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Chiral magnetic effect in three-dimensional optical lattices
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Although Weyl semimetals have been extensively studied for exploring rich topological physics, the direct
observation of the celebrated chiral magnetic effect (CME) associated with the so-called dipolar chiral anomaly
has long intrigued and challenged physicists, still remaining elusive in nature. Here we propose a feasible scheme
for experimental implementation of ultracold atoms that may enable us to probe the CME with a pure topological
current in an artificial Weyl semimetal. The paired Weyl points with the dipolar chiral anomaly emerge in the
presence of the well-designed spin-orbital coupling and laser-assisted tunneling. Both of the two artificial fields
are readily realizable and highly tunable via current optical techniques using ultracold atoms trapped in three-
dimensional optical lattices, providing a reliable way for manipulating Weyl points in the momentum-energy
space. By applying a weak artificial magnetic field, the system processes an auxiliary current originated from the
topology of a paired Weyl points, namely, the pure CME current. This topological current can be extracted from
measuring the center-of-mass motion of ultracold atoms, which may pave the way to directly and unambiguously
observe the CME in experiments.
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I. INTRODUCTION

Quantum simulation is one of the major topics in ultracold-
atom research. Compared to condensed matter, ultracold-
atomic gases trapped in optical lattices (OLs) host advantages
such as precise control of the system parameters and the dis-
order [1–6]. Furthermore, effective gauge fields, for instance
the spin-orbital coupling (SOC) [7–15] and the magnetic field
[16–22], can be synthesized by means of optical techniques
[23,24]. Thus, ultracold atoms offer a versatile platform for
quantum simulation and exploration of diverse condensed-
matter phenomena, such as topological quantum states of
matter [4–6], which have emerged as a popular topic in recent
years.

Among topological materials, Weyl semimetals (WSMs)
associated with Weyl points (WPs) [25–31] provide a promis-
ing avenue for investigating and understanding massless chiral
fermions in the relativistic quantum field theory [32], and
thereby attract tremendous research interest. In WSMs, WPs
stem from the fact that the conduction and valence bands con-
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tact only at discrete points in the three-dimensional (3D) Bril-
louin zone (BZ) [33]. By virtue of the broken time-reversal or
(and) inversion symmetry, WPs in such an electronic structure
emerge in pairs [34]. The paired WPs have wide applications
for topological states, for instance the simulation of the long-
sought magnetic monopoles in momentum space and the
associated Fermi arc modes, whose spatial distributions are
localized on surfaces of materials [35].

As a result of recent progress in the investigation of WSMs,
it has been revealed that there is an exotic kind of anomalous
topological current in the electromagnetic response theory of
WPs. This phenomenon is known as the chiral magnetic effect
(CME) and arises from the topology of paired WPs [36–40].
The emergent topological current is proportional to not only
the external magnetic field, but also the energy shift between
the paired WPs even in the absence of averaged electric
fields in real space. Although some possible indications were
reported for the CME current with other mixed currents in
condensed-matter systems (e.g., usual chiral anomaly currents
associated with the nonzero parallel component of electric and
magnetic fields) [41,42], a direct and smoking-gun probe of
pure CME currents remains elusive owing to the lack of flexi-
ble techniques of engineering and manipulating WPs in real
materials. A recent experiment shows that superconducting
quantum circuits provide a possibility for mimicking CME
currents in a virtual sense [43]; no real particle currents were
detected there. On the other hand, WPs can be engineered via
the laser-assisted tunneling or synthetic SOCs for ultracold
atoms in OLs [44–54]. By deliberately designing the laser’s
configurations, the band structure possesses WP pairs in the
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BZ. Since ultracold atoms provide great controllability for
studying topological matter [4–6], it inspires us to search for a
promising experimental scheme to manipulate WPs to probe
the exotic CME unambiguously.

In this paper, we present a feasible proposal for simulating
the CME with ultracold atoms in a 3D OL. Our main results
are as follows: (i) The paired WPs are engineered in the
presence of a Rashba-type SOC and the band inversion with
respect to spins. Here the SOC has been realized in exper-
iments using ultracold atoms [11,12], which is our starting
point, while the band inversion can be naturally introduced in
the atomic operator representation. It results in separated WPs
with opposite chirality along the z axis of the BZ. The distance
between the paired WPs can be tuned by the spin imbalance
or additional Zeeman field. (ii) The laser-assisted-tunneling
technique [18] serves as a perfect tool for engineering the en-
ergy shift between the paired WPs and the effective magnetic
field. It paves the way for engineering WPs associated with the
CME. (iii) In the generation of the energy shift and magnetic
field, their magnitudes and directions are all controllable by
the laser fields. It facilitates the observation of the topological
current [cf. Eq. (3)], providing direct evidence of the CME.

