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Abstract

Utilizing highly distributed energy resources (DERs) dispersed in distribution networks is attracting recent attention
as an effective solution to support voltage control in subtransmission networks. However, a subtransmission network
usually has a large number of DERs within a small number of distribution networks. It is impractical to control these
DERs directly by the subtransmission voltage controller (STVC). To solve this challenge, each distribution network
with DERs is treated as a distributed energy resource cluster (DERC) and serves as the intermediary between DERs
and the STVC. The primary objective of each DERC is to rapidly follow the active power change command given by
the STVC. However, due to the high R/X ratio of lines in distribution networks, the active power changes of DERs
can also lead to serious power quality issues. To overcome these issues, this paper develops a novel distributed control
framework for DERCs. The proposed control framework consists of two modules: a command following module and a
power quality management module. The former one aims to rapidly track the active power change command from the
STVC by coordinating the active power of DERs in an optimal distributed manner. The latter one aims to improve the
power quality by coordinating both the active and reactive power of DERs also in an optimal distributed manner. The
effectiveness of the proposed control framework is tested through a modified IEEE 30-bus test system.

Keywords: Distributed control, active distribution network, distributed energy resources, voltage support,
subtransmission network

1. Introduction

Traditionally, voltage variations in a subtransmission
network are caused by slow load changes, which are han-
dled by controlling on-load tap changers (OLTCs) and
capacitors. However, with the integration of distributed5

wind farms at subtransmission levels, the voltage varia-
tions become fast and significant due to the inherent vari-
ability and intermittence of wind power. As a consequence,
OLTCs and capacitors may undergo an excessive number
of operations [1]. Moreover, in some cases, OLTCs and10

capacitors may be not fast enough to achieve certain con-
trol objectives due to their discrete control nature [1]. To
solve these challenges, some flexible controllers with fast
responses are required [2].

Due to the spatial distribution and fast responses, the15

option of using highly distributed energy resources (DERs)
scattered in distribution networks has gained a lot of at-
tention [3, 4, 5]. However, in a subtransmission network,
there usually are huge numbers of DERs within a small
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number of distribution networks. It is impractical and20

even impossible to control them directly by the subtrans-
mission voltage controller (STVC). To solve this challenge,
we regard each distribution network with DERs as a dis-
tributed energy resource cluster (DERC) which serves as
an intermediary between DERs and the STVC. The func-25

tion of DERC is to aggregate a cluster of DERs in the cor-
responding distribution network and create a single entity
to the STVC. It is similar to the function of load aggrega-
tors proposed in [3] and the virtual power plants used in
[4, 5].30

In our previous work [3, 4, 5], we focused on the coordi-
nation of DERCs from a subtransmission operator’s view
and the design of coordinated control schemes for DERCs
to provide flexible voltage support for subtransmisson net-
works. Particularly, in [3], the coordination of DERCs35

with conventional regulation devices such as OLTCs and
capacitors was considered. In this paper, we focus on the
detailed management scheme for each DERC and aim to
develop a general coordinated control framework for all
DERs to support the voltages via the DERC.40

For each DERC, the primary objective is to rapidly fol-
low the active power change command given by the STVC.
However, due to the high R/X ratio of lines in distribution
networks, active power changes of DERs may cause serious
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power quality issues such as significant voltage variation,45

serious voltage violation, and increased network losses in
the distribution network. To solve these issues, we pro-
pose a novel control framework for each DERC. The con-
trol framework consists of two modules: a command fol-
lowing module and a power quality management module.50

The former one aims to rapidly track the active power
change command from the STVC by coordinating the ac-
tive power of DERs, and the latter one aims to guarantee
the power quality by coordinating both the active and re-
active power of DERs.55

Usually, the coordination of DERs at distribution levels
is realized in a centralized manner by solving a network-
wide optimal power flow problem (e.g. [6, 7, 8]). How-
ever, such a centralized method lacks scalability to in-
corporate the increasing number of DERs in distribution60

networks [9]. Another approach for controlling DERs is
the local-policy based method that requires no communi-
cation at all (e.g. [10, 11, 12]). However, such a local-
policy based framework lacks coordination and usually
achieves a suboptimal solution, i.e., the full potential of65

DERs is not exploited in these local-policy based strate-
gies [9, 10]. There also exist distributed control strategies
that coordinate DERs in the network via information ex-
change among neighboring buses (e.g. [9, 13, 14, 15, 16]).
In [13], based on dual ascent method, a distributed feed-70

back control algorithm is proposed to regulate voltages
in the network. In [14], based on accelerated gradient
method, a fast distributed control scheme is developed to
coordinate DERs in distribution networks for voltage reg-
ulation. In [16], based on alternating direction method75

of multiplier (ADMM), DERs in the network are coordi-
nated to minimize the total power losses. However, all of
these works did not consider the problem of how to coor-
dinate DERs in distribution networks to provide ancillary
services for networks with higher voltage level. To over-80

come these issues, in this paper, we develop a distributed
control framework for each DERC, i.e., both the command
following and power quality management modules are real-
ized in an optimal distributed manner, which can achieve
optimal solutions only by requiring local communication85

between neighboring DERs. This framework can facili-
tate plug-and-play operations for the increased number of
DERs and simplify their integrations into the DERC. The
contributions of this paper are listed below:

• A general distributed control framework is proposed90

for DERCs to support voltage control in subtrans-
mission networks. It is suitable in practice for its
autonomy, flexibility, and scalability.

