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[bookmark: OLE_LINK1][bookmark: OLE_LINK2][bookmark: _Hlk7962685][bookmark: OLE_LINK9][bookmark: OLE_LINK10][bookmark: OLE_LINK11][bookmark: OLE_LINK3][bookmark: OLE_LINK4][bookmark: OLE_LINK5][bookmark: OLE_LINK14][bookmark: _Hlk22227052][bookmark: _Hlk22227070]Abstract: Auctions are an important method for solving the logistics procurement problem in electronics markets. However, current auction methods rarely consider the existence of quantity discounts. To fill this research gap, we introduce quantity discounts into the procurement Vickrey-Clark-Groves (P-VCG) and truthful double-auction mechanisms and apply them to the logistics services procurement market. For a market with only one customer, we design a P-VCG auction with quantity discounts, and for a market with multiple customers, we construct a model for maximizing social welfare and propose a trade reduction with a quantity discount (TR-QD) double-auction mechanisms. We prove that both auction mechanisms ensure incentive compatibility, individual rationality, balanced budget, and asymptotical efficiency. Furthermore, compared with traditional truthful double-auctions, the TR-QD mechanism supports cooperative purchases—which allows more customers to enjoy discounts on large-scale logistics services—and bid time priority—which achieves the goal of meeting earlier requests earlier and improves auction efficiency. Numerical studies further show that the TR-QD auction mechanism can achieve an increase in customers’ total value, logistics companies’ total value, social welfare and total trading volume. 
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[bookmark: _Hlk22227249]Logistics services procurement is an effective method for solving the exchange relationship problem between customers and logistics services providers. The logistics market consists of customers, logistics companies, and third-party exchange service providers. Here, the customers are shippers or other logistics services purchasers. Customers—usually large manufacturers or retailers—can purchase logistics services through purchase contracts. Logistics companies can make a profit by providing logistics services. Meanwhile, third-party transaction service providers offer delivery to logistics companies and customers through technology platforms. These platforms facilitate transactions between customers and logistics companies. Given the rapid development of the Internet, e-commerce has fundamentally changed people's shopping behaviors. E-commerce is also making major changes to traditional trading methods and its large market and broad prospects have become an indispensable part of economic life.
Considering the rising demand of shopping, the logistics industry has imposed higher requirements on traditional trading platforms as follows. First, trade relationships have become more flexible and the automation requirements for logistics services transactions have become increasingly high. Second, logistics distribution efficiency in developing countries such as China can be further improved. For example, Liming He, the president of China Federation of Logistics and Purchasing, mentioned in the “2016 China Logistics Industry Development Review and 2017 Outlook” (He, 2017) that the total logistics costs of China in 2016 were around 11 trillion yuan, with a year-on-year increase of about 3%. In China, the ratio of logistics cost to the GDP is expected to fall below 15%, which marks a fourth consecutive year of decline, but the overall costs are still higher than the world average. The ratio in developed countries is 8%–9% of the GDP: 8% in the United States and 11% in Japan (He, 2017). Therefore, efficient logistics procurement platforms have become particularly important. Finally, as the trading market expands and factors affecting logistics multiply, it is increasingly difficult to determine the best logistics and exchange relationship using traditional methods.
[bookmark: OLE_LINK12]Recently, auctions have been extensively studied to solve the logistics procurement problem (Chang, 2009; Remli and Rekik, 2013; Sheffi, 2004; Song and Regan, 2005; Xu and Huang, 2014). Auction is one of the oldest methods for humans to trade goods and is considered the most effective way to allocate resources, trade goods, or distribute services. McAfee and McMillan's (1987) definition of the term auction is as follows: "Auction is a market mechanism that determines the allocation and price of resources on the basis of market participants' bids with clear rules." Auctions can be divided into various types according to different criteria. For instance, according to the number of logistics companies and customers involved, they can be divided into forward, reverse, and double auctions. Forward auctions refer to auctions in the traditional sense, that is, a logistics company sells goods and multiple customers bid for the goods. The logistics company is in a dominant position. Contrary to the traditional auction process, the customer (purchaser) is in the dominant position in a reverse auction, where multiple logistics companies (suppliers) obtain the purchaser's order quantity by lowering the price of the commodity. The essence of a reverse auction is the procurement process, and it has been widely applied to electronics procurement by enterprises and governments. A double auction is a many-to-many auction situation, where two parties participate in the auction. Double auctions are typical stylized organizational transactions and are commonly used in stock trading and commodity markets. Double auctions have high resource allocation efficiency and received extensive attention in the auction field.
However, some issues have gradually emerged due to the increasing use of auctions in logistics transactions. In the real logistics market, logistics companies usually offer quantity discounts, and customers want to obtain the maximal discounts through cooperative procurement. However, current studies on double auctions rarely consider bids with quantity discounts and cooperative procurement. Some auction allocation mechanisms are still not perfect. For customers who pay a high price and buy only one unit of logistics services, it is easy to not purchase logistics services even under many auctions. This is obviously difficult for customers to accept in the auction mechanism.
[bookmark: OLE_LINK13]To address these problems, we propose a novel auction mechanism by adding the customer's cooperative purchase and seller's quantity discounts to a double auction and apply it to the logistics services procurement problem. The quantity discount strategy is only a second-degree price discrimination where the logistics company can bid for different commodities separately and give different unit prices. According to economic analyses, the second-degree price discrimination is conducive to improving the efficiency of resource allocation. That is, it not only enables more customers and logistics companies to successfully trade and expands the scale of market transactions, but also increases social welfare. Furthermore, the customers’ cooperative procurement is an effective way to reduce the purchase cost by collecting the demand and then obtaining a lower unit price from the selected supplier. In this paper, we design different auction mechanisms for different markets. For a market with only one customer, we design the procurement Vickrey-Clark-Groves (P-VCG) mechanism. That is, we add the seller's quantity discount to the VCG auction and apply it to the market for logistics services procurement. For a market with multiple customers, we design the trade reduction with a quantity discount (TR-QD) auction mechanism. We introduce the customer's cooperative procurement, quantity discount of the logistics company, and time parameters of the bid to the double auction. The difficulty of our study is in how to add the quantity discount to the auction under the premise of ensuring the auction meets incentive compatibility, individual rationality, balanced budget, and asymptotical efficiency. Relative to the study of Huang and Xu (2013) and other current studies. Our research has three important contributions. 
First, we introduce quantity discounts into the design of both the P-VCG and TR-QD mechanisms. This is obviously a scenario closer to the real logistics market. An example is the CaiNiao logistics market website: https://56.1688.com. We establish a new model and make major adjustments to the MacAfee (1992) trade reduction auction mechanism to design a TR-QD mechanism. The Huang and Xu (2013) and other current studies are unable to solve such problems. 
Second, we introduce the bidding time. After the final trading pool is determined, we need to determine how to assign transportation services to customers. Huang et al. (2002) proposed on-demand distribution. The solution is that each customer who can finally get transactions through the auction mechanism is allocated a basic amount, and then, the remaining logistics services are distributed according to the customer's demand. Customers with more demand are satisfied first. However, this distribution method has distribution vulnerability. Some customers with less demand may have a base allocation of zero, meaning the second round of allocation may also be zero. Customers who pay a high price and buy only one unit of logistics services, are in danger of being unable to purchase any logistics services. However, when we allocate transportation services according to price (e.g., assigning transportation services sequentially according to the bid price), the IC mechanism will be broken, which is not allowed in truthful double-auctions. Therefore, for the first time, we introduce time parameters for each customer to submit the final bid. According to bidding time, priority is given to customers who bid earlier, which not only solves the problem of Huang et al. (2002), but also achieves the goal of meeting earlier requests earlier. More importantly, the introduction of bidding time can speed up auction efficiency. When the agent has a demand, in order to get a higher priority at the same price, they will bid as early as possible. We can see from the CaiNiao logistics market that the market logistics cost interval and the customer purchase price range are relatively small, so the probability of the same bid price cannot be ignored. Thus, this improvement is necessary. 
