
THmax Parameter Maximum dwell time of trains on line [ at station s
TH Parameter Minimum headway between two trains
Tlmin Parameter Minimum departure time interval between two trains on line [
TRun Parameter Miqimum running time of line [ on a segment between station s and
Iss station s’
Wym Parameter Weight coefficient for cost component c,,, (Vq € Q,)) of OD pair r

3.2 Transit timetabling

Our timetabling model generates a daily timetable based on passenger path choices with consideration
of vehicle capacity. It can be formulated as a mixed-integer model, and the constraints are based on a
mixed-integer sequencing linear program, which is introduced and explained in the tutorial by Harrod
(2012). In addition to the travel time and safety headway constraints mentioned in the tutorial, our
model also includes constraints for station track allocation, dwell time, overtaking, distributing trains
on the same line, calculating path costs, and ensuring path feasibility as follows:

Travel time constraints (VI € L, Vn € N;; Vs, s’ € §;: s' = gpownstream).

Run Arrival Departure,
Tigg = thgr —t (4)

! ns 1

l ns . (5)

{TDepart < tDeparture
. . ,
t;?srrlval < TlArrlval

Safety headway constraints (VI,l' € L; Vvn € N;; Vn' € Ny, Vs, s' € §; NSy s' = ghownstream).

gamival 4 TH < pATival g g (6)
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Departure

Departure . r
s , It b

t +TH <t =1
ns

nn's
bpn's + byins = 1,
bsnts + blnins = 15

Station track allocation constraints (V[,l' € L, Yn € N;; Vn' € Ny):

tos P e+ TH < A1V i pltack = pIrack — p /=1, Vp € P Vs € 5,0 Sy}

ZPEPns bTTl‘II;aCk = 1, Vs € Sl!
Overtaking constraint (v1,l' € L; vn € N;; Yn' € Ny, Vs,s' € S, NSy s’ = gRownstream).

I — .
b n'ns — bn’ns' = 0;

Dwell time constraint (vl € L; Vn € N;; Vs € §)):

Dmin Departure Arrival Dmax.
Tsl = tns — tns = Tsl ,

Constraints distributing trains on the same line (VI € L; vn,n' € N;: n#n'; s =5, 8™):

Departure Lmin Departure . Line __ 4.
tns +T; <t , it b =1,

Line Line _ 4.
b~ + b =1,
Path cost calculation formulas (Vr € R; Vq € Q,):

Arrival Departure
_ Alight Board(tns -t ),
=Sqn =~ S =Sqn ns

qu - ZnENSath,S

— Wait.
Cq2 = ZpenPath tqn’

— TWait -Wait.
Cq3 = T X ig

Coy = Z o tWalk.
q4 — nE(Ngath—ngngm), nI=A'CII‘11:Lansfer qn'n?

Departure Departure .
s — (TP + gz + TS, ifn=mn

Departure _ -, Arrival Walky : Path __ ., Origin ;
tns (tprer ™ + tynrn), ifn € (NG ng o)

Origin
q

FWait — Origin. _ _ _Board.
qan -

Alight, _, _ Transfer.
Sqn, f n = Aqn ]

Walk __ Platform Track Tracky. « _ ~Board. s _ Alight,
tqn'n = ZPEPns Zplepn,S,(Tp/p X bnlpl X bnp ), S = Sgn , S = Sqn, ;

Path Originy. _ jTransfer.
(Nqa _nq )’ n' = Aq;‘lans er’

Constraint ensuring the feasibility of paths (Vr € R; Vq € Q,):

(7)
(8)
(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)
(17)
(18)

(19)

!

(20)

vn €

(21)

13



O© 00 NO O bW [

el
N R O

13
14

15
16
17
18
19
20

21

22

23

24

25

26
27
28
29
30
31

32
33
34
35

36

tantit > 0; Vn € NE2™, (22)

Constraint (4) sets the necessary running time between two stations. Constraint (5) requires that trains
operate within the operating time-window. Constraints (6) and (7) impose the necessary headway
between arrivals/departures between two trains at stations according to the arrival/departure order.
Constraints (8) and (9) enforce a logical set of arrival/departure orders of two train at stations.
Constraints (10) and (11) arrange the track allocation at the stations and ensure that sufficient time is
given between two trains that use the same track at a station. Constraint (12) is set so that trains can
overtake each other at stations but not between stations. Constraint (13) limits the necessary dwell
time of trains at stations for passengers boarding and alighting. For a non-stopping but passing station,
the necessary dwell time equals zero (TD™® = TDMax — ) Constraints (14) and (15) prevent a
situation in which all trains that belong to the same line are scheduled within a short period and no
other time slot includes any trains on this line.

The fare, the number of transfers, and the access/egress times are fixed for a path, whereas the IVT
(cq1), the wait times at stations or in zones (cq, Or cg43), and the walking time (c,4,4) are limited by the
timetable. Hence, the objective function of the TOM includes c4, (m € [1,4]) to improve the
passengers’ journey experience. The calculation formulas of c,,,, (m € [1, 4]) are given by Eqs (16)-
(19), whereas Eq. (20) gives the calculation formulas for the wait times at the origin station and the
transfer stations, and Eq. (21) calculates the walking time for a transfer and reflects the influence of
station track allocation on the walking time. Constraint (22) guarantees that the wait times at the
stations on a path are not negative so that passengers will not miss their trains.

With these constraints, the ITM and TOM are detailed in Sections 3.2.1 and 3.2.2. respectively.
3.2.1 Initial timetabling

The ITM is formulated as follows.

; Total _ . Arrival Departure
minT - ZlEL ZneNL stlOrlgln‘ SrzsPestination (tns' — tys ) (23)

s.t. Constraints (4)—(15).

TTotl s the total running time of the trains, and s”"®" and sPesti"2t°n are the origin terminal and

destination terminal of train n € N, respectively. The input parameters of the ITM include the
headway between two trains (T™), the departure time interval between two trains on the same line
(TL™i"), the operating time-window (T,”°P*™ and TA™al), the minimum running times (TX%"), and
the maximum and minimum dwell times (T2™3 and T2™i): and the decision variables of the ITM

consist of the train operation order (b,/,,, b',/ns, and bTLli{‘,e), the train arrival/departure times at the
Departure

stations (tArVal and t,, ), and the station track allocation (by32°K).

Constraints (6), (7), (10), and (14) are logical constraints that can be converted into linear constraints
by mathematical transformations. For instance, constraint (6) can be linearized by introducing a
sufficiently large integer value of M (V[,l' € L, Yn € N;; Vn' € Ny; Vs E€ S, NSy):

t;’;\;‘rival +TH < t;?,r;ival + (1 - bnn’s) X M. (24)
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The ITM can therefore be formulated as an integer linear programming (ILP) problem, and the two
solution methods for this, the branch-and-bound algorithm and the decomposition approach, are
presented in Sections 3.2.1.1 and 3.2.1.2, respectively. These two methods are also applied to solve
the TOM, and a comparison of these two methods is presented in Section 4.2.1.

3.2.1.1 Branch-and-bound algorithm

ILP problems can be solved with a classic method: the branch-and-bound algorithm. In this algorithm,
a rooted tree with possible solutions is based on a root node that is an initial possible solution. Each
branch of the rooted tree is a solution subset, and rather than examining all feasible solutions on a
branch, a branch is checked according to the estimated lower and upper bounds of the optimum. If the
solutions in this branch cannot be better than the best solution found so far, the search for this branch
stops.

The computation time of the branch-and-bound algorithm is influenced by the estimated bounds and
the initial feasible solution. Although the algorithm is guaranteed to achieve the global optimum, it
may have low efficiency when solving a complex ILP problem. Therefore, the algorithm is generally
used to handle simple ILP problems and provides a benchmark for other ILP solution techniques.

Many mature commercial software packages such as CPLEX? use the branch-and-bound algorithm to
solve ILP problems. CPLEX is widely used in studies of transit networks (Caimi et al., 2011; Siebert
and Goerigk, 2013; Burggraeve and Vansteenwegen, 2017; Dollevoet et al., 2017; Sparing and
Goverde, 2017). In this study, we use CPLEX Studio 12.7 to run the branch-and-bound algorithm to
solve ILPs including the ITM, the TOM, and timetabling problems for a single line generated using
the decomposition approach. We follow the default settings except for the relative gap tolerance. In
CPLEX, the relative gap is defined as follows?:

| The objective of the best node remaining-The best integer objective|
|The best integer objective|+1e-10 )

Relative gap of CPLEX =

(25)

When the relative gap falls below the relative gap tolerance, we terminate the CPLEX computation,
because it is often the case that much of the computation is devoted to narrowing the gap after the
eventual optimal solution has been found. We set the relative gap tolerance of CPLEX as 0.05 in this
study. This relative gap tolerance of CPLEX can be easily changed by the operators according to their
needs.

