BOTT-SAMELSON VARIETIES AND POISSON ORE EXTENSIONS

BALAZS ELEK AND JIANG-HUA LU

ABSTRACT. We show that associated to any n-dimensional Bott-Samelson variety of
a complex semi-simple Lie group G, one has 2" naturally defined Poisson brackets on
the polynomial algebra A = Clz1,..., z»], each an iterated Poisson Ore extension and
one of them a symmetric Poisson CGL extension in the sense of Goodearl-Yakimov.
We express all the Poisson brackets in terms of root strings and the structure constants
of the Lie algebra of G. It follows that the coordinate rings of all generalized Bruhat
cells can be presented as symmetric Poisson CGL extensions. The paper establishes
the foundation on generalized Bruhat cells and sets up the stage for their applications
to integrable systems, toric degenerations of Poisson varieties, cluster algebras and
total positivity, some of which are discussed in the Introduction.

1. INTRODUCTION

1.1. Introduction. Poisson Ore extensions were introduced in [37] as Poisson analogs
of Ore extensions in the theory of non-commutative rings. Let k be any field. A
polynomial Poisson k-algebra

A= (k[z1, 22,520, {5 })

is called an iterated Poisson Ore extension (of k) if for each 1 <i <n —1,
(1) {Zi, k[ZiJrl, ceey Zn]} C Zik[zi+1, R ,Zn] + k[ZZ'Jrl, e Zn].

When a split k-torus T acts rationally on such an iterated Poisson Ore extension, one
may impose certain compatibility conditions between the T-action and the iterations,
leading to the notion of iterated T-Poisson Ore extensions (see §5.2). Iterated T-Poisson
Ore extensions were studied in [18, 27| for their T-invariant Poisson prime ideals and
are shown to arise as semi-classical limits of certain quantum coordinate rings.

By imposing additional symmetry conditions on iterated T-Poisson Ore extensions,
K. Goodearl and M. Yakimov introduce and study in [20, 23] symmetric Poisson CGL
extensions, which are named after G. Cauchon, K. Goodearl, and E. Letzter and are
Poisson analogs of (non-commutative) CGL extensions studied in [28]. In particular, it
is shown in [23] that a presentation of a polynomial Poisson algebra A as a symmet-
ric Poisson CGL extension gives rise to a cluster structure on A compatible with the
Poisson structure in the sense of Gekhtman-Shapiro-Vainshtein [16]. CGL extensions
and Poisson CGL extensions are the starting points of the remarkable body of work of
K. Goodearl and M. Yakimov on quantum and classical cluster algebras related to Lie
theory [20, 21, 22, 23] and especially on the quantum and classical Berenstein-Zelevinsky
conjectures on the equality of the cluster algebras and the upper cluster algebras de-
fined by the Berenstein-Fomin-Zelevinsky initial seeds associated to double Bruhat cells
in complex semi-simple Lie groups [2].

In this paper, we give a systematic construction of a class of iterated T-Poisson Ore

extensions associated to any connected complex semi-simple Lie group G and a maximal
1
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torus T' C G. Briefly, associated to any sequence u = (s, S2, ..., S,) of simple reflec-
tions in the Weyl group W of GG, one has the n-dimensional Bott-Samelson variety Z
and a so-called standard Poisson structure m, on Zy (see §2.2). On the other hand, Z,
has a natural atlas consisting of 2" coordinate charts, one chart Q7 for each subexpres-
sion 7 of u, and all parametrized by C" (see §3.1). For each coordinate chart O7, we
prove that the restriction of m,, to O7 gives rise to an iterated T-Poisson Ore extension

(Clz1,---,2n),{, }5), and we give the explicit formulas for {, }, in terms of the root
strings and the structure constants of the Lie algebra g of G. For v = u, we show that
(Clz1y .-y 2n), {, }u) is a symmetric Poisson CGL extension. Consequently, we prove

that the coordinate rings of all generalized Bruhat cells, introduced in [31, §1.3], have
natural presentations as symmetric Poisson CGL extensions.

The origin of the standard Poisson structures Bott-Samelson varieties is the so-called
standard multiplicative Poisson structure mg, on G, and the Poisson Lie group (G, 7yt ) is
the semi-classical limit of the much studied quantum group [7, 10, 12] associated to G.
Results of this paper have applications to quantum groups, integrable systems, cluster
algebras, total positivity, and toric degenerations of some Poisson varieties associated
to G. In the next §1.2, we give more details on the results of the paper. In §1.3 - §1.5
of the Introduction, we discuss applications.

1.2. Bott-Samelson varieties and iterated Poisson Ore extensions. Let GG again
be a connected complex semi-simple Lie group with a fixed Borel subgroup B and a
maximal torus 7' C B, and let g, b, and h be the respective Lie algebras of G, B, and
T. Let Ay C b* be the set of positive roots determined by b and I' C A, the set of
simple roots. Let W = Ng(T')/T be the Weyl group, where Ng(T') is the normalizer of
T in G. For a €T, let s, € W be the corresponding simple reflection.

Let u = (s1, 82, -+ ,Sn) be any sequence of simple reflections, i.e, any word, in W,
and for 1 <17 < n, let P;, = BU Bs;B, the parabolic subgroup of GG associated to B and
s;. Consider the product manifold P, x ... x Py with the right action of B" by

(P1,D2s -5 Pn) - (b1,b2, .., b)) = (prba, b7 'paba, ..o, b pabn),  pi € Ps;, b; € B.

The quotient space, denoted by Zy = Ps, Xp...Xp Ps, /B, is the Bott-Samelson variety
associated to u. For (p1,...,pn) € Ps, X...x Py, let [p1,...,pn] € Zy denote the image
of (p1,...,pn) in Zy. Multiplication in the group G gives a well-defined map

(2) p: Za— G/B: p(lp1, p2, .., pul) = p1p2- - pnB/B.

When u is a reduced word, u is a resolution of singularities of the Schubert variety
BuB/B in G/B, where u = s152- - - s, € W. Bott-Samelson varieties have been studied
extensively in the literature and play an important role in geometric representation
theory. See, for example, [3, 4] and the references therein.

It is well-known (see, for example, [7, §1.5] or [12, §4.4]) that the choice of the pair
(B,T), together with that of a symmetric non-degenerate invariant bilinear form (, )
on g, give rise to a standard multiplicative holomorphic Poisson structure my, making
(G, mg) into the standard complex semi-simple Poisson Lie group (see §2.1). Every
parabolic subgroup of G containing B is a Poisson submanifold of (G, 7). Consequently,
for any sequence u = (s1, ..., sy,) of simple reflections in W, the restriction to Py, X ...X
P, C G" of the n-fold product Poisson structure m = mg X ... X mg¢ on G™ projects to
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a well-defined Poisson structure, denoted by 7,, on the Bott-Samelson variety Z, (see
§2.2 for details). We refer to m, as a standard Poisson structure on Zy.

Fixing root vectors {e, : a € I'} and extending them to a Chevalley basis of g, one
obtains an atlas

(3) A={(®7: C" — OV C Zy): ~v€Tu},

on Zy, where Ty, is the set of all the 2" subexpressions of u (see §3.1). While referring
to §3.1 for the precise definition of the parametrization &7 : C"* — O7 for an arbitrary
v € Ty, we point out here that for v = u,

4) O" = w(Bs1B x BsgB x --- x BspB) C Zy,

where w : P, X --- X Py — Zy is the projection. The coordinate chart " : C* — O"
will play a very special role in this paper and for applications of the results in this paper.

In §3.2, we give our first formula (Lemma 3.2) of the Poisson structure m, in each
coordinate chart ®7 : C" — (7 in terms of certain vector fields on Bott-Samelson
subvarieties of Z,. It is also shown in §3.3 that m, is log-canonical in some of the
coordinate charts. The first main result of the paper is Theorem 4.14, in which we
further express the vector fields in Lemma 3.2 in terms of root strings and the structure
constants of g. In particular, m, is algebraic in every coordinate chart &7 : C* — O7.

For v € Ty, let {, }, be the Poisson bracket on the polynomial algebra Clz1, ..., 2]
defined by , through the parametrization ®7 : C* — O7. As consequences of Theorem
4.14, we prove in §5 the following prominent features of the Poisson polynomial algebras
(Clz1y- -y zn)s {5 }y) for vy € Ty

1) The Poisson polynomial algebra (Clz1,...,2,],{, }) is an iterated T-Poisson Ore
extension and is of the form

(5) {Zi, Z’;{;},y = C; k2% + bi(zk), 1<i<k<n,
where ¢;;, € C and b; is a derivation of Clzj41,...,2,]. When v = u, the iterated T-
Poisson Ore extension (Clz1,...,2n],{, }u) is a symmetric Poisson CGL extension in

the terminology of [23], and in particular
(6) bi(zk) EC[ZZ‘+1,...7Z]€,1], Vi1i<i<k<n.

Precise statements are given in Theorem 5.12. Details on the constants c¢;j and the
polynomials b;(zx) for the case of y = u are summarized in Theorem 5.15.

2) Choose the bilinear form (, ) on g such that %—M € Z for each root a. Then for
any v € Ty and 1 < i < k < n, the polynomial {z;, 21}, € C[z1,...,2,] has integer
coefficients, so {, }, defines a Poisson bracket on Z[z1,...,2,]. Consequently, each
v € Ty gives rise to an iterated Poisson Ore extension (k[z1,...,2,],{, }) of any field
k of arbitrary characteristic. In particular, when the shortest roots « satisfy (o, a) = 2,
associated to v = u one then has a symmetric Poisson CGL extension of any field k
with char(k) # 2,3. See Theorem 5.21 and Remark 5.22.

We also remark that our explicit formula for {, }, in Theorem 5.12 made it possible
for the first author to write a computer program using GAP [15] which computes the
Poisson bracket {, }, on Z[z1, ..., z,] for any triple (G,u,~), where G is any connected

complex simple Lie group (the results only depend on the isogeny class of G), u is any
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length n sequence of simple reflections in the Weyl group of G, and -y is any subexpression
of u. Some examples, such as when g is of type G3, are given in §5.5.

When u = (s1, 82,...,5,) is a reduced word of u = s189---s, € W, the map p in
(2) restricts to an isomorphism between O" and the Bruhat (or Schubert) cell BuB/B
in G/B. On the other hand, as B is a Poisson Lie subgroup of (G, m), the Poisson
structure 7g; on G projects to a well-defined Poisson structure on G/ B, denoted as 7/,
with respect to which BuB/B is a Poisson submanifold [19]. It then follows from the
definition of m,, and the multiplicativity of my that

(7) plouw s (O%, m,) — (BuB/B, 7g/5)

is a Poisson isomorphism. Referring to the coordinates (z1,...,z,) on O" as the Bott-
Samelson coordinates on BuB/B (defined by the reduced expression v = s1s2 - - §,, via
ptlow), Theorem 5.12 then says that the coordinate ring of (BuB/B, /) becomes a
symmetric Poisson CGL extension in the Bott-Samelson coordinates on BuB/B.

In applications, however, it is crucial that we have a symmetric Poisson CGL extension
associated to an arbitrary (i.e., not necessarily reduced) wordu = (s1, s2,...,S,) in W,
as we will see in §1.4 when we apply Theorem 5.12 to generalized Bruhat cells.

In the remaining §1.3 - §1.5 of the Introduction, we discuss applications of results in
this paper to quantum groups and, via generalized Bruhat cells, to integrable systems,
cluster algebras, total positivity, and toric degenerations of Poisson varieties.

1.3. The Poisson analog of the Levendorskii-Soibelman strengthening law.
Consider again the case when u = (s1, s2, ..., S,) is reduced, and let u = sy89--- s, € W.
It is known (see [40, Lemma 4.3]) that (BuB/B, —m/z) is the semi-classical analog of
the quantum Schubert cell ¢~ [u] introduced by De Concini-Kac-Procesi [8] and Lusztig
[33], and that the coordinates (z1, ..., z,) on O, now regarded as regular functions on
BuB/B via the isomorphism p|ou : O" = BuB/B, are the semi-classical analogs of the
Lusztig root vectors Fg,, ..., Fg, € U™ [u], where 5; = s152---5;-1(oy) for 1 <1 < n (see
(22, §9.2]). Recall [22, §9.2] [5, 1.6.10] that the Lusztig root vectors Fg,, ..., Fp, satisfy
the Levendorskii-Soibelman straightening law

FﬁiFBk - qiwi’ﬁk)FﬁkFﬂi = Z 5ji+17---7jk—1Fézﬂ v Fé::i7 l<i<k<n,

(Jit1,5dk—1)ETi k
where J; ), is a finite subset of N*="=1 and ¢;,,, ., € Q[g,¢"'] is non-zero for
(Jit1,-- > Jk—1) € Tik- The fact that the Poisson bracket {, }y is of the form

{zi, 2k} = —(Bs, Br)zize + bi(2), 1<i<k<n,

with b;(z;) € C[zit1,. .., zx—1] is thus the Poisson analog of the Levendorskii-Soibelman
straightening law. However, while we express all the polynomials b;(z;) explicitly in
terms of roots strings and structure constants of g in Theorem 5.15, there are no such
general explicit descriptions, as far as we know, neither for the index set J; » nor for the
non-zero &, i, € Q[g,q '] when (ji+1,--.,jk—1) € Jix themselves (see, however,
[9, Appendix, (A4)-(A8)] for some concrete formulas when u is the longest element in
W for rank 2 groups, and [32, 34] for some other special cases). It would thus be very
interesting to seek for a quantization of the formulas in Theorem 5.15 to obtain explicit
expressions of the Levendorskii-Soibelman straightening law, and see in particular how
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the g-analogs of the binomial coefficients in Theorem 5.15 may appear in such formulas.
Partial results in this direction have been obtained in [35].

