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ABSTRACT A deep neural network is constructed to yield in-principle exact exchange-correlation
potential. It requires merely the electron densities of small molecules and ions, and yet, can
determine the exchange-correlation potentials of large molecules. We train and validate the neural
network based on the data for H2 and HeH+, and subsequently determine the ground state electron
density of stretched HeH+, linear H3+ and H–He–He–H2+. Moreover, the deep neural network is
proven to model the van der Waals interaction by being trained and validated on dataset containing
He2. Comparisons to B3LYP are given to illustrate the accuracy and transferability of the neural
network.
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Density-functional theory (DFT)1, 2 has become the most widely used quantum mechanical
simulation method. Despite its success, DFT suffers from the chronic deficiencies such as the selfinteraction error,3 chemical accuracy issue for thermochemistry,4 poor treatment to van der Waals
interaction,5,
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inaccurate reaction barrier,7 hydrogen bond8, charge-transfer,9 delocalization

error10, 11, static correlation and strong correlation error.12, 13 Medvedev et al. showed that although
the accuracy in energy of DFT methods had been improving over the past decade or two, the
calculated electron density distribution had become less accurate.14 Despite the continuing efforts
to find more accurate exchange-correlation (xc) functional, the improvement in calculated
accuracy has slowed down. Alternative beyond the traditional approaches15-18 must be sought.
Efforts have been made to construct high quality xc potentials for given electron densities via
optimization procedures.19, 20 Modern machine learning techniques have also been incorporated in
the DFT method aiming at boosting calculations,21-24 calibrating results,4 or improving the xc
functional.25 In 2003 we proposed a neural network based B3LYP xc functional.26 The three hybrid
parameters in B3LYP xc functional, a0, ax, and ac, are in principle the functionals of ground state
electron density function and thus system dependent. Their values were evaluated via a neural
network which had been trained and tested against the experimental data. The input descriptors of
the neural network were the number of electrons, dipole moment, quadrupole moment, kinetic
energy and spin multiplicity of the system, which are the functionals of the ground state electron
density function of the molecule. In 2012, Burke and coworkers proposed a machine learning
based density functional for the kinetic energy of one-dimensional electron gas,25 which was later
extended for real molecules.27-29 All these machine learning based functionals require the
knowledge of the global electron density function. For small molecules or ions, it is straight
forward to obtain their electron density functions and the corresponding energies using highly
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accurate quantum chemistry methods such as the coupled-cluster method, quantum Monte Carlo,30
and the density matrix renormalization group technique.31 However, electron density functions and
energies of larger molecules or ions are difficult to determine, if not impossible. As a result, no or
little data are available for the large molecular systems. This problem is difficult to circumvent,
and prevents all the existing machine learning based methods for DFT xc functional applicable for
large molecular systems.
The xc potential 𝑣xc (𝒓) of the density-functional theory (DFT)2
𝑣xc (𝒓) =

𝛿𝐸xc [𝜌(𝒓)]
𝛿𝜌(𝒓)

(1)