3.2.1.2 Decomposition approach
The ITM model can be written in a matrix form as follows:

min Objective

2 The branch-and-bound algorithm is known as “branch and cut” in CPLEX:
https://www.ibm.com/support/knowledgecenter/SSSASP_12.7.1/ilog.odms.ide.help/refcppopl/html/branch.html
(accessed June 25, 2020).

3 The relative mixed integer programming gap tolerance in CPLEX is explained at
https://www.ibm.com/support/knowledgecenter/SSSA5P 12.7.1/ilog.odms.cplex.help/CPLEX/Parameters/topics/EpGap.
html (accessed June 25, 2020).
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s.t. Objective = ZleLTM leeLTM ZnENl Zn,ENl’ con}ln,varnnr (26)

con’, var,, = con; ,; Vi,I' € L™; vn€ N;; vn' € Ny; (27)
con, var,, +con, , > 0; Vi, I' € L™; vn € N;; vn' € Ny; (28)
vary, = 0; VI, I'€ L™; vn € Nj; vn' € Ny; (29)

var,,,, isa matrix for variables related to trains n and n’; con ,, con’ ,, con’ :, con! , and
con_, are matrices for constants related to trains n and n’; and L™ is a set of lines considered
by the timetabling model.

We perform decomposition at the line level to separately create a timetable for each line and then apply
an iterative adjustment, as shown in Table 3. If a single line has too many trains, the computation time
to obtain this line’s timetable may be long. Therefore, we split this line into several sublines.

Table 3. Decomposition approach for timetable generation.
Decomposition approach for timetable generation
Input: Network information and line plan
Output: Timetable
Step 1. Generate a timetable for line [; (j € [1, rtire], where 14" is the number of lines on the
network):
Step 1a: Run the timetabling model to determine the variables of line ;, while the line set Lf™*ed
(I to ;_; when j>1; @ when j=1) is fixed and the line set LN°"™ded (1, \ t0 [ 1ine
when j <[T'"e; @ when j = [1“"®) is not included.
if the solution is found then
| Step 1b: If j = I1“"¢, go to Step 2; if not, j = j + 1, and return to Step 1a.

else

| Step 1c: Generate all possible line combinations by selecting lines from L}“"ed

| for each line combination LCompination qq

| | Step 1d: Set LCombination ang Jine I; as a modified line set.

| | Step le: Run the timetabling model to determine the variables of the modified line
| | set.

| | if the solution is found then

| | | Step 1f: If j = I1%"® go to Step 2; if not, j = j + 1, and return to Step 1a.
| | end

| end

end

Step 2. Improve the solution:

while the gap between the latest two iterations’ objectives is not smaller than the gap allowance do
| for each j from1to 7“1 do

| | Run the timetabling model to determine the variables of line [; while fixing the

| | other lines.

| end

end

16



10
11
12

13
14
15
16
17
18
19
20
21
22

23
24

25
26
27
28

29
30
31
32
33
34

35
36
37

In Step 1a, the timetables of the lines in L]-Fi’“‘“‘“l have already been generated, and the lines in
L}“’““Cl“d"d are awaiting timetabling. A timetabling model is constructed based on the matrix-form
ITM, but it adds a new constraint and modifies constraint (30) as follows:

min Objective
s.t. constraints (26)—(29), and
var,,, = con® ,; VI,I'€ (L™ —)); vn € N;; vn' € Ny; (31)
L™ = [fxedy ;. (32)

con® , is a matrix for constants related to trains n and n’. con’ , takes the values based on
feasible timetables of linesin (L™ — l;), which were obtained in the previous calculation. Hence, the
timetabling model excludes the variables associated with line 1;; € LN°™cded sets constant values
to variables only associated with lines in L}™*®9, and determines the variables linked to line ;. As an
ILP, the timetabling model can then be solved by the branch-and-bound algorithm using CPLEX.

When a conflict appears, an additional approach is required (see Steps 1c-1f). For instance, if no
feasible solution is obtained for line [;, we check whether some lines of L]Fi’“’d make it impossible to
identify a solution. Hence, lines are selected from L}“"ed to generate all possible line combinations
for checking. For example, if L]Fixed = {l,,l,, I35}, all possible line combinations are {l,}, {l,}, {l5},
{1, 1.}, {1, 15}, {l,, 15}, and {l;,1,, 15}, and these line combinations are checked individually. The
checking process is to build a modified line set that includes line combination LCombination anq |ine
;. A timetabling model is constructed to identify a feasible solution to accommodate LCembination
and line [; atthe same time, and itis the same as the one in Step 1a except that the line set of constraint
(31) is changed from (L™ — 1) to (L™ — pCombination _ 1.y 5o that no tracks and times are
assigned to LCombination ang l; inadvance. If relaxing the current line combination’s constraints is

not sufficient to obtain a feasible solution, the next line combination will be examined until a feasible
timetable of line lj is found.

In the last timetabling model solved in Step 1, L]-Fi’“‘“‘“l U ; = L. The only difference between this model
and the matrix-form ITM is that this model has constraint (31), which does not affect the fact that the
solution of this model is a feasible solution of the ITM model. Hence, when competing Step 1, a
feasible solution is found for the ITM.

In Step 2, an iterative process is used to improve the solution given by Step 1 with respect to the
feasibility of the solution for all lines. When we create a new timetable for line [;, we fix other lines.
That is, we add constraint (31) to the matrix-form ITM and solve it via CPLEX. The solution obtained
is a feasible solution of the ITM, and it is not worse than the solution before adjustment. When no
further significant improvement is gained, the algorithm is terminated, and timetables are created for
all lines.

The algorithm may only obtain a locally optimal solution. We address this problem by generating
multiple possible timetables. We can reorder the lines and run Step 1 to easily seek a different possible
timetable. Mutual influence exists between lines because the lines scheduled later cannot be scheduled
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at a given spatiotemporal point if those scheduled earlier already occupy that spatiotemporal point.
Thus, different line orders may result in different timetables and may affect the optimality of the final
solution. If possible, different line orders should be trialed to obtain better results.

In addition, Step 2 can be performed alone to improve the timetable if a possible solution is available
as the starting point. The decomposition approach adjusts the lines individually until the objective
difference between two consecutive iterations is less than the gap allowance, which is specified by the
operators to balance the computation effort and the level of optimality.

3.2.2 Timetable optimization

The TOM is based on the result of the PAM, which gives path information such as path routing and
passenger flow on a path (4,). The IVT (c4), the wait times at stations or in zones (cq, Or cg43), and

the walking time (c,4) are restricted by the timetable. The passengers’ journey experience can be
improved by reducing these costs; therefore, the objective function of the TOM aims to generate a
feasible timetable that minimizes them. The TOM can be formulated as follows.

min CTO = ZrER ZqEQr Aq X (Zme[l, 4] Wrmcqm) (33)
s.t. Constraints (4)—(22).

The input parameters of the TOM contain not only those of the ITM that are related to the supply side,
but also those related to the demand side, including the passengers’ preferred departure time
(TPePartUrey “access/egress times (TZ0M€), the longest wait time at the origin station (TW2it), the
walking times between platforms (Tzf;‘i‘tf"rm), and the weight coefficient for cost component (w,,,).

The TOM consists of two types of decision variable. The first type is related to the timetable and

includes the train operation order (b, b'yms, and bL°), the train arrival/departure times at

stations (tAIva! and s P2"™), and the station track allocation (bF2°X). The second type is related

to the passengers and includes the IVT (c4), the wait time (cgz, C43, t,‘{‘,’lait, and i,‘l"’ait), and the
walking time (¢4 and tWalky " With the known passenger assignment and mathematical

qnn’
transformation of constraints (6), (7), (10), (14), and (21), the TOM can be formulated as an ILP
problem; therefore, it can be resolved with a branch-and-bound algorithm. In addition, the TOM can
be rewritten in matrix form that is the same as that of the ITM, so it can be solved with the
decomposition approach. To apply the decomposition approach to solve the TOM, we adopt Step 2 of
the decomposition approach discussed in Section 3.2.1.2, and the previous timetable is used as the
starting point for adjustment of the timetable. Before adjusting the timetable, we suggest that the lines
be ordered in descending order of passenger volume. If a line is used by more passengers, the line is
given higher priority so it will be adjusted earlier. However, different line orders should be tested to
achieve better results.