1.4. Symmetric Poisson CGL extensions associated to generalized Bruhat
cells. With the notation as in §1.1, for any integer n > 1, let B™ act on G" by

(91,92 - gn) - (b1, b2, ..., by) = (g1by, b 'gaba, ..., b 1gnby),  gi € G, b; € B,
and denote the quotient manifold by
(8) Fn:GXB---XBG/B.

It is shown in [30, §7.1] (see also §2.2) that the n-fold product Poisson structure 77 on
G" projects to a well-defined Poisson structure on F),, which will also be denoted by
7. Note that for any sequence u = (sq,...,s,) of simple reflections in W, the Bott-
Samelson variety Zy is isomorphic to a closed submanifold of F}, under the embedding
Py, x---x P; CG". As P, x --- x Ps is a Poisson submanifold of G™ with respect
to 7, it follows from the definitions that Z,,, with the Poisson structure 7, defined in
§1.1, is a Poisson submanifold of (F,,m,). Note also that the T-action on the first factor
of G™ by left translation descends to a T-action on F;, preserving m,.

For an arbitrary sequence u = (uy,...,u,) in the Weyl group W, where the u;’s are
not necessarily simple reflections, the image of Bui; B X --- X Bu, B in F},, denoted as

BuB/B = (BuiB) X -+ X (BunB)/B C Fy,

is called a generalized Bruhat cellin [31, §1.3]. It follows from the Bruhat decomposition
G = ||, e BuB of G that one has the decomposition

(9) F,= | | BuB/B

ucWn
of F,, into the disjoint union of generalized Bruhat cells. As each BuB, where u € W,
is a Poisson submanifold of G with respect to 7y, each generalized Bruhat cell BuB/B
is a T-invariant Poisson submanifold of (F,, 7).

A generalized Bruhat cell of the form B(sy,...,s,)B/B C F,, where each s; is a
simple reflection, is said to be of Bott-Samelson type [31, §1.3]. In the notation of
the current paper, a generalized Bruhat cell B(sy,...,s,)B/B in F, of Bott-Samelson
type is nothing but the affine chart O" in the Bott-Samelson variety Z, C F,, where
u = (S1,...,5n). See (4). Given an arbitrary u = (uy,...,u,) € W™, choose any
reduced decomposition u; = $;18i2" - S;(u;) for each u;, where [ : W — N is the length
function of W, and consider the sequence

u= (81,1, ceey 5171(711)7 §2.15 -+ -5 52,l(u2)7 sy Sl ey sn,l(un))
of simple reflections of length I(u) = I(u1) 4+ - - + I(u,). Then the multiplication map
on G induces a T-equivariant Poisson isomorphism

~

(10) (th 7Tl(u)) 2 (Oﬁa 7-‘-l(u)) = (BﬁB/Bv 7I-l(u)) — (BUB/B7 7Tn) C (Fn7 Trn)

(see [31, §1.3]). Thus, as Poisson manifolds, every generalized Bruhat cell BuB/B is
Poisson isomorphic to one of Bott-Samelson type. We will refer to the coordinates
(z1,... s Zl(u)) ON O% = BUB/B defined in §3.1 of the present paper as Bott-Samelson
coordinates on BuB/B (via the isomorphism in (10)). Theorem 5.12, applied to OY,
then immediately leads to the following conclusion on generalized Bruhat cells.
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Theorem 1.1. For any generalized Bruhat cell BuB/B, where u = (u1,...,u,) € W",
the standard Poisson structure m, on BuB /B makes its coordinate ring into a symmetric
Poisson CGL extension in any Bott-Samelson coordinates (z1,...,z)) on BuB/B;
the corresponding Poisson bracket on C[zy,. .. ,zl(u)] 1s explicitly given in Theorem 5.15
(applied to ).

We also point out that for an arbitrary generalized Bruhat cell BuB/B, where u =
(uy,ug,...,uy) € W™, the T-orbits of symplectic leaves of 7, in BuB/B, also called
T-leaves, are described in [31, Theorem 1.1]. Namely, the T-leaves of 7, in BuB/B are
precisely all the submanifolds of BuB/B of the form

Ry ={l91,92,--.,9n) € BuB/B: gig2---gn € B_wB},

where w € W, and w < wuq * ug * - -+ * uy,, with * being the monoidal product on W.
Here B_ is the Borel subgroup of G such that BN B_ = T. Moreover, the dimension of
every symplectic leaf of 7, in R} is shown in [31, Theorem 1.1] to be equal to

I(u) — I(w) — dimker(1 + ujug - - - upw™ ),

where 1 + ujus - - - u,w™! denotes the linear operator on the Lie algebra h of T given
by z — = + ujus - - -upw = (x), x € h. The leaf-stabilizer subalgebra of h in RZ is also
explicitly described in [31, Theorem 1.1]. We refer to [31, Theorem 1.1] for more detail.

We regard Theorem 1.1 and [31, Theorem 1.1] as two basic results on the standard
Poisson structures on generalized Bruhat cells. As we will explain in the next §1.5,
iterated Poisson Ore extensions, or the more restrictive symmetric Poisson CGL exten-
sions, can be associated with many important varieties in Lie theory through generalized
Bruhat cells. These results set the foundation for applications of generalized Bruhat cells
to integrable systems, cluster algebras, total positivity, and toric degenerations of Pois-
son varieties.

1.5. Other symmetric Poisson CGL extensions through generalized Bruhat
cells. Recall [13] that double Bruhat cell in G are defined as G** = (BuB)N(B_vB_),
where u,v € W. Fomin and Zelevinsky introduced in [13] certain regular functions on
G™Y, called twisted generalized minors, which play crucial roles in the theory of total
positivity and cluster algebra structures [2] on G**. For u = v, Kogan and Zelevinsky
introduced in [26] an integrable system on the Poisson manifold (G"", 7 ) formed by
some twisted generalized minors on G**. In [29], a certain open Poisson embedding

(11) FU0 0 (G™, 1g) — (T x (B(v™',u)B/B), 05dms),

called the Fomin-Zelevinsky embedding, is introduced, where 0 < 79 is the sum of
the product Poisson structure 0 X mg and a mized term defined using the T-action on
the generalized Bruhat cell B(v™!,u)B/B by left translation. Defining Bott-Samelson
coordinates on G"™* to be the combination of any (algebraic) coordinates on 7' and
Bott-Samelson coordinates on B(v~!,u)B/B (defined using reduced words for u and
v as in §3.1 of the present paper), it is shown in [29] that all the Fomin-Zelevinsky
twisted generalized minors on G“¥ become certain distinguished polynomials in the
Bott-Samelson coordinates. The fact that the Poisson structure mo on B(v™!,u)B/B
is a symmetric Poisson CGL extension in the Bott-Samelson coordinates is then used
in [29] to prove that the Hamiltonian vector fields of all the Fomin-Zelevinsky twisted
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generalized minors on every G" are complete in the sense that all of their integral
curves are defined on the whole of C. Consequently all the Hamiltonian flows of the
Kogan-Zelevinsky integrable system on each G** are defined on the whole of C.

In general, we say that an n-dimensional complex algebraic Poisson manifold (P, ) is
an iterated Poisson Ore extension (of a point) (resp. a symmetric Poisson CGL extension
(of a point)) if there exists an isomorphism P = C" through which the coordinate ring
of (P,m) becomes an iterated Poisson Ore extension (resp. a symmetric Poisson CGL
extension) of C. A Poisson manifold (Z,7;) is said to be paved (resp. covered) by
iterated Poisson Ore extensions if it is the disjoint union of (resp. has an open cover by)
iterated Poisson Ore extensions. Theorem 5.12, then, says that every Bott-Samelson
variety Z, with the standard Poisson structure m, is covered by iterated Poisson Ore
extensions, while the Poisson manifold (F,,,m,) is paved by symmetric Poisson CGL
extensions, namely by the generalized Bruhat cells BuB/B C F,, as in (9). In [41],
results in this paper on generalized Bruhat cells are used to show that every orbit in
the double flag variety G/B x G/B_ for the diagonal G-action is covered by symmetric
Poisson CGL extensions. Note that examples are the closed orbit, which is isomorphic
to G/B, and the open orbit, which is isomorphic to G/T.

For an n-dimensional smooth Poisson variety (Z, ) covered by iterated Poisson Ore
extensions, one can regard (Z, ) as being glued together by Poisson Ore charts. On the
other hand, the changes of coordinates between these coordinate charts are, in general,
highly non-trivial birational maps from C" to itself. See Example 4.12 for an example
for Bott-Samelson varieties. It seems a miracle that such complicated birational maps
from C" to C" in fact transform one iterated Poisson Ore extension to another (see [11,
Appendix A] for some direct computations related to Example 4.12). It would be very
interesting to see whether the changes of coordinates between two arbitrary Poisson
Ore charts are compositions of some simpler one-step mutations of iterated Poisson Ore
extensions. Results in this paper on Bott-Samelson varieties provide testing ground for
answering such questions.

For Poisson varieties (Z, 7) that can be covered by symmetric Poisson CGL extensions,
such as the diagonal G-orbits in the double flag variety, one may consider the cluster
structure, and the resulting total positivity [14], on each Poisson Ore chart defined by the
corresponding symmetric Poisson CGL extension using the Goodearl-Yakimov theory
[23], and one can ask how they glue together to give some global cluster structure and
global total positivity on Z. These questions will be investigated elsewhere. We point out
for now that Theorem 1.1 and Theorem 5.12 from this paper on the symmetric Poisson
CGL extensions associated to generalized Bruhat cells will be crucial for such a project.

Finally, we remark that the symmetric Poisson CGL extension (Clz1, 22, ..., 2n),{, }u)
associated to the affine chart O" of the Bott-Samelson variety Zy is also intimately re-
lated to toric degenerations of Z,, through tropical geometry. More precisely, consider
(Zy, ™) with its cover A = {(®7 : C" — O7) : v € Ty} by iterated Poisson Ore
extensions. It is shown in [36] one has an isomorphism of cones

(12) Ctoric(ZUa A) = Clog—can(c[zla 22y .- ,Zn], { ) }u)a

by an element in GL(n,Z), where Cioric(Zu,.A) is a certain toric degeneration cone,
whose integer points are the “directions” in which the Bott-Samelson variety Zy can
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be degenerated to a toric variety via re-scalings of the coordinates in the coordinate
charts in A, and Ciog—can(C[21, 22, . . ., zn), {, }u) is the log-canonical degeneration cone,
introduced in [1] by A. Alexseev and I. Davydenkova, of the polynomial Poisson algebra
(Clz1,22, .-+ 2n),{ s }u), whose integer points are the “directions” in which the Poisson
bracket {, }u can be degenerated to its log-canonical term. The proof of (12) in [36]
uses in a very essential way the explicit formulas for the Poisson bracket {, }, given in
Theorem 5.15.

1.6. Acknowledgments. Parts of the paper, notably §4, §5.4, and §5.5, are from the
first author’s Mphil thesis [11] of the University of Hong Kong. The authors are grateful
to Allen Knutson and Victor Mouquin for helpful discussions and to the referees for
constructive comments. This work was partially supported by a University of Hong
Kong Post-graduate Studentship and by the Research Grants Council of the Hong Kong
SAR, China (GRF HKU 704310 and 703712).

1.7. Notation. Continuing with the notation from §1.2, let g = bh + > A 8a be the
root decomposition of g with respect to . For a € A, let h, be the unique element
in [ga,@—a] such that a(hy) = 2, and let @V : C* — T be the co-character of T
defined by h,. Let Ay C A be the set of positive roots determined by b, and let
b_=bh+ Za€A+ g_«. The Borel subgroup of G with Lie algebra b_ is denoted by B_.

Let « € Ay, If ey € go and e_, € g_, are such that [en,e_o] = hq, we call
{ha,€a,e—a} an sl(2,C)-triple for a. Clearly, any non-zero e, € g, uniquely deter-
mines an sl(2, C)-triple {hq, €q, €—q}, and every other sl(2, C)-triple for « is of the form
{has Aea, A te o} for a unique A € C. Given an sl(2,C)-triple {hq,€a,e_o}, let O,
denote both the Lie algebra homomorphism s[(2,C) — g defined by

1 0 0 1 00
0, : (0 _1)l—>ha, (O 0>l—>ea, (1 0)%6_(1,

and the corresponding Lie group homomorphism SL(2,C) — G, so that

0¥ () = 6a ((é t91>> , tecx,

and one also has the one-parameter subgroups uy, : C — G given by

te(2) = O, <<(1) i)) — exp(zen),  t_o(2) = 0o <(i ?)) — exp(ze_q), z€C.

Let W = Ng(T)/T be again the Weyl group of (G,T). For a € A4, let s, € W be the
reflection in W determined by «, and if {hq,eq,e—_q} is an sl(2,C)-triple for «, let $,
be the representative of s, in Ng(7T') given by

(13) S0 = ta(—1)tu_a (1) ua (—1) € Ne(T).

For a complex algebraic torus T with Lie algebra t and for A € Hom(T,C*), the
differential at the identity element of T, which is an element in t*, is also denoted by .
The values of A on t € T and on z € t are respectively denoted as t* € C* and () € C.
For a vector space V and u,v € V, we also use the convention that

UANv=u®uv—vQueANVcCcVaV.
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2. DEFINITION OF THE POISSON STRUCTURE 7, ON Z,

2.1. The standard semi-simple Poisson Lie group (G,7s). Recall from [7, 12]
that a Poisson bivector field 7, on a Lie group L is said to be multiplicative if

(LXL, 7TL><7TL)—>(L, 7TL)Z (ll,lg)>—>l112, ll,ZQEL,

is a Poisson map, where m, x 7, is the product Poisson structure on L x L. A Poisson
Lie group is a pair (L,m,), where L is a Lie group and m, is a multiplicative Poisson
bivector field on L. A Poisson Lie subgroup of a Poisson Lie group (L,w.) is a Lie
subgroup Li of L which is also a Poisson submanifold with respect to 7, and in this
case (L1,7.|L,), or simply denoted as (L1, 7, ), is a Poisson Lie group.