II. WEYL HAMILTONIAN

The system of our interest is governed by the following
WSM Hamiltonian in a tight-binding model,

H (k) =
∑

k

⎡
⎣mz − 2t

∑
l=x,y,z

cos(kld )

⎤
⎦σz + 2λ sin(kzd )σ0

+ 2α sin(kxd )σx + 2α sin(kyd )σy. (1)

Here we have chosen the spinor base ak = (ak,↑, ak,↓)T ,
with ak,σ denoting the annihilation operator of spin-σ = ↑,↓
atoms. mz is the energy shift with respect to spins. t is
the nearest-neighbor tunneling magnitude. d is the lattice
constant. λ characterizes a spin-independent tunneling along
the z direction, which will play a key role for the energy shift
between the paired WPs. α is the SOC strength. σ0,x,y,z are
Pauli matrices.

We first investigate the simple case with λ = 0. The mz

term breaks the time-reversal symmetry, while the SOC de-
stroys the space-inversion symmetry. However, the Hamil-
tonian (1) with λ = 0 is still inversion invariant along the
z direction. Hence, in the BZ, the paired WPs with oppo-
site chirality reside at kW = (0, 0,±kW ) on the kz axis with
kW ≡ arccos[(mz − 4t )/2t]. The chirality of each WP is also
equivalent to the Chern number of a closed surface that
encloses a WP in momentum space [46], and thereby serves
as a topological invariant. Here, for simplicity but without
loss of generality, we have assumed that 2t < mz < 6t . In the
vicinity of the WPs, Hamiltonian (1) is approximately linear
with respect to k,

Hξ = vW ‖kxσx + vW ‖kyσy + ζvW ⊥kzσz. (2)

We can see that the WPs resemble massless Weyl fermions
with chirality ζ = +(−) for the left- (right-)handed one. Here,
vW ’s denote the velocities of the WPs. Such a band structure
gives rise to a rich topological phenomenon. The paired WPs

FIG. 1. (a) Sketch of the simulated CME current. (b) Sketch
of the 3D lattice accompanied by SOC (red and green arrows)
and spin-dependent tunneling (blue arrows). We denote αx = αy ≡
α(−1) jx+ jy+ jz . (c) Raman lasers placed in the y direction enable
tunneling with the spatially modulated phase along the z direction.
(d) Nonzero magnetic flux per square plaquette in the y-z plane. The
engineered effective magnetic field is thereby along the x direction.

can simulate the magnetic monopoles in momentum space by
recognizing the WP’s chirality as the magnetic charge. Due
to the broken time-reversal symmetry, each WP is separated
from the other one with opposite chirality in the BZ. As a
result, the emergent Fermi arc mode, which is evidenced as
the topological surface state [35], is in analog to the Dirac
string that connects two magnetic monopoles with opposite
charges.

When λ �= 0, the paired WPs still reside at ±kW , while
the λ term leads to an energy shift b0 = 2λ sin(kW d ) be-
tween them. In particular, the left-handed WP is separated
by a four-dimensional (4D) vector 2b from the right-handed
one in energy-momentum space, where b = (b0, b) with b =
(0, 0, kW ), which is shown in Fig. 1(a). In such a band
structure, if one applies an effective gauge field, an additional
topological action will be introduced in terms of the Chern-
Simons form: Stopo = − 1

8π2

∫
d4x εμνλσ bμAν∂λAσ [37,43,55].