3.3 Passenger-equilibrium assignment
3.3.1 Model formulation of the PAM

The PAM consists of two parts: path enumeration and UE assignment. All available paths are generated
via path enumeration based on the timetable output by the ITM or TOM, and the value of b¥3%, (vr e

qnss
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R, VgeQ,, VIEL, Yn € N;; Vs,s' € §;: s' = gbownstream) can then be determined. b°2%, is

qnss
an indicator that equals 1 if path g uses train n on a segment between stations s and s’, and O
otherwise. The PAM then determines the passenger inflow on path g (4,) considering the UE

condition, capacity-related condition, and flow conservation condition.

The UE condition is based on the definition given by Poon et al. (2004)—a UE for the passenger
assignment is obtained when, for all passengers in an OD pair with a given preferred departure time,
the generalized costs of all selected paths are equal and are not higher than that of any unselected path.
Hence, a flow pattern meets the UE condition if and only if the following constraint holds (Vr € R;

vq € Q,):

=&, ifA; >0
“a {z G ifAg =0’ (34)
where ¢, isthe generalized cost of path g, and ¢, is the equilibrium travel cost over all paths of OD
pair r. Here, ¢, is defined as follows (vr € R; Vq € Q,):

Cq = C(IIJnc + C‘];:xtra. (35)

The first component is the uncongested cost (c}f“c), and the second is the extra cost of this path (c};"tm).
For a residual path ¢, cgnc is assumed to be a sufficiently large cResidual whereas for non-virtual
paths, anc is the weighted sum of the IVT, wait times at stations and in zones, walking time, number
of transfers, access/egress times, and fare. Therefore,

Residual H —_
Unc _ {C ) if q=4q.

Cg = , Vr €R; Vq € Q,. 36
I Yme[1, 7) WrmCqm » €lSe q€Q; (36)

For a known timetable, ¢;™° is fixed and is regarded as an input to the PAM, but c£**2 is affected
by passenger flows. c}f"tra is the sum of costs for guaranteeing that passengers can use their chosen

train via each segment along the path. Hence,

Extra — Path Extray. .
cExtra — el ZneNl ZS’S,ESI:S,=511250wnstream(bqnssf xc o), Vr €ER; Vg €Q,, (37)

Extra

where ¢, c° isthe cost that passengers should bear to ensure that they can use train n on a segment
between stations s and s’. For a transit system without seat reservations (such as a metro system),
when the capacity limitation of a train is reached, no passengers can board. Passengers may need to
squeeze themselves on the train and avoid being pushed out of the train when other passengers alight
from the train. In contrast, for a transit system with seat reservations (such as the HSR), when the
capacity limitation is reached, no seats are available. Passengers may incur an advance booking cost
(Xu et al., 2018) to secure a seat. For example, prospective passengers may need to make their way to
the ticket counter much earlier than the counter’s opening time and stand in long queue, or they may
need to download various ticket-purchasing software applications and even pay extra money to secure
seats. This boarding effort or advance booking cost is modeled by cT’f;‘St,ra. We adopt the approach
proposed by Szeto et al. (2013) and Xu et al. (2018) to compute cEX%? | as follows (VI € L; Vn € Nj;

nss’ 1
’ . 1 _ ¢Downstreamy.
Vs, s' €8 5" =& ):
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= O If HcapaCity > ZreR quQerathl X A

Extra qnss
C 1 (38)
nss Capacit Path
> 0,if 1,7 = 3, cp Tgcq, Do X Aq.
where 115°P*'Y is the vehicle capacity of train n. cEX72 is zero if 15" is greater than the

passenger flow on train n serving a segment between stations s and s’. If ISP equals the

passenger flow on train n serving a segment between stations s and s’, it could be zero or positive.

Hence, the value of cfg‘st,ra is affected by whether the passenger flow on train n serving a given
Extra

segment equals the train capacity, and the actual value of ¢ is estimated by solving the PAM.

nss

The capacity-related condition limits the passenger flow on train n via a segment between station s

and station s’ to no more than the vehicle capacity of train n, as follows (vl € L; Vvn € N;; Vs,s' €
Sl' s’ = EDownstream).
: s :

1,772 — 3 cr Do, oo X Aq 2 0. (39)

The flow conservation condition ensures that the sum of passenger flows on the paths of OD pair r
equals the total number of passengers, D, (Vr € R):

Yqco,Aqg — Dy = 0. (40)
The UE assignment problem of the PAM can then be expressed as a problem as follows:

Finding [4, &, cox5?]

nss

s.t. constraints (34)—(40).
This problem can be formulated as an LP model:
minF = ¥ er Xqeo, AqCq"C (41)
s.t. constraints (39), (40), and
A, = 0. (42)

This LP model for passenger assignment is called the LPPA. With the input of path routing (bgflg; ),

uncongested costs (c},’“c), the total number of passengers in an OD pair (D,.), and the train capacity
(I, *P*!Y), the LPPA determines passenger flows on paths (4,). Szeto et al. (2013) and Xu et al.

(2018) both proved that the UE assignment problem can be formulated as such an LP model. Appendix
A shows the proof that the LPPA is equivariant to our proposed UE assignment problem.

3.3.2 Solution method of the PAM

We adopt the column-generation method based on the work of Szeto et al. (2013) to solve the LPPA.
As shown by Szeto et al. (2013), this method guarantees optimality and finite convergence. Moreover,
the column-generation method reduces the computation complexity because it only generates paths
when needed, instead of storing all path variables. The details of the column-generation method are
listed in Table 4, and the analysis of convergence is given in Appendix B.
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Table 4. Column-generation method for passenger-equilibrium assignment.

Column-generation method for passenger-equilibrium assignment

Input: Timetable and passenger information

Output: Passenger assignment

Step 1. Find the path with the lowest uncongested cost (g*) for OD pair r, Vr € R. If the capacity
constraint is violated, go to Step 2; if not, the algorithm ends.

Step 2. Set the iteration count g = 0.

Step 3. Set the largest uncongested cost on the found non-virtual paths as the uncongested cost of
q*; the equilibrium travel costis M, and let the path set include g* and the residual path (i.e., ¢ =
C}IJPC, & =M, QY ={q", q},Vr €R).

Step 4. If one of the following two conditions is met—(a) all paths in the network are included in
the corresponding path set; (b) not all paths are included in the corresponding path set, but ¢7 > ¢,
Vr € R—then the algorithm ends; if not, go to Step 5.

Step 5. Randomly select an OD pair r, Vr € R, if it does not meet any of the condition stated in
Step 4.

Step 6. Generate |Q7| (number of paths in Q7) lowest-uncongested-cost paths for OD pair r. If
no new path is generated, return to Step 4.

Step 7. For new path q', calculate its uncongested cost c¢J"¢. Set ¢7*" = max(¢/, c9"°) and then
update the path set: Q7" =Quq’.

Step 8.Set g =g + 1.

Step 9. Use CPLEX* to solve the LPPA, whose path sets are @Y, Vr € R, and update &’. Return
to Step 4.

If |Qf| =1, that is, Q7 only includes the residual path, Step 6 identifies the path with the lowest
uncongested cost. If |Q7| > 1, Step 6 uses the K-shortest path algorithm (e.g., van der Zijpp and
Fiorenzo Catalano (2005)) to generate |Qrg| shortest paths. The algorithm determines the first lowest-
uncongested-cost path in the network, after which it creates subnetworks based on the link elimination
rule and determines the lowest-uncongested-cost paths in the subnetworks. The algorithm compares
these paths to identify the path with the lowest uncongested cost as the second lowest-uncongested-
cost path. The algorithm continues the process of dividing the subnetwork that contains the kth (k <
|Qf.’ | ) lowest-uncongested-cost path to several new subnetworks and comparing the lowest-
uncongested-cost paths in all subnetworks to identify the (k+1)th lowest-uncongested-cost path until
|Q£ | lowest-uncongested-cost paths are identified. Tong and Richardson (1984) developed a
promising schedule-based algorithm to identify the lowest-uncongested-cost path that was improved
upon to make it more practicable (Tong and Wong, 1999; Khani et al., 2014; Xie et al., 2017). This
algorithm first uses Dijkstra’s algorithm (Dijkstra, 1959) to determine the shortest path and then sets
the uncongested cost of the shortest path as the upper bound of the path search. The path search uses
the upper bound to cut the search space and improve search efficiency. After the path search, the
lowest-uncongested-cost path can be identified. Please refer to these respective studies for more details.
In this study, we adopt the improved version presented by Xie et al. (2017).

4 To solve the LP problem, we use CPLEX Studio 12.7 with default settings, except that we terminate the computation of
CPLEX when the relative gap is less than 0.05.
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3.4 Analysis of solution methods

First, the convergence of the iterative method is discussed. The characteristics of the TOM and the
PAM guarantee finite convergence. The objective of the TOM is to minimize the total weighted travel
time (including the IVT, the walking time, and the wait time), and the objective of the LPPA
equivariant to the UE assignment problem of the PAM is to minimize the total uncongested cost. The
TOM attempts to decrease the total weighted passenger travel time of the path solution identified by
the PAM in the last iteration, and the total uncongested cost of this identified path solution is thus not
increased. In the next iteration, the PAM identifies a path solution with a non-increasing total
uncongested cost. Because the total uncongested cost cannot decrease infinitely, the iterative method
is convergent in finite iterations.