Let G be a connected complex semi-simple Lie group and let the notation be as in
§1.7. Fix, furthermore, a symmetric non-degenerate invariant bilinear form (, ) on g,
and denote also by (, ) the induced bilinear form on h*. Define A € A%g by

Q,
A= Z < 2 >e,a/\eae/\Qg,

OZEA+

where for each a € Ay, {hq,eq,e_q} is an sl(2,C)-triple for . Note that for any
a € A, the element e_, A e, € A?g stays the same if the s[(2, C)-triple {hq, €q,e_a} is
changed to {hq, Aeq, %e_a} for A € C*. Consequently, the element A € A%g depends on
(, ) but not on the choices of the sl(2,C)-triples for the positive roots. Let mg be the
bivector field on G given by

mst(9) = lg(A) —rg(A), g€G,

where for g € G, l; and ry respectively denote the left and right translations on G by
g. Then (G, mg) is a Poisson Lie group, called a standard complex semi-simple Poisson
Lie group [12, §4.4]. Moreover, the Poisson structure 7y is invariant under the action
of T by left translation, and the T-orbits of symplectic leaves, also called T-leaves, of
mst are precisely the so-called double Bruhat cells (BuB) N (B_vB_), where u,v € W
(see [24, 26]). In particular, every BuB, where u € W, is a Poisson submanifold of
(G, 7st), and every parabolic subgroup P of G containing B, being a union of (B, B)-
double cosets in G, is a Poisson Lie subgroup of (G, mg). Similar statements hold if B
is replaced by B_.

We state another important property of (G, 7 ): let a be a simple root and consider
the group homomorphism 6, : SL(2,C) — G in §1.7 corresponding to any sl(2, C)-triple
{ha, €a,e—a} for a. Equip SL(2,C) with the multiplicative Poisson structure

(14) 7TSL<2,C>(9) = lg(AO) - 7"g(AO)a g € SL(2,C),
00 01
where Ay = ( 1 o > A < 0 0 > € A%s1(2,C). Then [26]

(o, a)
2

(15) 0, : (SL(2,(C), 7TSL<27@)> — (G, mt)
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is a Poisson map. It follows that 6,(SL(2,C)) is a Poisson Lie subgroup of (G, ).
Moreover, let g = u_q(2) and ¢’ = uq(2)$4, where z € C. Then

(16)  ms(9) =

) lg(zha Ne—q),
(o, @)

(17)  7ww(d) = <a,2a) ly(zha Ne_oq —2eq Ne_qy) = Trg/(zea Ahg +2eq Ne_y).

2.2. The definition of the Poisson structure m, on Z,. Recall that given a Poisson
Lie group (L, 7.) and a Poisson manifold (Y, 7y ), a left Lie group action o0 : LxY — Y
of L onY is said to be a Poisson action if ¢ is a Poisson map from the product Poisson
manifold (L x Y, 7, x my) to (Y, 7my). Right Poisson actions of Poisson Lie groups are

similarly defined.

Let (Q,7q) be a Poisson Lie group, let (X, 7y) be a Poisson manifold with a right
Poisson action by (Q,7g), and let (Y, my) a Poisson manifold with a left Poisson action
by (Q, 7). Define the right action of @ on X x Y by

(x,y)-q=(v¢, ¢ 'y), 2€X,yeY,qeq,

and assume that the quotient space of X x Y by @, denoted by X xq Y, is a smooth
manifold. Then (see [30, §7.1] and [38]) the direct product Poisson structure myx X 7y
on X x Y projects to a well-defined Poisson structure on X xg Y.

Example 2.1. Let (Q,m,) be a closed Poisson Lie subgroup of a Poisson Lie group
(L,7.), and let (Y,my) be a Poisson manifold with a left Poisson action by (Q,mg).
Consider the quotient manifold Z = L xq Y, where () acts on L by right translation.
Then Z has the Poisson structure 7w, that is the projection to Z of the direct product
Poisson structure m, x 7y on L X Y. Denoting the image in Z of (I,y) € L xY by [l,y],
it follows from the multiplicativity of 7, that the left action of L on Z given by

(18) l- [ll, y] = [”1, y], l, l1 € L, (RS Y,

is a Poisson action of the Poisson Lie group (L, 7.) on (Z, 7). Moreover, since 7, (e) =
0, where e is the identity element of L, the inclusion Y < L x Y,y — (e,y), y €Y, is a
Poisson embedding of (Y, 7y ) into (L x Y, 7, x my ). Consequently,

Y—=2Z, y—rleyl, yey,

is a Poisson embedding of (Y, 7y ) into the Poisson manifold (Z, 7). o

Consider now the standard semi-simple Poisson Lie group (G, 7g) in §2.1. Let u =
(s1,-..,8n) be any sequence of simple reflections in the Weyl group W. Then for each
1 < i < n, the parabolic subgroup Ps; = BU Bs;B is a Poisson Lie subgroup of (G, 7).
By taking (L,7,) = (Ps,;,mst) and Q = B in Example 2.1 and repeat the construction
therein, one sees that the direct product Poisson structure 7}, regarded as a Poisson
structure on the product manifold Ps, x --- x Ps , projects to a well-defined Poisson
structure, denoted by 7,, on the Bott-Samelson variety Zy,. It also follows from Example
2.1 that the left action of P, on Z, given by

(19) p'[p17p27"'7pn]:[pp17p27"'7pn]7 pePslvijst7 1§]§7’L,

is a Poisson action of the Poisson Lie group (Ps,,7st) on (Zy, ). In particular, since
mst(t) = 0 for ¢t € T, the action of T" on Z, via (19) preserves 7.
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2.3. Pl-extensions. To prepare for the calculation of the Poisson structure 7, in coor-
dinates, we first look at a special case of Example 2.1: let (Y, 7y ) be a Poisson manifold
with a left Poisson action o by the Poisson Lie subgroup (B, 7g) of (G, 7st), and let «
be a simple root. One then has the quotient manifold Z = P, xp Y, which fibers over
P, /B = P! with fibers diffeomorphic to Y. Let 7, denote the projection to Z of the
product Poisson structure mg X my on Ps, X Y. Choose any non-zero e, € gq, giving
rise to the s[(2, C)-triple {hq, €q, €—q} for a, and let the notation be as in §1.7. Consider
the two open subsets

Z_=A{[u_o(2),y]: 2€C,yecY} and Z;={[ua(2)sa, y]:2€C,yeY}
of Z with parametrizations
Yo CxY —Z_, ¢_(2,y) = [u—a(2), yl,
Vit CxXY — Z4, y(z,y) = [ua(2)sa, yl.

We will compute 9~ (7,) and 1/14__1(772) as bi-vector fields on C x Y. For x € b, let 1,
be the vector field on Y given by 7n,(y) = %|t:0 exp(tz)y for y € Y. In the statement of
the following Lemma 2.2, we use the obvious way of viewing vector fields on C and on
Y as that on C x Y.

Lemma 2.2. With the notation as above, one has

(20) V2 ) = = ) ),
(21) v ) = L ()~ 20ea )+ 7 ),

Proof. For g € P, and y € Y, let

Nt Z—Z: [p,y]—lgp. ], pEP Y EY,

py: Ps, —Z: p—I[p, yl, pe€EPs,.
Fix ze Cand y € Y, and let g = u_q(2) € Ps, and ¢ = [u_o(2), y] = Ag([e, y]) € Z.
By Example 2.1, 7,(q) = Ag(72([e,y])) + py(7mst(g)). Using (16), one has

(o, ) (a, )
2 2

wala) = Mg(ms(le )+
and thus
0 ()2 9) = ¥ s @) = (0= 0 A (malles) + 2 0 Agpy) (2 A )

Since the inclusion (Y,my) < (Z,77) : ¢/ + [e,9/] is Poisson, (=1 o \)(7z([e,y])) =
7y (y). Direct calculations give
d

(= Agpy) (ha) = i, (y)  and (W= Agpy)(e-a) = .

One thus has (20). Similarly, for z € C and y € Y, letting ¢’ = ua(2)$ and using (17),
one has

(pylg)(zhaNe—a) = Ag(m2([e,y]))+ (Agpy)(zhare_q)

Yﬁl(ﬂz)(%y) = 71—Y(y) + @;@(wllAg’py)((Zha - 2€a) A e—a)-
Since (@b;l)\g/py)(ha) = Nha> (7/}471)\g’py)(ea) = Tea> and (wll)\g’py)(efa) — —%, one
has (21).

Q.E.D.
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3. THE POISSON STRUCTURE 7, IN AFFINE COORDINATE CHARTS, I

Throughout §3, we fix a sequence u = (sy,...,s,) of simple reflections in W, and
let Zy be the Bott-Samelson variety associated to u. Recall that I denotes the set of
all simple roots. For 1 < j < n, let a; € I' be such that s; = s,,. To define local
coordinates on Z,, we also fix a root vector e, for each a € I" and let e_, € g_, be
the unique element such that [ey, e_q] = hg. One then (see §1.7) has the one-parameter
subgroups ut, : C — G for each a € T' and the representative $, € Ng(T') for the
simple reflection s, € W.

3.1. Affine coordinate charts on Z,. Let

Tu={e,s1} x{e,s2} x---{e,sn},

where e denotes the identity element of W. Elements in T, will be called subezpressions
of u. When v = u, we say that ~ is the full subezpression of u. For v = (y1,72,...,7n) €
Tu, let 0 =cand v =y1y2---v; € Wfor 1l <i<n.

The maximal torus T' of G acts on Zy via (19) with

ZIT = {[;YL;YQV . 7771] : (717727"-7771) € Tu}

as the fixed point set, where é = e. For each v = (71,72, ...,7) € Tu, let OF C Zy be
the image of the embedding &7 : C* — Z,, given by

(22) (I)fy(zla R Zn) = [uf'n(al)(zl);}/la u*’YQ(O!Q)(ZQ);)Q? ey Uy (a) (Zn)’yn}

The parametrization ®7 of O7 by C™ depends on the choice of the root vectors {e, :
a € T'} for the simple roots, but different choices of such root vectors only result in
re-scalings of the coordinate functions (see §5.1 for more discussions). In particular,
the open subset O7 of Z,, is canonically defined. It is also easy to see that each O7 is
T-invariant with

(23) t-® (21, 29,...,2,) = 7 (t—fyl(m)zl’ t_72(°‘2)22, o t—’yn(an)zn) ,

where t € T and (21, 29, ...,2,) € C". Note also that U'yETw O7 = Zy, i.e., Zy is covered
by the 2" T-invariant affine coordinate charts {(®Y : C" — O7) : v € Ty}, which we
will also abbreviate as the affine charts {O7 : v € Ty}. .

3.2. The Poisson structure 7, in coordinates, I. For each v € T, we now give our
first formula for the Poisson structure 7, on Zy in the coordinates (z1, 22, . .., z,) on O7
given in (22). A more detailed formula, expressing each Poisson bracket {z;, z; }, where
1 <4 < k < n, as a polynomial with coefficients explicitly in terms of the structure
constants of the Lie algebra g, will be given in §4.

Notation 3.1. For 1 <i < n — 1, let 0; be the holomorphic vector field on the Bott-
Samelson variety Z(, ., . ,) given by

d
(24) Ul(p) = a|t=0((eXp(t€az)) p)’ p 6 Z(Si+1,...,sn)7

where - denotes the left action of B C Py, on Z(,,,, . ) by left translation (see (19)).
For v = (71,...,7) € Ty and the coordinates (z1,...z,) on the affine chart O7 given
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in (22), we will also regard (ziy1,...,2,) as coordinates on Oit+1--7n) Zsii1smmsm)
via the parametrization
(Cn—i =) (Zl-Jrl, SN Zn) — [u—%+1(ai+1)(zi+l)%+la . ?U—Wn(an)(zn);yn] c O(7i+1""’7”),

and we identify the algebra of regular functions on @(¥i+1--7n) as a subalgebra of that
on O via the pullback of the projection @7 — OUi+1:-7n) given by

[u—’Yl(Oél)(Zl);yla ey U—Vn(oén)(zn)’.yn] — [u—w+1(ai+1)(zi+1);ﬂ+17 ce ’u—’Yn(an)(’Zn);YnL
A polynomial in (241, ..., 2,) can then be unambiguously regarded as a regular function
on both @ and QOi+1-) N

Lemma 3.2. Let v € Ty. In the coordinates (z1,...z,) on the affine chart OV given
n (22), the Poisson structure m, on Zy is given by,

, _ (Y (), YF (o)) ziz, ifvi=e ,
B {—W'(ai), oz — (o oaz) iv=s o

where 0;(z1) denotes the action of the vector field o; on zj as a function on OWit157m)
Z(sis1,sm) (€€ Notation 3.1).

Proof. Identify @7 = C x O, where 7/ = (y2,...,7,) € YT and ' = (so,...,5,).
Equip O with the Poisson structure m,_; on Z(sy,....sn)- One has, by Lemma 2.2,

—wm%l/\m-i-ﬂn—h if 1 =e,
(26) Ty, =

<Oélé(11> ﬁ AN (21771 - 201) + Tn—1, lf Y1 = S1,
where 7; is the holomorphic vector field on Z,, ) given by

d
m (Q) = %‘tzl(ai/(t) : q)a qc Z(SQ,...,Sn)'

By (23), the vector field 7; is given in the coordinates (za, ..., z,) on @ by

n n
0 2(y' (1), 7" (ax)) 0
— PV B )2p —— = — -
Lemma 3.2) now follows by repeatedly using (26).
Q.E.D.

