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ON REVERSE HOLDER AND MINKOWSKI INEQUALITIES
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ABSTRACT. In the paper, we give new improvements of the reverse Holder and Minkowski integral
inequalities. These new results in special case yield the Pélya-Szegd’s inequality and reverse Minkowski’s
inequality, respectively.
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1. Introduction

In [7], Pélya and Szegd’s established a reverse Holder’s inequality as follows (see also [4; p. 62]).
If0<mq <wup < M;and 0<mo <wvgp <My, where k =1,2,...,n, then

(S) () <3 i) ()

An integral analogue of the Pdlya-Szegd’s inequality easy follows.

If (E,A,z) is a measure space and f,g: E — R be positive measurable functions and f?(x),
g%(z) are integrable on E. If 0 < m; < f(z) < My and 0 < my < g(z) < Ms, then

(E/fz(x)dx>(/ oy _4(F F) (/f ) o

It should be noted that we write dx as a short replacement for du(x) in all integrals here and in
the sequel.

The Pdlya-Szegd’s inequality was studied extensively and numerous variants, generalizations,
and extensions appeared in the literatures (see 9], [10], [11], [2], |3], [3], [12], [1], 6], [13], [8] and
the references cited therein). The first aim of this paper is to give a new improvement of the
Pdlya-Szego’s inequality, which is generalization of the Pdlya-Szeg6’s inequality.

E/ (FM (Eﬁﬂi) P (x)gt e (x) — ul/p(x)vl/fI(m)> dz

1/p 1/q
> ( E/ (7o) ) ( E/ (o) ~ v(a))dz)
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where f(z), g(x) are positive, and u(z) and v(z) are non-negative measurable functions on the
measure space (E,A,x) and such that f(z) > u(x) and g(z) > v(z), p > 1, I/p+1/q = 1,
0<my < f(z) < M; and 0 < my < g(z) < M, and

_1 1-¢ _
i ampra e (1.3

for all 0 < ¢ < 1. Here I'p 4(§) is continuous at & = 1, and defined

Fp,q(l) = gh_ﬁ% Fp,q(f) =1

=

Fp,q (f) =p

Obviously, (1.1]) is a special case of (1.2]).
Another aim of this paper is to give the following new improvement of the well-known Pdélya
and Szegd’s inequality.

! 1/p
<E/ <F£’pp1 (ma, mg, My, M>) (f(x) + g(x))? — (u(z) + ”U(x))p> dx>

WECE u%x)}dx)l/p (o - v”(x)}dx)l/p,

where f(x),g(x) be positive measurable functions on the measure space (E, A4, z), and p > 1,
0 <mi < f(2)/(f(2) +g(x))P~! < My and 0 < mg < g(2)/(f(z) + g(x))P~* < Ma. Here u(z),
v(x) are non-negative measurable functions with f(z) > u(z) and g(z) > v(x), and

(1.4)

1 1 }
Ty (3) Do (52)

In order to establish inequality (1.4]), we establish the following Pélya and Szegd type inequality,
which is also a reverse Minkowski’s inequality.

where f(z),g(x), m1, ma, My, My and p are as in (1.4]).

Fp,%(ml,mg,Ml,Mg) mln{ (15)

2. Results

We need the following Lemmas to prove our main results.

LEMMA 2.1 ([5]). Let (E, A, x) be a measure space and f,g: E — R be positive measurable func-
tions, and f1/?g'/1 is integrable on E. Let p,q > 0, %+% =1. If0<m < f(x)/g(x) < M,

then
([ )" ( o) <r,, () [ pirracan (2.1)
E E E

where T'y, 4 (%) 18 as in .
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LEMMA 2.2. Let (E, A, x) be a measure space and f,g: E — R be positive measurable functions,
and fYPgl/1 is integrable on E. Let p,q > O,% +é =1. If0<my < f(x) < M; and 0 < mg <
g(x) < My, then

1/p 1/q
(/f(x)dx) (/g(w)dx) <Tp, (Elﬁ2>/f1/P(x)gl/Q(x)dx, (2.2)
1Mo
E E E
where 'y 4 (;}1;&2) is as in (1.3]).
Proof. This follows immediately from Lemma with i < ch Ei; < %—; O

A special case of inequality (2.2]) can be found in the book [6} p. 64].