at any point 𝒓𝑖 is a functional of electron density function 𝜌(𝒓). In principle, the determination the
potential at any 𝒓𝑖 , 𝑣xc (𝒓𝑖 ) requires the knowledge of global electron density function 𝜌(𝒓).
Indeed, Nagai et al.32 proposed a neural network that maps 𝜌(𝒓) to 𝑣xc (𝒓), and as a proof of
concept, determined the 𝑣xc (𝒓) of a one-dimensional two-particle spinless fermion model via a
neural network that one-to-one maps its 𝜌(𝒓) to its 𝑣xc (𝒓). Just as other existing machine-learnt
xc functional,26, 27 their approach requires the knowledge of the global electron density function
𝜌(𝒓) to determine the 𝑣xc (𝒓),32 and thus cannot be applicable for large molecules as their electron
density functions are not accurately known. Handy and co-workers33 attempted to map one-to-one
the electron density 𝜌(𝒓𝑖 ) and the corresponding 𝑣xc (𝒓𝑖 ) at one spatial point 𝒓𝑖 ; however, the
electron density at single spatial point 𝒓𝑖 does not contain enough information such as the
environment of the region around this point, and thus yields improved but not very accurate 𝑣xc (𝒓).
The holographic electron density theorem states that the electron density function of any finite
volume determines in principle the entire electron density function of the real atomic or molecular
system.34, 35 As the electron density distribution 𝜌(𝒓) of a finite volume contains already the
knowledge of the global electron density distribution, we do not need the entire electron density
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function to determine the xc potential. Instead, the local xc potential 𝑣xc (𝒓𝑖 ) at a point 𝒓𝑖 can be in
principle determined by the electron density distribution 𝜌(𝒓) over a finite volume around 𝒓𝑖 , i.e.,
the quasi-local electron density around 𝒓𝑖 . This is useful as any large molecular system is made of
small fragments whose electron density functions are similar to those of the corresponding small
molecules, and thus, the neural network that has been trained for the xc potentials of small
molecules can also be used to determine the xc potential 𝑣xc (𝒓𝑖 ) of the larger molecule, simply by
scanning 𝒓𝑖 over its entire spatial region.
In this work, we propose to use the quasi-local electron density function around a spatial point
to determine the corresponding xc potential at 𝒓𝑖 , 𝑣xc (𝒓𝑖 ), via a deep-learning based scheme. A
large amount of highly accurate electron density functions of small molecules and ions and their
corresponding xc potentials are required to train the neural network. CCSD/aug-cc-pVQZ36 is
employed to calculate the electron density functions. To determine the corresponding effective xc
potentials that reproduce the calculated CCSD electron density functions via Kohn-Sham (KS)
self-consistent-field solution,2 we employ a procedure for the optimized effective potential (OEP)
developed by Wu and Yang (Wu-Yang method).20 In current study, we chose H2, He2, and HeH+
to train and validate the neural network, and in particular, He2 is chosen because few xc functionals
account properly for van der Waals interaction.
We employ a deep neural network to map the quasi-local electron density around 𝒓𝑖 onto the
local xc potential 𝑣xc (𝒓𝑖 ) at 𝒓𝑖 . It is important to note that the resulting neural network is
transferable from smaller molecules to larger molecules. Figure 1a illustrates the mapping from
the quasi-local electron density onto the local xc potential. The distribution inside the grey cube is
the quasi-local electron density and the corresponding potential 𝑣xc (𝒓𝑖 ) is the xc potential at 𝒓𝑖 .
We employ a three-dimensional convolutional neural network (3D-CNN, shown in the middle of
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Figure 1a) to “learn” the relationship between the quasi-local density and xc potential from the
exact or high precision data of electron density functions and xc potentials. The CCSD method is
used to compute highly accurate electron density, and the corresponding xc potential of KS
equation is obtained via the Wu-Yang method.20 The 3D-CNN uses the discretized quasi-local