Example 3.3. Consider G = SL(3,C) with the standard choices of B and B_ consisting
respectively of upper triangular and lower triangular matrices in SL(3,C), and let the
bilinear form (, ) on sl(3,C) be given by (X,Y) = tr(XY) for X,Y € s((3,C). Denote
the two simple roots by a; and ag and choose root vectors ey, = E12 and eq, = Eba,
where E;; has 1 at the (7, j)-entry and 0 everywhere else. Let u = (sq,, Sas, Sa; ). Using
Lemma 3.2, one can compute directly the Poisson structure w3 on Z in any of the eight
affine coordinate charts. For example, for v = u, one has

(27) {z1,20} = =220, {21,238} = 2123 — 2, {22,23} = —2223,
and for 7 = (sq,,€,€) € Ty, one has

(28) {z1,20} = 2122, {z1,23} = 22123 + 2z32,, {22, 23} = —2923.
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3.3. Some log-canonical charts for m,. Let v € T,. We say that the affine coordi-
nate chart O7 of Zy is log-canonical for the Poisson structure m,, or that the Poisson
structure 7, is log-canonical in the affine coordinate chart 7, if the Poisson brackets
between the coordinate functions (z1, 22, ..., 2,) on O7 have the form {z;, 21} = Airzizk
for some \;; € C for each pair 1 <i < k <n. By Lemma 3.2, 7, is log-canonical in O7
if and only if
{zi, 21} = &(v (), YF (ap)) zize, 1<i<k<n,

where ¢, = 1 if v; = e and ¢; = —1 if vy = s;. The following Lemma 3.4, which follows

trivially from Lemma 3.2, says that 7, is log-canonical in the affine chart O(€-€),

Lemma 3.4. In the coordinates (z1,22,...,2n) ON O one has
{ziy 2k} = (i, ap)zizg,, V1<i<k<n.

To exhibit other log-canonical affine coordinate charts for m,, we make the following
observation on the functions o;(2x), 1 <i < k <n, in Lemma 3.2.

Lemma 3.5. Let v = (71,...,7) € YTu, and let 1 <i <n. Ifv; = s; and if k > i is
such that s; # s; for alli4+1 < j <k, then o;(z) = 0.
Proof. For i +1< j <mn,let z; € C and pj = u_,,(a,)(25)7;- For t € C, consider
[uai (t)piJrla Pi+2;, -, pn} € Z(si+1,...,sn)-
For each i +1 < j < k, since p;y1pi42 - - - pj lies in the Levi subgroup of the parabolic

subgroup of G determined by the set of simple roots in {a;1,...,®;} which does not
contain «;, one has

9j = (Pip1Pit2 ;) e, (O)pis1piva - p; € N,
where N is the unipotent subgroup of G with Lie algebran =3" . A, Ba Thus

[uai (t)pit1, Pit2, -y Pn] = [Pit1, Gir1Ditr2, Pit3s -+ -5 Pl
= [pi-i-lv Di+2, -y Gk—1Pks Pk+1,s - -+ pn]
- [pi+17 Di+2, -+ Pks GkPk+1y - -+ pn]

It follows from the definition of the vector field o; that o;(z;) = 0.

Q.E.D.

The next Lemma 3.6, which follows directly from Lemma 3.2 and Lemma 3.5, exhibits
a log-canonical affine chart for m, associated to each s € {s1,...,8,}.
Lemma 3.6. Let s € {s1,82,...,8,} and let ip = max{i : 1 < i < n,s; = s}. Let
v = (V1,72y---,7n) be such that v,y = s and v; = e for all i # ig. Then in the
coordinates (21,22, ...,2zn) on OV given in (22) and for all 1 < i < k <n, one has

i ks 1<i<k<i 0 <1<k <n,
(29) (20 20} = (v, o) zizg: _% . tg or 19 <1 <n
(i s(ag))zizie, 1<i<ig<k<n.

The following Corollary 3.7 also follows directly from Lemma 3.2 and Lemma 3.5.

Corollary 3.7. If u = (s1,82,...,5,) is such that s; # s; for all i # j, then the
Poisson structure m, on Zy is log-canonical in every one of the 2" affine coordinate
charts {O7 : v € Ty}
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4. THE POISSON STRUCTURE T, IN AFFINE COORDINATES CHARTS, II

Throughout §4, fix a sequence u = (sy, ..., sy) of simple reflections, and let Z, be the
corresponding Bott-Samelson variety. To better understand the Poisson structure m, in
the coordinates (z1, 22, . - ., 2,) on the affine chart @7 defined in §3.1, where v € Ty, one
needs to compute more explicitly the vector field ¢; in Lemma 3.2 on the Bott-Samelson
variety Z( for 1 <i<mn—1. For x € b, define the vector field o, on Z, by

5i+11---75n)

(30) oz(p) = %!t:o((exptﬂs) ‘p),  pE Ly,

where - denotes the left action of B C P;, on Z, given in (19). Using some facts on root
strings of the root system of g reviewed in §4.1, and for any 3 € A, and eg € gg, we give
in §4.2 an explicit formula for o¢, in the coordinates (21,22, ...,2,) on each affine chart
O7 of Zy. The formula for o.,, given in Theorem 4.10, is expressed explicitly in terms
of the root strings and the structure constants of g. As a consequence (see Theorem
4.14), the Poisson structure m, can also be expressed in each affine coordinate chart O7
in terms of root strings and the structure constants of g. We believe that our formula
for the vector fields o¢, is of interest irrespective of the Poisson structure .

4.1. Some lemmas on root strings. In §4.1, let

(31) {ha}aEF U {ej:oe € g:l:a}aEA+

be any basis of g such that [eq, e_q] = hq for each & € AL. One then has the Lie group
homomorphism 6, : SL(2,C) — G for each o € Ay. Let the notation be as in §1.7. For
a, f € A such that o+ 5 € A, let Ny g # 0 be such that [eq, eg] = No geats-

Lemma 4.1. For o € Ay, one has
(32)  ua(t)ua(z)$a = ua(t + 2)3q, t,z € C,

(33)  ta(u_o(z) =tu_q <1+th> Ua(t(1+t2))a¥ (1 +tz), t,z€C,1+tz#0,

(34) () = g (1) sutia(t)a (1), te X,

For a,B €T and o # 3, one has .

—2(a,8)
)

(35) ug(t)BY ()u—a(z) = u_q (tW’z) ug(t)B8Y (1), teC*, zeC.

Proof. Identity (32) is clear. Identities (33) and (34) follow from computations in
SL(2,C), and (35) follows from the fact that the two root subgroups corresponding
to —a and 8 commute.

Q.E.D.

Let o and 3 be two linearly independent roots, « € Ay, and let {5+ja: —p < j < g},
where p and ¢ are non-negative integers, be the a-string through 5. Then the subspace

q
L= Z 9B8+ja

Jj=-p
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of g becomes an SL(2,C)-module via the group homomorphism 6, : SL(2,C) — G and
the adjoint representation of G on g. On the other hand, let LP™? be the vector space
of homogeneous polynomials in (x,y) of degree p + g with the action of SL(2,C) by

((Z 2>'f> (x’y):f<($’y) (Z Z)) = f (az + cy, bz + dy), <i z> € SL(2,C).

Let {uo, ..., uptq} be the basis of LPT? given by

(36) U = €0€1 " - i1 <p i q> gyt 0<i<p+g,
i
where for 0 < j <p+q—1, ¢; € Cis defined by
Jj+1
(37) =N

and it is understood that epe; ---£;1 = 1 when i = 0 in (36).
Lemma 4.2. With the notation as above, the linear map

(38) X: L— LM x(egyjo) = Uprj, —p<j<gq,
is an SL(2, C)-equivariant isomorphism.

Proof. The two irreducible representations of SL(2,C) on L and on LPT?  being of the
same dimension, must be isomorphic, and by Schur’s lemma, there is a unique SL(2, C)-
equivariant isomorphism y : L — LPTY such that x(eg_po) = ug. Straightforward
calculations show that x must be given as in (38). See also [6, Lemma 6.2.2].

Q.E.D.
The following Lemma 4.3 is the key to the proof of Theorem 4.10 in §4.2.

Lemma 4.3. Let « € Ay and 8 € A be linearly independent, and let {5 + jo : —p <
Jj < q} be the a-string through 5. Then for any t € C, one has

q .
€0E1" - Ep—1 (P+ T\,
39 Adu s )-1lén) = E -1 p—- P < . )tjes —joo
( ) ( a(t) a) 1( IB) ; 0( ) 8051 . '€q—j—1 j a(ﬁ) Vi

(40) Ad(u_a(t))_1(eﬂ) =

M-

Il
=)

(=1 ep—jep—jt1---€p1 ( i >tjeﬁ—ja'
J

Proof. By Lemma 4.2, one has

0 1
X (Ad(u, (1)) -1 (€8)) = <_1 t) " Up

+
o1 ey (p ' q) (—y)P( + ty)°

q
= ee1 - Epot (1’ ; q) 7 Y <;1> oyl g

J=0

: €01 Ep—1 [P+ ]I\,
:Z(_l)pgp ( . >tjuq—j-

=0 €0€1 """ Eg—j—1 J
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It follows that

q .
€0E1" " Ep—1 (PF+ I\,
Ad L = 1y mhee I o
(ua(t)sa) 1 (€8) jz;( ) C0e1 - Eqy1 ( j ) €B+(q—p—)a
oy 2(8,a) _ ,
As (see for example, [25, Proposition 25.1]) o) p — q, one has, for any j € Z,
a, o

suld) —ja = 5= 5000~ ja = 5+ (4= p =)

from which (39) follows. One proves (40) similarly (see also [6, Lemma 6.2.1]).
Q.E.D.
To unify the two formulas in (39) and (40), for « € Ay, k € {sqa, €}, and t € C, let

(41) Pra(t) = u_r) ()i € G,
and for § € A, § # +a, as in Lemma 4.3, let

K. E0€1" " Ep—1 (Pt ,
49 Jo -1 p B , = O’...7 d = ,
(42) s = DL +Egj-1 < j > ’ e s
j ; q+J ,
(43) cgjﬁ = (—1)ep_jep_j1--- Ep_1< j j), j=0,...,pand kK = e.

Lemma 4.3 can now be reformulated as follows.

Lemma 4.4. Let o € Ay and 8 € A be linearly independent. Then for k € {sq, €} and

teC,
(44) Adg, . api(eg) = Y bt ex@)ja-
w(B)=jae

Proof. Let j € Z and j > 0. When k = e, k(8) —ja € A if and only if f—ja € A, which
is the same as 0 < j < p. When k = s,, &(8) — ja € A if and only if s,(8 + ja) € A,
which is the same as 8 + ja € A, which, in turn, is the same as 0 < j < q.

Q.E.D.

Remark 4.5. Recall that a basis {hqa }acr U{€a € ga}aca of g is said to be a Chevalley
basis if [eq,e_q] = hq for all a € A, and if for all a, 8 € A such that a + 8 € A,
one has Nog = —N_q 3. If {hataer U{ea € gataca is a Chevalley basis of g, by [6,
Theorem 4.1.2] and [25, Theorem 25.2], N, g = +(p + 1) for any roots o and § such
that o+ 8 € A, where p is the largest non-negative integer such that 5 —pa € A. Thus,
for v and 8 as in Lemma 4.3 and for every 0 < j < p+ ¢ — 1, one has ¢; = £1, and
consequently all the coefficients chB appearing in (44) are integers. o

4.2. The vector field 0., in coordinates. Fix again u = (s1,...,51) = (Say,- - Sa,)
be a sequence of simple reflections, and let Z, be the corresponding Bott-Samelson
variety. Let {e, € go : @ € T'} be a set of root vectors for the simple roots, and extend
it to a basis {hq }aer U{€a € gataca of g such that [y, e_o] = hq for all & € A. Recall
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from (30) that for € b, o, is the vector field on Z, generating the action of B on Z,
in the direction of . For 8 € A, we then have the vector field o¢, on Z, given by

(15) 70s(p) = Shol(expte) -p), pE Zu

On the other hand, recall that the choice {e, : a € I'} gives rise to coordinates
(21,-..,2n) on the affine chart O7 for v € Ty via (22). For each v € Ty, we now
use the results in §4.1 to compute the vector fields o.,, 8 € A, in the coordinates
(#1,...,2n) on O7 in terms of root strings and structure constants of g in the basis
{ha}aEF U {ea € ga}aeA of g.

For z € b and 1 < k < n, consider also the vector field ag(ck) on the Bott-Samelson

variety Z, .s,) defined by
d
(46) o (p) = —li=o((expta) p), P E Zisysn)s

where - is the left action of B on Z,, ) in (19). Note that o, = ag(gl) for x € b and

that for 1 < i <n-1, o; = aéf:l) for the vector field o; on Z( defined in
Notation 3.1.

Fix v = (71,...,7) € Ty and let again (z1, ..., 2,) be the coordinates on O7 C Z,.
Recall from Notation 3.1 that for 1 < k < n, we regard polynomials in (zg,...,2,) as
regular functions on both @) Z(sy,...,sn) and on O7. In particular, for z € b and
k<j<n, ag(,;k)(Zj), the action of ag(ck) on z; as a function on OWk:m) g also regarded
as a regular function on 7. We now a recursive formula for o¢, as a vector field on O7.