The iterative method cannot guarantee that the final solution is globally optimal, but it is an acceptable
approach to handle complex problems and thus identify one of the practical solutions when
identification of the global optimum is very difficult.

Furthermore, due to the limited capacity, the total generalized cost of the convergent solution cannot
be guaranteed to be less than that of the other solutions identified in earlier iterations. When the
capacity is sufficient, the generalized cost equals the uncongested cost and is non-increasing with each
iteration. However, when the capacity is insufficient, a paradox may occur in which adjustment of the
TOM may increase the total generalized cost. This paradox can be illustrated with a two-train example
(Fig. 1). The two trains are prepared to serve two OD pairs: (a) 120 passengers in OD pair 1 wish to
travel from station | to station 111 and arrive at station I at 7:45; (b) 80 passengers in OD pair 2 wish to
travel from station | to station IV and arrive at station | at 7:50. Both trains 1 and 2 have 100 seats. In
this example, except that weight coefficient for the number of transfers is 0, all weight coefficients are
1, the fares are free, and the uncongested cost of a residual path is 200 min.

OD pair 1

o ] AN N Timetables Train Station Altr]val Departure
’ . time time
Train2 I ] 8:15
’ — A Timetable 1 i 8:45 847
@ /D I created by 1\Y 9:57 -
the ITM » I - 8:32
— i 9:02 _
\\ Tramn 1 I N 730
. Timetable 1 I 8:20 8:22
e . created by 1\Y 9:32 -
OD pair2 “~~-_________-- —emmm T the TOM ) I - 8:32
I 9:02 -
Station: O Tram link; =

Fig. 1. Two-train example illustrating the transit paradox.
According to the timetable created by the ITM, the PAM assigns all passengers of OD pair 1 to the

residual path and those of OD pair 2 to train 1. Hence, the total generalized cost is (9:57 — 7:50) x 80
+ 200 x 120 = 34,160 min. The TOM adjusts the timetable based on the assignment result. In the
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adjusted timetable, if the passenger flows did not change, the total generalized cost and total
uncongested cost are the same: (9:32 — 7:50) x 80 + 200 x 120 = 32,160 min. However, the PAM
changes the assignment because a lower total uncongested cost [200 x (80 + 20) + (9:02 — 7:45) x 100
= 27,700 min] can be obtained if 100 passengers of OD pair 1 are assigned to the path served by trains
1 and 2, and the rest passengers of OD pair 1 and passengers of OD pair 2 are assigned to their
respective residual paths. The numbers of passengers onboard do not exceed the train capacity,
meaning that the capacity constraint is fulfilled. According to this new assignment and constraints
(34)-(40), the PAM calculates the extra costs. The extra cost of using train 1 on a segment between
station | and station Il is 98 min, that of using train 1 on a segment between station Il and station IV is
0 min, and that of using train 2 on a segment between station Il and station 111 is 25 min. Thus, for OD
pair 1, the extra cost of the path served by trains 1 and 2 is 123 min, while for OD pair 2, the extra cost
of the path served by train 1 is 98 min. Moreover, the PAM calculates the generalized path costs and
equilibrium travel costs of the OD pairs, and these costs have the same value, that is, 200 min. In
addition, this new assignment fulfills the UE condition, but the total generalized cost of this new
assignment is 200 x (80 + 120) = 40,000 min, a larger value than that obtained before the timetable
adjustment.

As suggested by Szeto and Jiang (2014a), we should consider people’s selfishness and their responses
to the new adjustments to avoid the transit paradox, in which operators wish to improve service quality
(e.g., by reducing wait time) but deteriorate the network performance in terms of the total generalized
cost. In this case, the timetable before adjustment shows better performance than the adjusted timetable,
which means that the unadjusted timetable should be used as the output if another solution with a lower
total generalized cost cannot be found in the later iterations.

Second, for the PAM, it is difficult to guarantee the uniqueness of the solution for the LPPA because
its objective function is not strictly convex with respect to variable A, (vVr € R, Vq € Q,.). Ensuring
the solution uniqueness of the conventional UE is nearly impossible with the present technique and
limited passenger information. The non-uniqueness gives varied passenger flow patterns, which may
result in different timetables providing varying levels of improvement in passenger service. As a
simple example of this non-uniqueness, consider that an OD pair has two paths (path 1 and path 2)
with the same cost. Regardless of how the passengers are assigned to these two paths, the result
satisfies the UE condition. The path solution of assigning more passengers to path 2 may result in a
greater extent of timetable improvement (e.g., a greater reduction in the total generalized cost) than
that of assigning more passengers to path 1. When possible, different path solutions of the PAM should
be trialed to achieve better timetabling improvement.

4. Numerical examples

In this section, two examples (a hypothetical example and South China’s HSR example) are used to
demonstrate the capability of model and methods. These examples shared the following settings:

1) The shortest headway between two consecutive trains (TH) was set to 4 min, based on previous
studies (Kroon and Peeters, 2003; Zhan et al., 2015; Xie et al., 2020).
2) The longest wait time that passengers spend at the origin station (TW2it) was set to 200 min.
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3) The passenger preference parameters for OD demand were assumed to be homogeneous (Vr): (a)
w,, =1.0; (b) w,, =1.8; (c) w,3 = 0.5; (d) w,y =2.0; (6) w,5 = 1.0 min; (f) w,¢ =1.0; (9)
w,; = 2.0 min/yuan.

We used a personal computer (PC) with Windows 10 Enterprise, an Intel Core i7-4790U 3.60 GHz
processor, and 16 GB RAM to perform computations for all cases except that shown in Section 4.2.1a;
in this case, the PC failed to determine an optimal solution within a reasonable time, and thus a high-
performance computing system, HPC2015, was used. This HPC2015 system was a 64-bit
heterogeneous Linux cluster based at the University of Hong Kong, upon which we used one computer
node with 96 GB memory and two 10-core Intel Xeon E5-2600 v3 (Haswell) processors.

4.1 Tests with a small hypothetical network

In this section, we describe how a small-scale hypothetical network was used to test the proposed
model. Section 4.1.1 introduces the example settings. Section 4.1.2 demonstrates that the proposed
model provides passengers with better service by smoothing the transfer process and decreasing the
wait times. In Section 4.1.3, the proposed method for passenger loading is analyzed.

4.1.1 Example setting

The network (Fig. 2) has four zones. Each zone is served by one station; for example, station | serves
zone Z1. The access and egress times (T2°"¢, Vs, Vz) are shown on the left-hand side of Fig. 2.

Access and egress times 71 72 73
Station
I I 11 v Platform 1
a0 o Track | TITTETIIL
00 o0 o0
240 min Track 0 THTHTIHT
Zone 72 +oo 0 +o0 +o0 Platform 2
73 +oo +o0 0 +o0
74
74 +o0 +o0 +o0 0
Station: O Zone:
Tram link: Zone link:

Fig. 2. Small hypothetical network.

Each station has two platforms. Each platform serves one track, as presented on the right-hand side of
Fig. 2. Because passengers may carry large pieces of luggage and climb stairs to leave or arrive at a
platform, we assumed that passengers walk 10 min from one platform to another (i.e., T;;‘;‘tform = 10
min, for tracks p and p’ atstation s, Vs). The maximum running speed for all trains in this example
is identical, and the minimum running time on a segment is marked next to the respective segment in
Fig. 2. For example, if trains on line 1 run on the segment between stations | and 1I, the minimum
running time TH{}} is 30 min.

The basic line settings are shown in Table 5.
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Table 5. Basic line settings for small hypothetical network.

Lines Trains on the line Stations
L1 1,2,3 [-II-II—-IV—-I
L2 4,5, 6 [-IV-II—=Il—I1
D1 7,8,9 [—-II—III
D2 10,11, 12 [-IV—II
Ul 13,14, 15 M—I1-I
uz2 16, 17, 18 NI—IV—I

In the line name, “L”, “D”, and “U” denote loop lines, lines of downstream trains, and lines of upstream
trains, respectively. The operating time-window is [7:00, 12:00] (i.e., T,”**"™ =420 min, TA™Vval =
720 min, VI, because the time unit was set to 1 min and 0:00 was transformed to be 0 min) and the
minimum departure interval between two trains on a line is 30 min (i.e., TF™" = 30 min, Vi).
According to the timetable shown on China Railway’s official website®, the dwell time generally
ranges from 2 to 4 min, so the minimum and maximum dwell times at a station were set as follows
(Vs €S;, VD):

TDmin _ {g ifs =11, =Dlor UL g
min, else
TDmax _ {0, ifs=1l,1l=DlorUl
st 4 min, else’
The vehicle capacity is 100 passengers (i.e., II-*P*“Y = 100 passengers, ¥n). The fares (shown in

Table 6) were set according to the train running time, that is, a higher fare was set for a longer train
running time.