Finally, we introduce cooperative procurement on the customer side. Customers are more concerned with transporting items from location A to location B rather than which company does the transport. Therefore, this cooperative procurement allows customers to enjoy more discounts from logistics companies, especially for those customers with less traffic.
The remainder of this paper is organized as follows. In Section 2, we summarize the auction-based logistics service transaction literature. In Section 3, we describe the analyzed problems and related assumptions. In Section 4, we propose the P-VCG auction mechanism for a market with only one customer and the TR-QD mechanism for a market with multiple customers. We use an example to analyze the auction under TR-QD and multi-unit trade reduction (MTR) auction mechanisms. Next, we modify the pricing strategy to get the improved TR-QD (I-TR-QD) mechanism. In Section 5, we numerically analyze our proposed auction mechanisms. In Section 6, we draw conclusions and propose key future research directions.
2 LITERATURE REVIEW
The study of multi-unit double auctions begins with one-way auctions. This includes the famous VCG mechanism, which charges each bidder the damage caused to other bidders. In the VCG mechanism, telling the truth is the best bid. The VCG mechanism was originally proposed by Vickrey (1961), and Clarke (1971) used a similar mechanism in dealing with public goods. Subsequently, the ideas of these mechanisms were further promoted by Groves (1973), leading to the so-called VCG mechanism. At present, the investment in some of Facebook's advertising spaces is a variant of the VCG auction mechanism. Further, Song and Regan (2005) proposed an approximation algorithm in combinatorial auctions. Bichler (2000) established a mixed integer programming model that allows multiple sellers to simultaneously win bids to solve multi-unit commodity procurement problems. The above multi-unit auction research refers to one-way auctions.
For unit double auctions, McAfee (1992) described a real, individual rationality, and budget-balanced mechanism for a simple exchange environment, in which each supplier and each buyer trades a unit of a commodity. To guarantee real bidding, Babaioff and Walsh (2005) proposed a transaction reduction mechanism. Although theirs was also a study of double auctions, it did not consider multi-unit auctions. Each seller is allowed to sell only one unit of merchandise.
For multi-unit double auctions, based on McAfee’s (1992) research, Huang et al. (2002) proposed a double auction that considers multiple units, but does not consider quantity discounts, nor does it consider the non-price attributes of commodities. Unlike the trade reduction mechanism, Chu and Shen (2008) introduced marginal contributions and shadow prices to ensure truthful bids from both buyers and sellers. Chu (2009) proposed a real double-auction mechanism with a "padding method," but only auctioned a single item and did not use it for multi-unit auction problems. On this basis, Chu et al. (2016) considered that buyers and sellers can conduct double auctions of multiple units of goods and the non-price attributes of goods, but they do not study the quantity discount strategy.
In the aforementioned studies, the main objectives of the auction mechanism design are fourfold: (1) allocation efficiency (AE) to maximize the sum of all players’ values; (2) individual rationality (IR), as no one should lose from joining the auction; (3) incentive compatibility (IC) with real bidding to obtain a Bayesian Nash equilibrium; and (4) balanced budget (BB), under which the third-party does not register a deficit. However, Myerson and Satterthwaite (1983) demonstrated that no double auction can guarantee AE, IR, IC, and BB simultaneously. Therefore, an increasing number of studies have focused on asymptotically efficient (AsE) mechanisms, that is, when customers and logistics companies become infinite, the auction can reach AE.
Given the expansion of the market, the volume of commodity trading has gradually increased and the price discrimination strategy has been widely studied. The quantity discount is a second-level price discrimination. Relevant research has been conducted on the impact of quantity discounts on social welfare. However, there are few studies that consider the volume discount strategy in an auction. Kame et al. (2007) considered the quantity discount strategy in reverse auctions and solved the multi-objective model. The quantity discount is mostly used in the procurement process because the seller's discount is one incentive for the buyer to purchase. Presently, research on quantity discounts is fairly common, but there few studies on the use of quantity discounts for auctions. For cooperative purchases, Eriksson and Westerberg (2011) established a collaborative procurement process and analyzed its impact on the performance of construction projects. In this paper, we use the auction mechanism to identify the profit distribution of customer cooperative purchase. 
Studies on the logistics procurement auction mechanism can be divided into three categories: (1) continuous auction, in which logistics demand arrives randomly over time and every customer’s demand can be auctioned immediately without reaching a certain amount (Ağrali et al., 2008; Figliozzi et al., 2007; Garrido, 2007; Xu et al., 2015); (2) combined auction, which allows logistics companies to bid on a group of logistics services (Chang, 2009; Remli and Rekik, 2013; Sheffi, 2004; Song and Regan, 2005; Xu et al., 2015; Xu and Huang GQ, 2014); and (3) double auction, which allows bilateral bidding and clearing of the logistics market by third-party auctioneers (Huang and Xu, 2013; Xu et al., 2015).
For continuous auction, a customer's order arrives randomly and, after each successful order is auctioned, the next order is also auctioned. Figliozzi (2004) proposed an operator strategy framework based on the auction market for the dynamic full-load vehicle routing problem of time windows and explored the complexity of continuous auction bidding. Figliozzi et al. (2003) quantified the opportunity cost of sequential transport auctions through time-sensitive pick-and-place requests. Mes et al. (2007) considered the real-time scheduling of all truck transport orders for random arrivals. They minimized total shipping costs and used reverse Vickrey auctions for each order received (Vickrey, 1961). The combined auction is usually static, allowing the customer to bid on a group of logistics services. To improve their profits, customers often obtain more bids by increasing their capacity utilization and merging lanes. Elmaghraby and Keskinocak (2004) described many large companies successfully using a combined auction to solve the transportation service procurement problem.
Since McAfee (1992) proposed a trade reduction auction mechanism, the double auction has been extensively studied from various aspects. For instance, Huang and Xu (2013) made pricing improvements to the McAfee trade reduction auction mechanism, increasing the number of transactions between customers and sellers and transaction revenue. However, their approach reduces the income of third parties. Huang and Xu (2013) introduced combined double auctions into the logistics services procurement auction and also proposed some improvements. Jiang et al. (2011) constructed a matching method for solving one-time exchange problems with quantity discounts. However, unlike our work, their double auctions are not truthful. For the first time, we add the customer's cooperative purchase and logistics company's quantity discounts to the double auction, and the mechanism we design is truthful.
3 PROBLEM DESCRIPTION
Consider an auction market for truck logistics services, including customers, logistics companies, and third-party auctioneers. The auctioned goods are the logistics services which one truckload of logistics service is “one-unit item’’. For procurement auction mechanism, the third-party auctioneer decides the distribution of the auction to achieve the minimum cost for the customer. For double-auction mechanism, the third-party auctioneer decides the distribution of the auction to achieve the maximum social welfare. Note that this is to optimize logistics on one type of logistics service rather than multiple types of logistics services.
In this logistics market, I represents the collection of customers and J represents the collection of logistics companies. Both customers and logistics companies are referred to as agents. We refer to the logistics services of a large storage box as a unit of goods. Each truck can carry several storage boxes. Each customer and logistics company will present their own “bid,” which includes the logistics services that they intend to buy or sell and their corresponding prices. There are m customers and n logistics companies, which aim to achieve maximum self-interest. We assume that the customer and the logistics company have no preference between each other, that is, the customer recognizes any logistics company’s logistics services in the market and the logistics company can transport any of the customers’ goods. The second assumption is that there is no collusion between the customer and logistics company.
[bookmark: _Hlk22227910]When there is only one customer in the market, we design the P-VCG mechanism. When there are multiple customers in the market, we propose the TR-QD mechanism. Among them, the P-VCG mechanism allows logistics companies to bid with quantity discounts, while the TR-QD mechanism allows customers cooperative procurement and logistics companies to bid with quantity discounts. We design the logistics services auction mechanism to meet IC, IR, BB, as well as AsE. Note that AE stands for allocation efficiency, that is, the mechanism can achieve the maximum social welfare. AsE means that, as the number of agents increases, maximum social welfare can be realized. We subsequently design a variant of the TR-QD mechanism, that is, the I-TR-QD mechanism. The I-TR-QD mechanism allows for strong balanced budget (SBB). Third-party auctioneers play a role only in determining the distribution of the social welfare and do not participate in the transaction. Note that P-VCG, TR-QD and I-TR-QD mechanism are all static auctions.