Here, Aν denotes the 4D vector potential of the gauge field,
and εμνλσ is the Levi-Cività symbol. For simplicity, we as-
sume the gauge field to be an effective magnetic field B. By
varying Stopo with respect to Aν , it gives rise to an intrinsic
topological current (hereafter we set the charge q = 1 for
neutral atoms):

Jtopo = b0

4π2
B. (3)

It implies that Jtopo can be regarded as a topological response
to the applied magnetic field B in the presence of the chirality
imbalance, termed CME. In the following, we shall focus
on the engineering of a highly tunable Weyl Hamiltonian
and probing a topological particle current of CME with cold
atoms.
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III. HAMILTONIAN ENGINEERING

Now we present the proposal for realizing the Weyl Hamil-
tonian in ultracold-atomic gases. We consider a 3D OL sys-
tem, in which the atomic internal states are chosen as the
pseudospins ↑↓. In accordance with Eq. (1), we start with the
following Hamiltonian composed of three terms:

H = H0 + Hz + Hsoc, (4)

which is illustrated in Fig. 1(b). The first term H0 describes
the free-particle Hamiltonian trapped by the 3D OL potential,
VL(r) = VL

∑
l=x,y,z sin2(kLl ), with the recoil momentum kL =

π/d . We use natural units h̄ = 1, unless stated otherwise. The
tight-binding form is given by

H0 =
∑

j,σ=↑↓
(−ta†

j+1,σ a j,σ + H.c.)

+
∑

j

mz(a†
j,↑a j,↑ − a†

j,↓a j,↓). (5)

Here, a j,σ denote the annihilation operator of spin-σ atoms on
the jth site. mz = (μ↑ − μ↓)/2, with μσ denoting the chem-
ical potential of spin-σ atoms. We have discarded the energy
constant term (μ↑ + μ↓)/2. Along the z direction, besides
the spin-independent tunneling t , we generate an additional
spin-dependent one by means of the laser-assisted-tunneling
technique. This is attainable by a Raman transition between
nearest-neighbor sites, in which the energy offset of adjacent
sites is provided by a titled magnetism and compensated by
the Raman detuning with proper two-photon frequencies (see
Appendix C). It gives the second term of Hamiltonian (4),

Hz =
∑

j

iλ
(
a†

j+ez,↑a j,↑ − a†
j+ez,↓a j,↓

) + H.c. (6)

Here, λ denotes the spin-dependent tunneling magnitude.
The last term of Hamiltonian (4) describes the SOC:

Hsoc = ∫
drdr′ [M(r)ψ†

↑(r)ψ↓(r′) + H.c.]. Here, ψσ (ψ†
σ ) is

the annihilation (creation) operator of spin-σ atoms, and M(r)
denotes the coupling mode associated with a spatially modu-
lated magnitude. In realistic experiments of ultracold atoms,
this term can be realized via the optical dressing [11]. In
order to generate a Rashba-type SOC, we can design M(r) =
iMx(r) + My(r) with Mx(r) = M0 sin(kLx) cos(kLy) cos(kLz)
and My(r) = M0 sin(kLy) cos(kLx) cos(kLz). Since the Wan-
nier wave function of atoms in lattices denoted by W (r) is
an even function in real space, and sin(kLl ) is antisymmetric
with respect to the l = x, y, z axis, the on-site terms in Hsoc are
eliminated. Thus, Hsoc can be expressed as

Hsoc =
∑

j

ei( jx+ jy+ jz )π [
iα

(
a†

j+ex,↑a j,↓ − a†
j−ex,↑a j,↓

)

+ α
(
a†

j+ey,↑a j,↓ − a†
j−ey,↑a j,↓

)] + H.c. (7)

Here, α = ∫
dr Mx,y(r)W ∗

↑ (r + dex,y)W↓(r) is the SOC
strength, and jl (l = x, y, z) denotes the l-direction component
of the jth site. The detailed information of Eqs. (5)–(7) is
given in Appendix B.

We make the operator representation for the spin-↓ atoms,
a j,↓ → a j,↓ei( jx+ jy+ jz )π , that conserves the commutation (anti-
commutation) of bosons (fermions). In this representation, we

obtain the Hamiltonian from Eqs. (5)–(7),

H̃ =
∑

j

[(−ta†
j+1σza j + iλa†

j+ez
σ0a j + H.c.

) + mza
†
jσza j

]

+
∑

j,η=±
η
α

2

(
ia†

j+ηex
σxa j + a†

j+ηey
σya j + H.c.

)
, (8)

in the base a j ≡ (a j,↑, a j,↓)T . One can see that the band
inversion with respect to spins is naturally introduced in the
operator representation. Equation (8) in momentum space
corresponds to the desired WSM Hamiltonian (1).

