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Quantum chaos of unitary Fermi gases in the strong pairing fluctuation region
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The growth rate of the out-of-time-ordered correlator in a N-flavor Fermi gas is investigated and the Lyapunov
exponent A, is calculated to the order of 1/N. We find that the Lyapunov exponent monotonically increases as the
interaction strength increases from the BCS limit to the unitary region. At the unitarity, the Lyapunov exponent
increases while the temperature drops and it can reach to the order of A, ~ T around the critical temperature
for the N =1 case. For N — oo, the Lyapunov exponent reaches its maximum A, &~ 4.35T /N at the critical
temperature. The system scrambles faster for stronger pairing fluctuations. At the BCS limit, the Lyapunov

exponent behaviors as A, o e*/Ta*>T?/N.
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I. INTRODUCTION

Information scrambling is a crucial stage in thermalization
of a closed system. During this process, the quantum entan-
glement spreads across all the freedoms of the system and the
memory of the initial state is lost, which is taken as a key
prerequisite for thermalization. Recently, studies in gauge-
gravity duality have inspired insights into quantum chaos
[1-8]. It is suggested that black holes are the fastest scram-
blers in nature [1]. Moreover, the experimental realizations
of nearly isolated quantum systems also attract increasing
attention to this area [9-11]. Analogous to the Lyapunov
exponents describing the growth of chaos in classical models,
the scrambling to the quantum chaos can also be probed by
the growth rate of the so-called out-of-time-ordered correlator

(OTOC).
The OTOC was first introduced by Larkin and
Ovchinnikov in the study of superconductivity [12].

Recently, this subject was revived by the discovery of
an unexpected bound on the Lyapunov exponent that
is extracted from OTOCs [1,13]. Several experiments on
measurements of OTOCs have been conducted [14-17].
Usually, instead of directly calculating the OTOC, it’s more
convenient to evaluate the “regulated” squared commutator
defined as C(r) = Tr{/p[W @), V(O)I"/p[W (1), V(0)]}
[18,19], where p = e PH is the thermal density matrix and
W and V are local Hermitian operators in general. It can
be expanded as C(t) = 2Tr{,/oW )V (0),/oV(OW (@)} —
2Re[Tr{,/pW )V (0)/oW (:)V (0)}]. The first term is time
ordered. On the other hand, the second term is on an unusual
time order as illustrated in Fig. 1 and it’s called an OTOC.
In a chaotic system, C(¢) is expected to have an exponential
behavior at the timescale #; as C(t) ~ ¢*'. Analogous to
the classical chaos, Aj is called the Lyapunov exponent and
f '~ A.. Based on some reasonable physical assumption,
the Lyapunov exponent is proven to have an upper bound of
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2mkpT /R and it saturates in models with gravity duals [1,13].
An concrete example is the celebrated Sachdev-Ye-Kitaev
model [20-22] which holds a conformal symmetry in the
low-energy limit and is dual to an AdS, gravity theory.

In condensed-matter physics, the systems usually don’t
possess conformal symmetry. However, there exist some ex-
ceptions. At the critical point, the conformal symmetry can
emerge for low energy and long distance. Investigations have
been done in this regime [19,23,24]. In these system, there
are no quasiparticle excitations and the temperature is the
only relevant scale. The Lyapunov exponents are found to
obey the relationship of Ay ~ k7. The unitary Fermi gas is
another example with scaling invariance. With the properties
of being highly controllable and hyperclean, it can be a perfect
playground to investigate information scrambling [25,26] and
thermalization in closed quantum systems. At the unitary
point, the nonrelativistic conformal symmetry emerges and
investigations have been taken to discuss its duality to a grav-
ity theory [27,28]. The behaviors of the Lyapunov exponent
in unitary Fermi gases have been studied in Ref. [29]. They
used the method of high-temperature expansion to investigate
the region of 7 < 1, where z = f* is the fugacity. They also
used the effective field theory to study the region of low
temperature deep in the superfluid phase. However, the region
close to the critical temperature has not been investigated,
where the fugacity z > 1. This region is more interesting since
it has been shown that around this region the system may
demonstrate some non-Fermi liquid behaviors [30-33].