LEMMA 2.3. Let (E, A, x) be a measure space and f,g: E — R be positive measurable functions,
and P, g" and (f + g)P are integrable on E. Ifp > 1,0 < my < f(2)/(f(z) + g(x))P~* < M,
and 0 < ma < g(z)/(f(z) + g(x))P~! < My, then

( E/ fp(x)dx)l/p +( b/ gP(x)dx)l/p S e ( E/ (f() +g<x>>?dx)1/p7 (23)

where I‘p,%(ml,mg,Ml,Mg) is as in (1.5)).

Proof. Noting that

Ju@+g@ras= [ 1@+ gtar-ar+ [ g@0@) + gl a,
E % 2

and let ¢ > 0 and % + % =1, and by using Lemma 2.1, we obtain

r (5 E/ Fa)(F(e) + gl > E/ ara) E/ (7o) + gl

and

r (57) [ s+ ooy -tar ([otwras)”( furas oo

E

1/p 1/p
!(f(@w(@)pdm(%( b/ f(x)”da:> +Fzm)( E/ g(a:)pdx) )

1/q
( Z () + gle)ras)
Therefore

(U@ +sras) v

1/q

X

=
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) i G (([rere) T (o))

M,y

{ P
min

Py

=Ty, (my,ma, My, My) F(z)Pda 1/p+ g(z)Pd )
(fsaras) "+ (

This completes the proof. O

We denote the set of non-negative real numbers by R in the rest of the paper.

LEMMA 2.4 (|1} p. 38] Bellman’s inequality). Let p > 1 and n € N. Moreover let

D, = {x = (vo,71,72,...,7,) € IRT‘l\xg >al+ab+ - +al}
and

n 1/p
(x) = (xﬁ—fo) (x = (z0,71,%2,...,2n) € Dy).
i=1
Then ¢: D,, — R is superadditive (i.e., x,y € D,, implies v +y € D,, and
o(x+y) = d(x) + dy), (2.4)

with equality if and only if v = py where p is a constant).
LEMMA 2.5 (|6: p. 58] Popoviciu’s inequality). Let p > 0, ¢ > 0, % + % =1, and a ={ay,...,a,}

n
and b = {b1,...,b,} be two series of positive real numbers and such that af — > af > 0 and
i=2

b — > b} > 0. Then
=2

n 1/p n 1/q n
<aq -y ) (bg B bg) < b~ Y aib, (2.5)
1=2 1=2 =2

with equality if and only if a = pub, where p is a constant.
Our main results are given in the following theorems.

THEOREM 2.1. Let (E, A, x) be a measure space and f,g: E — R be positive measurable functions

and u;(z) and v;(x) non-negative measurable functions such that f(x) — > u;(z) > 0 and g(z) —
i=1

vi(z) >0, where i = 1,2,...,n. If0 <my < f(x) < My, 0 <mg < g(z) < Ma, and p,q > 0,

NE

1
+ = =1. then

S

1
q

B —

(Fp,q (75 #7219 160) = Sl el "(x)) da

i=1

> (/ (f(a:) —izn;ui(x))dx>l/p</ (g(x)—zn:u,»(m)>dx> Uq?

= =1

where T') 4 (ﬁﬁ\%) is as in (1.3)).
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Proof. First, we prove the statement for n = 1. From Holder’s inequality and Lemma we

obtain
(J\H;E\Z) /f”” g"/1(x)dw > (/f dx) (E/g(x)da:>l/q, (2.7)
/ui/p(z)v%/q(x)dx < (/ul(x)dx>1/p</vl(x)dx>1/q_ (2.8)

E E E

From (2.7) and (2.8) and by using Lemma we have

/ (Foa (752 ) 1770 ) = /7ol ) ) o
1/p 1/p 1/q
(/f dz) < dx) < )dx) (E/vl(x)dx)
/p 1/q
Z(E/(f(x)—ul ) (! ) — v (z dx) .

This shows that (2.6)) is true when n = 1.
Suppose that (2.6) holds when n = k — 1, we have

J (B (G5 ) 7o) - ’iluz/p<x>v3/q<x>)dx
J -

and

" s (2.9)
> ( b[ () - ;um))dz) ( Z (o) =3 wla)ds)
From and and by using Lemma[2.5 we have
Coa( 33z ) f @90 (@) - iui/pmv}/q(x) da
. 1M i=1
([ (- Sto)or) " (f (0o
E E i=1
(E/uk ) (E/vk(x)dx>l/q
1/p k 1/q
> (E/ (f(x) ;ui(x)>dx) (E/ (g(:c);vi(m)>dx) .
The completes the proof. O

Remark 1. Putting n = 1, (2.6) becomes (1.2)) stated in the introduction. For u;(z) = v;(z) =0,
(2.6) reduces to (2.2).
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If taking for p = ¢ = 2 and u;(x) = v;(2) =0 (i = 1,2,...,n) in (2.6), and in view of

T mimes _ 1 4/]\41]\42 4+ 4 mimso
2,2 MlMQ 2 mimeso M1M2 ’

then (2.6)) changes to the following result.