Si+17--~75n)

Lemma 4.6. Let 5 € Ay and v = (71,...,7) € Tu.
1) B =ayi and y1 = s1. In this case, dc,(21) = 1 and oey(2x) = 0 for all k > 2;
2) B =aq and y1 = e. In this case, aeﬁ(zl) = —22 and for k > 2,

0o (2k) = 02 (21) + 210, ();

3) B # 1. In this case, oc,(21) = 0 and for k > 2,

oes(z) = D AR ().

€y1(8)—jen
>0,
Y1(B)—jar€AL
Proof. Cases 1) and 2) follow from (32) and (33) respectively. Case 3) follows from

Lemma 4.4 and the fact that, as 8 € Ay and 8 # «y, all the roots in the «ay-string
through 7, () are positive.

Q.E.D.
To combine the cases in Lemma 4.6, we note that when 8 = ag,

) . 0 it v =51
>0: — eA)} = ’ ’
{71 20: 7(B) —ji 4} {{0}7 iy e

For o € T', also set

(47) &0 =1.

oo

We can now reformulate Lemma 4.6 as follows.
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Lemma 4.7. Let f € Ay and v = (71,..-,7) € Tu. Then

1, if B=a1 and~y = s1,
(48) Oes(21) = —22,  if B=aj andy = e,
0, if B# a,
and for 2 < k <n,
(49)
2 g _
Oeg(21) = j%; C’Oyélljﬁl =8 Ué?ﬁ)ﬁ(ﬁ)—jlal (1) + {gjahal - lofthﬁerw:; e

7 (B)—jro1 €A

To obtain a closed formula for the vector field o, 5 ON Zy, we introduce more notation.
Let N denote the set of non-negative integers.

Notation 4.8. For f € Ay and (j1,...,J,) € N", let ;) = 71(8) — jica € h*, and for
2<k<n,let
Biir,in) = Ve Blrsjr 1)) — kU

= VVh—1- V2N (B) — 1y ve—1 - y2(er) — ..o — Jr—1k(ar—1) — jrax € b7,

Jk = {(]1; . 7jk—1) € Nk—l : B(jl""’jl) € A+7 V]. S l S k - ]., and B(jla“-)jk—l) e O[k} .
For 2 <k <n and for (j1,...,jk-1) € Jk, let
(50) c’y — C’Yl)jl . C’Yk—lvjk—l # 0

J1seJk—1 a1, ar—183j1 i _2)
Here it is understood that B, . ; ,) = B if k = 2. Also note that for ¥ > 2 and
1<i<k-1, cli’fé(jl 44444 o is defined in (42) and (43) when S, . ) # ;. When

B(jr,jsr) = Qi, one has vi(B, ..j,_)) — Jici € Ay only when 7; = e and j; = 0, and

in this case ¢/i =1 as defined in (47).
a“’B(Jl ,,,,, Ji—l)
For each 1 < k < n, introduce two functions qbg(zl, ..., 2k—1) and wg(zl, ey Zk—1) @S

follows: for k =1, let
1 if ,8 = 1,

d ) eoy2k—1) =0
0 ifﬂ#al, an wg(zh s Rk 1) )

(51) ¢g(217 ey Zp—1) = {
and for 2 < k <mn, let

o e
(52) gbg(zl, ey Zh1) = Z c}h_”’jk_l R SRR
(J15dk—1)EJk

i . k a
(53) ’l,bg(zl,...,Zk—l) = - Z 2<7 ((Xz>,’}" ( k)>zi¢g(z1,...zi,1),

I<i<h T vime (Vi) v (o))

where recall that 4% = y172 - --7; for 1 < i < n, and the function gbg(zl, vy 2k—1) (resp.
wg(zl, ..., 2k—1)) is defined to be 0 if the index set for the summation on the right hand
side of (52) (resp. (53)) is empty. o

Remark 4.9. Since a root string can have length at most 4, it follows from (52)
and (53) that the powers of any coordinate z; in the polynomials ¢g(z1, ey 2k—1) and
wg(zl, ...,2k—1) can be at most 3 (and 1 when g is simply-laced). ©
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The following Theorem 4.10 is our main result for the vector field o,.

Theorem 4.10. Let f € Ay and lety = (71,...,7) € Tu. The vector field oc, acts on

the coordinate functions (z1,...,z,) on the affine chart O7 as follows: for 1 <k <mn,
(54) oo (24) = Ga(21, - 21) H V321, - 2Hm1) 2k if e = sk,
° o421,y z-) 2 TR )z, i k= e

Proof. When k = 1, Theorem 4.10 holds by (51) and by Lemma 4.7. Let k > 2. Let
J,g:{(jl,...,jk_l)eN’f* B €A+,V1<l<k;—1}

and define c}lwﬂjkil e C* for (j1,...,Jk-1) € J,’c as in (50). Then by Lemma 4.7,

(2) .
2107 (zx), if f=aq and 71 =,
k) E szllj,gl {1%3( )(Zk) + { hay

0, otherwise.

(55) Tes(
J1EJ}

Applying (55) to ngi‘ >(zk) and repeating the process, one sees using the definition of
J1

q%(zl, cooyzi—1) for 1 < i <k —1 that
j Jk— k
O-eﬁ (Zk) = Z C}l,‘“:jk IZ{1 T Zkk_llo-éﬁi j (Zk)
(15 dk—1)EJ],

+ Z ¢g‘(zla ) Zi—l)zio_f(j;tl)(z’k).

1<i<k—1,v;=e

Let zj, = 1 if v = sg and 2}, = —27 if v, = e. By Lemma 4.6, for (j1,...,jk—1) € J}, one
(k) _ _ : : (k) _
has O i) (2k) = 0 unless B(;, . j, ,) = k, in which case Teo6r ) (z1) = 2,
Thus
ICOE D DR NI S S D DR CRRIC R C L W CY
(150 dk—1)EJk 1<i<k—1,v;=e
= @21,y 26-1)2) + dh(z1,. .. zi,l)zia(ifl)(zk)
3 5 he,
1<i<k—1,v;=e
On the other hand, for each 1 < ¢ < k — 1 with ; = e,
D,y 2oy w(an)) 207 (), F (i)
Th,, (%K) == . k= T T i o)~ ke
‘ (v, i) (vi(ai), v ()
It follows that
ey (2) = Op(215 s 211) 2 + 05 (21, o 26-1) 2%
Q.E.D.

Remark 4.11. In the context of Theorem 4.10, for a given v = (y1,...,7) € Tu
and 1 <k <mn,let v = (V1,0 s Vo1, VkSks Vor 15+ - - » V) € Lu, where 7} € {e, s;} are
arbitrary for k+1 < j <n, and let (2, ..., 2,) be the coordinates on O7". Then z; = z;
for 1 <j<k-—1, and 2, = 1/2. By (52) and (53),

Op(21s s zk1) = ) (21, zem1)  and Yi(er,. . ze1) = =5 (21,00 26-1).
One can thus derive one case of the formula (54) from the other case using the change
of coordinates zj, = 1/z. ©



BOTT-SAMELSON VARIETIES AND POISSON ORE EXTENSIONS 21

Example 4.12. Let 8 be a simple root and let v = (e,e,...,e) € Ty. Then in the

affine chart O(®¢¢) with coordinates (21,...,2,) given in (22), the vector field Oy 18
given by
2 0, if ;
(56) 085(216):_M Z Zi | 2k + 9 1 o 7 5 1<k<n.
<ﬁaﬁ> 1<i<k—1, ;=0 _Zk) if L 257
Indeed, let 1 < k < n. By Theorem 4.10, one has,
06;3 (Zk) = —qﬁg(zl, ey zk_l)z,% + ¢g(21, e 7Zk—1)2'k-
As B is a simple root, one sees from the definition of q% that gbg(zl, ey 2pe1) = 1if

o = [ and gz%(zl, ooy 2k—1) = 0if a # B. Tt follows from the definition of ¢g that

2(8, a
¢g(217--~,zk—1):—m Z Zi
’ 1<i<k—1,a;=f
This proves (56). Applying Lemma 3.2 and (56), one sees that in the affine chart
Os1.6¢) the Poisson structure II is given by

{zi, 2k} = (g, o) zizi, it 2<i<k<n,

( ) —(on, ap) (21 =22 0cich—1. iy zz) Zkes if 2 <k <nand o # a1,
215, Rk = .
—(ay, 1) (21 — 2z — 222@51@—1,%:0@1 zl-) 2z, if2<k<mnanda=oa.

On the other hand, by Lemma 3.4, in the coordinates (&1,...,§,) on Oleer€) given by
(517527 v 7€n) — [u—oq (51)7 U—qy (52)7 vy U—qy, (fn)]v

the Poisson structure m, is given by {&, &k} = (qu, ap)&é, for all 1 < i < k < n. It
is easy to see that on the intersection O(€€€) N OG1E€)  the changes between the
coordinates (&1, &2, ...,&,) on O(ee€) and the coordinates (21,22, .., 2pn) ON O(s1:€5--56)
are given by 21 = 1/£1, and for 2 < k <n,

—2(o,a)
(aq,a1)

Q;=a ] lf (6% (6% 9
gk <Zl<i<k1—1 51) k 7é 1
—1 -1
&k <Z aj=ay fz) <£k + E aj=ay fz) if o = a;.
1<i<k—1 1<i<k—1
It is remarkable (see [11] for some details of the calculations) that these changes of
coordinates indeed change the quadratic Poisson structure expressed in the coordinates

2k =

(#1,...,2n) to the log-canonical one in the coordinates ({1, ...,&,). o

4.3. The Poisson structure 7, in coordinates, II. Let again {e, € go : @ € '} be
a set of root vectors for the simple roots, which gives rise to the coordinates (z1, ..., zp)
on each affine chart O7 via (22). Recall from Lemma 3.2 that the Poisson structure 7,
can be expressed in the coordinates (z1,...,2,) on O7 in terms of the vector fields o,
1 <4 < n—1 on the Bott-Samelson variety Z,., . s,), given in (24). We now apply
Theorem 4.10 to the vector fields o;.

To this end, extend the set {e, € go : @ € '} to a basis {hataer U{€a € gataca of
g such that [eq,e_o] = hq for all @ € A, Fix v = (y1,...,7) € Ty. For 1 <i <k <mn,
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define two polynomials in the variables (zj41,...,2r_1) by
def @ seey Im

(57) Ozt 1) = SLH I (i, ),
def (Vi1 tn

(58) O (Zigns s ze) = P (i, 2

by taking 5 = «; and replacing u by (s;t1,...,8,) and v by (Vit1,...,7) in (52) and
(53). Here recall that when k = i + 1, it is understood that C|[z;41,...,2x-1] = C.
Let 1 <4 < n—1. By Theorem 4.10, the vector field o; is given in the coordinates
(Zig1, - - -, 2n) on the affine chart Oit1:-7n) of Z($i41,0y5n) DY

(59)
T (Zigts e 2he1) F U7 (Zigds e 2612 if = S,

oilan) = ¢Z,k§ i1 k—1) ;l}l,k( ;H, s Zh—1) %k ‘ W=k p<n
=&k (zi1, 1)z O (i )z, i e =6,

Lemma 4.13. The polynomials ¢Zk(zi+1, ey 2k—1) and wzk(ziﬂ, ey 2k—1), where vy €

Ty and 1 < i < k < n, are independent of the extension of {e, : a« € T'} to the basis
{hoz}aef‘ U {eoz € goc}aeA Of g.

Proof. The coordinates (z1,...,2,) on O7 and the definition of the vector fields oy,
1<i<n-—1,0n Zgs,,, .., depend only on the choice of {e, : @ € T'} and not on its
extension to the basis {hq}taer U{€a € gataca of g.

Q.E.D.

The following Theorem 4.14, which expresses more explicitly the formula for the
Poisson structure 7, on Zy in the affine coordinates given in Lemma 3.2, is a combination
of Lemma 3.2 and Theorem 4.10.

Theorem 4.14. Let {e, : a € T'} be any choice of a set of root vectors for the simple
roots and let v € Yy. Then in the coordinates (z1,...,zn) on the affine chart OV of Zy
determined by {eq : a« € '}, the Poisson structure m, is given by

(60) {Zz,Zk} _ <’Y (?2)7 Y (]?k)>ZZZk7 Zf72 € . 1<i<k<n,
—("(w), v (ar))zize — (ou, ai)oilze) if i = si
where for 1 < i < k <mn, 0;(zk) € Clzit1,..., 2k is given in (59). In particular, when
v = is the full subexpression, o;(zr) € Clzit1,...,2k-1] for all1 <i <k <n.
5. THE POLYNOMIAL POISSON ALGEBRAS (Clz1,..., 2], {, }5)

Throughout §5, fix a Bott-Samelson variety Z, with u = (s1,...,5n) = (Says-- -, Say,)
and a; € I' for 1 <1¢ < n,

The coordinates (z1,...,2,) on the affine charts O7 of Z,,, where v € Yy, depend
on the choice of the set {e, : @ € I'} of root vectors for the simple roots. A different
choice of such a set gives rise to re-scalings of the coordinates and thus may result in
a different Poisson bracket on the polynomial algebra of the coordinate functions. We
show in §5.1 that this is not the case.
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5.1. Re-scaling of coordinates. Let {e, : « € T'} and {e/, : @ € T'} be two sets of
choices of root vectors for the simple roots. For a € T, let utq,u/y, : C — G be the
one-parameter subgroups of G respectively determined by the sl(2)-triples {eq, €_a, ha}
and {e,, e, ha} (see §1.7), and let
S0 = Ua(=Du_q () ug (=1) € Ng(T) and &, =u,(-1)u", (1)u, (=1) € Ng(T).
For z € C, and & € {e, s}, let
Pra(2) = U_p)(2)k € Py, and  py ,(2) = uin(a)(z)/%' € P,

where recall that é = ¢’ = e € G. For each v = (71,...,7,) € Ty, one then has two sets

of coordinates (z1,...,2,) and (21,...,2,) on O7, respectively by
(61) C" > (Zla SRR ZTL) — [p71,a1 (z1)7 SRR p’Yman(zn)] € 077
(62) C" 3 (2],...,2) —> [p'wl’oq(zi), A p'vman(zg)] e O".