In this paper, we calculate the Lyapunov exponent of a
N-flavor Fermi gas with tunable interaction in the region
close to the critical temperature. The OTOC is evaluated by
a series of ladder diagrams and the Lyapunov exponent is
calculated to the order of 1/N. As the interaction strength
increases from the BCS limit to the unitary regime, we find
that the Lyapunov exponent monotonically increases while
the temperature is fixed. We also investigate the temperature
dependence of the Lyapunov exponent at the unitarity. A; can
increase to Ay, ~ T for N = 1 case when the temperature is
close to the critical temperature. For N — oo, the Lyapunov
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exponent reaches its maximum A; = 4.35T /N at the critical
temperature. Furthermore, we also find that the Lyapunov
exponent behaves as A, o za>T?/N for high temperature at
the BCS limit, where a, — 0.

II. MODEL

We will start from a system with N fermion flavors. The
Hamiltonian can be cast as

5 3 A v? R
H = /d‘r{ ;wii,(r)( — 5 M)lﬁia(l‘)
- &Y e @ o).
ij

where Vi, (w;ﬁ,) is the annihilation (creation) operator of
the fermion field with flavor i and spin o. Parameter g is
the bare interaction strength between the fermions. Here we
assume the interaction strengths between different flavors are
the same and can be related to an s-wave scattering length a;
by the following renormalization relation:

1 m d’k 1
- = + @)

g dna, Q) 2¢,

where € = k?/2m and m is the mass of the fermions. By
introducing an auxiliary bosonic field ¢, the four-fermion
interaction term can be decoupled through the Hubbard-
Stratonovich transformation. Then, in the imaginary time path
integral formulism, the partition function can be written as

Z = [Dio. V., 0, @le=SWin Vi-#%] where the action S is
S[Wioa ‘(/fityv (07 @]
2

= /deSI‘(;W;(I, r)(8f - 2V—m - u)w,-g(t, r)
P _ Noy
- Zfﬂlﬂmlﬁu - ZWMU/&'? + T) (€)

In this paper, we set i = 1.

The imaginary time Greens’ functions of fermions and
bosons are defined as §;;0,5 G(T,T) = (w;(r, )Y, (0, 0))
and G(t,r) = (@(t, r)e(0, 0)), respectively. In the momen-
tum space, the free propagators can be simply expressed as

, -1
GO ) =
lw, — €k “w

G (i, k) = g/N, )

where a),’: =2n+ 1)mr/B and wZ = 2nm /B are the Matsub-
ara frequencies for fermions and bosons, respectively, and
B = 1/kgT. To calculate the Lyapunov exponent up to the
order of 1/N, we will involve the dressed propagators of fields
Y and ¢ as shown in Fig. 2. The dressed propagator of ¢ is a
resummation of the bubble diagram. Then, it’s written as

g/N

- b k —
G(iw}, k) 1= gMl(ick. K)’

&)

AN
A 4

t

FIG. 1. The complex time contour for calculating the out-of-
time-ordered correlators. The horizontal direction represents the real
time evolution and the vertical direction represents the imaginary
time evolution. It contains two real timefolds, which are separated

by if/2.

where H(iwz, k) is the one-loop bubble:

d’k 1 —np(ex — ) — np(eqek — 1)

M(io?, q) =
(w),, (l) 2r)3 —iwb + € + €q—k — 210

Q)

np(ex — n) = 1/exp(B(ex — 1) + 1) is the Fermi-Dirac dis-
tribution function. The dressed propagator of field ; is

1
o]t e — - Z(iof, k)

(N

(@) ——=»-—— =

A 4

(b)
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FIG. 2. (a) The Feynman diagram of the Dyson-Schwinger equa-
tion for field ¢. (b) The Feynman diagram of the Dyson-Schwinger
equation for field ¥,,. The double solid (dashed) line and the solid
(dashed) line represent the dressed and free propagators of ;. (@),
respectively. (c) The Feynman diagrams of the Bethe-Salpeter equa-
tions of the squared anticommutators.

045123-2



QUANTUM CHAOS OF UNITARY FERMI GASES IN THE ...