We hereby discuss the generation of the applied magnetic
field B. In ultracold-atom experiments, effective magnetic
fields acting on neutral atoms can be synthesized via the
laser-assisted tunneling [19,20]. In our proposal, this tech-
nique has been used for engineering Hz. Therefore, B can
be simultaneously introduced if the counterpropagating lasers
are placed in the x-y plane. For simplicity, we assume they
are placed along the y direction. A spatially modulated phase
of nearest-neighbor tunneling, along the z direction, can be
inherited from the two-photon Raman process, as shown in
Fig. 1(c). In particular, the spin-dependent tunneling t ∓ iλ
in Hz is replaced by (t ∓ iλ)ei jy
, where the magnetic flux

 = δk · d and δk denotes the momentum transfer in the
Raman process [see Fig. 1(d) and Appendix D). It gives rise
to an effective magnetic field B = Bx ≈ 
/d2.

IV. OBSERVATION OF CME

The simulation of the CME is readily proposed by current
techniques of ultracold bosonic or fermionic atoms. Accord-
ing to Eq. (3), the topological current Jtopo is proportional
to B and b0 = 2λ sin(kW d ), which are both tunable by laser
parameters. It indicates that Jtopo changes its direction if we
change the sign of B or λ, leading to an opposite center-
of-mass (COM) motion of atoms. Thus, the topological cur-
rent can be directly probed by measuring the COM density
current [56], Jtopo = [J(b0) − J(−b0)]/2 or Jtopo = [J(B) −
J(−B)]/2. This measurement has the advantage that it cancels
other effects contributed to the atomic currents and can extract
the pure topological current.

We assume the atoms are prepared in an overall trap-
ping potential, Vtrap = 1

2 m
∑

l=x,y,z ω2
trapl2. When the lattice

constant d 
 l0 [l0 = √
h̄/(mωtrap)], the atomic cloud can

be semiclassically recognized as a continuum system. The
initial wave packet of the atomic cloud within the trap
Vtrap can be given by ψ (r, τ = 0) = 1

N exp[−∑
l l2/(2l2

0 )]
[57], whose COM position is centered at r = 0. Here, N =
N1/2/(π3/4l3/2

0 ) is the renormalization factor (N is the total
atom number). When the effective magnetic field Bx turns on,
it introduces a COM velocity vc, triggered by the topological
current Jtopo, to the wave packet. The velocity can be approx-
imately evaluated as vc ≈ Jtopo/ρ̄ = b0Bx/4πρ̄, with ρ̄ ≈
1/d3, if the lattice system is at half filling. The hydrodynamics
of the atomic density, ρ(r, τ ) ≡ |ψ (r, τ )|2, is governed by
∂τρ + ∇ · (ρvc) = 0. In Fig. 2, we give the results of the
numeric simulation. The COM position of the wave packet
rCOM(τ ) ≡ ∫

rρ(r, τ )dr drifts along the x direction as long
as vc is nonzero. When vc changes its sign, the wave packet
evolves to an opposite direction correspondingly. By contrast,
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FIG. 2. (a) Time evolution of the COM position xCOM(τ ) of the
atomic cloud with various velocity vc. We set vc in unit of 10−2t l0.
(b)–(d) The density profile of the atomic cloud in the x-y plane.
The color describes the amplitude of ρ̃(x, y, τ ) ≡ ∫

ρ(r, τ )dz. We set
vc = 1.6 × 10−2t l0 [blue solid line in (a)] and the total atom number
N = 2000 (yielding l0 ∼ 102d). The white symbol “+” marks the
trapping potential center r = 0.

in the y or z direction, we find the COM of the wave packet is
not shifted and statically centered at yCOM(τ ) = zCOM(τ ) = 0.

V. EXPERIMENTAL FEASIBILITY

The proposed scheme can be realized by using alkaline
atoms such as 87Rb [12] and 40K [58] or alkaline-earth-like
atoms such as 173Yb [47], in which the 2D SOC has been
successfully engineered. We briefly discuss the experimen-
tal setup with 40K as an example. In this ultracold-atomic
gas, we choose the hyperfine state |F, mF 〉 = |9/2,−9/2〉 as
pseudospin-↑ and |9/2,−7/2〉 as spin-↓. The OL can be
created by counterpropagating λL = 1064 nm lasers, with the
lattice constant d = λL/2 and the recoil momentum kL =
2π/λL. The lattice recoil energy ER = h̄2k2