densities and their gradients (along x-, y- and z-directions) centered at a spatial point 𝒓𝑖 as the
inputs or descriptors, and outputs the value of the xc potential at 𝒓𝑖 , 𝑣xc (𝒓𝑖 ). It is worth mentioning
that a non-negative penalty term is added in the loss function of the 3D-CNN (see the last term of
Eq. S3) to ensure the invariance of the density–potential mapping with respect to the reflection
symmetry. By scanning the grey cube 𝜌Ω (𝒓𝑖 ) over the molecule, we obtain the xc potential of the
entire physical space. The details of the Wu-Yang method, 3D-CNN architecture and training
process are provided in the Supporting Information.
Self-consistent-field Kohn-Sham/Neural Network scheme (KS-DFT/NN) The 3D-CNN maps the
CCSD-precision electron density to its effective KS potential. However, accurate electron density
is unknown prior to the calculation, and thus, a self-consistent-field (SCF) procedure is necessary.
In our work, the electron density computed with B3LYP is used as the initial guess for the density
and is inputted into the 3D-CNN (see the lower part of Figure 1a). The output along with the fixed
reference potential is thus the initial effective potential which is further subjected to the zero-force
condition.37 The corresponding Kohn-Sham equation is then solved self-consistently. The
convergence is examined at each iteration; and if not converged, the resulting electron density is
submitted back to the 3D-CNN to yield the updated potential. The above iterative steps are
repeated until the convergence is reached.
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Figure 1. Schematic illustration of the KS-DFT/NN procedure and comparison of calculated
results for H2 and HeH+. (a) The blue color at the left represents the electron density of the
molecule, and the red at the right the xc potential. The quasi-local density 𝜌Ω (𝒓𝑖 ) around 𝒓𝑖 is
represented by a grey cube, and is mapped to the xc potential 𝑣xc (𝒓𝑖 ) at the center of the cube 𝒓𝑖
(the grey dot) through a 3D convolutional neural network. Given a trained 3D-CNN model and
B3LYP density, the potential and electron density can be updated iteratively until converging to a
more accurate result. The differences between the calculated electron densities and CCSD
benchmarks for equilibrium structures are shown in (b) for H2 (0.7420 Å) and (c) for HeH+
(0.7748 Å). Blue and orange lines are for B3LYP and KS-DFT/NN results, respectively. Atomic
forces for varieties of structures are plotted in (d) for H2 and (e) for HeH+. The relative energies
near the equilibrium distances are shown in (f) for H2 and (g) for HeH+. For comparison, the lowest
energy is shifted to zero.
H2/HeH+ system We first trained a 3D-CNN based on H2 and HeH+ to demonstrate its capability
to learn the density-potential mapping. The dataset is constructed using 50 H2 and HeH+ structures
with interatomic distance evenly distributed from 0.504 Å to 0.896 Å. As both systems have
cylindrical symmetry, the center of quasi-local density 𝒓𝑖 is placed on the xz plane (parallel to the
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internuclear axis), and selected according to a level 3 Lebedev-Laikov quadrature38 with the cube
size a = 0.9 Bohr. Typically, a H2 molecule has 3382 unique grids and a HeH+ ion has 3108 ones.
In total, the H2/HeH+ dataset contains 324500 data points and is randomly divided into a training
set of size 243400 (75%) and a validation set of size 81000 (25%).
After training, the ground state electron densities of H2 and HeH+ are obtained via KS-DFT/NN
SCF calculation using B3LYP density as the initial electron density function and the 3D-CNN to
construct effective potential. The use of B3LYP result as initial guess is for the convenience of
following comparison and we have shown that KS-DFT/NN calculation can converge to a
consistent density function from different starting points (see Table S1 for details). We use the
normalized squared difference I to measure the overlap between two densities 𝜌1 and 𝜌2 :39
𝐼1,2