PHYSICAL REVIEW B 102, 045123 (2020)

where the self-energy of fermions E(iw{ , I_é) is expressed as

G(iw),. q)
f m
B{iwy. k) = Z/ Q7) Zieh + il

o+ 1wy +€q—k _l’(/'
®

The corresponding retarded Green’s functions are defined
as usual as 6;;8,, Gr(t, 1) = —i0(t){({Yis (¢, 1), w;a,(O, 0Oh
and Gr(t, 7) = —if(@){[o(t, 7), #(0, 0)]), where 6(¢) is the
heaviside step function. In momentum space, the forms of the
retarded Green’s functions can be obtained by the analytic
continuation of Egs. (5) and (7) as Gg(w,k) = G(iw? —
® +i07, k) and Gg(w, k) = —G(iw] — @ +i0*, k). Then
Gg(w, K) is written as

-1

Gr(w, K) = . ©
R k) = e~ — st O

Hence, in the dressed retarded Green’s function, the pole is
modified by the self-energy. Working to the first order in %,
the pole can be approximately calculated as w* = ex — u —
Re X(ex — 0 +i0", k) + il'(k), and the quantum scattering
rate T'(k) is defined as T'(k) = —Im X(ex — p + i07, K).

To evaluate the OTOC, we need to define the symmetrized
Wightman function as

8:1800'Gw (1, 1) = Tt{/p¥is (t, 1) /¥, (0, 0)},
Gw(t, 1) = Tr{\/pe(t, 1)/p@(0, 0)}. (10)

In the momentum space, they can be written in terms of the
spectral functions of fields v;, and ¢ as

G o) A @)
Wi = S cosh(wB/2)’
_ Ap(@,k)
Gw(w,k) = m (11

The spectral functions can be calculated as the imaginary parts
of the retarded Green’s functions A (w, K) = —2 Im Gg(w, k)
and Ag(w, k) = —2Im Gg(w, k).

III. THE LYAPUNOV EXPONENT

To calculate the Lyapunov exponent, it’s convenient to
evaluate the regulated squared anticommutator defined as
[19,24]

0
i) = (” Z / drTe /DY (1. 1), ¥,(0,0))

X /(Wi . 1), ¥, (0, )}, (12)

The factor 1/N? is to normalized the summation of indices
i, j. Since the system is symmetric about exchanging spin
indices, without losing any generality we investigate the reg-
ulated squared anticommutator of field v, as above. For the
calculation up to the order of 1/N the squared anticommuta-
tor C; will couple to another squared anticommutator C, as
demonstrated in Fig. 2(c). The squared anticommutator C, is

written as the following:

0
e = (t)z [ s, v 0.0)

X /{0 (2. 1), ¥ 0, 0)}11. (13)

At the moment of r = 0, the above anticommutators vanish
because of r # 0. However, in chaotic systems, the time
evolution of the operators may involve increasing degrees of
freedom. As a result, the fields become nonlocal at a later
time. It is conjectured that the squared anticommutators will
have an exponential growth C;(¢) ~ ¢* at short time. Anal-
ogous to the approach in Ref. [18], to compute the A;, to the
leading order in 1/N, we only keep the fastest-growing dia-
grams, which is a set of ladder diagrams as shown in Fig. 2(c).
The “rails” of the ladder correspond to the retarded Green’s
functions. They are defined on the two real timefolds. The two
rails are separated by an imaginary time difference i8/2 and
they are connected by “rungs”. The rungs correspond to the
Wightman Green’s functions.

The Fourier transformation of C;(t) is denoted as C;(w)
with C;(t) = [ dwe™™'C;(w). To sum up all the ladder series,
it’s convenient to define functions f;(v; w, k) as

C.() 1 [ dwd’k
iW)=— | ——
N (2m)*
The lowest order of fi(v;w,Kk) is simply expressed as
Gr(w, k)Gy(w — v, k). Summation of all the ladder diagrams
yields the Bethe-Salpeter equations,

fiviw, k). (14)

do'd*K’
Qm)*
x (Ki(v;o, k; o, K) fa(v; 0, K)

fi(v;w, k) = Grlw, K)Gi(w — u,k)<1+

+ a3, ks KOS (30, K)),

H; 0, k) = Gr(w, k)Gr(w — v, k)