4 AUCTION MECHANISM
4.1 P-VCG Mechanism
4.1.1 Model 1
We consider only one customer and multiple logistics companies in the market. If the customer's demand for the logistics service is of D units, the maximum transportation volume of the j-th logistics company to the logistics service is of Vj units. If a logistics company j participates in a trade, the minimum amount of traffic it can accept is . The logistics companies have different unit bidding prices for their different number of bids.  is the bid of the logistics company j when it transports v units. Note that no logistics company can exceed its maximum capacity. We assume that any one logistics company is removed, and the remaining logistics companies are still able to satisfy the customer's requirements. When all logistics companies actually bid, the minimum cost for that customer can be solved by binary integer programming P1:



Here, βjv is a decision variable that denotes whether the bid of the j-th logistics company with volume v is selected into the transaction pool. The goal of P1 is to minimize the cost of the customer. Formula (2) ensures the completion of the customer's transportation services. Formulas (3) and (4) stipulate that only one bid of a logistics company can be selected into the final trading pool, Zi= {,…, Vj}. In this model, we can use CPLEX or LINGO to find the solution.
4.1.2 Mechanism
To guide the logistics companies to actually bid their reserved prices, we have to design a P-VCG auction mechanism with quantity discounts for P1. Our procurement auction mechanism belongs to the VCG auction family. We guide the real bidding of the logistics company (refer to Appendix A.1 for clarifications and definitions).
M represents the optimal solution of the model and M-j represent the optimal solution of the model removing the j-th logistics company. Then, the value that the j-th logistics company will receive is:



Where M-j-M can be regarded as a bonus to logistics company j, representing the value of the logistics company into this auction system. If , then M-j=M and oj=0. If βjv=1, the logistics company j will get the bid value of traffic v and its contribution to the auction system.
The total cost of the customer is R:


Let a represent the customer's reserve price. If R ≤ a, the auction is successful; otherwise, the auction fails. In the P-VCG auction process, the auctioneer's revenue is zero.
Our P-VCG auction mechanism with quantity discounts is organized as follows.
Step One: Collect the demand and transportation volume of customers and each logistics company (D and Vj) and collect the sealed bids of the j-th logistic company for its different transportation volumes.
Step Two: Determine the set of logistics companies that win the trade by solving model P1.
Step Three: For each logistics company j, calculate income oj it earns.
Step Four: Calculate total cost R that the customer should spend.
Step Five: If R ≤ a, the auction is successful. The j-th logistics company that wins the trade obtains income oj and transports v units of goods corresponding to βjv=1; otherwise, the auction fails.
The P-VCG mechanism is an application of the VCG auction mechanism in the logistics market. Compared to the one-sided VCG (O-VCG) mechanism of Huang and Xu (2013), the P-VCG mechanism allows logistics company to have bundle bids, meaning the applicable model is closer to the real market. The O-VCG mechanism is also an application of the VCG auction mechanism in the logistics market. Moreover, the P-VCG mechanism can include the O-VCG mechanism.
4.1.3 Properties
Property 1 The P-VCG mechanism meets IR, IC, AE, and BB.
The VCG mechanism is described in detail in Appendix A.1 based on the work of Nisan and Ronen (1999). We demonstrate the IR, IC, AE, and BB of the P-VCG mechanism in Appendix A.2.
The P-VCG mechanism is a member of the VCG family. For IC, the customer's demand is public information, so P-VCG is IC compliant for customers. Logistics companies are allocated according to the VCG allocation mechanism; thus, they also satisfy the IC. By satisfying the IC, the P-VCG mechanism minimizes the cost of the customer; thus, the logistics services are distributed to the logistics company with a low reserve price, satisfying the AE. At the same time, the P-VCG mechanism satisfies BB and IR can attract auctioneers and more agents to participate in the auction.
4.1.4 Example
To explain the P-VCG auction mechanism with quantity discounts, we provide an example below. In this example, there are three logistics companies and one customers bidding. 

Table 1
Logistics companies’ bids
	[bookmark: _Hlk11003540]Quantities
Companies
	1
	2
	3

	A
	2
	3.9
	5.8

	B
	2.1
	4.1
	6.1

	C
	2.2
	4.3
	6.5



Table 2
Customer’s bid
	[bookmark: _Hlk11003552]Customer
	Quantities
	Total price (a)

	1
	4
	8.4



[bookmark: _Hlk22228106]Using the P-VCG auction mechanism, we can conclude that: M=7.9, M-1=8.3, M-2=8, M-3=7.9. So, o1=8.3-(7.9-5.8)=6.2, o2=8-(7.9-2.1)=2.2, o3=0, R=8.4. Eventually, logistics company A transports three units of merchandise and receives 6.2 in revenue. Logistics company B transports a unit of merchandise and receives 2.2 revenue. Logistics company C does not receive an order. The customer has to pay a fee of 8.4.
4.2 TR-QD Mechanism
4.2.1 Model 2
Consider an auction market for truck logistics services with m customers and n logistics companies. The goods that the logistics company j can transport are Vj units and the goods that the i-th customer needs to transport are Di units. If a logistics company j participates in a trade, the minimum amount of traffic it can accept is . At this point, if all agents are bidding, we can get the maximum social welfare by solving nonlinear mix integer programming problem P2:



[bookmark: _Hlk22228135]where W (I, J) represents social welfare, di the demand quantity for which the i-th customer is selected into the transaction set, and bi the unit price of customer i’s bid, Hi= {0, 1, 2,…, Di}, Zi= {,…, Vj}. sjv indicates the bid price of the logistics company j to transport v units and βjv denotes whether sjv is selected into the final transaction set.
The objective function is the largest total social benefit, which is conducive to attracting more customers and logistics companies to participate. Constraint (7) is applied to ensure balance between supply and demand. Constraint (8) guarantees that both parties will not lose money when they choose to trade with the customer and logistics companies in the transaction set. Constraints (9) and (10) ensure that the logistics company has only one quantity combination selected into the final transaction set and the quantity discounts are used in this quantity—without distinguishing which customer it is specifically sold to—which reflects the customer's idea of cooperative procurement. Constraint (11) stipulates that the customer's trading volume selected in the transaction set is positive and cannot exceed its own demand.
Constraint (8) is nonlinear. To solve this problem, we convert P2 into linear integer problem P3:


[bookmark: _Hlk22228213][bookmark: OLE_LINK25]where αid indicates whether the i-th customer’s demand amount d is selected into the transaction. Y is a large positive number. Constraint (13) guarantees a balance between supply and demand. Formula (14) ensures that the unit bid price of the customer selected in the trading pool is higher than the unit bid price of the logistics company. Constraints (15) and (18) define αi, which indicates whether the i-th customer has a transaction selected into the trading pool. Constraints (16) and (20) ensure that the customer can only have one demand selected into the trading pool. Constraints (17) and (19) ensure that the logistics company can only have one quantity discount selected into the trading pool. P2 is thus equivalent to P3. The proof is provided in Appendix A.3.
Although P2 and P3 can be used to solve the transaction set of the customer and the logistics company for the maximum welfare of the society, the direct transaction will result in false bidding because it does not satisfy IC. Therefore, we design a new auction mechanism based on the classic trade reduction auction mechanism for the double auction. 
4.2.2 Mechanism 
We design the TR-QD mechanism to resolve the problem. The TR-QD mechanism is designed based on the MTR mechanism proposed by Huang et al. (2002). The core idea of the proposed mechanism is to achieve a real bid by removing part of the trade transaction to achieve independency between the pricing strategy and the agents involved in the transaction. First, we choose a trading pool with the goal of maximizing social welfare. Second, we arrange the bids of the agents in an orderly manner. Finally, we determine the transaction price by deleting a bid of the customer and a bid of the logistics company. As opposed to Huang et al. (2002), our double auctions include cooperative procurement, quantity discounts, and bid time parameters.
Step One: Collect bids from customers and logistics companies. Determine time Ti and Tj for the i-th customer to submit the final bid and the j-th logistics company to submit the final bid. Solve problem P3 (we use CPLEX to solve it) and select a trading pool of customers and logistics companies.