Table 6. Ticket fees for a small h

pothetical network.

Line | Origin-destination stations | Fee (yuan) | Line | Origin-destination stations | Fee (yuan)
I-11 5 -1 17
111 10 I-111 14
-1V 17 -1V 7
-1 17 -1 5
L1 1-111 5 L2 1l-1 10
-1v 12 II-11 5
I"l-1 14 V-1 17
n-1v 7 V-1l 12
V-1 7 \all 7
D1 1111 10 Ul 1i-1 10
1111 14 1i-1 14
D2 -1V 7 u2 "n-1v 7
V-1l 7 V-1 7

The information on OD pairs is shown in Table 7.

5> China’s official railway website: http://www.12306.cn/mormhweb/ (Accessed January 5, 2017)
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Table 7. Trip demand.

oD Preferred start time - I Number of passengers
(T?eparmre) Origin zone Destination zone D,)

OD1 8:00 Z1 Z2 30

0OD2 7:00 Z1 Z3 150

0oD3 8:45 Z2 Z3 90

OD4 8:00 Z2 Z4 90

OD5 7:30 Z3 Z1 80

OD6 7:00 Z3 Z4 80

OD7 7:00 Z4 Z2 120

4.1.2 Solution analysis

The IM-BBA and IM-DA were applied to this example. The gap allowance to end the iteration process
was set to zero. The IM-BBA took 7.69 s to obtain the final solution, whereas the IM-DA required
41.14 s. In this example, the problem size of the timetabling was relatively small, so the computational
advantage of the IM-DA is not apparent. Furthermore, the IM-DA underwent more iterations (six,
including the ITM and five TOMS) than the IM-BBA (three, including the ITM and two TOMSs) due
to the characteristics of the starting point (i.e., the initial timetable). When the starting point was near
a local optimum, fewer iterations were needed to approach the convergent point. Hence, the IM-DA
required more computation time. A detailed analysis of the computational efficiency of the IM-BBA
and IM-DA is given in Section 4.2.

The IM-BBA obtained a local optimum, whereas the IM-DA found the global optimum, which was
validated via the enumeration process. The IM-DA achieved global optimality by generating a better
initial timetable (which could result in a timetable solution with a lower total generalized cost) than
the IM-BBA in this case; a detailed analysis can be found below, in the description of a test using
different initial timetables. The timetable output by the IM-DA is presented in Appendix C. The
solutions of the IM-BBA and IM-DA are summarized and listed in Table 8. The non-in-vehicle time
(NIVT) consists of the wait time at the origin and the transfer times. The IVT is limited for a passenger
journey by the maximum train running speed, and fare setting is not considered in our model. Note
that the travel time between a station and its served zone was set to zero for this example. Thus, the
TOM focused mainly on reducing wait times and smoothing transfers with consideration of passenger
perceptions. Hence, the total weighted NIVT is analyzed together with the total generalized cost in
Table 8.

Table 8. Summary of solutions of the IM-BBA and IM-DA.

Solution Total generalized cost (min) Total weighted NIVT (min)

method IT™ Final TOM Gap (%) IT™ Final TOM Gap (%)
IM-BBA 106,360 71,578 32.70 39,820 14,598 63.34
IM-DA 105,974 64,090 39.52 47,554 10,440 78.05

Two kinds of train timetables were chosen: those found by the ITM, which minimizes the train running
time, and those given by the final TOM, which considers passenger path choices. The gap between
these (as shown in Table 8) is calculated by:

__ That for the ITM-That for the final TOM
- That for the ITM

Gap X 100%. (43)
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After several iterations, both solution methods reduced the total generalized cost by more than 30%,
and an even larger decrease was found in the total NIVT. The IM-BBA achieved a decrease of nearly
65%, whereas that of the IM-DA was more than 75%. These reductions (shown in Table 9 and Table
10) were mainly accomplished in the following ways.

Table 9. Assignments of IM-BBA.

Waiting ..
- at Waiting -
Trains o at VT Walking | Uncongested Volume
Path search | OD origin . . - ;
used Jone stations (min) (min) cost (min) (passengers)
. (min)
(min)

OD1 | Train3 0 88 30 0 198.4 30
0D?2 Tra}in 1 0 6 62 0 92.8 100
Train 10 0 6 82 0 120.8 50
OD3 | Train3 0 75 30 0 175.0 90
Based on OD4 | Train2 0 25 72 0 141.0 90
initial OD5 | Train1l 0 40 82 0 182.0 80
timetabling | OD6 | Train 16 0 0 40 0 54.0 80
Trian 4 0 42 72 0 171.6 100

Train 16
op7 | 0 08 70 10 291.4 20

Train 3
OD1 | Train3 0 30 30 0 94.0 30
oD2 Tra}in 1 0 0 62 0 82.0 100
Train 10 0 6 82 0 120.8 50
OD3 | Train3 0 17 30 0 70.6 90
Based on OD4 | Train 2 0 2 72 0 99.6 90
the final OD5 | Train 18 0 0 82 0 110.0 80
solution OD6 | Train 16 0 0 40 0 54.0 80
Trian 4 0 42 72 0 171.6 100

Train 16
ob7 |, 0 50 70 0 185.0 20

Train 3
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Table 10. Assignments of IM-DA.

Waiting | Waiting
Path search | OD Trains | atorigin at IV_T Walking Unconge_sted Volume
used zone stations | (min) (min) cost (min) (passengers)
(min) (min)

OD1| Train6 0 0 114 0 148.0 30
0D?2 Tra!n 7 0 6 60 0 90.8 100
Train1 0 16 62 0 110.8 50
Basedon | OD3 | Train3 0 79 30 0 182.2 90
initial OD4 | Train?2 0 18 72 0 128.4 90
timetabling | OD5 | Train 15 200 10 60 0 198.0 80
OD6 | Train 18 200 12 40 0 175.6 80
oD7 Tria_m 4 0 42 72 0 171.6 100
Train 5 0 72 72 0 225.6 20
OD1| Train3 0 0 41 0 51.0 30
oD2 Tra!n 1 0 0 62 0 82.0 100
Train 7 0 6 60 0 90.8 50
OD3 | Train3 0 0 30 0 40.0 90
Basedon | OD4 | Train2 0 2 72 0 99.6 90
the final | OD5 | Train 15 0 0 60 0 80.0 80
solution | OD6 | Train 18 0 0 40 0 54.0 80
Trian 4 0 42 72 0 171.6 100

Train 11
obr 0 56 88 0 213.8 20

Train 5

1)

2)

3)

Reducing wait times. For example, the passengers of the OD pair OD5 would have been required
to wait for 200 min in their origin zone and for 10 min at the stations if the initial timetable
generated by the IM-DA were used. After improving this train timetable, both types of wait times
decreased to zero. However, the improvement in wait times may increase the IVT for some
passengers, because the weight assigned to IVT is typically less than that assigned to waiting.
Waiting at a station is generally considered a worse experience than staying on a train, where
passengers can sit and engage in activities such as eating and reading. For example, the IM-DA
reduced the generalized cost of passengers of OD pair OD7 using the foregoing approach. The
headway constraint in the same line prevents the schedule for train 5 from being adjusted. The IM-
DA solved this scenario by scheduling train 11 to depart from station IV at 7:48 and increasing its
running time from station 1V to 111 from 40 min to 58 min. The passengers of OD7 could then use
train 11 from station IV to station Il rather than using train 5, thus enjoying a lower travel cost
and less wait time.

Smoothing transfers. For example, the passengers of the OD pair OD7 would be required to walk
for 10 min to transfer from train 16 to train 3 if the initial timetable generated by the IM-BBA were
used. After the use of the TOM, passengers could remain on the same platform to wait for train 3
because trains 3 and 16 were scheduled to share the same station track.