do'd*K’ ,
X any ——Ki(v;o, ko ,K) fi(v; ', K'),
15)
where K and /C, are the integral kernels corresponding to
the one-rung and two-rung diagrams in Fig. 2(c), respectively.
They are written as
Ki(v;o, ko', k') = Gy (o' + o, k + k),
K (v; 0, ks o', k')
da)”dSk// /" " * /! "
ZN/WQR(G) .k )gR(CU -v,k")
x Gy (w+ 0", k+K)Gy (o + ", K +K").
(16)
For the following calculation, we will take several approxi-
mations. First, one expects the f(v; w, k) to be exponentially
growing, while the first term of f; in Eq. (15) will be decaying.
Hence, this term can be safely dropped without affecting the

evaluation of the growth rate. Second, the pair of fermionic
Green’s functions Gg(w, K)Gj(w — v, K) in Eq. (15) can be
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approximated as %W Third, because in the above

approximation all pairs of the retarded Green’s functions
include an on-shell delta function, it’s natural to postulate
the on-shell form of f;(v; w, K) as f;(v; w, k) = f;(v;K)§(w —
ex + 1) [18,19]. Please refer to Appendix A for the details
of the approximation. With all above approximations, the
Bethe-Saltpeter equations of Eq. (15) can be reduced to

[—iw + 2T T ()] f1 (w; k)

T [dkK . - - L )
zﬁ/ 7 K1k, ) fr(: &) 4+ Ky (k, &) f1 (w0 K)),
o7 - T [dkE . . . 3

7)

where the momenta have been rescaled to be dimensionless
as k = k/ﬁ and k' = k’/ﬁ . Correspondingly, we define
a dimensionless quantum scattering rate I’ = I'/T. Here we
have assumed the function f(w, K) is rotationally invariant
and integrated over the angles. Then the function f;(w, k) is
reduced to fi(w, k) in Eq. (17). The dimensionless functions
K, and K, are written as

[N

IO dp -~
IC](k, k/) = N o (Iz)nl))zgw(gk/ + €k// — 2[1,’ ﬁ)’
-]
Rk By = N2 / dk'de"  |Gr@" K")POGk K k")
’ 12873 cosh (4=£=2") cosh (4—4=2")’

(18)

where kK" = k" /T, @' = o"/T, & = /T, and L = u/T
and the bosonic retarded Green’s functions and Wightman
function are also rescaled to be dimensionless by
Gr = JT Gr and Gy = VT Gw. The © function is defined
as Ok, k', k") =0QKk + e — p +kKOQRKK — e +
1 — K™Y QkK" + e — p + k") kK" — exr + 1 — k")
To more easily solve for the Lyapunov exponent the Bethe-
Saltpeter equations of Eq. (17) can be written in a simple form,

—iwF(w; k) = 11\/ / dk'S(k, K F(w; k), (19)

where FT (w; k) = (l?]j (50;12), k f>(w; k)) and the dimension-
less integral kernel S(k, k') is defined as the following:
Sk, k)
B (léz(ié, k') —2NT (k")s(k — &)

K1k, &)
Kk, &) :

—2NT(&K)Hs(k — k)
(20)

We do not know how to solve Eq. (19) analytically. How-
ever, it can be solved numerically by discretizing the momenta
k and k' in the integral kernel S(k,k’). Then, the integral
becomes the summation over the discrete momentum and
Eq. (19) can be written as

- T ~ - -
—ioF(w; k) = N ;S(ki, ki) F(w;k;), 2D

where k; is the discrete momentum with a small internals.
Obviously, —iw is given by the eigenvalues of the kernel

6
5t — TT,=11
4t
|_
3}
<
2,
1F
0 o
-20 -15 -10 -05 0.0

FIG. 3. 1. /T as a function of 1/azkr. The red solid, the blue dot-
ted, and the green dashed curves correspond to different temperatures
T/T. = 1.1, 1.5, and 2.0, respectively, where T, = 0.227F.

S(k;, 12]») multiplied by a factor 7 /N. By examining Egs. (18)
and (20), it’s straightforward to see that S (k;, 12,-) is a Hermi-
tian matrix. The eigenvalues are all real. Then the Lyapunov
exponent corresponds to the largest eigenvalue. Please refer to
Appendix B for the details of the numerical calculation of the
Lyapunov exponent.