[bookmark: _Hlk22228301]Step Two: For the customers and logistics companies obtained by P3, the customers are sorted according to the unit bid price from high to low and the logistics companies according to the unit bid price from low to high. Agents with early bidding time will be ranked first for equal bidding prices. Let k and l be the merchants with the lowest and the highest bid prices of the logistics company in the trading pool, respectively. Bidders who have not selected the trading pool and the lowest bids for their unit price are also sorted according to the above rules and placed after them. According to the amount of bids,  and , we have three cases as shown in Figures 1–3. Figure 1 corresponds to , Figure 2 to , and Figure 3 to . The dotted line Supply 1 is the supply curve of the logistics companies when there is no quantity discount. Supply 2 is the supply curve of the logistics companies when there are quantity discounts. From the figure, the addition of quantity discounts can increase social welfare.
Step Three: k+1 and l+1 are the merchants whose bid price is highest and the logistics company whose bid price is lowest in the unselected trading pool. If bk ≥ (bk+1+sl+1）≥sl, the customer and the logistics company trade at(bk+1+sl+1), and the broker's return is 0. Otherwise, the fourth step is performed.
[bookmark: _Hlk22228316][bookmark: _Hlk22228322]Step Four: Remove the l-th logistics company’s bid in the trading pool and also the same product quantity at the lowest end of the customer bid price to determine whether the k-th customer's bid is completely removed. If not removed, remove the l-1th logistics company’s bids until the k-th customer's bid is completely removed. At this time, the customer and logistics company in the trading pool each have k’ and l’ remaining. All customer in the trading pool trade according to price bk and all logistics companies in the trading pool trade according to sl.
Step Five: All logistics companies’ bids remaining in the final trading pool will meet customer bids in accordance with the order of the customer final bid time from early to late.


Fig 1. Supply and Demand situation 1


Fig 2. Supply and Demand situation 2


Fig 3. Supply and Demand situation 3
After the final trading pool is determined, we need to determine how to assign transportation services to customers. Huang et al. (2002) proposed on-demand distribution. The customer who wins the auction first is allocated a basic transportation volume based on his demand. The larger the customer’s demand, the more basic volume it receives. When the customer demand is low, the basic transportation volume may be zero. Then, the remaining logistics services are distributed according to the customer's demand. Customers with more demand are satisfied first. However, this distribution method has distribution vulnerability. Some customers with less demand may have a base allocation of zero, meaning the second round of allocation may also be zero. For customers who pay a high price and buy only one unit of logistics services, it is easy to not purchase logistics services even under many auctions. This is obviously difficult for customers to accept in the auction mechanism. However, when we allocate transportation services according to price (e.g., assigning transportation services sequentially according to the bid price), the IC mechanism will be broken, which is not allowed in truthful double-auctions. Therefore, for the first time, we introduce time parameters for each customer to submit the final bid. According to bidding time, priority is given to customers who bid earlier, which not only solves the problem of Huang et al. (2002), but also achieves the goal of meeting earlier requests earlier. Finally, giving priority to bidding time can also encourage customers to quickly submit their own real bids to improve auction efficiency.
4.2.3 Properties
Property 2 The TR-QD auction mechanism satisfies IC.
[bookmark: _Hlk22228455]The TR and MTR mechanisms are introduced in Appendix A.4. We demonstrate in Appendix A.5 that the TR-QD mechanism satisfies IC. We divide the logistics companies into three categories according to the reserve price: the reserve price is higher than the transaction price, the reserve price is lower than the transaction price, and the reserve price is equal to the transaction price. We analyze the three different logistics companies separately and show that they maximize their individual payoffs by bidding their reserve price. Therefore, the logistics company meets IC, as do customers.
Property 3 TR-QD auction mechanism meets IR and BB.
From Appendix A.6, we can see that the TR-QD auction mechanism satisfies IR and BB. The customer either does not participate in the transaction or will spend less than the reserve price to purchase logistics services. Similarly, the logistics company either does not participate in the transaction or its actual selling price is higher than its reserve price. Therefore, the mechanism satisfies IR for all agents. Obviously third-party auctioneers do not lose money in the TR-QD auction mechanism. Therefore, the TR-QD auction mechanism satisfies the weak BB. Weak BB means that third-party auctioneers do not lose money during the auction process, but may make money.
Property 4 TR-QD auction mechanism satisfies AsE.
We demonstrate in Appendix A.7 that the three possible supply and demand relationships are AsE. We design the TR-QD mechanism to achieve AE when the numbers of customers and logistics companies tend to infinity. 
4.2.4 Example
To explain the TR-QD mechanism of the double auction with quantity discounts in detail, we provide an example below, in which there are eight logistics companies and five customers bidding. 

Table 3
Logistics companies’ bids
	Quantities
Companies
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	A (8:00 am)
	1.99
	3.97
	5.93
	7.87
	9.80
	11.71
	13.61
	15.49
	17.35
	---