Finding new paths after re-timetabling. When trains are rearranged during the later rounds of the
TOM, it is possible that passengers will find and use some new paths with lower costs. This
occurred in the case of OD pair OD5 in the assignments of the IM-BBA and OD pair OD1 in the
assignments of the IM-DA. This demonstrates the necessity of using multiple iterations.
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In addition, we generated various initial timetables and optimized them to compare their final solutions.
When an ILP has more than one optimum solution, CPLEX provides one of these solutions, but it may
not provide the same solution if the variables and constraints are input in a different order because the
order of the variables and constraints can affect the solution search process of the branch-and-bound
algorithm in CPLEX. Thus, we input the lines in different orders to obtain various initial timetables.
The comparison (shown in Table 11) included six initial timetables. Three were optimized by the IM-
BBA, and the other three were optimized by the IM-DA. These initial timetables resulted in various
final solutions. To show the differences between these final solutions, their total generalized costs are
presented in Table 11 and compared with the global optimum. The difference values in Table 11 are
calculated by:

Total generalized cost-Global optimum
Global optimum

Difference= %X 100%. (44)

Table 11. Comparison of six different initial timetables.

i : : Global
Solution method ID qf the initial Total'generallz'ed costin the optimum | Difference (%)

timetable final solution (min) (min)

1 69,178 7.94

IM-BBA 2 71,578 11.68

3 72,406 12.98

4 64,090 64,090 0.00

IM-DA 5 66,922 4.42

6 70,006 9.23

The results show that the IM-BBA and the IM-DA identified a solution near the global optimum, and
the comparison demonstrates that the initial timetable affects the quality of the final solutions. If the
IM-DA has a good initial timetable, it may obtain a better final solution than the IM-BBA even though
it uses a heuristic (decomposition approach) for timetabling. No technique can guarantee that the
generated initial timetable will result in the globally optimal solution; hence, the final solution may
converge to a fixed point that is not the global optimum. If possible, different initial timetables should
be trialed to obtain better results.

In summary, the results of the IM-BBA and the IM-DA demonstrate that the final solutions of the
proposed model were better than the initial solutions, which indicates that timetables that consider
passenger assignment can provide better service to passengers than those that ignore passenger
assignment.

4.1.3 Discussion of passenger-equilibrium assignment

The examples presented in this section are used to test the workability of the column-generation
method. The passenger loading based on the initial timetable (2) (mentioned in Table 11) is given as
an example. The computation time for the column-generation method is approximately 0.76 s.

To illustrate how the resulting passenger loading satisfies the capacity-related condition, we select and
discuss the detailed results of two typical OD pairs, OD2 and OD7. Due to the limited vehicle capacity
(100 passengers), OD pairs OD2 and OD7 must be assigned to more than one path. The details of the
paths are summarized in Table 12.
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Table 12. Paths used by OD pairs OD2 and OD7.

oD Path - Uncongested Passenger
air Routi Train cost (min) volume
p outing used (passengers)
oD2 Zone Z1—Station |—Station II—Station Ill—Zone Z3 Train 1 92.8 100
Zone Z1—Station |—Station I\VV—=Station IlI—Zone Z3 | Train 10 120.8 50
Zone Z4—Station IVHStZa;lon I1I—Station lI—Zone Trian 4 1716 100
oD7 Train 16
Zone Z4—Station IVV—Station I—Station |I—Zone Z2 — 291.4 20
Train 3

The capacity of Train 1 was 100 passengers. Hence, not all passengers in OD pair OD2 were assigned
to train 1, even though the path used by that train had the lowest uncongested cost. This was also the
case with OD?7. If the vehicle capacity were set to more than 150 passengers, all passengers of OD2
and OD7 would be loaded onto the same path (the one with the lowest uncongested cost). If the vehicle
capacity were set to 30, more paths would be used. For example, the passengers of OD2 would be
assigned to one of five paths, whereas three quarters of the passengers of OD7 would be assigned to
one of three paths. The remaining passengers of OD7 would be assigned to the residual path (i.e., they
could not have found a feasible path with sufficient vehicle capacity, so they may have needed to
cancel their trips or change to other traffic modes to complete their trips)

4.2 Tests with South China’s HSR network

Fig. 3 shows the abstracted South China HSR network.

Changshanan-Futian HSR. corridor
Manning-Hengyangdong HSR cormdor
Guangzhounan-Gwhnber HSR. cormdor Changshanan

Guangzhounan-Nanning HSR. corridor

= Link for substations Zhuzhouxi
Dongandong  Yongzhou Qivang  Qidong Hengshanxi
[ TTTITIITCRIRY - RIIFRORY - PR @ reeene Hengyangdong
uanzhounan gy +**"
Q _“. Leiyangxi
Xinganbei .,. Chenzhouxi
",
Guilinbei ’ - o Shaoguan
P -
Guilin ? - . Hezhou Vinedexi
Yongfunan @ ingdext
H ~ Qingyuan
Luzhaibei @ ~,
H ~ Zhaoqingdong_GG Guangzhoubei
Liuzhou ¢ ~
: (11> e, Guangzhounan
Laibinbei ‘
: Zhaogingdong_NG Qingsheng
N ingd LN
anningrong. .\ Yunfudong Humen
Nanning . Nanningdong_NG Guigang Wuzl n Guangmingcheng

Shenzhenbei

Futian

Fig. 3. Abstracted HSR network in South China.

30



B 0PN

o Ol

10
11

12

13
14
15
16
17
18
19
20

21
22
23
24
25
26

27

28

29

We selected 35 main stations from the network. If a station served two train corridors simultaneously
(such as Nanningdong station and Zhaogingdong station), the station was modeled as two substations
rather than one, and walking links were added to connect the substations. The network has 37
abstracted stations.

In Section 4.2.1, we discuss the results of the efficiency and optimality tests. Section 4.2.2 presents the
application of the IM-DA to a large-scale problem.

4.2.1 Efficiency test

We investigated the efficiency and optimality of the IM-BBA and the IM-DA. The study period was
from 6:15 to 22:30. We initially set eight lines running through the four HSR corridors shown in Table
13. In this test, the gap allowance for the generalized cost to end the iterative process was set to zero.

Table 13. Eight lines used in the computational efficiency test.

Line ID | Original terminal | Destination terminal Number of_trams Mlnlmum-departure [ntervql
on the line between trains on the line (min)
D1 Guangzhounan Nanningdong 1 30
D2 Guangzhounan Guilinbei 1 30
D3 Hengyangdong Nanning 1 30
D4 Changshanan Futian 4 10
Ul Nanningdong Guangzhounan 1 30
U2 Guilinbei Guangzhounan 1 30
UK Nanning Hengyangdong 1 30
U4 Futian Changshanan 4 10

a. Computation time comparison

The primary difference between the IM-BBA and the IM-DA is the method of solving the transit
timetabling model. We thus compared the ability of the branch-and-bound algorithm and the
decomposition approach to solve the transit timetabling models to reflect the computational efficiency
of the IM-BBA and the IM-DA. The two kinds of transit timetabling models are the ITM and the TOM,
where the computation time for the former is affected by the number of trains on the network. We thus
tested the extent of this effect by multiplying the number of trains on a line by a scale factor to set
more trains on the network and then running the branch-and-bound algorithm and decomposition
approach for each case to observe the computation times.

The aforementioned PC was used to perform the test. The scale factor ranged from 1 to 10 with a step
size of 1, resulting in 10 scenarios. The increase in model size with the increase in the scale factor is
shown in Table 14. The branch-and-bound algorithm deals with just one ILP problem; hence, the
model size is reflected by the number of variables and constraints in that problem. In contrast, the
decomposition approach runs several ILP problems, and the maximum numbers of variables and
constraints are used to illustrate the model size.
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Table 14. Numbers of variables and constraints.

Branch-and-bound algorithm Decomposition approach
Scale Number of - -
" - Total number | Total number of | Maximum number Maximum number
actor trains . . . ;
of variables constraints of variables of constraints
1 14 3,841 10,574 2,097 6,693
2 28 12,626 44,490 7,457 27,641
3 42 26,355 101,644 14,041 55,335
4 56 45,028 182,096 19,401 79,095
5 70 68,645 285,816 24,761 102,855
6 84 97,206 412,774 30,121 126,615
7 98 130,711 563,030 35,481 150,375
8 112 169,160 736,524 40,841 174,135
9 126 212,553 933,316 46,201 197,895
10 140 260,890 1,153,376 51,561 221,655

The branch-and-bound algorithm obtained the global optimum, and the decomposition approach
achieved similar objective values for these scenarios (all differences were within 2.5%). The trend in
computation time is displayed in Fig. 4 using log 10 values for clarity.

Branch-and-bound algorithm Decomposition approach

1
—

log (Computation time) unit: log(s)
— [a]

1 2 3 4 5 6 7 8 9 10

Scale factor

Fig. 4. Computation time for various model sizes (branch-and-bound algorithm vs. decomposition
approach).