The main result of §5.1 is the following Proposition 5.1.

Proposition 5.1. Let v = (71,...,7%) € Yu and let the two sets of coordinates
(21,5 2n) and (21, ..., 2,) on O7 be given as in (61) and (62). For 1 <i <k <mn, let
{zi,zk} = fir(z1,...,2n) € Clz1,...,2n]. Then

{2}, 21y = fir(zl, .oy 20), 1<i<k<n.
Remark 5.2. It is easy to see that the two sets of coordinates are related by re-scalings,
i.e., there exist d1,...,0d, € C* such that z; = §;z; for each 1 < i < n. One thus has

{zi, 2} = 0i0n{zi, 21} = 0l fin(21s -, 2n) = 6Bk fin(67 ' 21, -0, 6,20,
for all 1 < ¢ < k < n. Proposition 5.1 states that the polynomials f; j satisfy

5i5kfi,k(5flzia ) 5;12/) = fi,k(ziv ) Z/)a 1<i<k<n

n n

We will show in Lemma 5.4 that the re-scaling of the coordinates comes from the action
of an element ¢t € T', from which Proposition 5.1 will follow. o

Lemma 5.3. Let a € I and let Ao, € C* be such that e}, = Aoeq. Then for k € {e, sa}
and z € C, one has

A V(1/A =
(63) a(z) = g PretaDa il e). =
Pr,a(2/Aa)s K =e.
Proof. Let 04,6, : SL(2,C) — G be the Lie group homomorphisms respectively deter-
mined by the sl(2)-triples {eq, €, ha} and {€),, €’ ., ha}, where note that ¢’ , = A\ te_,
(see §1.7). Choose either one of the two square roots of A\, in C* and denote it by v/A,.
Then

H(IX = Ada\/(\/E) (0] 00”
where Ad,v(/x;) : G = G denotes conjugation by aV(vAa) € T. Tt follows that
(64) S0 = Adyv (i) (3a) = aa’(1/Aa),
and thus
pﬁ,a()‘az)av(l/)‘a)a R = Sa,

! = Ad . K,o =
Pral?) = Adgy(yag) (Pra(2)) {pm,a(z/m), k=e.
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Q.E.D.

For a € T', let Ay, € C* be as in Lemma 5.3. Choose any ¢ € T such that
(65) t*=MXo, Vael.

Such an element indeed exists, as it can be taken to be any of the preimages in T' C G of

the unique such element in the maximal torus T/Z(G) of Gaq “a /Z(G), where Z(Q)

is the center of G. Recall from (19) that - denotes the left action of B on Z,.
Lemma 5.4. For any t € T satisfying (65) and for any v = (y1,...,7m) € YTu, one has
(66) T [Dyrar(21)s -+ vy Pymsan(Zn)] = [p’%al(zl), e p’%’an(zn)], (21,...,2n) €C™.
Proof. We prove Lemma 5.4 by induction on n. When n = 1, ¢t~7(®1) = 1 = Aoy if
y1 = sy and t~71(@) = ¢=e1 = 1/)\ if 41 = e, so by Lemma 5.3,

t- [P0 (21)] = [Py, (77 20)] = [P, 0, (21)]:
Let n > 2 and assume that Lemma 5.4 holds for n — 1. Then

t [Py (21)s -y Pynsan(2n)]
= [P1,00 (771 21), 71D0s 00 (22), Prssas(28)s -+ s Prasan (20)].

Here for & € {e,sqa}, we set t* = i 'tk € T. If 1 = e, then p,, o, (7@ 2) =
Dryiar (21/Aay) = p’%al(zl), so (66) holds by the induction assumption. Assume that
v1 = s1. Then by Lemma 5.3,

t- [pw,oq (21)7 coy Pymom (Zn)]
= [P} 00 (21)s @ (Mai )1 Prn 00 (22), Do (23), -+ s P (20)]-

Consider now the element oy (\y,)t*! € T. For every a € ', one has

2(a,aq) Aanaq) +1(a)
(@Y ag )E)™ = A 191 = gl @) o = )

By the induction assumption, one then has
O‘Y(/\al)tSI ) [p"fz,OéQ (22)7 Prz,az (Z3)a <oy Pynsan (Zn)]
= [pny’oQ (22)7 R p{yn,an (ZTL)] e Z(sl,...,sn)a
and hence (66) holds.

Q.E.D.

Proof of Proposition 5.1: Let (z1,...,2n), (%], ..., 2,,) € C" be such that

[p’ﬂ,al (21)7 et pwn,an(zn)] = [plyhoq (2/1)7 ctt pfyman(z’it)] S 07‘

Let ¢t be any element in T satisfying (65). By Lemma 5.4,

/

t- [p'YLOCl(Zi)? tty p'Y'man(ZTL)] = [pfyl,al(zi)7 ] p{yn,an('z;l)}
= [p'Y17a1(21>7 tt p'Ynaa'n(Zn)}'
It follows that

[P11,00(2); - Prnan (2] = 71 [Pyan (21)s -5 Py (20)].
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Denote by (¢t71)* : C[0Y] — C[O7] the Poisson isomorphism on the algebra C[O?] of
regular functions on @7 induced by the action of t7! € T. One then has 2/ = (t71)*z;
for every 1 < i < n, and hence for any 1 < i,k < n,

{zh 2} = {72, ) ) = ) e, e} = () i = fin(2, -, 20).

This finishes the proof of Proposition 5.1.

5.2. The Poisson algebra (C[z,...,2,],{, },) as an iterated T-Poisson Ore ex-
tension of C. Recall [18, 27, 37] that a Poisson polynomial algebra

A= (Clet,...,2za)s {5 })

is said to be an iterated Poisson Ore extension (of C) if the Poisson bracket {, } satisfies

{2, Clzit1, -+, zn)} C 2iClzix1, ..., 2n] + Clzig1, .- -, 2n), 1<i<n-—1.
In such a case, define the derivations a; and b; on C[z;41, ..., 2] by
(67) {zi, [} = ziai(f) + bi(f), 1<i<n-—1, fe€Clzit1,.-.,2n]
Then [37] for each 1 < i < n — 1, a; is a Poisson derivation, and b; an a;-Poisson
derivation, of the Poisson subalgebra C[z;;1,. .., 2,] of the Poisson algebra A, i.e.,
(68) ai{f, g} ={ai(f), g} +{/f, ai(9)},
(69) bilf, g} ={bi(f), g} +{f, bi(9)} + ai(f)bi(g) — bi(f)ai(g)
for f,g € Clzi41,...,2n|. In this case, the Poisson algebra A is also denoted as
(70) A = Clzn) [2n-1; an-1, bu_1] -+ [22; a2, ba][21; a1, b1].

An iterated Poisson Ore extension as in (70) is said to be nilpotent [20, Definition 4] if b;
is a locally nilpotent derivation of C[zjy1,..., 2] for each 1 <i <n — 1. The following
Definition 5.5 follows [20, Definition 4] but emphasizes on the torus actions.

Definition 5.5. Let A = (C[z1,...,2,],{, }) be a polynomial Poisson algebra and T a
complex algebraic torus with Lie algebra t acting on A rationally [18] by Poisson algebra
automorphisms. A is said to be an iterated T-Poisson Ore extension (of C) (with respect
to the given T-action) if each z;, 1 < i < n, is a weight vector for the T-action with
weight A\; € Hom(T,C*), and if

A = Clzp] [#n-1; an—1, bn—1] -+ [22; a2, ba] [2z1; a1, bi]

is an iterated Poisson Ore extension such that there exist hi,...,h, € t satisfying
Ai(hi) # 0 and a; = hilc[s,, ;... 2, for each 1 <7 < n — 1. Such an iterated T-Poisson
Ore extension is said to be symmetric if

bi(zr) € Clziz1, -y 26-1), 1<i<k<n,
and if, there exist h,..., R, € t such that X\;(h}) # 0 for 2 < i < n and
(71) )\Z(h%) = )\k(hz), 1<i<k<n.

Following [23] (see Remark 5.8), a polynomial Poisson algebra which is a symmetric
iterated T-Poisson Ore extension for some torus T is called a symmetric Poisson CGL
extension (of C). o
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Remark 5.6. For an iterated T-Poisson Ore extension as in Definition 5.5, one has
{2i, 2k} = ai(2k)zi + bi(zk) = A(hi)zizg + bi(2x) € Ap(hi)zizk + Clziya, . . ., 2]

for all 1 <i < k < n, a property referred to as semi-quadratic in [20, Definition 4]. ¢

Remark 5.7. Let A be an iterated T-Poisson Ore extension as in Definition 5.5. Then
(72) [h’C[zi+1,...7zn]7 bl] = )‘Z(h)bla 1<i<n-1, het,

where the left hand side denotes the commutator bracket between the two derivations
PlC(zign,..zn] @0 b; Of Clzit1, ..., z5). In fact, (72) is equivalent to

(Alclzign,zn]s bil(2k) = Ni(R)bi(2), 1<i<k<mn, het,

which, by the fact that z; is a T-weight vector with weight A\; for each 1 < 5 < n, is in
turn equivalent to

h({zi, zx}) = {h(z), 2z} +{zi, h(zK)}, het 1<i<k<n,

which follows from the assumption that T acts on A by Poisson automorphisms. In
particular, one has

[ai, bl] = )\z(hz>b17 1 S /) S n— 1.
Let 1 < ¢ < n—1 and consider the 2-dimensional Lie bialgebra by = Cz + Cy with
Lie bracket [z,y] = 2y and Lie co-bracket § : by — A%bs given by 6(z) = 0 and
i(y) = —%x A y. Consider the Poisson subalgebra A;y1 = Clzit1,...,2,] of A and
let Derc(A;+1) be the Lie algebra of derivations (for the commutative algebra structure)
of A;+1. Define the Lie algebra anti-homomorphism o : by — Derc(A;+1) by

2 1

)\z'(hz')ah o(y) = mbz
Then (68) and (69) are equivalent to o being a left Poisson action of the Lie bialgebra
(b2,0) on the Poisson algebra A;1; (see [30, §2]). Let b} be the dual vector space of by
with basis (z*,y*) dual to the basis (z,y) of ba. Then the dual Lie bialgebra of (bz, J)

o(x) =—

is b3 with Lie bracket [z*,y*] = —%}”)y* and Lie co-bracket z* — 0 and y* — 22* Ay*.
Let p : b5 — DercC|z;] be the Lie algebra homomorphism given by

p(z¥) = (2 Z)zz-c?/azz', p(y*) = —Ai(hi)0/0z.
Then p is a right Poisson action of the Lie bialgebra b3 on C[z;] with the trivial Poisson
bracket. The Poisson Ore extension A; := C[z;, zit1,...,2,] of A;y1 with the Poisson
bracket given in (67) can now be interpreted as the mized product Poisson structure

on A; = C[z] ® Ai+1 defined by the pair (p, o) of Poisson actions of Lie bialgebras
introduced in [30]. o

Remark 5.8. A symmetric iterated T-Poisson Ore extension is automatically nilpotent.
Indeed, let 1 < ¢ < n — 1 and let the notation be as in Definition 5.5. To show that
b; is locally nilpotent as a derivation of C[z;t1,...,z2,], observe first that for integers
m,N > 1 and fi, fo,. .., fm € Clzis1,---,2n], BN (fifo+ - fm) is a linear combination
of terms of the form b (f1)bN2(f1) -~ b (fim) with Ny + Ny + - + N,,, = N. Thus
b; is locally nilpotent if for each i < k < n, bf-v’“(zk) = 0 for some integer N > 1.
As bi(zi41) € C, one has b?(ziﬂ) = 0. Assume that there exist N; > 1 such that

b (zj) =0fori+1<j<k—1 Asbi(z) € C[zit1,...,2k-1], the above observation

7
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shows that there is an integer Nj > 1 such that bZN *(zx) = 0. Induction on k& now shows
that b; is locally nilpotent. Observe also that if A is a symmetric iterated T-Poisson Ore
extension, then for 1 <i < k < n,

(73)  {zi; 2ut = Ae(ha)zize + bi2k) € Ae(hi)zize + Clzita, - .. 26-1] € Clzi, . ., 2].
Consequently, C[z;, ..., 2| is a Poisson subalgebra of A for all 1 <i < k <n. o
Lemma 5.9. 23] If A = (Clz1,...,2n),{, }) is a symmetric iterated T-Poisson Ore

extension, then, with respect to the same T-action, A is a T-Poisson Ore extension in
the reversed order of the variables. More precisely, in the notation of Definition 5.5, for

each 2 <k <n, Clz1,...,25_1] is a Poisson subalgebra of A, and

(74) {f7 Zk} :a;c(f)zk+b§€(f)7 f G(C[zlv"'azk—l]a

where aj, = hi|cpz, ...z ) 65 a derivation of Clzy, ..., 2x_1] and b, is the unique deriva-
tion of Clz1,...,2k-1] such that bj(z;) = bi(zx) € Clzig1,...,25-1) for 1 <i <k —1.

Moreover, for any h € t, [hlc[z, .. bl = Ae(R)b), as derivations of Clz1, ..., zk_1].