	B (8:05 am)
	---
	3.96
	5.91
	7.84
	9.75
	11.64
	13.51
	15.36
	17.19
	19.00

	C (8:11 am)
	2.00
	3.80
	5.60
	---
	---
	---
	---
	---
	---
	---

	D (8:18 am)
	1.85
	3.68
	5.52
	7.36
	9.15
	10.98
	12.81
	14.56
	16.29
	18.00

	E (8:21 am)
	---
	4.14
	6.17
	8.18
	10.15
	12.10
	14.01
	15.90
	---
	---

	F (8:29 am)
	---
	3.78
	5.66
	7.52
	9.38
	11.22
	13.06
	---
	---
	---

	G (8:31 am)
	1.70
	3.39
	5.08
	6.77
	8.45
	10.13
	11.80
	13.47
	15.14
	16.80

	H (8:45 am)
	1.80
	3.59
	5.37
	7.15
	8.93
	10.69
	12.45
	14.21
	15.96
	17.70



Table 4
Customers’ bids
	Customers
	Quantities
	Unit prices
	Final bid times

	1
	10.00
	2.10
	8:25 am

	2
	12.00
	1.80
	8:50 am

	3
	13.00
	1.90
	8:20 am

	4
	15.00
	2.00
	8:30 am

	5
	12.00
	2.20
	8:10 am



When we use the MTR mechanism for calculation, we conclude that the number of transactions is 22, customer's transaction unit price is 2, logistics companies' transaction unit price is 1.9, customer's total income is 2.4+1=3.4, logistics companies' total income is 2+1+0.1=3.1, and social welfare is 3.4+3.1+2.2+8.7.
Add the customer's cooperative purchase and the bidding discounts of the logistics company to our example. Through the proposed TR-QD auction mechanism, we find that the number of transactions is 37, transaction price of the customer is 1.9, transaction price of the logistics company is 1.9, total customer income is 3.6+2+1.5=7.1, total logistics company income is 2+1+0.1+0.24=3.34, and social welfare is 7.1+3.34=10.44.
Because of the addition of both quantity discount and cooperative procurement, compared with the previous auction mechanism, for both the customer and the logistics company, the total social income is improved. The next section provides the specific numerical analysis.
4.2.5 Improved TR-QD (I-TR-QD) mechanism 
The results of the TR-QD mechanism indicate no “motivation” for bidders to report false prices when the mechanism meets IC. It means we can determine that the bidder's real trading price is independent of the bid price in the transaction. That is, no matter how the bidders participating in the transaction modify their bid prices, they will not affect the real transaction price.
Therefore, we modify our pricing strategy. In the fourth step of the auction mechanism, we set the transaction price of both the customer and logistics company to (bk+sl). Therefore, our mechanism satisfies SBB. Trading is only carried out between customers and logistics companies. Our third-party auctioneers do not make or lose money, but only play a role in determining the distribution of the auction. Obviously, this is a better distribution mechanism. Third parties do not make a difference, while logistics companies and customers can have greater profits. More customers and logistics companies can be attracted by I-TR-QD auction mechanism.
Property 5 The I-TR-QD mechanism satisfies IC, IR, SBB, and AsE.
Regarding the proof on IC and IR, the I-TR-QD mechanism and the TR-QD mechanism are similar, and we thus do not repeat them. For SBB, referring to Appendix A.8, for the I-TR-QD mechanism, third-party auctioneers are not involved in the transaction, regardless whether the final transaction price is (bk+1+sl+1) or (bk+sl); thus, our mechanism satisfies SBB. For AsE, we separately demonstrate in Appendix A.9 that the three possible supply and demand relationships are AsE. We design the I-TR-QD mechanism to achieve AE when the numbers of customers and logistics companies tend to infinity.
5 NUMERICAL EXPERIMENTS 
Here, we compare the effects of the TR-QD and I-TR-QD mechanisms with the traditional MTR auction mechanism using multiple datasets. We compare the four aspects of total social welfare, transaction volume, logistics company revenue, and customer revenue. 
Figure 4 shows a comparison of total social welfare. The empirical results show that the TR-QD and I-TR-QD mechanisms have identical effects on social welfare. That is, a double auction with a quantity discount can increase total social welfare. The reason is that, when logistics companies have a quantity discount, for different number of bidding combinations, the logistics company can reflect its reserve price through different unit prices. The original MTR mechanism logistics company does not know how many bids it would eventually receive; thus, the company would prevent the loss of the transaction and increase the bid price of their unit. This is obviously unrealistic.

Fig 4. Comparison of social welfare under the two mechanisms

Figure 5 compares the number of transactions between logistics companies and customers. The addition of quantity discounts leads to an increase in transactions. This shows that, under the TR-QD and I-TR-QD mechanisms, transaction volume can expand. This is also an important reason for the increase in total social welfare in Figure 4.


Fig 5. Comparison of the number of trades under the two mechanisms


Figure 6 shows the total profits of the logistics company. Here, a double auction with a quantity discount can increase the total return of the logistics company. This is because, when the logistics company is allowed to make a quantity discount for bidding, the bidding schemes are realistic, the number of logistics companies selected into the final transaction set will increase, and the logistics company with a low transportation cost will preferentially sell more logistics services. We can see that the logistics companies’ total profits under the I-TR-QD mechanism are greater than or equal to the profits under the TR-QD mechanism. Because the third party of the I-TR-QD mechanism does not have a revenue, a higher revenue is allocated to the logistics companies and customers.


Fig 6. Comparison of logistics companies’ total profits under the two mechanisms


Figure 7 shows a comparison of total customer returns. A double auction with a quantity discount can increase the total returns of the customer. This is because our mechanism allows customers to cooperate in purchasing and all customers who participate in the final transaction share the discounts from the logistics company's quantity discounts. The customer's profit under the I-TR-QD mechanism is greater than or equal to the profit under the TR-QD mechanism. Because the third party of the I-TR-QD mechanism does not have a revenue, more revenue is allocated to the logistics companies and customers.