L/2m ≈ 2π h̄ ×
4.4 kHz, which is chosen as the energy unit hereafter. For
specificity, we set the trap depth of the OL as VL = 8.0ER.
The corresponding nearest-neighbor tunneling magnitude is
t ≈ 0.091ER [59]. If we tune the laser strength M0 = 1.0 ∼
2.5ER, the resulting SOC strength can have a range of α ≈
0.055–0.136ER. As the magnetic field is generated by the
laser-assisted tunneling, the resulting magnetic flux per pla-
quette is obtained as 
 = δk · d = πλL/λK (λK = 2π/δk)
[19]. In practice, we can tune λK of the order of λK ∼ 10−2λL

to obtain 
 = Bxd2 ∼ 10−1π , which can be regarded as a
perturbative external field.

In order to observe CME with the controllable COM
velocity, we provide the following two schemes: (i) The
magnetic flux 
 is determined by the momentum transfer δk
in the Raman process. We can exchange the relative posi-
tions of the two counterpropagating lasers that generate 
 or
change the direction of the magnetic field gradient that is used
to generate a linear potential between nearest-neighbor sites
[19]. Thus the magnetic flux will flow to an opposite direction,
i.e., B changes its sign. (ii) We impose a global π phase to λ

in the laser-assisted tunneling. This can be achieved by adding
an additional π -phase shift to one of the counterpropagating
lasers [19], which changes the sign of λ.

VI. CONCLUSION

In summary, we have proposed to simulate the Weyl
Hamiltonian associated with the CME in a 3D OL. The paired
WPs are engineered by introducing SOC and laser-assisted
tunneling, both of which are realizable in current experiments
using ultracold atoms. With the tunable energy shift of WPs
and artificial magnetic field, the CME current can be extracted
from the COM motion of ultracold atoms. The chiral response
as a manifestation of the CME can be directly observed
using an atomic wave packet. The realization of our scheme
allows further exploration of the topological physics of Weyl
fermions.

ACKNOWLEDGMENTS

This work was supported by the GRF (Grant No.
HKU173057/17P) and CRF (Grant No. C6005-17G) of Hong
Kong, the NKRDP of China (Grant No. 2016YFA0301800),
the NSFC (Grants No. 11704367 and No. 11604103),
the NSAF (Grant No. U1830111), the Key R&D Pro-
gram of Guangdong Province (Grant No. 2019B030330001),
the KPST of Guangzhou (Grant No. 201804020055), and
the Startup Foundation of Anhui University (Grant No.
J01003310).

APPENDIX A: INITIAL MODEL HAMILTONIAN

We start with the following Hamiltonian composed of three
terms:

H = H0 + Hsoc + Hz. (A1)

The first term is the single-particle Hamiltonian of atoms
trapped in the optical lattice,

H0 =
∫

dr
∑
σ=↑↓

ψ†
σ (r)[−∇2/2m + VL(r) − μσ ]ψσ (r).

(A2)
Here, ψσ denotes the annihilation operator of spin-σ atoms.
VL(r) = ∑

l=x,y,z VL sin2(kLl ) is the optical lattice potential.
kL = π/d is the recoil momentum with d as the lattice con-
stant. μσ is the chemical potential. The second term describes
the SOC,

Hsoc =
∫

drdr′ M(r)ψ†
↑(r)ψ↓(r′) + H.c. (A3)

Here, M(r) is the coupling mode whose magnitude is spa-
tially modulated. The last term describes the spin-dependent
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tunneling along the z direction, which can be generated by
laser fields,

Hz =
∫

dr [�eiφ1ψ
†
↑(r + d · ez )ψ↑(r)

+ �eiφ2ψ
†
↓(r + d · ez )ψ↓(r)] + H.c. (A4)

Here, � denotes the the laser-assisted-tunneling magnitude.
φ1,2 denote the spin-dependent phases. ex,y,z denote the unit
vectors.

APPENDIX B: TIGHT-BINDING MODEL

We use the tight-binding model (TBM) and expand ψσ in
terms of Wannier wave function W (r),

ψσ (r) =
∑
j,σ

W (r − r j )a j,σ . (B1)

Here, a j,σ denotes the annihilation operator of spin-σ atoms
on the jth site. r j is the central position of the jth site. The
Hamiltonian (A2) is rewritten as

H0 = −t
∑
j,σ

(a†
j+1,σ a j,σ +H.c.)+

∑
j

mz(a†
j,↑a j,↑−a†

j,↓a j,↓).