∫|𝜌1 (𝒓) − 𝜌2 (𝒓)|2 d𝒓
=
∫|𝜌1 (𝒓)|2 d𝒓 + ∫|𝜌2 (𝒓)|2 d𝒓

(2)

where the subscripts 1 can be B3LYP, NN (for KS-DFT/NN), and in this work 2 is chosen to be
CCSD as the benchmark density. The I value lies between 0 and 1, and smaller I1,2 implies better
agreement between 𝜌1 and 𝜌2 . We have calculated the I values for 201 H2 and HeH+ structures
with the internuclear distances distributed evenly from 0.5 Å to 0.9 Å (per 0.002 Å), among which
the majority are different from the 50 H2 and HeH+ structures in the training and validation set.
The average IB3LYP,CCSD values are 5.9 × 10−5 and 4.7 × 10−5 for H2 and HeH+, respectively,
while the corresponding INN,CCSD are 2.8 × 10−6 and 5.1 × 10−7 for, H2 and HeH+, respectively.
More detailed IB3LYP,CCSD and INN,CCSD values are summarized in Table S2. It is clear that the
INN,CCSD are at least one order of magnitude smaller than IB3LYP,CCSD, confirming that the electron
densities obtained via KS-DFT/NN calculations are closer to the CCSD values than the B3LYP
densities. Besides, the average IB3LYP,CCSD values for those 50 structures within the dataset is
2.7 × 10−6 for H2 and 5.1 × 10−7 for HeH+. The similarity between the mean I values for overall
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201 structures and the minority 50 ones used for training indicates little over-fitting in the trained
3D-CNN model. To illustrate further, we plot the calculated electron density difference (the CCSD
density 𝜌CCSD as the benchmark) in Figure 1b and 1c. For both H2 and HeH+, KS-DFT/NN
calculation yields significantly less error than B3LYP. Both I values and density differences show
convincingly that KS-DFT/NN yields highly accurate electron density (compared to the CCSD
benchmark). This is expected as KS-DFT/NN is designed to reproduce the CCSD electron density.
With the highly accurate electron density function, the force on atom can be computed with
Hellman-Feynman theorem plus the basis set correction.40, 41 The resulting internal forces of H2
and HeH+ structures are plotted in Figure 1d and 1e, respectively. The relative energy is then
calculated by integrating the force (Figure 1f and 1g). For H2, three methods, CCSD, B3LYP, and
KS-DFT/NN, yield consistent values; and for HeH+, KS-DFT/NN yields better result than B3LYP.
It is important to note that KS-DFT/NN leads high precision electron density and energy
simultaneously.
The KS eigenvalues are important properties as in exact DFT calculation, the negative value of
HOMO energy (𝜖HOMO) represents the ionization potential EIP. We have examined the HOMO
energy of the equilibrium H2 and HeH+ structure. For H2, −𝜖HOMO obtained via the KS-DFT/NN
calculation is 0.611 Ha, which is much closer to the CCSD’s EIP = 0.603 Ha. As a comparison, the
−𝜖HOMO of B3LYP is 0.434 Ha. For HeH+, EIP computed using CCSD is 1.630 Ha. KS-DFT/NN
leads to a precise −𝜖HOMO of 1.631 Ha, while the B3LYP one is 1.376 Ha. We have also obtained
the LUMO energy (𝜖LUMO ) to see whether the KS-DFT/NN result can be used to predict the
electron affinity EEA (although DFT is known to produce unreliable EEA from 𝜖LUMO ). The 𝜖LUMO
obtained from KS-DFT/NN for H2 and HeH+ is 0.0472 Ha and -0.2866 Ha, respectively, which is
quite close to the EEA of 0.0454 Ha (H2) and -0.2864 Ha (HeH+) computed using CCSD. It is clear
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that KS-DFT/NN yields much better 𝜖HOMO/LUMO that is useful to measure chemical hardness,
since the 3D-CNN provides accurate xc potentials.
To investigate whether the 3D-CNN can “learn” the van der Waals (vdW) interaction from
highly accurate dataset, we applied the model to He2, a vdW system and performed KS-DFT/NN
calculation. The smaller INN,CCSD values show that the density distribution obtained via the KSDFT/NN calculation is more accurate than the B3LYP result (see Table S3 for detailed I values).
The improvement, however, is not significant, indicating more data and training process is
necessary for the 3D-CNN to fully capture the vdW interaction.
Transferability Adoption of quasi-local density (instead of total density function) as the input
ensures the transferability of the 3D-CNN from small to large molecular systems. We performed
KS-DFT/NN calculation on another 1050 HeH+ structures with internuclear distance ranging from
0.9 Å to 3.0 Å. Indeed, the average value of INN,CCSD for the 1050 structures, 8.5 × 10−6 is less
than IB3LYP,CCSD, 5.7 × 10−5 . The typical result of density difference plotted in Figure 2a confirms
that KS-DFT/NN calculation yields more accurate electron density even for ions that are out of
the dataset. Figure 2b exhibits the relative energy for HeH+ ions with internuclear distance up to
3.0 Å. Compared to the B3LYP result, the energy curve obtained through KS-DFT/NN calculation
is closer to the CCSD benchmark. Note that the results for the internuclear distance RHe–H > 0.9 Å
are the extrapolation, as the training dataset contains only the structures with RHe–H < 0.9 Å.
To demonstrate the transferability of the 3D-CNN to larger molecule, we choose H3+, a system
containing three nuclei and two electrons, and He–H–H–He2+, a system containing four nuclei and
four electrons, while H2 and HeH+ that were used to constructed the 3D-CNN have two nuclei and
two electrons. We compute the ground state electron densities and forces of 441 linear H3+ and
He–H–H–He2+ structures with He–H and H–H distances varying equally between 0.60 Å and
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0.80 Å (0.01 Å per bond length variation) using CCSD, B3LYP and KS-DFT/NN. In Figure 2c
and 2d, we examine the accuracy of B3LYP and KS-DFT/NN densities of typical H3+ and He–H–
H–He2+ structure by plotting their differences compared to the CCSD results along the internuclear
axis (more results are provided in Figure S2 and S4). As anticipated, the KS-DFT/NN density
exhibits smaller and narrower error distribution than B3LYP. IB3LYP,CCSD and INN,CCSD values
further show that the KS-DFT/NN leads to the electron densities that are much closer to CCSD
densities than B3LYP for the 441 structures (see Figure S3 and S5). All these show that KSDFT/NN yields much better results than B3LYP for H3+ and He–H–H–He2+, and thus confirm that
the 3D-CNN which is trained and verified on H2/HeH+ dataset is indeed transferable to the larger
molecules.