• The control problem of the command following mod-
ule is converted into an equivalent restricted agree-95

ment problem, and is solved by a novel consensus-
based algorithm in a distributed manner that has a
fast convergence speed.

• The multi-objective control problem of the power

quality management module is solved in a distributed100

manner based on a consensus version of ADMM.

• Through coordination of these two modules, each
DERC can rapidly respond to the active power change
command given by the STVC and guarantee the
power quality within the DERC at the same time.105

The rest of the paper is organized as follows. Section
II introduces the distribution network model to be stud-
ied and the communication network used for information
exchange between neighboring buses. The proposed dis-
tributed control framework is explicitly presented in Sec-110

tion III. A case study through a modified IEEE 30-bus
system is given in Section IV. Conclusions are presented
in Section V.

2. Network Description

2.1. Radial Distribution Network115

Consider a single-phase connected radial distribution
network with N + 1 buses. Denote the bus set as N :=
{0, 1, . . . , N} and the line set as E := {(i, j)} ⊆ N × N
that has N links representing the N line segments. Bus
0 denotes the point of common coupling (PCC), usually120

at the distribution substation. A radial distribution net-
work illustration is given in Fig. 1. We assume that the
active power change command from the STVC is sent to
the PCC, i.e., bus 0. We also assume that each bus i,
i = 1, . . . , N has one DER (e.g., distributed generator,125

storage device, or dispatchable load) with electronic inter-
face that can change its active or reactive power output
quickly [17, 18].

Figure 1: Schematic diagram of a radial distribution network

The DistFlow equations proposed in [19, 20] are em-
ployed to model the distribution network flow for each line
(i, j) ∈ E as follows

Pij −
∑

k∈Nd
j

Pjk = −pj + rij
P 2
ij +Q2

ij

v2i
(1a)

Qij −
∑

k∈Nd
j

Qjk = −qj + xij

P 2
ij +Q2

ij

v2i
(1b)

v2i − v2j = 2(rijPij + xijQij)− (r2ij + x2
ij)

P 2
ij +Q2

ij

v2i
(1c)

2



where vj , pj , and qj denote the voltage magnitude, active
and reactive power injection of bus j, respectively; Pij ,130

Qij are the active and reactive power from bus i to bus j,
respectively; rij and xij are the resistance and reactance
of line segment (i, j), respectively; and the nonlinear term
(P 2

ij + Q2
ij)/v

2
i represents the squared line current mag-

nitude that is associated with the loss term in (1a)-(1c).135

For convenience, we define N a
j and N d

j to denote bus j’s
one ancestral neighbor (e.g., N a

j = {i} in Fig. 1) and all

descendant neighbors (e.g., N d
j = {k, l} in Fig. 1), respec-

tively. In particular, for the bus l, l ∈ T where the set T
consists of all the buses at the end of the branch in the net-140

work (e.g. T = {l, N} in Fig. 1), we define N d
l = {l} and

Pll = Qll = 0, which is known as the terminal condition
[19].

The LinDistFlow model proposed in [11] is adopted to
linearize the DistFlow equations (1a)-(1c) by assuming the
negligible line losses and almost flat voltage profile:

Pij −
∑

k∈Nd
j

Pjk = −pj (2a)

Qij −
∑

k∈Nd
j

Qjk = −qj (2b)

vi − vj = rijPij + xijQij . (2c)

The accuracy of the LinDistFlow model (2) has been ver-
ified by several recent works, see [9, 10] for examples. Al-145

though the LinDistFlow model (2) is adopted to design
the distributed algorithms in this paper, the performance
of the proposed distributed control framework for DERC
has been verified by the case study where the full ac power
flow model is adopted for lossy distribution networks.150

2.2. Communication Network

As already mentioned, the whole control framework
will be implemented in a distributed manner. For the re-
quired communication network, we assume that

1. The communication network has the same topology155

as the physical network.

2. There are undirected communication links between
neighboring buses.

The above two assumptions are not conservative in prac-
tice and have been widely used in the literature (e.g. [9,160

16]). Note that, in the proposed control framework, the
command following and power quality management mod-
ules share the same communication network but with dif-
ferent information update algorithms.

3. Distributed control framework165

3.1. Overview

In this paper, based on the LinDistFlow equations (2a)-
(2c), a general distributed coordinated control framework

is proposed for DERCs to support voltage control in sub-
transmission networks. The proposed control scheme con-170

sists of two modules: a command following module and
a power quality management module. These two mod-
ules are designed in a complementary way such that each
DERC can rapidly respond to the active power change
command given by the STVC without jeopardizing the175

power qualities within the DERC. The details of these two
modules will be presented in Sections III-B and III-C, re-
spectively. The extension to the three-phase unbalanced
systems will be discussed at the end.

3.2. Command Following Module180

This module aims to rapidly follow the active power
change command given by the STVC by coordinating the
active power of DERs in an optimal distributed manner.
When DERs provide ancillary services to the grid, they
should be paid compensation fees. Here, we assign a simple
quadratic cost function fi(∆pi) for the ith DER, which is
widely used in the literature (e.g. [21]):

fi(∆pi) =
1

2
ai∆p2i + bi∆pi (3)

where ai > 0 and bi ≥ 0 are the price coefficients which
can be determined by bargaining between the STVC and
DER owners through the electricity market.

