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Smooth Dynamics for Distributed Constrained
Optimization with Heterogeneous Delays

Mengmou Li, Shunya Yamashita, Takeshi Hatanaka, and Graziano Chesi

Abstract—This work investigates the distributed constrained
optimization problem under inter-agent communication delays
from the perspective of passivity. First, we propose a continuous-
time algorithm for distributed constrained optimization with gen-
eral convex objective functions. The asymptotic stability under
general convexity is guaranteed by the phase lead compensation.
The inequality constraints are handled by adopting a projection-
free generalized Lagrangian, whose primal-dual gradient dynam-
ics preserves passivity and smoothness, enabling the application
of the LaSalle’s invariance principle in the presence of delays.
Then, we incorporate the scattering transformation into the
proposed algorithm to enhance the robustness against unknown
and heterogeneous communication delays. Finally, a numerical
example of a matching problem is provided to illustrate the
results.

Index Terms—Distributed optimization, Passivity, Delays.

I. INTRODUCTION

ISTRIBUTED convex optimization over multi-agent sys-
tems aims to drive agents to cooperatively optimize the
sum of local objective functions that are only accessible to
their local agents. Ever since the pioneer work [1] that provides
a control-theoretic perspective for the proportional-integral
(PI) consensus-based distributed algorithms, many works have
been carried out in the continuous-time scheme [2]. Recently,
some problems in distributed optimization have been analyzed
via passivity-based techniques [3]-[7]. Passivity-based tech-
niques usually enjoy good scalability to large-scale networks
owing to the preservation of passivity in parallel or negative
feedback interconnection of passive components [8].
Distributed optimization under communication delays has
been an important subject in recent years since delays can
cause instability for algorithmic dynamics [3], [4], [9]. The
work [9] addresses time-varying delays, but it only considers
an identical delay known in advance for all communication
channels and does not treat inequality constraints. The problem
under unknown and heterogeneous communication delays is
addressed via passivity techniques in [3], [4]. However, to
ensure optimality in the presence of inequality constraints,
delays are assumed to be homogeneous and an additional
assumption on the graph is needed in [3], which is not always
easy to verify in large scale networks. Besides, the objective
function is assumed to be strictly convex in [3], [4], which does
not hold for a large class of convex optimization problems.
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The LaSalle’s invariance principle is widely used for conver-
gence analysis of distributed algorithms. Algorithms derived
from the classical Lagrange multiplier method usually adopt
projected operations to guarantee the non-negativeness of the
multipliers for inequality constraints. As a result, it leads to
non-smooth dynamics, which is analyzed by the invariance
principle for Carathéodory systems [10]. However, the dis-
continuous nature hinders the application of the invariance
principle when delays are introduced into the systems, which
results in the additional restrictive assumptions in [3], [4]. It
is worth noting that a projection-free Lagrangian is adopted
to solve local and couple inequalities in [11], which enables
a smooth dynamics and the application of the LaSalle’s
invariance principle under delays. Another important issue is
that the primal-dual gradient dynamics may cause oscillations
when the objective function lacks strict convexity [12]. To cope
with this problem, some modification methods are introduced
[12], [13]. However, these methods are either restricted to
affine constraints or not in a distributed structure. Recently, a
phase lead compensation technique is adopted as a generalized
method to ensure convergence [5].

In this work, we address unknown and heterogeneous inter-
agent communication delays in distributed constrained opti-
mization without the strictly convex assumption by combining
techniques used in [5], [11] from the perspective of passiv-
ity. First, we propose a smooth continuous-time algorithm
for distributed constrained optimization with general convex
objective functions without delays. Then, we incorporate
the scattering transformation into the proposed algorithm to
enhance the robustness against unknown and heterogeneous
communication delays.

II. PRELIMINARIES

Notations: Let R (R>() be the set of (non-negative) real
numbers. col(vy,...,v,) == (vl,...,vL)T denotes the col-
umn vector stacked with vectors vq,...,v,,. I, denotes the
nxn identity matrix, 1,, := col(1,...,1) € R™, and 0 denotes
the zero matrix of proper dimension. The notation “o” denotes
the Hadamard product and “®” denotes the Kronecker product.
Vi f denotes the gradient of f along the variable k, whose
subscript can be omitted if there is only one variable.

We first introduce some knowledge of convex analysis. A
differentiable function f : R™ — R is convex over a convex
set X C R™ iff [Vf(z) — V)" (z—y) >0,Ve, y € X,
and is strictly convex iff the strict inequality holds for any
x # y. The function f is said to be concave if —f is convex.
For a function £ : X x Y — R with X C R", ) C R™ being
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closed and convex, (z*,y*) € X x Y is called a saddle point
of Lif L(z*,y) < L(z*,y*) < L(x,y*), V(z,y) € X x V.