Figure 2. Comparison of B3LYP and KS-DFT/NN results on out-of-dataset HeH+ and He–H–H–
He2+. (a) Density difference of HeH+ along the internuclear axis with RHe–H = 1.50 Å. (b) Relative
energy of HeH+. The lowest energy is shifted to zero for comparison. The vertical dashed line at
RHe–H = 0.9 Å indicates that the training dataset contains only the data for RHe–H < 0.9 Å. (c) Density
difference of linear H3+ with RH–H = 0.7 Å. (d) Density difference of linear He–H–H–He2+ along
the internuclear axis with RHe–H = RH–H = 0.70 Å.
Van der Waals interaction: He2 We choose He2 to examine the ability of the 3D-CNN to model
van der Waals (vdW) systems. Since the distance between two He atoms is much larger than the
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typical bonding length, a larger cube with size of a = 3.0 Bohr is used. Similar to the H2 and HeH+,
a level 3 quadrature is employed to select the grids for He2, and the centers of cubes are placed at
the xz-plane. We compute 61 He2 structures with internuclear distance varying from 2.00 Å to
3.20 Å. In total, the dataset consisting of 86437 data points is divided into the training and
validation set according to the ratio of 4:1.
Employing KS-DFT/NN, we compute the ground state electron densities of 121 He2 structures
with internuclear distance evenly distributed between 2.00 Å and 3.20 Å; and B3LYP density is
taken as the initial guess. The average value is 4.5 × 10−5 for IB3LYP,CCSD and 8.3 × 10−9 for
INN,CCSD. Other representative values are available in Table S4. Compared to B3LYP density, KSDFT/NN density is about 4 order closer to the CCSD values. This confirms that the slight density
perturbation can be captured by the 3D-CNN which yields the correct xc potential that accounts
for vdW interaction. In Figure 3a, we plot the density deviations (compared to CCSD density) for
B3LYP and KS-DFT/NN in xz-plane for the equilibrium He2 structure, respectively. KS-DFT/NN
density is far closer to CCSD values. The relative energy of He2 versus the internuclear distance
obtained by integrating the force is shown in Figure 3b and 3c. The KS-DFT/NN potential energy
curve is closer to CCSD values, leading to far better equilibrium geometry than B3LYP.

Figure 3. Comparison among CCSD, B3LYP and KS-DFT/NN results for He2. (a) Absolute
density deviations compared to the CCSD benchmark for B3LYP (left) and KS-DFT/NN (right)
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result in xz-plane (logarithmic scale). The He–He distance is 3.00 Å. (b) and (c) Relative energy
versus the internuclear distance ranging from (b) 2.00 Å to 3.20 Å and (c) 2.80 Å to 3.20 Å.
H2/HeH+/He2 system Now we combine the datasets of H2, HeH+, and He2 as the H2/HeH+/He2
dataset, and train/validate the 3D-CNN again with a = 3.0 Bohr. The resulting model is then used
to calculate various properties of H2, HeH+, He2, and He–H–H–He2+. As shown in Figure 4a to
4c, KS-DFT/NN densities of H2, HeH+, and He2 coincide far better with CCSD benchmark than
B3LYP results, confirming again the accuracy and reliability of our KS-DFT/NN method. KSDFT/NN calculation is also carried out on the 441 He–H–H–He2+ structures. Compared to CCSD
benchmarks, the density deviations of KS-DFT/NN are much less than that of B3LYP, as shown
in Figure 4d and 4e, implying that the new 3D-CNN constructed on the H2/HeH+/He2 dataset
yields the accurate xc potential for He–H–H–He2+, and thus, confirming again its transferability.
More comparison of electron density of individual structures and I values are provided in
Figure S6 and S7.