(B2)
Here, t is the nearest-neighbor tunneling magnitude, and mz =
(μ↓ − μ↑)/2. We have discarded the constant term −(μ↑ +
μ↓)/2.

In order to engineer a Rashba-type SOC, we set the cou-
pling mode M(r) = iMx(r) + My(r) [11], in which

Mx(r) = M0 sin(kLx) cos(kLy) cos(kLz)

My(r) = M0 sin(kLy) cos(kLx) cos(kLz). (B3)

Since W (r) is an even function in real space, i.e., W (r) =
W (−r), and sin(kLl ) is antisymmetric with respect to the
l = x, y, z axis, the on-site terms of Hsoc will vanish. Then
Hamiltonian (A3) in the TBM is given by

Hsoc =
∑

j

α(−1) jx+ jy+ jz
[
i
(
a†

j+ex,↑a j,↓ − a†
j−ex,↑a j,↓

)

+ (
a†

j+ey,↑a j,↓ − a†
j−ey,↑a j,↓

) + H.c.
]
, (B4)

where we denote the SOC strength as
∫

dr Mx(r)W ∗(r − d ·
ex )W (r) = ∫

dr My(r)W ∗(r − d · ey)W (r) ≡ α.
Hamiltonian (A4) in the TBM is written as

Hz =
∑

j

(
�eiφ1 a†

j+ez,↑a j,↑ + �eiφ2 a†
j+ez,↓a j,↓

) + H.c. (B5)

The phases are tuned as

φ1 = −φ2 = φ , (B6)

and we denote

� cos(φ) = −t, � sin(φ) = λ. (B7)

Then Hz is rewritten as

Hz =
∑

j

[
iλ

(
a†

j+ez,↑a j,↑ − a†
j+ez,↓a j,↓

) + H.c.
]

− t
∑
j,σ

(
a†

j+ez,σ
a j,σ + H.c.

)
. (B8)

The detailed derivations of Hz are given later. We remark that
since Hz is engineered by laser fields, the natural z-direction
hopping t in Hamiltonian (B2) is suppressed in the presence
of the titled magnetism [19], but is restored in Eq. (B8).

We make the following operator transformation that con-
serves the anticommutation of fermions:

a j,↑ → a j,↑, a j,↓ → (−1) jx+ jy+ jz a j,↓. (B9)

In this representation, we obtain the effective Hamiltonian as
the form of Eq. (8).

APPENDIX C: LASER-ASSISTED TUNNELING

We hereby give the detailed derivations of Hz. For our
proposal, we add a titled magnetic field along the z direction
whose magnitude is �. Atoms on the jth and ( j + 1)-th sites
are coupled via a two-photon Raman process using counter-
propagating lasers, in which the internal states are denoted
as e1,2. In TBM, the laser-assisted-tunneling Hamiltonian is
given by [16]

Hz = H(1)
z + H(2)

z , (C1)

with

H(1)
z =

∑
j

[ jz�a†
j,↑a j,↑ + jz�a†

j,↓a j,↓

+ (�1 + jz�)e†
j,1e j,1 + (�2 + jz�)e†

j,2e j,2] (C2)

and

H(2)
z =

∑
j

[Aei(k1·r−ω1t+ϕ1 )e†
j,1a j,↑ + Aei(k′

1·r−ω′
1t+ϕ′

1 )e†
j,1a j+ez,↑

+ Aei(k2·r−ω2t+ϕ2 )e†
j,2a j,↓

+ Aei(k′
2·r−ω′

2+ϕ′
2 )e†

j,2a j+ez,↓ + H.c.] (C3)

Here we denote the energy levels e1,2 as �1 = Ee1 − Ea↑ and
�2 = Ee2 − Ea↓ . A is the laser field strength. In real experi-
ments, we can tune ω1,2 = ω′

1,2 + �. In order to obtain a time-
independent Hamiltonian, we make the following rotation:

U = exp

⎧⎨
⎩i

∑
j

[ jz�(a†
j,↑a j,↑ + a†

j,↓a j,↓ + e†
j,1e j,1 + e†

j,2e j,2)