The increase in the number of trains increased the total numbers of variables and constraints (Table
14) and the computation times of the two solution methods. The decomposition approach was slower
than the branch-and-bound algorithm when handling a small model. The decomposition approach
handles multiple ILP problems, whereas the branch-and-bound algorithm solves a single ILP problem.
However, when the model size increased, the branch-and-bound algorithm required substantially more
computation time than the decomposition approach because the ILP problem for all lines was complex
and large. Fig. 4 reveals that the computation time needed for the branch-and-bound algorithm
increases more quickly as a function of model size than that needed for the decomposition approach.
When a scenario featuring 140 trains was examined with the branch-and-bound algorithm, CPLEX
reported “out of memory” after nearly 12 hours without identifying a feasible solution. Even when
HPC2015 was used to run the branch-and-bound algorithm, it required nearly 3 hours to obtain the
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result. In contrast, the decomposition approach took no more than 2 min to obtain a result with an
objective value only 0.44% larger than that of the branch-and-bound algorithm.

Compared with the ITM, which is a relatively simple problem, the TOM includes more variables and
constraints for passengers and is affected not only by the number of trains on the network but also by
the number of OD pairs. Passenger assignment also becomes more complicated. A further test was
performed to analyze the computation time of the IM-BBA and the IM-DA with increasing numbers
of OD pairs. Five OD pairs were randomly selected and added to the test one by one, and the scale
factor was three (i.e., 42 trains on the network). The IM-BBA and the IM-DA achieved similar
generalized costs for these scenarios (all differences were within 0.7%). The trend in computation time
is displayed in Fig. 5. When the number of OD pairs is increased, the IM-DA solves the problem more
quickly than the IM-BBA.

IM-BBA ——IM-DA

180
160
@ 140
120
100

(=)
==}

Computation time (s
=]
o

SRS
S o

(=]

1 2 3 4 5
Number of OD pairs

Fig. 5. Computation time for various model sizes (IM-BBA vs. IM-DA).

Hence, these two tests indicate that the IM-DA can solve a larger problem (i.e., one that includes more
OD pairs and trains) in a more efficient manner than the IM-BBA.

b. Optimality comparison

To check the solution quality of the IM-BBA and the IM-DA, we conducted a further test to compare
the results obtained with these two methods. The test results are presented in Table 15. The five OD
pairs in the second test in Section 4.2.1a were used to analyze the optimality. The global optimal
solution could be found via enumeration because only five OD pairs were involved. The gap value in
Table 15 between the global optimum and the solutions obtained by the IM-BBA and the IM-DA is
defined as follows.

Solution-Global optimum
Global optimum

Gap =

X 100%. (45)
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Table 15. Comparison of total generalized costs.

Total generalized cost
Number | Number of Global of the final solution Gap (%)
Scale factor X . optimum ;
of trains | OD pairs (min) (min)
IM-BBA IM-DA IM-BBA IM-DA
3 42 1 1,530.0 1,530.0 1,530.0 0.00 0.00
3 42 2 3,339.0 3,339.0 3,354.0 0.00 0.45
3 42 3 5,206.5 5,206.5 5,239.5 0.00 0.63
3 42 4 6,615.0 6,615.0 6,648.0 0.00 0.50
3 42 5 9,357.0 9,357.0 9,390.0 0.00 0.35
4 56 5 9,357.0 9,402.0 9,372.0 0.48 0.16
5 70 5 9,357.0 9,357.0 9,375.0 0.00 0.19

The gaps are within 0.70%. Hence, the test demonstrates that the solutions obtained by the IM-BBA
and the IM-DA are near the globally optimal solution. Moreover, the solutions obtained by the IM-DA
are similar in quality to those given by the IM-BBA, which confirms that the IM-DA can shorten the
calculation time while also generating satisfactory suboptimal timetables in practical applications.

4.2.2 Large-scale applicability

To further test the capability of the IM-DA, we applied it to a large-scale example to generate a daily
timetable. We collected train data (on stopping patterns, dwell times, running times, and ticket fees)
for January 5, 2017 from China Railway’s official website. On that day, whose operation period lasted
from 06:00 to 23:30, South China’s HSR network operated 234 high-speed trains in the G-series,
whose maximum running speed is 300 km/h. Considering the difference in stopping patterns, we
grouped the 234 high-speed trains into 181 lines, and the shortest headway between two trains on the
same line was set to 30 min. The vehicle capacity was set to 1600 based on the vehicle information for
Chinese high-speed trains (Hexie) obtained from Wikipedia®.

We divided the OD pairs into three categories, and their patterns are shown in Fig. 6:

1) When the shortest trip time is longer than 6 hours, the trip is long-distance.
2) When the shortest trip time is between 2 and 6 hours, the trip is medium-distance.
3) When the shortest trip time is less than 2 hours, the trip is short-distance.

The shortest trip time denotes the shortest IVT from the origin to the destination without counting the
wait time, transfer time, or access and egress times. We set the peak period from 08:30 to 10:30. The
preferred departure time interval was 30 min. All passengers with the same OD and preferred departure
interval were regarded as a group. Due to trip time limitations (for example, passengers must leave
early enough to complete their trips before midnight) and differences in zones’ attractions, we
generated 9076 main trips for this example. The numbers of long-distance trips, medium-distance trips,
and short-distance trips were 2340, 4848, and 1888, respectively.

& Hexie (train) from Wikipedia: https://en.wikipedia.org/wiki/Hexie_(train) (Accessed November 22, 2019).

34


https://en.wikipedia.org/wiki/Hexie_(train)

NP

O© 00 NO Ol W

10
11
12
13
14
15
16
17

18
19
20
21
22
23
24
25

<
i)
Ch

Long-distance trip

o
[
IS

------- Medium-distance trip
Short-distance trip

<
b
[

0.20

b
=
T

e
=
IS

0.05

Passengers for each trip per minute

000 H |

] QO Q \] Q Q \] Q \Y Q \] ] Y
P ORI 0—@ RS NN & a8 \%9“ o o8 ,L\-.@

Ne]
Time

Fig. 6. Three OD patterns in the large-scale example.

The gap allowance, that is, the threshold gap value at which iteration ceases, was set to 0.01% for the
IM-DA. By running the IM-DA, we were able to obtain a timetable for the whole network. At the fifth
TOM, the gap between two successive iterations (0.006%) was less than 0.01%, by which time the
program had run for nearly 7.6 hours. Hence, the program could have been terminated at this point
because the preset gap allowance had been met. Compared with the initial timetable, which minimized
the total train running time, the adjustment after five iterations decreased the total generalized cost by
360,323 min.

As stated above, the TOM focuses mainly on reducing wait times and smoothing transfers with
consideration of passengers’ perceptions. We therefore show the change in the total weighted NIVT
(i.e., the weighted sum of the walking time and wait times in zones and at stations) for analysis. The
total weighted NIVT was reduced by 7.09%. The average wait time for each passenger decreased by
approximately 5.13% (8.91 min), whereas the average walking time for a passenger who made
transfers during the journey was shortened by 81.33% (1.07 min). Hence, modifying the timetable
according to passenger path choices can significantly improve passenger service. In particular, station
track allocation improves the transfer experience by reducing the walking time.

To show the general trend of the total weighted NIVT, Fig. 7 presents the results of the ITM and the
first 15 TOMs. The general trend appears to decrease. The first TOM achieves the largest part of the
total weighted NIVT reduction (82.96%), the next four TOMs complete 9.81%, and the next ten TOMs
provide the rest (7.22%). A non-negligible decrease was caused by TOM(6)—TOM(15). However, the
gap allowance for the IM-DA had been reached in the fifth TOM; thus, the program ended, and this
decrease was not included. However, this example illustrates that a timetable with better service quality
can be obtained by setting a smaller gap allowance or by allowing more TOMs. In reality, the condition
of ending the program can be adjusted according to operational needs.
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We chose the Changshanan-Futian HSR corridor to demonstrate the timetable result. The timetable for
this HSR corridor is shown in Fig. 8.

Time
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Fig. 8. Timetable for the Changshanan-Futian HSR corridor.
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The black boxes in Fig. 8 frame the terminals and the main transfer stations. This corridor, which
comprises the southern section of the Beijing-Guangzhou HSR corridor, is in high demand, and most
departure intervals of high-speed trains are particularly short. Fig. 8 also demonstrates the movement
of trans-line trains. We take one high-speed train that begins operation at 21:40 at Changshanan as an
example. It leaves this HSR corridor at Hengyangdong, enters the Hengyangdong-Nanning HSR
corridor, and then moves toward Yongzhou. This example indicates that the IM-DA can handle a large
transit timetabling problem in a reasonable amount of time.

5. Conclusions

This study contributes to the literature by developing a schedule-based model for the transit timetabling
problem that considers passenger path choices in a congested transit network. The example in Section
4.1 shows that the timetables created by our model provide improved service by shortening the travel
time (such as walking time and wait time) relative to plans that minimize the total train operating time.