Fig 7. Comparison of customers’ total profits under the two mechanisms

In summary, the I-TR-QD mechanism is the best among the four discussed mechanisms. It introduces quantity discounts, cooperative purchases, and time parameters into the double auction. Expanding social welfare, ensuring an SBB, further increasing the income of logistics companies and customers, and avoiding the allocation weak point of MTR mechanisms (customers with less demand may not be able to benefit from trading opportunities if they participate in the auction multiple times, even if their purchase price is very high) also achieves the goal that orders issued earlier are met earlier.
6 CONCLUSIONS
This paper is the first to introduce quantity discounts into the design of the P-VCG mechanism and a truthful double-auction mechanism and applies them to the logistics services procurement market. First, for only one customer, we established a P-VCG mechanism based on the VCG and reverse auction mechanisms. In the proposed mechanism, we allow logistics companies to have a quantity discount on bids. Minimizing the total cost of the customer is the goal of this mechanism. For a logistics company, its best bid is a real one. The P-VCG mechanism also satisfies IR, BB, and AsE.
[bookmark: _Hlk22228594][bookmark: OLE_LINK15]Second, when there are multiple customers, we applied quantity discounts, cooperative procurement, and bidding time to the double auction. Based on the trade reduction mechanism and the McAfee (1992) mechanism, we established two new auction mechanisms: TR-QD and I-TR-QD. Under the TR-QD mechanism, we allow logistics companies to have a quantity discount on bids and there is also a cooperative procurement between customers. The TR-QD mechanism satisfies IR, IC, BB, and AsE. Compared with the existing MTR mechanism, the customer's income, logistics company's income, and total social welfare are improved. In our research, we chose a balanced market, in which the numbers of customers and transportation companies increase or decrease simultaneously. Obviously, logistics companies can add their own competitiveness through bidding with quantity discounts. For the buyer's market (where the number of customers is small and the increase rate is far less than the number of logistics companies), it is clear that logistics companies also prefer to offer quantity discount bids to improve their competitiveness. However, for the seller's market (where the number of customers is large and the growth rate is much greater than that of logistics companies), logistics companies are in a dominant position in the market, and may thus abandon the strategy of quantity discounts. In summary, our auction mechanism is mainly used for balanced and buyer's markets. Through the introduction of bidding time, we solved the deficiencies of the existing distribution schemes, while ensuring the compatibility of incentives. Furthermore, our auction mechanism reaches the goal that earlier requests are met earlier, and this bid-time priority idea can also encourage customers to quickly cast their own real bids and improve auction efficiency.
Third, the I-TR-QD mechanism is the first truthful double-auction mechanism to achieve an SBB. A third-party auctioneer only plays a role in determining the distribution of the auction. The third-party auctioneer neither earns money nor loses money during the auction process. Logistics companies and customers can have greater profits. More customers and logistics companies can be attracted to our auction mechanism. In addition, the I-TR-QD mechanism is identical to the TR-QD mechanism in other respects.
Our work researches the potentials of the logistics auction market by adding quantity discounts and cooperative procurement. The number of transactions and social welfare are improved. However, it should be pointed out that our mechanisms are more suitable for equilibrium market or buyer's market. It is not applicable to the seller's market for the seller in the seller's market does not have the willingness to bid with quantity discounts.
In this study, we assume customers to accept logistics services from all logistics companies. In future research, we will consider that buyers and sellers can only trade if they satisfy specific attribute constraints. If the attribute constraints are not met, the two parties would not trade. Moreover, the goal of double auctions in this paper is to maximize social welfare. In the future, we will consider whether the model can be used to maximize transaction volume.
Appendix A
A.1 Description of VCG mechanism
First, from the description of Nisan and Ronen (1999), we briefly review the VCG auction mechanism. We design a mechanism through an output amount and agents’ valuations. Assume there are N participants. Every agent i has an input θi and a reserve price bid ti. This mechanism causes vector t = (t1, ... ,tN) to satisfy output o. Each agent's preference is represented by a real-valued function: vi (ti,o). Agent i’s net utility will be ui = pi + ri(θi ). ri(θi ) is the agent i’s real valuation and pi is the agent i’s payment. Mechanism m= (o,p) consists of two parts, one is output o and the other is payment p for N agents. Among them, we use t-i to show the i-th agent is removed from the N agents. An arbitrary function of t-i is hi (t-i).
Definition 1 The conditions for a mechanism to belong to the VCG mechanism are:


where expression (b) is called VCG payment.
Theorem 1 (Groves 0) A VCG mechanism is IC.
For the proof of Theorem 1, we refer to Groves (1973). In the VCG mechanism, the ideal bid of the agent is the reserve price.

A.2 Proof of the four features of the P-VCG auction
The first is BB. The logistics company follows a VCG payment. When R ≤ a1, the customer only transfers income M to the logistics customer through the auctioneer. The auctioneer does not make or lose money. When R > a1, the transaction fails. Therefore, the P-VCG mechanism satisfies BB.







For IC, because the amount of customer demand is public information, the P-VCG mechanism is IC for the customer. Below, we prove the logistics company also satisfies the IC by proving that the P-VCG mechanism is a type of VCG mechanism. For logistics company j, we have ,, ,, , , and . According to Definition 1, the P-VCG mechanism belongs to the VCG mechanism. Therefore, the logistics company allocated by the VCG mechanism satisfies IC. Therefore, all agents satisfy IC.
As above, when all agents meet the real bid, our objective function minimizes the spending of the customer. Obviously, the customer's demand will be allocated to a logistics company with a low unit cost. Therefore, AE is satisfied.
For the customer, the transaction is only carried out when R ≤ a1, so the customer satisfies IR. For the logistics company, the difference between the real income of the logistics company and the bid is M-j-M. Because our assumption is that any logistics company is removed and our market can still complete the customer's task, M-j-M ≥ 0. Therefore, the P-VCG mechanism is IR for logistics companies. As such, the P-VCG mechanism satisfies IR.

A.3 Proof of the equivalent of P2 and P3



First, the objective function is equivalent. In P2, the goods that the i-th customer needs to transport are Di units. di represents the demand quantity for which the i-th customer is selected into the transaction set. In P3, αid indicates whether the i-th customer’s amount demand d is selected into the transaction. Thus, .  is equivalent to . Second, the feasible domain is equivalent.




In the transformation of P2 to P3, we changed constraint .  is equivalent to , which is equivalent to . In sum, P2 and P3 are equivalent.

A.4 Description of trade reduction mechanism and MTR mechanism
The trade reduction mechanism was first proposed by McAfee (1992). Each buyer and seller has only one unit of demand or supply. In the auction transaction, the first step is to remove the k-th buyer and the l-th seller at the critical point of the supply and demand relationship figure (see Figure 2). The first k-1 buyers and l-1 sellers win the transaction, and the transaction price are the bid prices of the k-th buyer and l-th seller.
Huang et al. (2002) supplement this trade reduction mechanism. Huang assumes that each buyer and seller can have different demand or supply, but the bid price for the unit corresponding to the different amount is the same. On the basis of this assumption, a multi-unit trade reduction auction mechanism was established. The first step of the MTR mechanism is to remove the k-th buyer and l-th seller at the junction point of the supply and demand relationship figure (see Figure 2). The first k-1 buyers and l-1 sellers win the transaction, where the transaction price are the bid prices of the k-th buyer and the l-th seller.

A.5 TR-QD mechanism meets IC
Let us take the supply and demand relationship in Figure 2 as an example. Logistics companies can be divided into three cases according to the level of the reserve price. 
1. When the reserve price of the logistics company j is higher than the transaction price, if the j’s bid is higher than the reserve price of the company, then j still cannot obtain the transaction. If j's bid is lower than its own reserve price, then j may participate in the transaction, but is losing money at this time because the transaction price is lower than its reserve price. Therefore, the best option for a logistics company in the first case is a truthful bid. 
2. When the reserve price of logistics company j is equal to the transaction price, if the bid of j is higher than the reserve price of the company, j is still unable to obtain the transaction. If j's bid is lower than its own reserve price, then j may participate in the transaction, but is losing money at this time because the transaction price is lower than its reserve price. Therefore, the best choice for the logistics company in the second case is also the truthful bid. 
3. When the reserve price of the logistics company j is lower than the transaction price, if the bid price of j is higher than the reserve price of j, then j may not be able to participate in the transaction. If j can still participate in the transaction, its true return remains unchanged—the transaction price minus the reserve price of j. If j's bid price is lower than its own reserve price, j can still be selected as in the transaction. At this time, the real return of j remains unchanged, as the transaction price minus the reserve price of j. Therefore, the best option for a logistics company in the third case is also a truthful bid. Therefore, the TR-QD mechanism satisfies IC for logistics companies. Similarly, we can prove that the TR-QD mechanism satisfies IC for customers. Therefore, the TR-QD mechanism satisfies the IC for all agents.