Based on the cost function (3) and linearized active
power flow equation (2a), we consider an optimal dispatch
scheme for DERs. The objective is to minimize the total
compensation fees paid by the STVC while satisfying the
active power change command and local control limits.
The optimization problem is given as follows:

min

N
∑

i=1

fi(∆pi), s.t.

N
∑

i=1

∆pi = ∆pref , ∆p
i
≤ ∆pi ≤ ∆pi

(4)
for all i = 1, . . . , N where ∆pref is the active power change
command given by the STVC; ∆pi denotes the active power185

change needed at bus i; ∆p
i
and ∆pi are the lower and up-

per bounds for ∆pi, respectively.
To solve (4) in a distributed way, we first convert it to

the following equivalent optimization problem by adding
the active power change command ∆pref received by the
PCC into (4) as a new decision variable ∆p0 with a local
constraint −∆pref ≤ ∆p0 ≤ −∆pref (i.e., ∆p

0
= ∆p0 =

−∆pref ):

min
N
∑

i=0

fi(∆pi) (5a)

s.t.

N
∑

i=0

∆pi = 0 (5b)

∆p
i
≤ ∆pi ≤ ∆pi, ∀i ∈ N (5c)

where f0(∆p0) =
1
2a0∆p20 + b0∆p0 with b0 ≥ 0. The pa-

rameter a0 will be selected later.
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Based on the cost function in (5a), an incremental cost
is introduced for each bus i:

λi =
dfi

d∆pi
= ai∆pi + bi, ∀i ∈ N . (6)

According to the first order optimality conditions of the
optimization problem (5a)-(5c), the optimal solution ∆p∗i , ∀i ∈
N can be uniquely expressed with λ∗:

∆p∗i = Pi

[

λ∗ − bi
ai

]

(7)

where λ∗ is the optimal incremental cost which is also
the Lagrange multiplier associated with the active power
balance equation in (5b), the notation Pi[·] denotes the
projection operator for bus i, i.e., it projects the argu-
ment into the local constraint [∆p

i
,∆pi]. Combining the

active power balance constraint in (5b) and the optimal
condition (7), the original optimization problem (5a)-(5c)
(which is assumed to be solvable) is formed as the following
restricted agreement problem:

N
∑

i=0

∆p∗i =

N
∑

i=0

Pi

[

λ∗ − bi
ai

]

= 0. (8)

To solve (8) in a distributed manner as quickly as
possible, we adopt the algorithm proposed in [21] which
has a fast convergence speed. The communication net-
work employed can be described as an undirected graph
G = {N , E ,W} where the communication weight matrix
W = (wij) ∈ R(N+1)×(N+1) . If (i, j) ∈ E , i 6= j, then

wij = wji > 0 and
∑N+1

j=1,i6=j wij < 1; otherwise, wij =
wji = 0. The diagonal entry wii of the matrix satisfies

wii = 1−
∑N+1

j=1,i6=j wij . Based on the communication net-
work mentioned above, the update process for each bus
i, i ∈ N is given as follows [21]:

λi(r + 1) =λi(r) +

N
∑

j=0

wijλj(r) −
N
∑

j=0

w̃ijλj(r − 1)

− α

(

Pi

[

λi(r) − bi
ai

]

− Pi

[

λi(r − 1)− bi
ai

])

(9)

whose first step performs the update λi(1) =
∑N

j=0 wijλj(0)−

αPi

[

λi(0)−bi
ai

]

. Here λi(r) denotes the incremental cost

of bus i at iteration r, r = 0, 1, 2, . . .; w̃ij is the ele-

ment of matrix W̃ = I+W
2 ∈ R(N+1)×(N+1) (here, I ∈

R(N+1)×(N+1) is the identity matrix). In order to guaran-
tee the convergence of (9), the step size α should satisfy
[21]:

0 < α < 2σmin(W̃ )min{ai} (10)

where σmin(W̃ ) denotes the smallest eigenvalue of W̃ and190

min{ai} denotes the smallest ai, i ∈ N . Once algorithm
(9) converges, the optimal active power change for each
bus i, i = 1, . . . , N can be calculated by (7).

In general, the larger α in algorithm (9) is, the faster
the algorithm will converge. As mentioned earlier, to al-195

low a distributed implementation, the active power change
command ∆pref received by bus 0 is added into the orig-
inal optimization problem (4) as a new decision variable
∆p0 with associated cost function f0(∆p0) = 1

2a0∆p20 +
b0∆p0. In order to not decrease the value of α, based on200

(10), the cost coefficient a0 should be selected such that
a0 ≥ min{ai}, i = 1, . . . , N .