+ (ω1e†
j,1e j,1 + ω2e†

j,2e j,2)]t

⎫⎬
⎭. (C4)

We remark that since U depends solely on the index jz other
than j, Hamiltonians (B2) and (B4) remain unchanged under
the U rotation. Hz is rewritten as H′

z = UHzU † − iU∂tU †,
whose detailed formula is as follows:

H′
z =

∑
j

[
(�1 − ω1)e†

j,1e j,1 + (�2 − ω2)e†
j,2e j,2

+ Aei(k1·r+ϕ1 )e†
j,1a j,↑ + Aei(k′

1·r+ϕ′
1 )e†

j,1a j+ez,↑

+ Aei(k2·r+ϕ2 )e†
j,2a j,↓ + Aei(k′

2·r+ϕ′
2 )e†

j,2a j+ez,↓ + H.c.
]
.

(C5)
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Adiabatically eliminating e1,2, we obtain

H′′
z =

∑
j

{
− A2

�1 − ω1
ei[(k1−k′

1 )·r+(ϕ1−ϕ′
1 )]a†

j+ez,↑a j,↑

− A2

�2 − ω2
ei[(k2−k′

2 )·r+(ϕ2−ϕ′
2 )]a†

j+ez,↓a j,↓ + H.c.

}
,

(C6)

where we have discarded the global constant Stark shift
of aσ . In real experiments, we denote � j ≡ �ei· j·δk·d with
k1,2 − k′

1,2 ≡ δk and A2

�1,2−ω1,2
≡ −�. The phases are denoted

as ϕ1,2 − ϕ′
1,2 ≡ φ1,2. Then we obtain the spin-dependent

tunneling Hamiltonian,

Hz =
∑

j

(
� je

iφ1 a†
j+ez,↑a j,↑ + � je

iφ2 a†
j+ez,↓a j,↓ + H.c.

)
.

(C7)

APPENDIX D: ARTIFICIAL MAGNETIC FIELD

The artificial magnetic field can be simultaneously engi-
neered by the spin-dependent tunneling given by Eq. (C7). We
can place the counterpropagating lasers, for simplicity, along
the y direction. Tuning δk = 
/d and using Eq. (B7), we have

Hz =
∑

j

ei jy
 ×
[
−t

∑
σ

a†
j+ez,σ

a j,σ

+ iλ
(
a†

j+ez,↑a j,↑ − a†
j+ez,↓a j,↓

)] + H.c. (D1)

Hamiltonian (D1) reveals that an emergent magnetic flux is
around each plaquette in the y-z plane, which is illustrated in
Figs. 1(c) and 1(d). The flux for spin-↑↓ atoms is the same,
i.e., 
↑ = 
↓ = 
 = δk × d , which is termed the Peierls
phase [60]. The magnitude of the artificial magnetic field
can be calculated by B ≈ h̄
/d2, if we assume the atomic

“charge” q = 1 (though ultracold atoms are electronic neu-
tral).

In this way, we have engineered a magnetic field along the
x direction. If the counterpropagating lasers are placed along
the x direction, we can obtain a magnetic field along the y
direction. In summary, this scheme can realize magnetic fields
whose direction is parallel to the x-y plane.

APPENDIX E: WEYL HAMILTONIAN

In Eq. (1), the Weyl points emerge at kW = (0, 0,±kW )
with kW = arccos(mz/2t − 2)/d . At k ≈ kW , using k = k̂ +
kW , we have

HW + ≈ 2td sin(kW d )k̂zσz + 2λd cos(kW d )k̂zσ0

+ 2λ sin(kW d )σ0 + 2αdk̂xσx + 2αdk̂yσy

≡ vW ⊥k̂zσz + vzk̂zσ0 + b0σ0

+ vW ‖k̂xσx + vW ‖k̂yσy, (E1)

where

vW ⊥ = 2td sin(kW d ), vW ‖ = 2αd, (E2)

vz = 2λd cos(kW d ), b0 = 2λ sin(kW d ). (E3)

Likewise, at k ≈ −kW , using k = k̂ − kW , we have

HW − ≈ − vW ⊥k̂zσz + vzk̂zσ0 − b0σ0

+ vW ‖k̂xσx + vW ‖k̂yσy. (E4)

For simplicity, we assume vW ⊥ = vW ‖ = vW . The Weyl
Hamiltonian is written as

HW (k) = vW (kxσx + kyσy ± kzσz ) + vzkz ± b0. (E5)

In Hamiltonian (E5), the term vzkz destroys the symmetry of
Weyl points around ±kW . When mz = 2t or 4t , we obtain
|kW d| = π/2 and vz = 0. Thus the Weyl points emerge at
kz = ±π/2d . At this time, we have vW = 2td and b0 = 2λ.
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[14] J. Ruseckas, G. Juzeliūnas, P. Öhberg, and M. Fleischhauer,
Phys. Rev. Lett. 95, 010404 (2005).