.,Zk,1]7
Proof. 1t follows from (73) that Clz1,...,2,_1] is a Poisson subalgebra of A for every
2 < k < n. The assumption that A;(h},) = Ai(hs) for all 1 < i < k < n and the
definition of the b}’s imply that (74) holds for f = z; for each ¢ < k, so it holds for all
f€Clz1,...,2zk-1]. Let h € tand 2 < k < n. Then for each 1 <1i < k — 1, using (72),
one has h(b;j(zr)) — bi(h(zx)) = Ai(h)bi(2k), from which one has
h(bi(zk)) — Ai(h)bi(zk) = bi(h(zk)) = Ar(R)bi(zk),
and it follows that
h(b(2i)) = bi(h(zi)) = R(bi(zk)) — Xi(R)bi(zk) = Ak (R)bi(2) = Ne(R) by (2:)-

This proves that [h|cs,,. b.] = Ak (h)b), as derivations of C[z1,. .., zz_1].

.,Zkfl] J

Q.E.D.

Notation 5.10. In the context of Lemma 5.9, one also writes

(75) A = Clz][22; ag, bb] -+ [2n-15 ap_q, byl [2ni ap, Oyl

We now return to the Bott-Samelson variety Z,, with the Poisson structure ,,, where
u=(s1,...,5) = (Says-- - Sa, ), and choose again a set {e, : @ € I'} of root vectors for
the simple roots, so that one has the parametrization ®7 : C* — O for each v € Ty,.

Definition 5.11. For v € Ty, to emphasize on the dependence of v, let {, }, denote
the Poisson structure on the polynomial algebra Cl[z1,...,z,] defined by the Poisson
structure m, on O7 via the parametrization ®7 : C* — O7. o

Fix v € Ty. Recall that the maximal torus 7" acts on O7 by (23), which gives rise to a
rational action of 7" on (C[z1,. .., z,],{, }~) by Poisson automorphisms. More precisely,

(76) teoy =t @ 1 <i<n.
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For h € h = Lie(T), let h also denote the Poisson derivation of (Clz1,..., 2], {, }~)
generating the T-action in the direction of h, i.e,

(77) h(zi) = —v'(ai)(h)z;, 1<i<n, heb.

Note that both the T-action and the derivations h on C|z1, ..., z,] for h € h depend on
v, but for notational simplicity we do not include the dependence on ~ in the notation.
For 1 < ¢ < n —1, recall from Notation 3.1 the vector field o; on the Bott-Samelson
variety Z( and that for v = (y1,...,7) € YTy, elements in Clz11,...,2,] are
and O7.

5i+17---75n)
regarded as regular functions on both O(it+1:-7n) Z(sis1s0r5m)

Theorem 5.12. For each v € Yy, (Clz1,...,2,),{, }4) is an iterated T-Poisson Ore
extension of C with respect to the T-action on given in (76). More explicitly,

(78) (Clz1y -y za)s s 3y) = Clan] [2n=15 @n—1, bp—1] -+ [22; a2, ba] [21; a1, b1,
where for 1 <i<n—1,

(g, 06) 54 0, if vi=e,
79 a; = ———" " (hq, v , b=
(79) ' 2 (ro)letecrs..en ' —(ag, )05, if v = s
When v = u, the extension is symmetric. More explicitly, for v = u, one also has
(80) A= C[zl] [ZQ; a,27 bl2] [Zn—l; a;L—lv bgm—l] [Zn; a;w b;]v
where for2 <k <mn, a) = *W’Yk_l(hak)‘(C[zl,...,zk,l]7 and by, is the unique derivation

of Clz1, ..., zk—1] such that b} (z;) = — (s, cy)oi(zg) for 1 <i<k—1.

Proof. Let v = (71,...,7n) € Ty and let \; = — () for 1 < i < n. By (76), z; is a
weight vector for the T-action on Clzy, ..., z,] with weight A;. For 1 < i < n, define
h; € b = Lie(T') by

(v o)

. . . _771(}10”)7 lf r)/l =€,
51) =gy =
L2 (hey ), if v =s;.

Then for 1 <i < k <n,

hi(zk) = Me(hi)ze = =" () (hi) 2k = (7'~ (), 7 (o)) 2
It now follows from Theorem 4.14 that (78) holds with the a;’s and b;’s given by (79).
Moreover, for each 1 <i <mn, \;(h;) # 0, as

. . Q, Q4), ;i =e,
() Alh) = (00, 7(00)) = (o, wlar)) = § 0 b T
—(ai, aq), i = s
Thus (Clz1,..., 2], {, }4) is an iterated T-Poisson Ore extension of C.
Assume now that v = u is the full subexpression of u. In this case, let

(ai, ) 4 (0, o)
h”L — 2 A hO{ = —
5 (hay) 5

and let h) = hy, for 2 <k <n. With \; = sys2---s;-1(c), one has, for 1 <i <k <mn,
Xi(h) = —(v'(0u), v¥(aw)) = —(s1s2- - sic1(cw), s1s2++ sp—1 (o)) = Ae(hi).-
By Theorem 4.14, one also has b;(z) € Clzijt1,...,25-1] for 1 <i < k <n. This shows

that (Clz1,..., 2], {, }u), as an iterated T-Poisson Ore extension of C with respect to
the T-action given in (76), is symmetric. By Lemma 5.9, (80) holds.

5182+ si—1(ha;) €, 1<i<mn,
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Q.E.D.
Remark 5.13. We already know from Remark 5.7 that for h € tand 1 < i <n—1,
the two derivations ap, := h|c[s,, ... »,] and b; on Clziy1, ..., z,] in Theorem 5.12 satisfy
[an,b;] = Ai(h)b;. This can also be checked directly: it clearly holds when ~; = e.

(i+1)

Assume that 7; = s;. In the notation of (46) and by Lemma 2.2, one has aj, = T (4i)=1(h)

and b; = — (v, o@aéf::l). Thus

[ah, bl] = —<Ozi,ai> [Uéij)ljl(h)’ Oé:rl) = <ai’ai>a[((i;;§)*1(h),eai] = )\Z(h)bz

<

Remark 5.14. For an arbitrary v € Ty, (Clz1,...,24],{, }) expressed as an iterated
T-Poisson Ore extension as in (78) is not necessarily a Poisson CGL extension in the
sense of [23], as the definition in [23] requires the derivations b; be locally nilpotent
(recall Remark 5.8). In Example 3.3 for v = (sq,, €, €), the derivation b; on C|zz, 23] is
given by by (z2) = 0 and by (23) = 223 which is not locally nilpotent. o

5.3. The Poisson structure m, in O". We now look in more detail at the Poisson
polynomial algebra (C[z1,...,2,],{, }u). In this case, T acts on Clz1,..., 2] by

(83) tog =tz e T 1< i<n.

Due to its connection with the Levendorskii-Soibelman straightening law explained in
§1.3 and applications to the standard Poisson structures on generalized Bruhat cells

explained in §1.4, we now extract from Theorem 4.14 and (59) the details of the explicit
formula for the Poisson bracket {, }y.

Theorem 5.15. In the coordinates (z1,...,2z,) on O% given by the parametrization
o1 . C" — OY, one has
{2, zk}u = cigzizi + bi(zg)
for 1 <i <k <n, where
(84) Cie = —(s152- - si—1(q;), s152-- - sp—1(ag)),
and bi(zr) € Clzit1, ..., 2k—1] 18 given as follows:

1) If k =i+1, one has bi(zi+1) = 0 if aj41 # ;, and bZ:(zH_l) = — (a4, ) if aip1 =
2) Assume that k > i+ 1. For (jiy1,...,jk—1) ENFT"land i +1 <1<k —1, let
Bliisr,ogs) = St81-1 - Sir28it1(q) — Jiy18151-1 -~ Sip2(qir1) — - — Jio1si(a—1) — jioy

= 81(BGs1,ji1)) — Jicu €7,
where B, ...j) =i if l=1i+1. Let J; C NFE=1=1 be given by
Jige = {(it1, - o) ENFTITLL BV EALViI+H1<I<k—1and
ﬂ(jz#l:mvjkfl) = ai}.
If Jij, = 0, then bi(z;) = 0. Otherwise,

) _ o ) ) Jit1 Jk—1
(85) bi(zk) = —(aui, i) E Clit1ynsd—1%i+1 " Rl—1
(Jit15odk—1)EJik
where for (jiy1, .-, Jrk—1) € Jik,
Sit1,Jit1l  Si+2:Ji+2 L Sk—1Jk—1 0
b

Cj. ; = Cq.: .
Jit1s--5Tk—1 Qj4-1,00 ai+2”8(ji+1) ak*l”g(]’iﬁ-l ,,,, Je_2)
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and fori+1 <1 < k-1, ch;%(j o is a certain binomial coefficient with plus
P (Gi1rd1—1

or minus sign, with the binomial coefficient being determined by the ay-string of roots
through B, ,....j,_,) and the plus or minus sign determined by the signs of the structure
constants of g in the chosen Chevalley basis, as in (42), (50) and (52).

By Theorem 5.12, for 2 < k < n, one also has the derivation b}, of C[z1,...,2zz_1]
such that b} (z;) = b;(zx) for 1 < i < k — 1. In the rest of §5.3, we give the geometric
meaning of the derivation b/, similarly to that of the derivation b; on C[z;41,...,2y]

given in Theorem 4.14. To this end, consider the quotient manifold
F',=B\Gxp Gx---xp G

of G™ by (B_)", where (B_)" acts on G" from the left by
(86) (b1,b2,...,bn) (91,92, gn) = (brg1by ', bagab3 ', ... bugyn), b € B_, gj € G.
Let p_ : G™ — F’, be the natural projection. Similar to the case of the quotient
manifold F}, in (8), the product Poisson structure 7%} on G™ projects by p_ to a well-
defined Poisson structure on F”,, which will be denoted by n’,. Let P_s, = B_ U
B_s;B_ for 1 < i < mn. As each P_g, is a Poisson submanifold of (G, 7s), the closed
submanifold

Z' =B \P_4 xp_ P4, x--xp_ P_g,

of F’, is a Poisson submanifold with respect to 7’ ,. We will also call Z’

a Bott-
Samelson variety. Note that for each 1 < < n, one has

U, (2)8i = Siu_q,(—2), z€C.

Setting p—(g1,92,---,9n) = [91,92,---,9n]— € F',, for (g1,92,...,9,) € G, it follows
that one has the open affine chart

O"" .= B \(B_s1B_) xp_ (B_syB_) x ---xp_(B_s,B_)
of Z',, with the parametrization by C" via
(87)  C"3 (21,22, 2n) — [Uay (21)$ars Uay(22)San, - - -» U, (2n)da,]- € O,
The restriction of the Poisson structure 7/, to ©"" will also be denoted by 7’_,.

Proposition 5.16. The map I : (O%, 1,) — (O™, ©'_,)) given by

[Uay (21)8a1s Uas(22)8ass -+ -5 Uay (2n)3a,]
— [ual (21)5017 UOQ(Zz)‘éOéQ’ ) uan(zn)éan]—v
where (21,22, ..., 2n) € C", is a Poisson anti-isomorphism.

Proof. Let p : G™ — F,, be the natural projection, so that m, = p(7}). It is proved in
[30, §8] that the pair
p: (G", 7%) — (Fp,m) and p_: (G", wh) — (F.,, 7_,)
of Poisson submersions is a Poisson pair (see §A the Appendix), i.e., the map
(b, p-): (G",7h) — (Fn x FLp, mo x7ly), g— (p(9), p-(9), g €G",
is Poisson. For a € T', let 3, be the symplectic leaf of 7g; in G through the point s, € G.
To describe the two-dimensional symplectic manifold (X, 7|5, ), consider the surface

Y={lp.qt) €C’: *(1 —pg) = 1}
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in C? and equip ¥ with the Poisson structure 7 given by

(88) {p.a} =2(1-pa), {p,t}=pt, {a.t}=—qt.
A calculation in SL(2,C) shows that the embedding

J: X — SL(2,(C), (p, q, t) — ( ptt —_qtt ) ) (pa Q7t) € 27

identifies (3, 7) as the symplectic leaf through ( (1) _01 > € SL(2,C) of the Poisson
structure mspoc) on SL(2,C) in (14). Using the Poisson homomorphism 6, in (15), one
sees [26] that
Yo ={9a(p,q: 1) : (prgst) € X},

and mgt|s, = @(9(} o J)(m), where for (p,q,t) € X,
) gulpat)=0a (7 )
Consider now the product manifold ¥, = ¥, XXq, X- - - XX, and denote the restriction
of the product Poisson structure 7% to Xy still by 7%, It follows from (89) that

p(S0) =0 and  p_(Sy) = O,
and, denoting again by p (resp. p_) the induced map from ¥y to O% (resp. to O""),
(90) pi (Bu, ) — (0%, 1) and  p_ i (S, 72) — (O™, 7',

—n

) = ta()iac” (Dua(—g) = u—a(g)0 (Diat—o(~p).

are Poisson submersions and form a Poisson pair. Moreover, the submanifold

L= {(ua,(21)8ars Uay(22)Sags -« Ua, (Zn)Say )+ (21,22,...,2n) € C"}
of ¥, is Lagrangian with respect to 7%, and it is clear that p|r : L — O" is a diffeo-
morphism. It now follows from Lemma A.1 in the Appendix that I = p_ o (p|;)~! :
(O, m,) — (0", 7',) is a Poisson anti-isomorphism.

Q.E.D.