3.3. Power Quality Management Module

Due to the high R/X ratio of lines in the distribution
network, the active power changes of DERs caused by the205

command following module may cause serious voltage is-
sues such as significant voltage variation, serious voltage
violation, and increased network losses. To handle these
issues, the power quality management module is proposed
by coordinating both the active and reactive power of210

DERs.
In the proposed power quality management module,

based on the linearized DistFlow equations (2a)-(2c), we
consider the following optimization problem:

min
∑

(i,j)∈E

rij
P 2
ij +Q2

ij

v2i
(11a)

subject to equations (2a)-(2c) and the constraints:

vj ≤ vj ≤ vj , j = 1, . . . , N (11b)

p
j
≤ pj ≤ pj , j = 1, . . . , N (11c)

q
j
≤ qj ≤ qj , j = 1, . . . , N (11d)

P01 = P̄0, Q01 = Q̄0, Pll = 0, Qll = 0, l ∈ T (11e)

where the objective is to minimize the total power losses
while guaranteeing that the voltage and power injections
of DERs stay whithin the allowable ranges. The symbols
vj and vj are the lower and upper voltage limits of bus j,215

respectively; p
j
and pj are the lower and upper limits of pj ,

respectively; q
j
and qj are the lower and upper limits of qj ,

respectively; P̄0 and Q̄0 are the original active and reactive
power transmitted from the subtransmission network to
the distribution network via PCC (bus 0) before activating220

the power quality management process, respectively. The
conditions P01 = P̄0 and Q01 = Q̄0 in (11e) indicate that
both the active and reactive power transmitted to the PCC
from the subtransmission network should remain the same
during the power quality management process, i.e. ∆P0 =225

∆Q0 = 0 (refer to Fig. 1 for illustration). This is due to
the fact that both the active and reactive power change of
DERC (i.e., ∆P0 and ∆Q0) has an influence on the voltage
regulation performance in the subtransmisson network due
to the nonzero P/Q and V/Q sensitivity values [3, 5].230

It is worth mentioning that minimizing the network
losses can improve the control performance of the com-
mand following module. Since in the command following
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module the linearized active power flow equation (2a) is
adopted to design the dispatch problem (4) where the line235

loss is neglected, there will be a difference between the ac-
tual achieved active power change command and the ex-
pected one. So the smaller the network loss is, the more ac-
curate the active power change command will be achieved.

In order to reformulate the above optimization problem
as a convex quadratic program with linear constraints, we
assume that the objective in (11a) can be approximated

by
∑

(i,j)∈E rij
P 2

ij+Q2

ij

v2

0

under a relatively flat voltage profile

[16]. Further, we observe that pj can be uniquely deter-
mined by the active power flow through bus j, i.e., Pij , i ∈
N a and Pjk, k ∈ N d (refer to (2a) and Fig. 1 for illustra-
tion), and qj can be uniquely determined by the reactive
power flow through bus j, i.e., Qij , i ∈ N a and Qjk, k ∈
N d (refer to (2b) and Fig. 1 for illustration). Thus, the
optimization problem (11a)-(11e) can be reformulated as
an optimization problem where P = {Pij}, (i, j) ∈ E ,
Q = {Qij}, (i, j) ∈ E and v = {vj}, j = 1, . . . , N are the
decision variables:

min
P ,Q,v

∑

(i,j)∈E

rij
P 2
ij +Q2

ij

v20
(12a)

subject to ∀j = 1, . . . , N :

vj = vi − (rijPij + xijQij) , i ∈ N a
j (12b)

vj ≤ vj ≤ vj (12c)

p
j
≤

∑

k∈Nd
j

Pjk −
∑

i∈Na
j

Pij ≤ pj (12d)

q
j
≤

∑

k∈Nd
j

Qjk −
∑

i∈Na
j

Qij ≤ qj (12e)

P01 = P̄0, Q01 = Q̄0, Pll = 0, Qll = 0, l ∈ T . (12f)

It can be seen from (12a)-(12f) that 1) the objective in240

(12a) can be separated into a sum of individual terms for
each bus j and 2) the decision variables related to the con-
straints of bus j in (12b)-(12f) are only associated with its
neighbors. Inspired by this particular structure, we adopt
a consensus version of ADMM to solve the optimization245

problem (12a)-(12f) in a distributed manner. The ADMM
has been widely used in the literature for its better con-
vergence speed compared with other distributed solvers
[16, 9]. The general discussion of ADMM can be found in
[22].250

To implement the ADMM update in a distributed man-
ner for the optimization problem (12a)-(12f), we need to
reformulate the optimization problem (12a)-(12f) as a consensus-
based problem [9, 16]. To this end, we assign 2|N d

j | + 4

auxiliary variables (i.e., P̃ji, i ∈ N a
j , P̃jk, k ∈ N d

j , Q̃ji, i ∈

N a
j , Q̃jk, k ∈ N d

j , ṽjj , and ṽji, i ∈ N a
j ) to each bus j,

which are used to locally estimate its own decision vari-
ables and the decision variables related to its neighbors.
Then, the optimization problem (12a)-(12f) can be refor-
mulated as follows:

min
P̃ ,Q̃,ṽ

N
∑

j=1

rij
P̃ 2
ji + Q̃2

ji

v20
(13a)

subject to ∀j = 1, . . . , N :

ṽjj = ṽji −
(

rij P̃ij + xijQ̃ji

)

, i ∈ N a
j (13b)

vj ≤ ṽjj ≤ vj (13c)

p
j
≤

∑

k∈Nd
j

P̃jk −
∑

i∈Na
j

P̃ji ≤ pj (13d)

q
j
≤

∑

k∈Nd
j

Q̃jk −
∑

i∈Na
j

Q̃ji ≤ qj (13e)