[15] K. Osterloh, M. Baig, L. Santos, P. Zoller, and M. Lewenstein,
Phys. Rev. Lett. 95, 010403 (2005).

[16] D. Jaksch and P. Zoller, New J. Phys. 5, 56 (2003).
[17] Y.-J. Lin, R. L. Compton, K. Jimenez-Garcia, J. V. Porto, and

I. B. Spielman, Nature (London) 462, 628 (2009).
[18] M. Aidelsburger, M. Atala, S. Nascimbène, S. Trotzky, Y.-A.

Chen, and I. Bloch, Phys. Rev. Lett. 107, 255301 (2011).

033102-6

https://doi.org/10.1038/nphys2259
https://doi.org/10.1038/nphys2259
https://doi.org/10.1038/nphys2259
https://doi.org/10.1038/nphys2259
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018732.2019.1594094
https://doi.org/10.1080/00018732.2019.1594094
https://doi.org/10.1080/00018732.2019.1594094
https://doi.org/10.1080/00018732.2019.1594094
https://doi.org/10.1038/nphys3803
https://doi.org/10.1038/nphys3803
https://doi.org/10.1038/nphys3803
https://doi.org/10.1038/nphys3803
https://doi.org/10.1103/RevModPhys.91.015005
https://doi.org/10.1103/RevModPhys.91.015005
https://doi.org/10.1103/RevModPhys.91.015005
https://doi.org/10.1103/RevModPhys.91.015005
https://doi.org/10.1038/nature09887
https://doi.org/10.1038/nature09887
https://doi.org/10.1038/nature09887
https://doi.org/10.1038/nature09887
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095301
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.111.225301
https://doi.org/10.1103/PhysRevLett.111.225301
https://doi.org/10.1103/PhysRevLett.111.225301
https://doi.org/10.1103/PhysRevLett.111.225301
https://doi.org/10.1103/PhysRevLett.112.086401
https://doi.org/10.1103/PhysRevLett.112.086401
https://doi.org/10.1103/PhysRevLett.112.086401
https://doi.org/10.1103/PhysRevLett.112.086401
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1103/PhysRevLett.97.240401
https://doi.org/10.1103/PhysRevLett.97.240401
https://doi.org/10.1103/PhysRevLett.97.240401
https://doi.org/10.1103/PhysRevLett.97.240401
https://doi.org/10.1103/PhysRevLett.95.010404
https://doi.org/10.1103/PhysRevLett.95.010404
https://doi.org/10.1103/PhysRevLett.95.010404
https://doi.org/10.1103/PhysRevLett.95.010404
https://doi.org/10.1103/PhysRevLett.95.010403
https://doi.org/10.1103/PhysRevLett.95.010403
https://doi.org/10.1103/PhysRevLett.95.010403
https://doi.org/10.1103/PhysRevLett.95.010403
https://doi.org/10.1088/1367-2630/5/1/356
https://doi.org/10.1088/1367-2630/5/1/356
https://doi.org/10.1088/1367-2630/5/1/356
https://doi.org/10.1088/1367-2630/5/1/356
https://doi.org/10.1038/nature08609
https://doi.org/10.1038/nature08609
https://doi.org/10.1038/nature08609
https://doi.org/10.1038/nature08609
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.107.255301


CHIRAL MAGNETIC EFFECT IN THREE-DIMENSIONAL … PHYSICAL REVIEW RESEARCH 1, 033102 (2019)

[19] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro, B. Paredes,
and I. Bloch, Phys. Rev. Lett. 111, 185301 (2013).

[20] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Burton, and
W. Ketterle, Phys. Rev. Lett. 111, 185302 (2013).

[21] A. Celi, P. Massignan, J. Ruseckas, N. Goldman, I. B. Spielman,
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Phys. 83, 1523 (2011).
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