We now prove a fact similar to that in Lemma 2.2: let (X, 7x) be a Poisson manifold
with a right Poisson action by the Poisson Lie group (B_,mg), let a be a simple root,
and consider the quotient manifold Z = X xp_ P_g, (see notation in §2.2) equipped
with Poisson structure 7, which is the projection to Z of the product Poisson structure
Tx X gy on X X P_g . Denote by [z, p| the image of (z,p) € X x P_,_ in Z. Fix any
s[(2,C)-triple {eq, €_q, ha} and consider

¢p: X xC—Zy, (z,2) — [z, ua(2)$a], z€X,zeC.

Then ¢ is an embedding, and we regard ¢ as a diffeomorphism from X x C to Zy =
¢(X x C). For £ € b_, let o} be the vector field on X defined by

d
o(x) = £\t:0(xexp(t§)), r e X.
Using the second part of (17), the proof of the following Lemma 5.17 is similar to that

of Lemma 2.2 and is omitted.

Lemma 5.17. With the notation as above, one has

¢ Hmy)(z,2) = mx(z) + <a,2a) % A (zaﬁla (z) + 20, (x)) .
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Returning now to the Bott-Samelson variety Z” , foru = (s1,...,5n) = (Says---» San),
let 2 < k < n, and consider
Z/—(Sl,...,skfl) = B—\P—Sl XB_ P—SQ X oeee XB_ P_sk—l'

Denote again by [p1,...,pr—1]— the image of (p1,...,pr—1) € P_g; X -+ X P_5, | in
4 and let B_ act on Z’ from the right by

—(51,.,8k-1)’ (8150-»8K—1)

[pla <oy Pk—2, pk_l],'b, = [plv <oy Pk—2, pk—lbf]a b_ € B*a pi € P,si, 1 < 7 < k—1.
For £ € b_, denote by aé’(kfl) the vector field on Z’_(Sl se_y) Biven by

7k_ d
(91) Jé( 1)([pla"'apk—27pk—1]) = %|t:0[p17'-'7pk—27pk—1 eXp@&)]*?

where p; € P_g, for 1 <¢ < k—1, so Ug(k—l)

in the direction of £. Let

: !/
generates the action of B_ on Z—(sl,...,sk,l)

(92) o) = Jé’EIZ_l).
Consider the coordinates (21,22, .. .,2,) on O"" given in (87). Then (z1,...,2x_1) can
be considered as coordinates on the open submanifold

OPrsi-1) B \(B_s1B_) xp_ (B_ssB_) x -+ xp_ (B_sp_1B_)

= {[tay (21)$015 -+ > Yap_y(Zh-1)8ap_1]— ¢ (21,...,261) € CF71}

of Z/—(Sl,---,sk_1)7 and o0, can be regarded as a derivation on Clz1, ..., zp—1].
Lemma 5.18. In the coordinates (21,22, ...,2,) on O given in (87), the Poisson
structure ©'_,, is given by
(93) {2i, 2k} = —cigzize — (ag, agp)op(zi), 1<i<k<mn,

where for 1 < i,k <n, ¢; is given in (84).

Proof. By repeatedly applying Lemma 5.17 to the Poisson manifold ((9’,’“, 7’_,,), one sees
that 7/, is given in the coordinates (z1, 2o, ..., z,) on O"" by (see notation in (91))

{zi, 2z} = —Mzkag(k_l)(zi) —{ag, ag)op(zi), 1<i<k<mn,

2 o
For h € t, one checks directly from the definition of the vector field a;l’(k_l) that
(94) o () = (sp18ka- - sis1 (i) (B)) 2, 1<i<k-L.

Identity (93) now follows from

g

(ks k) 1k-1),_
5 Oh,, (3

= (Sp—15k—2 - Si+1(04), o)z
= *(5182"'81'71(%), 5152“'5k—1(ak)>zi
= G kZi-

Q.E.D.

Corollary 5.19. In the notation in Theorem 5.12 for the case of v = u, one has

b, = (o, ag)oy, 2<k<n.
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Proof. By Proposition 5.16 and Lemma 5.18, the Poisson structure , is given in the
coordinates (z1,...,2,) on the affine chart O" by
{zi, zu} = cipzizn + (o, an)op(zi), 1<i<k<n.
It follows from the definition of b} that b, = (ay, ag)o). for 2 <k < n.

Q.E.D.
Remark 5.20. We already know from Lemma 5.9 that for any h € t and 2 < k <
n, [ay, b,] = A(h)by, as derivations of Clz1,. .., 2;1], where aj = h|c[;,,.. -, . and

A = $182---Sk—1(ag). This fact can also be checked directly from Corollary 5.19.
1,(k—1)

Indeed, that in the notation of (91), it follows from (94) that aj = O 1 sasi(h) and
b, = (o, ot so
[ah, V) = —(ag, o) |20 b ED T = ()b}

<

5.4. The polynomial rings (Z[z1,...,2],{, },). Recall from §2 that once the Borel
subgroup B and the maximal torus 7" C B of GG are fixed, the definition of the Poisson
structure 7, on Z, depends only on the choice of a symmetric non-degenerate invariant
bilinear form (, ) on g and not on the choices of root vectors e, for « € A. Although
a choice of the set {e, : @ € T'} of root vectors for the simple roots is needed to define
the coordinates (z1,...,2,) on O7 for v € Ty, we proved in Proposition 5.1 that the
polynomials f; = {2, 2x}y € Clz1,...,2,] for 1 < i,k < n are independent on the
choices of the root vectors for the simple roots. For each v € T,, one thus has a
well-defined Poisson polynomial algebra (Clz1, ..., 2], {, }-)-

Theorem 5.21. Suppose that the symmetric non-degenerate invariant bilinear form
(,) on g is chosen such that %(a, a) € Z for each o € A. Then for any v € Ty, the
Poisson structure {, }, on Clz1,..., 2| has the property that {z;, 2z} € Z|z, ..., 2] C
Zlz1, ... zn) forall1 <i <k <n.

Proof. Choose any set {e, : @ € I'} of root vectors for the simple roots and extend it
to a Chevalley basis of g. Theorem 5.21 now follows from Remark 4.5 and the fact that

for any a, 8 € A, («, ) = 2<<(j’f>> <a,2a> € 7.

Q.E.D.

Note that a canonical choice of the bilinear form (, ) on g is such that (o, ) = 2 for
the short roots for each of the simple factors of g.

Remark 5.22. By Theorem 5.21, each v € T, gives rise to a Poisson algebra

(k[Zl,...,Zn], {7}7)

over any field k of arbitrary characteristic. In particular, it follows from (60) in Theorem
4.14 that the Poisson structure {, }, on k(z1,..., 2,] is log-canonical for every v € T
if char(k) = 2. On the other hand, suppose that the bilinear form (, ) on g is such that
(o, ) = 2 for all the short roots. Then (o, ) € {2,4,6} for all a € I'. It follows from
(82) that (k[z1,...,2n),{, }u) is a symmetric Poisson CGL extension of any field k with
char(k) # 2, 3. o
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5.5. Examples. Assume that g is simple and let (, ) be such that (o,a) = 2 for
the short roots of g. Based on Theorem 4.14, the first author has written a com-
puter program in the GAP language [15] which computes the Poisson bracket {, }, on
Z|z1, ..., zy) for any u = (s1,...,s,) and any v € T. We given some examples.

Example 5.23. Consider G2 with the two simple roots a1 and s satisfying

<Ct2,a2> = 3<0417041> = 6.

Let u = (SaysSaqs Says Sass Sars Say) and note that sa, SaySa;SasSa;Sa, 18 the longest
element in the Weyl group of Go. For v = u, one has
{21, 20} = 32120, {21,23} = —2123 — 229, {21, 24} = —622,
{z1,25} = 2125 — 423,  {21,26} = 32126 — 625, {22,23} = —32223
{z9,24} = —6z§ — 32924, {22,25} = —62%, {22, 26} = 32926 — 182325 + 624
{23, 24} = 32324, {23,25} = —z325 — 224, {23,2} = —622
(24,25} = —3z425, {24,26} = =628 — 32426, {25,26} = —325%.

For the same u but v = (Sa;, Says €, €, Say, €), One has
2 2
{z1,22} = —32z122, {21,23} = 22025 + 2123, {21, 24} = —6292324 + 62325 — 32124,
{2’1, 2’5} = —4z92325 + 6232425 — 2125 — 229 + 224,

3.2 2.2
{z1,26} = 6232525 + 62525 + 6222326 — 6232426,  {22,23} = 32223,

{2’2, 24} = —062024 + 622, {Zz, 2’5} = —32925 + 62425,
{20, 26} = 62523 + 32026 — 62426, {23, 24} = —3z324, {23,25} = —22325,
{23,26} = 32326, {za,25} = 3zuzs, {z4,26} = —32426, {25,2%6} = 3252:.

<

Example 5.24. Consider G = SL(2) with the only simple root denoted by « and s = s,,
and (a, a) = 2. Let u=(s,s,s,s,s). For v = u, one has

{21,220} = 22120 = 2, {21,283} = —22123, {21, 24} =22z124,  {21,25} = —22125,
{22, 23} = 22023 — 2, {2z, 2u} = =222, {22,253} = 22225, {23, 24} = 22324 — 2,
{23, 25} = —22z325, {2, 25} = 22425 — 2.

For v = (s, e, e, e, ), one has
{z1,22} = —22129 + 22%, {z1,23} = —22123 + 42923 + 22%,
{z1,24} = —22124 + 42924 + 42324 + 223,

{Zl, Z5} = 2212’5 — 4222’5 — 4232’5 — 4Z4Z5 — 2,

{22,23} = 22023,  {22,24} = 22024, {20,25} = —22225,
{23, 24} = 2z324, {23,25} = —22325, {a4, 25} = —224%5.
In general, it is easy to see from Theorem 4.14 that for the sequence u = (s,s,...,s) of

length n, and v = u, the Poisson bracket {, }, on Z[z1, ..., 2] is given by
{zi,2zi11} = 223241 — 2, 1<i<n—1,
{zi,a) =2(=D)F gz 1<i<k<n k—i>2.
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The coefficient 2 in all the Poisson brackets results from that fact that (o, a) =2. o

APPENDIX A. POISSON PAIRS
In [30, §8.5], a Poisson pair is defined to be a pair of Poisson maps
(95) py: (X, 7mx) — (Y, my) and py: (X, 7x) — (Z, 7z)
between Poisson manifolds such that the map
(pv,pz): (X, 7x) — (Y X Z, my X 7z), x+— (py(2), ps(x)), =x€X,

is Poisson. If (Y, 7y ) and (Z,7,) are two Poisson manifolds, the projections from the
product Poisson manifold (Y x Z, my X 75) to the two factors clearly form a Poisson pair.
Moreover, for a differentiable map ¢ : Y — Z, it is well-known [39] that ¢ : (Y, my,) —
(Z,74) is anti-Poisson if and only if Graph(¢) = {(y, ¢(y) : y € Y} is a coisotropic
submanifold of (Y x Z, my x m,). The following Lemma A.1 is a (partial) generalization
of this fact to the case of Poisson pairs.

Lemma A.1. Let (py, py) be a Poisson pair as in (95). Suppose that X' is a coisotropic
submanifold of (X, mx) such that py|x : X' = Y is a diffeomorphism. Then

¢ =pzo(pylx) ™ (Yomy) — (Z,77)
s an anti- Poisson map.
Proof. Fix x € X’ and let py(x) =y and z = py(x) € Z. Let
pyz: T X —T,)Y and pz,: T, X —T1T.Z

be respectively the differentials of p, and p, at x. Lemma A.1l now follows from the
following Lemma A.2 by taking (V,7) = (T, X,7x(x)), Vi = kerpy 4, Vo = kerp,,,
and U = T, X’. Indeed, in the notation stated below for Lemma A.2, the assumption
7x (z)(VP, V) = 0 is the same

which is satisfied because (py, pz) : (X, 7x) = (Y X Z, my X m,) is a Poisson map.
Q.E.D.

In the following Lemma A.2, for a finite dimensional vector space V and a subspace
U CV,set U) = {€ €V*:¢&y, =0} CV* and U; is said to be coisotropic with
respect to ™ € A2V if m € Uy AV, where for any subspace Us of V,

Ui AUy = (AV)N (U @ Uy 4+ Us @ Uy) C A2V

Lemma A.2. Let V be a finite dimensional vector space, let m € NV, and let Vi and Vs
be two vector subspaces of V. such that w(VL, V) = 0. For j = 1,2, let p; : V — V/V
be the projections so that pj(m) € A2(V/V;). Assume that U is a coisotropic subspace of
V and that p1|y : U — V/Vi is an isomorphism. Let ¢ = pyo (p1]y)~t : V/Vi — V/Vs.
Then (p1(m)) = —p2(m).
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Proof. For w' = Y~ v; Avj € A’V and € € V¥, let ]’ = Y,((&,v5)v) — (€,v]))v)),

where (, ) denotes the pairing between V' and V*. Then the condition 7r(V1 V) =0 s
equivalent to &|m € Vs for all £ € V. By assumption, V = U + V; is a direct sum. As
U is coisotropic with respect to 7, one can uniquely write m = 7, + 71, where m, € A2U
and m € U AV;. Let {uy,...,uy} be a basis of U and let & € V, 1 <i < m, be such
that (u;,&;) = 9;; for 1 <4,j <m. Then

Z U N\ 51 7TU) and = Z U; N glJ 71'1

For 1 <i<m,let x; = &jﬂ =& |(my + m1). Then

Zuz g’L Ty +Zuz 7TU+771 Zul fzJﬂ'U)
:—quZ (&]my) —i—Zuz/\xZ:—wU—i—Zui/\xi.
i=1

=1
As x; € Vs for each 1 <@ <m, po(D 7% ui Ax;) =0, so Y(pi(m)) = pa(my) = —pa(m).

Q.E.D.
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