P̃ji = Pij , i ∈ N a
j , and P̃jk = Pjk, k ∈ N d

j (13f)

Q̃ji = Qij , i ∈ N a
j , and Q̃jk = Qjk, k ∈ N d

j (13g)

ṽjj = vj , and ṽji = vi, i ∈ N a
j (13h)

P01 = P̄0, Q01 = Q̄0, Pll = 0, Qll = 0, l ∈ T (13i)

where P̃ = {P̃jk}, k ∈ N a
j ∪N

d
j , Q̃ = {Q̃jk}, k ∈ N a

j ∪N
d
j

and ṽ = {ṽjj , ṽji}, i ∈ N a
j , j = 1, . . . , N . The conditions

(13f)-(13h) enforce the agreement between each decision
variable and its local auxiliary copy, which leads to the
equivalence between optimization problem (12a)-(12f) and255

(13a)-(13i) [9, 16].
For the consensus-based optimization problem (13a)-

(13i), its augmented Lagrangian function is formulated as

L(P̃ , Q̃, ṽ) =
∑N

j=1 Lj where

Lj = rij
Q̃2

ji + Q̃2
ji

v20
(14a)

+
ρP
2





∑

i∈Na
j

(P̃ji − Pij)
2 +

∑

k∈Nd
j

(P̃jk − Pjk)
2



 (14b)

+
ρQ
2





∑

i∈Na
j

(Q̃ji −Qij)
2 +

∑

k∈Nd
j

(Q̃jk −Qjk)
2



 (14c)

+
ρv
2



(ṽjj − vj)
2 +

∑

i∈Na
j

(ṽji − vi)
2



 (14d)

5



+
∑

i∈Na
j

λP
ji(P̃ji − Pij) +

∑

k∈Nd
j

λP
jk(P̃jk − Pjk)

+
∑

i∈Na
j

λQ
ji(Q̃ji −Qij) +

∑

k∈Nd
j

λQ
jk(Q̃jk −Qjk)

+ λv
jj(ṽjj − vj) +

∑

i∈Na
j

λv
ji(ṽji − vi)

(14e)

where ρP > 0, ρQ > 0, and ρv > 0 are the given penalty
coefficients that are used to penalize the difference be-
tween the local estimates and the global variables; λP

ij , i ∈

N a
j , λ

P
jk, k ∈ N d

j , λ
Q
ij , i ∈ N a

j , λ
Q
jk, k ∈ N d

j , λ
v
j , and260

λv
i , i ∈ N a

j are the Lagrangian multipliers for the con-
straints (13f)-(13h) of each bus j. Note that L is differ-
ent from the conventional Lagrangian function, where all
equality constraints (13f)-(13h) are regularized by the ad-
ditional quadratic terms. Interestingly, this modification265

do not change the optimal value [9, 16]. Using the aug-
mented Lagrangian function L, we propose a consensus-
based ADMM algorithm to solve (13a)-(13h) that works
in an iterative manner. Thanks to the decomposable struc-
ture of L, the τ th iteration can be performed locally for270

each bus j. The details of one iteration is given as follows:

1. Update auxiliary variables: For each bus j, j =
1, . . . , N , its local auxiliary variables P̃ji(τ), i ∈ N a

j ,

P̃jk(τ), k ∈ N d
j , Q̃ji(τ), i ∈ N a

j , Q̃jk(τ), k ∈ N d
j ,

ṽjj(τ), and ṽji(τ), i ∈ N a
j are updated by solving

the following optimization problem locally:

minLj , s.t. (13b), (13c), (13d), and (13e). (15)

where the global variables Pij(τ), i ∈ N a
j , Pjk(τ), k ∈

N d
j , Qij(τ), i ∈ N a

j , Qjk(τ), k ∈ N d
j , vj(τ), and

vi(τ), i ∈ N a
j used in (15) are fixed and regarded

as constant. The solutions of (15) are denoted as275

P̃ji(τ + 1), i ∈ N a
j , P̃jk(τ + 1), k ∈ N d

j , Q̃ji(τ +

1), i ∈ N a
j , Q̃jk(τ + 1), k ∈ N d

j , ṽjj(τ + 1), and
ṽji(τ + 1), i ∈ N a

j .

2. Update global variables: This step updates the global
variables Pij , i ∈ N a

j , Pjk, k ∈ N d
j , Qij , i ∈ N a

j ,

Qjk, k ∈ N d
j , vj , and vi, i ∈ N a

j used in (15) for
each bus j, j = 1, . . . , N :

Pij(τ + 1) =
1

2
(P̃ij(τ + 1) + P̃ji(τ + 1))

Qij(τ + 1) =
1

2
(Q̃ij(τ + 1) + Q̃ji(τ + 1))

vj(τ + 1) =
1

1 + |N d
j |

(ṽjj(τ + 1) +
∑

k∈Nd
j

ṽkj(τ + 1))

Pll = 0, Qll = 0, vll(τ + 1) = ṽll(τ + 1), l ∈ T

P01 = P̄0, Q01 = Q̄0.