IV. QUANTUM CHAOS AT THE UNITARY POINT

In this section, we study the case of unitary Fermi gases
by setting N = 1. This is not a fully controllable choice.
However, since we only focus on the variations of the Lya-
punov exponent with respect to the scattering length a, and the
temperature, it may generate qualitative correct interpretation
as the large N cases and inspire useful insight. In Fig. 3,
we plot Az /T as a function of 1/askp for fixed temperature
T/T. = 1.1, 1.5, and 2.0, where T, = 0.227F is the superfluid
critical temperature at 1/as;kp = 0, which is calculated in the
Nozieres and Schmitt-Rink scheme [34,35]. One observes that
the Lyapunov exponent monotonically increases as 1/askp
goes from the BCS limit to the unitary regime. For lower
temperature, the A, increases much faster than the higher
temperature cases. At the unitary point 1/askr = 0, we plot
Ar/T as a function of temperature 7 /7 in Fig. 4(a). As
the temperature drops, the Lyapunov exponent monotonically
increases and approaches the upper bound 27w 7. At the tem-
perature 7/T. = 1.1, the Lyapunov exponent can reach a
value of A; ~ 3.2T. Here we would like to point out that
we won’t be able to explore the region further close to 7,
for the N = 1 case, where our numerical calculation becomes
unstable. Please refer to Appendix B for details. The reason
is that the propagator of the bosonic field ¢ in Eq. (5) is
sensitive to the precision of the chemical potential i as one
approaches the critical temperature. For the case of larger
N, the portion of preformed Cooper pairs becomes smaller
and the calculation becomes less sensitive to the precision of
the chemical potential. Hence, we would be able to calculate
the Lyapunov exponent at 7.. In Figs. 4(b)-4(b), we plot
NAir/T as functions of temperature 7 /T for cases of N =
10, 100, and oo. For N = 10, the calculation still cannot
reach the critical temperature. However, for N = 100 and
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FIG. 4. (a)—(d) are the graphs of N1, /T as a functions of temper-
ature 7 /Ty at 1/akr = 0 for N = 1, 10, 100, and oo, respectively.
The red dashed lines indicate the critical temperatures of the super-
fluid phase transitions for the four cases.

N = 00, one observes that A; reaches a finite value at 7, and it
obeys the bound of 277 /8. Since there is no qualitative change
from the N = 1 to N = oo cases, we believe A, /T will also
reach a finite value at 7. for N = 1.

At the unitary point and temperature close to the critical
point, the system possesses two features. First, the system
is scaling invariant. It obeys the nonrelativistic conformal
symmetry (the Schrodinger group). Investigations have been
taken for the possible nonrelativistic version of ADS/CFT
duality [27,28]. Second, it has been shown that around the crit-
ical temperature, the system demonstrates a behavior of non-
Fermi liquid due to strong pairing fluctuations [30-33]. Some
research has shown that certain systems lacking quasipar-
ticle excitations demonstrate strong chaos [19,23,24,36,37].
Hence, it’s not surprising that our system scrambles the fastest
at the unitarity and the temperature close to 7.

V. THE BEHAVIORS IN THE BCS LIMIT

At the BCS limit, the scattering length a; — 0~. The
retarded Green’s function Gy of the field ¢ can be expanded
in terms of small ay as the following:

Gr(w, k)
1/N
- d*k 1 d*k l-np(ek—p)—np(eq-k—1)
4na5 Q)3 2€k 2r)}  —w—i0t+ex+eqk—2p
 ay/N. (22)

Notice that the temperature must be far from the critical

temperature. Otherwise according to the Thouless criterion,
m A’k 1—np(ek—p)—nr(€q-k—H1)
one has " 47a, + / (27{)’ 25k Q2m)} —wte+eqk—2u

0 when T approaches 7. and G cannot be expanded
for small a;. Furthermore, since the Wightman function
Gw and the quantum scattering rate I'(k) can be calcu-

—

lated by Gy (v, k) = %};7;;) and T'(k) =

_ cosh[(exk—p)/2T]
—k = 214 D ohiteg /21T

can be easily derived as Gp zafﬁ /N and T'(k) «
zasz /N, where z = exp(u/T) is the fugacity. Please refer to
Appendix C for details. K (k, k') and K, (k, k) in the integral
kernel of Eq. (20) are functions of Gg and Gy as shown in
Eq. (18). Then it’s straightforward to obtain the behaviors as