The study also introduces an iterative method for resolving the model. An initial timetable is generated
as the starting point, and an iterative program is then designed to improve its service quality. This
program has two levels. The first simulates passenger path choices based on the present timetable with
consideration of the limited vehicle capacity, and the second adjusts the timetable according to the
present passenger path choices. The method iterates between these two levels until convergence is
reached. We suggest the use of two approaches to solve transit timetabling problems: the branch-and-
bound algorithm and the decomposition approach. The branch-and-bound algorithm becomes time-
consuming as the model size increases, as shown by the computation time tests described in Section
4.2.1. Hence, the branch-and-bound algorithm cannot be applied to large problems but only to simple
transit networks. In contrast, the tests illustrate that the decomposition approach offers a computational
advantage while generating a solution close to the globally optimal solution. The differences in the
objectives calculated by the branch-and-bound algorithm and the decomposition approach are within
2.5%); thus, the decomposition approach can be used with an iterative method for large-scale problems.
Although the initial timetable affects the quality of the final solution, trialing various initial timetables
can help the IM-DA to identify better results. The test results show that the IM-DA can obtain good
suboptimal solutions, with differences within 1.0% of the global optimum. Furthermore, our test with
South China’s HSR network illustrates that the IM-DA can help obtain solutions for a practically sized
problem in a reasonably short computation time. Although the obtained timetable is suboptimal, its
quality is acceptable for real-world applications. Hence, the IM-DA can be applied to large transit
networks, such as an intercity HSR network and mature intracity metro network.

One limitation of this model is that it assumes that passenger perceptions are perfectly captured.
However, this is not always the case in real-world applications. In a future study, the authors plan to
introduce uncertainties (e.g., stochastic passenger behavior) to improve the robustness of the
timetabling model. Furthermore, this model does not consider the flow-dependent cost. The flow-
dependent cost increases as the number of passengers onboard increases, meaning that it could reflect
passengers’ attitudes toward train crowdedness. Consideration of the flow-dependent cost results in a
more complex passenger assignment problem that may need another solution method (e.g., the
multiplier method and the penalty function method), which is worth exploring in a future study. The
supply side (e.g., the number of available vehicles) and line planning (e.g., stopping pattern design)
will also be studied.
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Moreover, the efficiency of the present path search algorithm, that is, the K-shortest path algorithm,
decreases with increasing network scale. A more efficient path search algorithm is needed to improve
the computation efficiency of our solution method and widen the applicability of our model and
solution method. Hence, the authors plan to work toward improving the K-shortest path algorithm in
a future study.
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Appendix A: Proof for the UE assignment problem

This appendix proves that the UE assignment problem can be formulated as an LP model (LPPA), as
shown in Section 3.3.1.

First, the UE condition (constraint (34)) can be represented as follows (Vr € R; Vq € Q,):
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AgX(cg—C)=0
Ag =0 . (46)

Cq—C =20

Second, the capacity-related condition (constraint (39)) can be combined with the calculation of cEXtra

(function (38)), and the combination is expressed as follows (VI € L; Vvn € N;; Vs,s' € S;:

Downstream)

TlSS qnss

CExtra >0 . (47)

nss

Capacity Path
nTl - ZTER ZqEQr qnss’ X A > 0

Third, the flow conservation condition (Eg. (40)) can be reformulated as follows (Vr € R):

Cr X (ZqEQr Aq -D)=0
& =0 : (48)
Yqeq, Aq —Dr 20

Because of constraints (46) and (48), ¢, > 0 and Eq. (40) must hold.

Fourth, to show the equivalence between the UE assignment problem and the LPPA, the Lagrangian
function for the LPPA is as follows:

C t h
F= ZrER quQr A CUnC ZlEL ZnENl Zs,s’ESl: s'=gPownstream Anss’ (H apacity ZrER quQr cl;ra;;s' X
Aq) - ZreR Ar(quQr Aq - Dr) - ZrER quQr Aq/lq! (49)

where A,., 4., and A, are the Lagrangian multipliers of constraints (39), (40), and (42),
respectively. The LPPA’s Kuhn-Tucker conditions can be derived as follows:

nC + ZlEL ZTLENI ZSS 'esys! fDownstream bqnss Anssl — ﬂ.r — Aq = 0, Vr € R, Vq € Qr, (50)

C t Path
ﬂ,nssl(n apacity Z‘rERZqEQr qu;s, X A ) =0

Apss’ =0 ; VIEL;, Yn € N;; Vs,s' €8;: s' =
Capacity Path
It — Xrer quQr bqnss X Aq =0
T]l)sownstream; (51)

Ar(ZqEQr Aq -D)=0

A =0 . Vr € R; (52)
ZqEQrAq —Dr 20

Aghqg =0

Ag=20 ;vreR; vqeQ,. (53)
1=0
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Moreover, based on (50) and (53), we obtain

U Path _
Aq(Cq ne + ZlEL ZTLENI ZS,S’ESl: sl=sc1ll)sownstream quss’lnss' - /11‘) =0
Ag =0 ;Vr €ER; Vq € Q,. (54)
U Path
Cq ne + ZlEL ZnENl ZS,S’ESI: Srzfgsownstream banS'AnSS’ - Ar >0

If 4, =¢ (Vr€R) and A, =cX5® (VIEL; VREN,; Vs,s' €S, s’ = pownstream )
constraints (51), (52), and (54) are equivariant to the capacity-related condition (47), flow
conservation condition (48), and UE condition (46), respectively. Thus, the LPPA is equivariant to

the proposed UE assignment problem.

Appendix B: Analysis of the solution method for the LPPA

As the method shows, iteration (g+1) adds new paths that have higher uncongested costs than those
included in iteration g. The optimal result of iteration g is then also a feasible solution of iteration
(g+1). Because the objective function of the LPPA is to minimize the total uncongested cost, the
objective value of a feasible solution cannot be smaller than that of the optimal result. Hence, the
objective value of the found solution in each iteration is non-increasing.

Two conditions are used to terminate the iterative process. The first condition is fulfilled when all real
paths have been enumerated, and the LP problem has the full set of paths in the final iteration. The
second condition is fulfilled when the uncongested cost of any newly found path in an OD pair is
higher than the current equilibrium cost of the said OD pair. That is, for each OD pair, the paths used
have lower uncongested costs than the unused paths, so the assignment of passengers to these new
paths or residual paths with higher uncongested costs cannot reduce the objective value. Hence, when
the second condition is fulfilled, the current solution is the optimal solution. In the worst case, the
second condition cannot be fulfilled, but the first condition must be fulfilled due to the finite number
of real paths. Therefore, this method guarantees convergence within a finite number of iterations.
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Appendix C: Timetable for a small hypothetical network.

. . . Time . . . Time
Line | Train | Station | Track Arrival | Departure Line | Train | Station | Track Arrival | Departure
L1 1 I 0 - 7:00 L2 4 I 1 - 7:00
I 0 7:30 7:32 v 1 7:40 7:42
11l 0 8:02 8:04 11l 0 8:22 8:24
v 0 8:44 8:46 1 1 8:54 8:56
I 0 9:26 - I 1 9:26 -
L1 2 I 0 - 7:30 L2 5 I 1 - 7:30
I 0 8:00 8:02 v 1 8:10 8:12
1"l 1 8:32 8:34 1"l 1 8:52 8:54
v 0 9:14 9:16 I 1 9:24 9:26
I 0 9:56 - I 1 9:56 -
L1 3 I 0 - 8:00 L2 6 I 1 - 8:00
I 0 8:41 8:45 v 1 8:40 8:42
1"l 1 9:15 9:17 1"l 0 9:22 9:24
v 0 9:57 9:59 1 1 9:54 9:56
I 0 10:39 - I 1 10:26 -
D1 7 I 0 - 7:06 D2 10 I 1 - 7:36
I 0 7:36 7:36 v 1 8:16 8:18
1"l 1 8:06 - 1"l 0 8:58 -
D1 8 I 0 - 11:00 D2 11 I 1 - 7:06
I 0 11:30 11:30 v 0 7:46 7:48
11l 1 12:00 - 11l 1 8:46 -
D1 9 I 0 - 10:30 D2 12 I 1 - 8:06
1 0 11:00 11:00 v 1 8:46 8:48
Il 1 11:30 - Il 0 9:28 -
Ul 13 11l 1 - 11:00 U2 16 11l 0 - 10:08
I 1 11:30 11:30 v 0 10:48 10:50
I 1 12:00 - I 0 11:30 -
Ul 14 Il 1 - 10:30 U2 17 Il 0 - 10:38
1 1 11:00 11:00 v 0 11:18 11:20
I 1 11:30 - I 0 12:00 -
Ul 15 11l 1 - 7:30 U2 18 11l 0 - 7:00
I 1 8:00 8:00 v 0 7:40 7:42
I 1 8:30 - I 0 8:22 -
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