(16)

Note that P̃ij (Q̃ij) and P̃ji (Q̃ji) are different which
are the auxiliary variables assigned to the bus i and280

bus j to estimate the shared global variable Pij (Qij),
respectively. This step requires communication be-
tween neighboring buses as the global variables are
update by the average of the respective local auxil-
iary variables of neighboring buses.285

3. Update Lagrangian multipliers: The multipliers as-
signed to each bus j, j = 1 . . . , N are updated lin-
early by the mismatch of the corresponding consen-
sus constraint:

λP
ji(τ + 1) = λP

ji(τ) + ρP

[

P̃ji(τ + 1)

−Pij(τ + 1)] , i ∈ N a
j

λP
jk(τ + 1) = λP

jk(τ) + ρP

[

P̃jk(τ + 1)

−Pjk(τ + 1)] , k ∈ N d
j

(17a)

λQ
ji(τ + 1) = λQ

ji(τ) + ρQ

[

Q̃ji(τ + 1)

−Qij(τ + 1)] , i ∈ N a
j

λQ
jk(τ + 1) = λQ

jk(τ) + ρQ

[

Q̃jk(τ + 1)

−Qjk(τ + 1)] , k ∈ N d
j

(17b)

λv
jj(τ + 1) = λv

jj(τ) + ρv [ṽjj(τ + 1)

−vj(τ + 1)]

λv
ji(τ + 1) = λv

ji(τ) + ρv [ṽji(τ + 1)

−vi(τ + 1)] , i ∈ N a
j .

(17c)

Since all variables involved in this step have been
calculated locally in the previous steps, this step can
be realized locally for each bus.

Through the above iterative process, the global optimal
solutions can be obtained [9, 16]. Once the algorithm290

converges, the optimal active and reactive power injec-
tion for each bus j, j = 1, . . . , N can be calculated by
(2a) and (2b), i.e., p⋆j =

∑

k∈Nd
j
P̃ ⋆
jk −

∑

i∈Na
j
P̃ ⋆
ji and

q⋆j =
∑

k∈Nd
j
Q̃⋆

jk −
∑

i∈Na
j
Q̃⋆

ji, respectively.

Remark 1. Note that 1) the power quality management295

module only takes actions after the command following
module is finished, and 2) both modules only take actions
after the respective distributed algorithms (i.e., (9) for the
command following module and (15)-(17c) for the power
quality management module) converge. When implement-300

ing the framework in practice, the optimal solutions ob-
tained through the proposed distributed algorithms should
meet the requirement of accuracy [2]. In the command
following module, for an accuracy level ε1, the algorithm
(9) needs r0 iterations to converge after which ||∆p(r) −305

∆p∗||2 ≤ ε1, ∀r > r0 where ∆p = [∆p1, . . . ,∆pN ]T , ∆p∗

is the optimal solution, and || · ||2 denotes the l2 norm.
Thus, the time that it takes for the algorithm (9) to con-
verge is t1 = r0τ1 where τ1 = r+1−r denotes the time scale
in the command following module which is close to the310

calculation time needed for hardware to complete one step
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iteration (millisecond). The similar definition is applied
to the algorithm (15)-(17c) in the power quality manage-
ment module with the accuracy level ε2, required iteration
number τ0 (after which ||x(τ) − x∗||2 < ε2) and required315

calculation time t2 = τ0τ2 with time scale τ2, where x =
[pT , qT ]T with p = [p1, . . . , pN ]T and q = [q1, . . . , qN ]T ,
and x∗ is the optimal solution.

Remark 2. In the proposed control framework, increas-
ing and decreasing both active and reactive power produc-320

tion of DERs are considered for control purposes. But
in most cases, DERs (e.g. photovaltaic) operate in maxi-
mum power tracking mode and only deceasing production
is allowed. To handle this issue, the whole scheme can
be modified to give priority to reactive power adjustment325

and decrease active generation only if needed. Particu-
larly, 1) in the command following module, the decision
variables can change from active power to reactive power
of DERs (in this paper, STVC is considered to give active
power change command ∆pref , but in our design (e.g.,330

[4]), STVC can also give reactive power change command
∆qref ); 2) in the power quality management module, the
upper change limit of active power for each DER can set
to its maximum power point (which means only deceasing
production is allowed) and two new terms related to control335

cost ||p||Λp
and ||q||Λq

can be added in the objective, where
||p||Λp

= pTΛpp (similarly for ||q||Λq
), the matrices Λp

and Λq are diagonal whose elements are positive, and the
diagonal element of Λq can be selected much larger than
that of Λp.340

Remark 3. The performance of the proposed control frame-
work depends on the availability and quality of the bus-to-
bus communication links in distribution networks. So far
we assume that these links provide perfect service. Nonethe-
less, communication link failures may happen in practice,345

which may have bad effects on the control performance. In
the command following module, how the distributed algo-
rithm (9) would handle link failures is still an open ques-
tion and will be studied in future. In the power qual-
ity management module, asynchronous ADMM-based algo-350

rithm can be utilized to handle the random communication
link failure [9], but how to cope with the permanent link
failures for ADMM-based algorithm (15)-(17c) is still an
open question, and deserves attention.