( E/ f(x)dx)1/2< E/ g(m)dm>1/2 <3 <m 4 m ) E/ F2(2)g 2 (2)dz,  (2.10)

with equality if and only if f(x) and g(x) are proportional. Replace f/2(z) and f'/%(z) by f(z)
and g(z) in (2.10), respectively and hence in view of mg/Q(x) and Mil/z(x) are replaced by m; and
M; (i = 1,2), respectively. Therefore

( / fQ(x)dm>l/2< / g2(x)dx)1/2 < % <m + m ) / F(@)g(z)de.

This is just the Pélya-Szegé integral inequality (1.1)).

THEOREM 2.2. Let (E, A, x) be a measure space and f,g: E — R be positive measurable functions
n

and u;(z) and v;(z) non-negative measurable functions such that fP(x)— > u?(z) > 0 and gP(x) —
i=1

zn:vf(x) > 0, where i = 1,2,...,n. Ifp > 1,0 < my < f(x)/(f(z) + g(x))P~t < M; and
i=1
0 < ms < g(2)/(f(x) + g(&))P~" < My, then for n € N

([ (552 o M M) 1)+ 02— 3ot e
) -

Py

n 1/p 1/p
- ( E/ (P -3u @)ar) "+ ( E/ () -2 @)az)

where Fp,ﬁ(ml,mg,Ml,Mg) is as in (1.5)).

(2.11)

Proof. First, we prove the statement for n = 1. From Minkowski’s inequality and Lemma [2.3] it
is easy to obtain

-1, (ml,mg,Ml,Mg)(/(f(:v)+g(x))pdx)1/p > (/fp(at)dx>1/p+</gp(x)dx>l/p, (2.12)

Pyp—1
E E

and

1/p 1/ Uy
<E/(U1(a:)+v1(m))”dx> < (E/ul(x)d:c) + (E/Ul(x)d:z:> _ (2.13)
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From (2.12)), (2.13]) and by using Lemma we have

' p—1

> {[( / fp(x)dx>1/p+ ( / gp(x)dx)l/pr— K uf(x)dx>l/p+ ( / vf(x)dx)l/p]p}l/p
> ([irw - uff(w)]dw)l/p +( [l - vf(x)]dx)l/p.

([ (057, tmnma M1, 2 (£0) + 900 = (10() 4 00 @))) ) :

(2.14)
This shows that is true when n = 1.
Suppose that (2.11)) holds when n = k — 1, we have
k—1 1/p
([ (7 e, 2. M) )+ ) = S faslo) + (2] Yo )
i=1
L (2.15)
k—1 1/p k—1 1/p
> ([[ro-Xuw]e) "+ ([leo- o)
E i=1 B i=1

On the other hand

1/p 1/ "
(}!(w(x) +vi(x))pdg:) < <]!uZ (x)dx) + (b/vi (x)dx) . (2.16)

From (2.15)), (2.16]) and by using Lemma again, we have
k 1/p
([ (2 e, 2 M) )+ 90 = 3 (as(o) + (2] Yo )

B i=1
1

k— 1/p k-t 1/pp
z{[( Z[f%)_zui(xndx) - E/ OED ”i@”dx) }

=1

(
- K E/ uf(x)dx)l/p+ ( E/ vf(m)dx)l/pr}l/p

> ([ [ ijum)} dx)l/p+ ([|ro- Zvﬂx)]dx)l/p.

1=1
This completes the proof. O

Remark 2. Putting n = 1, (2.11]) becomes (1.6) stated in the introduction. For w;(x) = v;(z) = 0,
(2.11)) reduces to ([2.3).
Taking for p = ¢ = 2 and u;(z) = v;(x) =0 in (2.11)), (2.11) changes to the following result.

i i S (my, ma, My, My) - T N2 de 1/2.
(E/fz(z)d:v> +<!92<z>dz) < T34 (ma, o, My, M) (!(f( )+ gl o)
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