Figure 4. Comparison of B3LYP and KS-DFT/NN densities against CCSD benchmarks. Upper
panel: density deviations for (a) H2 with the internuclear distance at 0.7420 Å and (b) HeH+ at
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0.7748 Å. The nuclear positions are marked with the vertical dashed lines. (c) Density deviation
for equilibrium He2 structures with the internuclear distance at 3.00 Å in xz-plane calculated using
B3LYP and KS-DFT/NN (logarithmic scale). Lower panel: density deviation for He–H–H–He2+
structures with RHe–H and RH–H equal to (d) 0.60 Å and (e) 0.80 Å, respectively.
With precision KS-DFT/NN densities we further calculate the forces for H2, HeH+ and He2, and
determine their equilibrium structures and the corresponding vibrational frequencies numerically.
Results are summarized and compared to CCSD and B3LYP in Table 1. KS-DFT/NN results are
very close to CCSD values, and overall more precise than B3LYP ones. In particular, KS-DFT/NN
results on He2 are far better than B3LYP: KS-DFT/NN equilibrium distance is 3.02 Å, comparable
with 3.01 Å of CCSD, and the vibrational frequency is 32.7 cm-1, comparable with 31.4 cm-1 of
CCSD. In contrast, B3LYP yields an equilibrium distance of 4.04 Å and a vibrational frequency
of 18.2 cm-1.
Table 1. Summary of calculated equilibrium properties of H2, HeH+, and He2
Mol.
H2

HeH+

He2

Method*

Eq. dis. (Å)

Freq. (cm-1)

CCSD

0.742

4398

B3LYP

0.742

4414

KS-DFT/NN

0.744

4377

CCSD

0.775

3219

B3LYP

0.788

3072

KS-DFT/NN

0.774

3195

CCSD

3.01

31.4†

B3LYP

4.04

18.2†

KS-DFT/NN

3.02

32.7†

*

CCSD and B3LYP results are obtained via analytical
geometry optimization
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†

vdW potential of He2 is anharmonic, and thus, the
calculated vibration frequency is theoretical and for the
assessment of calculation accuracy only.

Our 3D-CNN aims to yield the xc potential that reproduces high precision electron density, and
as a result, the corresponding KS-DFT/NN scheme results in highly accurate electron density; with
the accurate electron density, precision force is obtained, and further the relative energy and other
properties such as the vibrational frequency. Our KS-DFT/NN scheme results in both precision
electron density and also accurate energetics. One stone two birds!
We have addressed a chronic problem of DFT: van der Waals interaction, and demonstrated
convincingly that the 3D-CNN for xc potential is sensitive enough to capture the slight variance
of electron density caused by weak vdW interaction and thus model the vdW systems such as He2.
Machine learning requires data, and yet unfortunately, data for large molecular systems are rarely
available. This poses a serious obstacle for constructing machine learning based xc functional for
large molecules. We circumvent the problem by mapping quasi-local electron density to local xc
potential, and thus, the neural network trained with data of small molecules can yield the xc
potentials for larger systems. In this work, the 3D-CNN constructed on the data sets of H2 and
HeH+ can be used to yield accurately the xc potential of H3+ and He–H–H–He2+, and the KSDFT/NN calculation yields much better electron density of H3+ and He–H–H–He2+ than B3LYP.
Transferability from small to larger systems is another essential step for developing the universal
machine learning based xc potential. Going forward, our approach can be extended to more
complex systems like organic molecules using molecular fragments containing several atoms as
quasi-local density inputs for neural networks. Of course, more comprehensive investigation will
be necessary to construct better dataset and neural network architectures.
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