Remark 4. The ideas presented in this section can be ex-355

tended to three-phase balanced systems by implementing
independent control framework on each phase, i.e., each
phase is regarded as an independent DERC. This is re-
alistic since there are commercially available single-phase
DERs that are capable of providing both active and reac-360

tive power [23]. How to extend the proposed framework to
three-phase unbalanced system will be studied in the future.

4. Case Study

4.1. Test System

The modified IEEE 30-bus test system introduced in365

[3] is employed to show the effectiveness of the proposed
control framework, whose parameters can be found in [3]
and network diagram is given in Fig. 2. In the modified
IEEE 30-bus test system, there are 15 load buses (buses 1
to 15) in the subtransmission network and each load bus370

is assumed to have a DERC. In this paper, each DERC is
replaced by a distribution network with DERs rather than
being treated as an aggregated controller as did in [3].

Figure 2: Modified IEEE 30-bus test system

The IEEE 123-bus test feeder [24] is employed to model
the distribution network of DERC at load bus 3, whose375

diagram is given in Fig. 3. And the IEEE 34-bus test
feeder [24] is adopted to model the distribution networks
of DERCs at the remaining 14 load buses, whose dia-
gram is shown in Fig. 4. To simplify the analysis, the
IEEE 123-bus test feeder is modeled as a 4.16 kV single-380

phase network with N = 122, where each line segment has
impedance value (0.17+ j0.17) Ω, each bus has a constant
load of (30 + j0) kVA, and a DER whose active power
change limit is [−20, 20] kW and reactive power change
limit is [−100, 100] kvar. The IEEE 34-bus test feeder385

is modeled as a 12 kV single-phase network with N = 33,
where each line segment has impedance value (0.23+j0.36)
Ω, each bus has a constant load of (50 + j10) kVA and a
DER whose active power change limit is [−30, 30] kW and
reactive power change limit is [−100, 100] kvar.390

For the communication network of each distribution
network, as mentioned in Section II-B, it has the same
topology as the physical grid. In the command following
module, each edge (i, j) ∈ E is assigned a weight wij which
can be calculated by a simplified computation method:395

wij =
1

1+max{Di,Dj}
whereDi is the degree of bus i, i ∈ N .
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Figure 3: IEEE 123-bus test feeder

Figure 4: IEEE 34-bus test feeder

4.2. Simulation Results

During the simulation, the STVC proposed in [3] is
employed to give the active power change command for
each DERC, where DERCs are coordinated with 4 OLTCs400

and 4 capacitors existed in the subtransmission network.
Once each DERC receives the command, its corresponding
control framework is activated at once. Each DERC has
the following two control objectives:

1. Tracking the active power change command from the405

STVC quickly.

2. Managing the power quality within the DERC.

In order to test the effectiveness of the proposed control
framework, during the simulation, the full ac power flow
model, instead of the approximate power flow model (2), is410

used to model the power flow of real distribution networks.
In addition, during the simulation, the taps of the existing
OLTCs in each distribution network are held constant for
the following reasons: 1) it is assumed that the ability
of the DERs to react to voltage violations is faster than415

that of the OLTCs and 2) the purpose of the case study
is to test the control effectiveness of the proposed control
framework, so we are interested in studying the ability
of our control architecture to correct violations without
additional help from the OLTCs.420

Table 1: The cost coefficients in the command following module

Bus a Bus a Bus a Bus a
0 1.176 9 1.009 18 1.105 27 1.010
1 1.176 10 1.197 19 1.051 28 1.012
2 1.058 11 0.887 20 1.109 29 1.144
3 0.992 12 0.842 21 1.173 30 0.994
4 1.056 13 0.844 22 1.189 31 0.957
5 1.018 14 0.825 23 0.877 32 1.069
6 1.059 15 0.962 24 0.856 33 1.097
7 1.018 16 0.979 25 1.079 – –
8 1.088 17 0.946 26 0.838 – –

Here are the parameters used in the designed control
framework for each DERC in the command following mod-
ule:

• The cost coefficients of the cost function (3) for IEEE
34-bus feeder are given in Table 1 where bi = 0, i ∈425

N ; the cost coefficients in (3)for IEEE 123-bus feeder
are randomly selected in Table 1.

• The step size α is selected as 0.25σmin(W̃ )min{ai}
for IEEE 34-bus feeder and 0.1σmin(W̃ )min{ai} for
IEEE 123-bus feeder.430

• The sampling time period τ1 is selected as 10 ms,
which is a typical time needed for commercial off-
the-shelf hardware to complete one iteration step [2];
the accuracy level ε1 = 1 kW for IEEE 34-bus test
feeder and ε1 = 2 kW for IEEE 123-bus test feeder.435

For the power quality management module:

• The voltage control limits in (11) are set as vi = 0.95
p.u. and vi = 1.05 p.u. for each bus i, i ∈ N .

• The penalty coefficients used in (14b) are selected as
ρP = ρQ = 0.01 and ρv = 0.00001 (ρP = ρQ = 0.02440

and ρv = 0.0001) for IEEE 34-bus feeder (IEEE 123-
bus feeder).

• Similar to the command following module, the sam-
pling time period τ2 is selected as 10 ms; the accu-
racy level ε2 = 0.1 (ε2 = 0.2) p.u. for IEEE 34-bus445

feeder (IEEE 123-bus feeder).