Ki(k, k') oc za*>T and Ky(k, k') oc za>T. The three terms in
Eq. (20) all have the same asymptotic form of za>T . Hence, as
a; — 07, the Lyapunov exponent behaves as A, o za’T?/N,
which is consistent with the results on the Fermi liquid theory
with well-defined quasiparticles [29,38,39].

d}
[ 359w (ex +

their behaviors for small ag

VI. CONCLUSIONS

We have computed the Lyapunov exponent for an N-flavor
Fermion system using 1/N expansion. The variation of the
Lyapunov exponent with respect to the scattering length a;
and temperature 7 has been investigated. When 7 is fixed,
the Lyapunov exponent monotonically increases as the 1/askp
increases from the BCS limit to the unitary regime. When
the scattering length is fixed to 1/askr = 0, the Lyapunov
exponent increases while the temperature drops. Around the
critical temperature, it can reach to the order of A, ~ T for
the N = 1 case. Basically, our results indicate that with strong
pairing fluctuations the system exhibits strong chaos. Further-
more, the behavior of A; at the BCS limit was calculated
as Ap & za?T2 /N, which is consistent with the Fermi liquid
theory.
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APPENDIX A: APPROXIMATIONS FOR
THE REDUCTION OF EQ. (17)

With the first approximation, the first term of f; in Eq. (15)
is dropped. Then the Bethe-Salpeter equations in Eq. (15) is
reduced to

dow'd’K
filv; o, K) = Gr(w, K)G(w — v, k)/ )
x (Ki(v;o, k; o, KN H(v; 0, K)
+K(v; 0, ks o, K) fi(v; 0, K) ),
H; 0, k) = Gr(w, k)Gr(w — v, k)
do'd’K'
(2w )*

——Ki(v;o, ko, K) fi(v; 0, K').
(AD)

The second approximation is performed on the pair propa-
gators Gr(w, k)Gi(w — v, k). In the free fermion case, it’s
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expressed as

Gr(w, K)Gi(® — v, k)

1 1
= . (A2
w—€e+u+i0tw—v—e+pu—i0t (A2)

The integration over w can be evaluated by the method of
residue. Then it’s straightforward to yield

2mwis(w — ex + 1)
v+ 2i0t '
The approximation is taken by replacing the 0" by the scatter-

ing rate I'(k) for the interacting case. Then,

2mis(w — €k + 1)
Gr(w,kK)Gr(w — v, k) = . (A4
r(w, K)Gg(w — v, k) b+ 2T (A4
As discussed in the main text, the third approximation is to
postulate the on-shell form f;(v; w, k) = f;(v;Kk)§(w — ex +
). Then the Eq. (A1) can be written as

[—iv + 2T ()] fi(v; k)

Gr(w, K)Gy(w — v, k) =

(A3)

dw' d’K’
_ / K (e + (K1 (v; 0, k0, K fo(3K)
@)

+ (v 0, ks, K) f1(v;K)), [—iv + 2T (k)] f2(v; k)

do'd’K’
N f (C;ﬂ)4 2m8(0 — e + WK1 (v; 0, ks o, KD f1(v; K.

(A5)

Assuming f;(v;K’) is rotationally invariant and performing
the integration by implementing the delta function §(w — ex +
1), one obtains the Eq. (17).

APPENDIX B: REMARKS ON NUMERICAL TECHNIQUE

To numerically solve for the Lyapunov exponent, we first
discretize the momenta k and k’ of the integral kernel S(k, k')
in Eq. (20) into Ny pieces. The cutoffs of momenta k and &’
are set to A = 15. We have also checked the convergence of
the results by performing the calculation for larger cutoffs.
The kernel S(k, k') is symmetric for exchanging k and k'.
Then it can be easily diagonalized to obtain the eigenvalues,
which are denoted as A; here. The Lyapunov exponent is
related to the largest eigenvalue as Ay N/T = max(};). Then
the same calculation is performed for different Ny, and the
corresponding value of Ay N/T is obtained. As an example, we
illustrate the case of 1/askr = 0 and T /T, = 1.1 in Fig. 5(a).
The final value of A N/T is read by the extrapolation to
1/Nsize = 0. In Fig. 5(b), we present the extrapolation of the
case T /T, = 1.04, where one observes that squared residuals
are large and hence the numerical calculation is unreliable.