A.6 TR-QD mechanism meets IR and BB
It is not difficult to determine from the TR-QD auction mechanism, for customers, whether the customer does not participate in the transaction or will spend less than the price of the reserved price to purchase logistics services. For the same reason, for a logistics company, we can determine whether the logistics company does not participate in the transaction or the actual selling price of the logistics company is higher than its own reserve price. As such, the mechanism satisfies IR for all agents.
From the TR-QD mechanism, the price of the auction can be generated in two ways. The first is that if bk ≥ (bk+1+sl+1)≥sl, the buyer and the seller trade at(bk+1+sl+1) and the third party’s return is zero. The second is to remove bid bk and bid sl if bk ≥(bk+1+sl+1) ≥sl is not satisfied and treat them as transaction price. Obviously, the third party has a return. Therefore, the TR-QD mechanism satisfies the weak BB. 

A.7 TR-QD mechanism satisfies AsE
The optimal solution is solved by P3. To ensure truthful bidding in the double auction, we remove the logistics company with the highest bid price in the trading pool. The amount of removed transactions is small and bounded relative to the amount of the optimal solution. When there are enough customers and logistics companies, this efficiency loss can be ignored. 
The market model can be divided into three categories according to the supply and demand relationship, which correspond to Figures 1–3.

1. When , the maximum efficiency of market loss is P (K,L)=(bk-sL)Dk, P(K,L) is bounded, so when m and n tend to infinity, =0.

2. When , the maximum efficiency of market loss is P(K,L)=(bk-sL)Dk+(b1-sL-1)(VL-Dk) and P(K,L)is bounded. Therefore, when m and n tend to infinity,=0.

3. When , the maximum efficiency of market loss is P (K, L). Let the number of transactions obtained by solving P1 be Q#, the number of real transactions Q, and q'= Q#-Q. It is apparent that q'>0 and P(K,L)＜q' (bk-sL)+ q' ( sL-s1)+ q' ( b1-bk)=q' ( b1-s1). It can be derived from the supply and demand in Figure 2 that q'＜(DK+Vmax), where Vmax is the freight volume of the largest logistics company that has won the transaction in P3. Therefore, P (K, L) ＜ (DK+Vmax) (b1-s1). Obviously, P(K, L) is bounded, so when m and n tend to infinity, =0.

A.8 I-TR-QD mechanism meets SBB
From the I-TR-QD mechanism, the price of the auction can be generated in two ways. The first is that if bk ≥ (bk+1+sl+1)≥sl, the buyer and seller trade at(bk+1+sl+1), and the third party’s return is zero. If bk ≥(bk+1+sl+1)≥sl is not satisfied, we treat (bk+sl) as the transaction price. In both cases, the third-party auctioneer only plays the assigned transaction task and does not participate in the transaction. Therefore, the I-TR-QD mechanism satisfies an SBB.

A.9 I-TR-QD mechanism meets AsE
The market model can be divided into three categories according to the supply and demand relationship, which correspond to Figures 1–3:

1. When , the maximum efficiency of market loss P(K,L)=(bk-sL) Dk, and obviously P(K,L) is bounded, so when m and n tend to infinity, =0.

2. When , the maximum efficiency of market loss is P(K,L)=(bk-sL)Dk+(b1-sL-1)(VL-Dk), and obviously P(K,L) is bounded. Therefore, when m and n tend to infinity,=0.

3. When , the maximum efficiency of market loss is P(K,L). Let the number of transactions obtained by solving P1 be Q#, the number of real transactions Q, and q'= Q#-Q. It is obvious that q'>0, and P(K,L)＜q' (bk-sL)+ q' ( sL-s1)+ q' ( b1-bk)= q' ( b1-s1). 
It can be derived from the supply and demand in Figure 2 that q'＜ (DK+Vmax), where Vmax is the freight volume of the largest logistics company that has won the transaction with P1. Therefore, P(K,L)＜(DK+Vmax)(b1-s1). Obviously, P(K, L) is bounded, so when m and n tend to infinity, =0.
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Social welfare




MTR	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	10	10	25	37	37	37	37	37	42	51	52	66	72	80	85	86	TR-QD	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	10	23	38	50	50	50	50	50	55	65	67	82	92	107	122	122	I-TR-QD	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	10	23	38	50	50	50	50	50	55	65	67	82	92	107	122	122	Number of logistics companies


Number of trades




MTR	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	0.5	1	2	4.8499999999999996	6.85	6.85	6.85	6.85	8.6999999999999993	7.6	11.5	12.5	12.5	13.5	14.85	16.5	TR-QD	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	1	1	3.32	4.74	7.2	7.2	7.2	7.2	9.15	8.57	14.39	16.53	17.43	17.34	18.8	20.23	I-TR-QD	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	1	1	3.52	4.74	7.2	7.2	7.2	7.2	9.4499999999999993	8.57	14.89	17.329999999999998	17.43	17.690000000000001	19.3	20.73	Number of logistics companies


Logistics companies'
 total profits




MTR	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	1.5	1	1	5.25	5.25	5.25	5.25	5.25	4.1500000000000004	6.75	6.4	6.4	7.4	7.4	7.4	7.4	TR-QD	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	2	2	3.5	7.1	7.1	7.1	7.1	7.1	8	8.1999999999999993	8.3000000000000007	8.5	9	9.65	10.4	10.4	I-TR-QD	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	2	2	3.7	7.1	7.1	7.1	7.1	7.1	8.3000000000000007	8.1999999999999993	8.6999999999999993	9.3000000000000007	9	10	10.9	10.9	Number of logistics companies


Customers'  total profits
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