In the STVC proposed in [3], the 15 DERCs are uti-
lized to help regulate the voltages of two selected critical
buses 2 and 10 in the subtransmission network within their
respective range [1.0187 1.0227] p.u. and [0.9757 0.9797]450

p.u. with the high penetration of wind power. The control
actions of DERCs are activated at t = 32, 45, 47 min. The
required active power changes of 15 DERCs at these three
time instants can be found in [3]. Fig. 5 (Fig. 6) compares
the control performance of the critical bus 2 (bus 10) with-455

out and with the proposed control framework. It can be
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seen from Fig. 5 and Fig. 6 that both the voltages of the
two critical buses can be regulated within the predefined
ranges, i.e., the command following module of each DERC
achieves the desired control performance.460
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Figure 5: The voltage profile of the critical bus 2
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Figure 6: The voltage profile of the critical bus 10

Fig. 7 and Fig. 8 show the decision results and error
evolution versus iteration number in the distributed algo-
rithm (9) of the command following module of DERC 10
at t = 32 min and DERC 3 at t = 45 min, respectively.
Note that the overshoot process shown in Fig. 7a and Fig.465

8a is caused by the nonlinear projection operator P in (9)
[21], which can not be avoided. It should also be noticed
that the overshoot process has no influence on the control
performance since the solutions are applied only when the
algorithm (9) converges (mentioned in Remark 1). The470

error is defined as ||∆p(r)−∆p∗||2, where ∆p∗ is the op-
timal solution obtained through the centralized dispatch
with the interior point algorithm. It can be seen from Fig.
7 and Fig. 8 that, given the accuracy level ε1, the required
iteration number r0 < 200, i.e., t1 < 2 s. In the case study,475

the parameters of the command following module are se-
lected such that the execution time t1 of each DERC to
achieve the accuracy level ε1 is less than 2 s in all cases,

as illustrated in Fig. 5 and Fig. 6, this is short enough to
guarantee a desired control performance [3].480
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Figure 7: The decision results and error evolution versus iteration
number in the distributed algorithm (9) of DERC 10 (IEEE 34-bus
feeder) at t = 32 min
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Figure 8: The decision results and error evolution versus iteration
number in the distributed algorithm (9) of DERC 3 (IEEE 123-bus
feeder) at t = 45 min

Fig. 9 and Fig. 10 shows the error evolution versus
iteration number in the distributed algorithm (15)-(17c)
of the power quality management module of DERC 10 at
t = 32 min and DERC 3 at t = 45 min, respectively. The
error is defined as ||x(τ) − x∗||2, where x∗ is the optimal485

solution obtained through the centralized dispatch with
the interior point algorithm. It can be seen from Fig. 9
and Fig. 10 that, for the accuracy level ε2, the required
iteration number τ0 < 400, i.e., t2 < 4 s. In the case
study, the parameters of the power management module490

are selected such that the execution time t2 of each DERC
to achieve the accuracy level ε2 is less than 4 s in all cases.

We further compare the convergence performance be-
tween ADMM-based algorithm (15)-(17c) and dual-ascent
algorithm in [13]. Fig. 11 shows the simulation results495

of DERC 10 (IEEE 34-bus feeder) at t = 32 min. It can
be seen from Fig. 11 that the convergence speed of our
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Figure 9: The error evolution versus iteration number in the dis-
tributed algorithm (15)-(17c) of DERC 10 (IEEE 34-bus feeder) at
t = 32 min
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Figure 10: The error evolution versus iteration number in the dis-
tributed algorithm (15)-(17c) of DERC 3 (IEEE 123-bus feeder) at
t = 45 min

proposed ADMM based algorithm is faster than that of
dual-ascent method, which demonstrates the advantage of
utilizing ADMM in our algorithm.500

To demonstrate the effectiveness and importance of the
proposed power quality management module, we compare
the voltage profile of DERC 10 (DERC 3) without and
with the proposed power quality management module at
t = 32 min (t = 45 min). The simulation results are shown505

in Fig. 12 and Fig. 13. It can be seen from Fig. 12 and
Fig. 13 that the voltage violation is avoided when the
power quality management module is activated.

5. Conclusions and Future Work

In this paper, a general distributed control framework510

has been proposed for DERCs to provide voltage support
for subtransmission networks. In order to allow a dis-
tributed implementation, in the proposed control frame-
work, different distributed control algorithms are constructed
for the command following module and the power quality515
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Figure 11: Convergence performance comparison
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Figure 12: The voltage profile of DERC 10 (IEEE 34-bus feeder) at
t = 32 min
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Figure 13: The voltage profile of DERC 3 (IEEE 123-bus feeder) at
t = 45 min

management module, respectively. Through coordination
of these two modules, each DERC can quickly track the ac-
tive power command from the STVC without jeopardizing
the power quality at the same time. The effectiveness of
the proposed control framework has been tested through520

a case study with the modified IEEE 30-bus test system.
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In the proposed control framework, we only consider
the case where the communication links between buses are
perfect. An important extension is to cope with the situ-
ation where the communication link failure happens. Fu-525

ture works will also concern how to achieve better control
performance with distributed algorithms that have very
fast convergence speed. In order to better cope with the
fast system changes in distribution networks, online algo-
rithms will also be considered for control purpose in future.530
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