APPENDIX C: BEHAVIORS AT BCS LIMIT

At the BCS limit, one has a;! — —oo. Then the asymp-
totic behaviors of various propagators and the scattering rate
['(k) are demonstrated as the following. The full propagator
of field ¢ is

N 1N
/g—Tl(w, k)~ Re+ilm’

Gr(w, k) = I (ChH

(@) TITe=1.1 (b) TIT,=1.04
4 N=1 | N=1 |
3
2
1
0 0
0 0002 0004 0006 0 0002 0004 0.006
1 /Nsize 1 /Nsize

FIG. 5. The extrapolation of A, /T as a function of the discretized
interval 1/N,.. Graphs (a) and (b) are for the cases of 7 /T, = 1.1
and 1.04, respectively, and 1/askr = 0 in both graphs.

where
m I’k 1
Re = — ax
4mag 27)3 2¢x
_ d’k 1 —np(ex — ) — np(€qx — i)
2n)3 —w+ €k + €qk — 21 ’
d’k
Im=—n W[l —np(eg — ) — np(eg—x — 1)}

X 8(—w + € + €q—k — 210). (C2)

After we rescale all the momenta and frequency by k —
k/ﬁ, q— q/ﬁ, and w — /T, it’s straightforward to get
the following asymptotic behaviors for large a; '

-1
Re cxa; ",

Imaﬁ.

Notice that the temperature here must be far from the super-
fluid critical temperature, otherwise Re — 0. Then for large
a;! the propagator Gr(w, K) behaves as

(C3)

Gr(w, k) < ag/N. (C4)
The imaginary part of Gr(w, k) is
1 Im 2
The Wightman function of field ¢ behaves as
Apg(wp — 2,k
G (x — 241, k) = b 2L 1)
2sinh[(wx —2p)p/2]
_ —ImGr(wy — 2, k)
sinh[(wr —21)B/2)]
o za?~/T /N. (C6)

The self-energy of fermions is

3 - b
(i), k) = lz/ dq Gliw,, @)
B 2n)?

—iwh +iw) +eqx — 1

k]

(C7)

045123-6



QUANTUM CHAOS OF UNITARY FERMI GASES IN THE ...

PHYSICAL REVIEW B 102, 045123 (2020)

b

where the summation over w,),

integration as the following:

is equivalent to a contour

Y(iw!, k) =

dq (/' dz np(2)(Gr(z, @) — Gaz, q))
QrY\J 27—zt iw) +eqr—p

— G(ie] + gk — 1 Q) (eqk — ), (C8)

where G, is the advanced Green’s function for field ¢. After
we take a analytical continuation, the imaginary part of the
self-energy can be calculated as

Im X(w + 07, k)

d*q
=— / m <nF(6qk — wAp(w + €q-x — 1)

+ / dzAp(2)8(—z+ @ + €q-xk — /L)%(Z))

d3q cosh (3)
T / 2Q2m)3 Ow (@ + gt = 1. @) cosh (“55) )

(€9

The quantum scattering rate is defined as I'(k) =
—Im Z(ex — p + i0", K). Then it can be written as

cosh (%-4)

(C10)

As we have derived in Eq. (C6), the asymptotic behavior of the
Wightman function is Gw (e + €q—k — 214, q) X zaSZ«/T /N,
then the asymptotic behavior of the quantum scattering rate
for large a; ! is as the following:

(k) o< za*T?/N. (C11)
With all above asymptotic forms of Gr(w, K), Gy (w, K), and
I'(k), straightforward calculation yields

Kk, &) zafT,

Kok, k') o za*T,

d’q
r) = [ 5o 0nat - 2na)

(C12)
and hence

S(k, k') o za*T. (C13)

Then the asymptotic behavior of Lyapunov exponent A, for

—1:
large a; ' is

A, o« T (zalT)/N = za T*/N. (C14)
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