Next, let us present some basic concepts in graph theory.
An undirected communication graph is represented by G =
(N, E), where N = {1,..., N} is the node set of all agents,
E C N x N is the edge set. The edge (i,j) € £ means
that agent ¢+ and j can exchange information. The adjacency
matrix A := [a;;] satisfies a;; = 0, and a;; = a;; > 0 if
(1,7) € € and a;; = 0, otherwise. The graph G is said to
be connected if there exists a sequence of successive edges
between any two agents. When G is connected and undirected,
its corresponding Laplacian matrix L := diag{A -1y} — A
is positive semidefinite and has zero as its simple eigenvalue
associated with eigenvector v = aly, Va € R.

We conclude this section by giving the definition of pas-
sivity [5]. Consider a system X described by a state model
with state z € R™, input v € R™ and output y € R”".
The system X is said to be passive if there exists a positive
semidefinite differentiable function S(z) : R™ — Ry called
storage function, such that S(z) < y”u holds for all inputs
u(t), all initial states (0), and all ¢ > 0.

III. PASSIVITY-BASED ALGORITHM ON CONSTRAINED
DISTRIBUTED OPTIMIZATION

Let us consider a constrained distributed optimization prob-
lem in a network of IV agents in the node set A" = {1,..., N}

mln Z filz

iEN

where z € R" is a decision variable, f; R — R,
gi : R" - R, h; : R®™ — R are local objective function,
inequality constraint and affine equality constraint for the ¢th
agent, respectively. Just for simplicity, we only consider one
local inequality and equality constraint for each agent, while it
is trivial to extend subsequent results to the case with multiple
local constraints. Next, we adopt the following assumptions.

z), st gi(z) <0, hi(z) =0,ie N (D)

Assumption 1. The functions f; and g; are convex and twice
differentiable. The Slater’s condition holds and there exists a
finite optimal solution to problem (1).

This assumption ensures that the problem is well-defined.
fi is only required to be convex, implying that there may exist
more than one optimal solution to problem (1).

Assumption 2. The communication graph G is undirected and
connected.

Denote x = col (1, .. .,
(1) is equivalent to

xn ), where ; € R™, then problem

Z filxy) —l—xTLac
ieN 2)
st. gi(z;) <0, hi(z;)) =0, ieN, Lv =0

mln flx

where L = L ® I,,, and L is the Laplacian matrix.

A. Generalized Lagrange Multiplier Method

In this subsection, we briefly review the generalized La-
grange multiplier method (GLMM) in [11] for solving problem
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(2). Define compact variables A = col(A1,...,An), p =

col(py,...,pun), & = col(&y,...,&n) with A, u; € R and
& € R™, i € N. Adopt a Lagrangian for problem (2),

£($7§7 A,,U) =

1
x) + Z )\fgl(%) + Z wihi(x;) — &L + §xTL:17
iEN 1EN
3)

where L(x,&, A\, 1) is a class of the generalized Lagrangian;
A2 is the generalized multiplier for the inequality constraint
gi < 0; p; is the multiplier for the equality constraint h; = 0;
¢ is the multiplier for the consensus constraint Lz = 0. Then,
by applying the primal-dual gradient flow to L(x, &, A, u), we
obtain the following projection-free distributed algorithm

&y = — Vg, L = =V fi(w;) = \iVgi(w;) — 1,V hi(x;)
+ Z az] -Tz - Z aij(fj - gz) (4a)
JEN; JEN;
éi :vfi£7 )‘z = v)\i£7 P = Vﬂw‘c (4b)

where a;; is the (¢, j)-th entry of the adjacency matrix. The
above algorithm is said to be projection-free since the non-
negativeness of multipliers \? is already guaranteed without
any projection operator.

Let (x*,&*, \*, u*) € H* denotes an optimal solution of the
problem, where H* is the set satisfying the generalized KKT
condition for problem (2) corresponding to L£(x,&, A, ), i.e

Lz* =0, (5a)

hi(z}) =0, gi(z}) <0, A Zgi(a}) =0, (5b)
N

Vi) + NP2V gi(a)) + piVhi(z Z =0
B (50)

where the term Z]GN aij(x} — o}

¥) in (5¢) is omitted since
(5a) implies =7 = 7, Vi,j. Next, let us give the following

lemma derived from [1 1].

Lemma 1. Under Assumption 1, a fixed point (z*,&*, \*, u*)
solves problem (2) if and only if it satisfies condition (5).

*

Then, denote z* = zj, Vi. Obviously, z* is the optimal

solution to problem (1).

B. GLMM With Phase Lead Compensation

Originally, f; needs to be strictly convex to ensure the
convergence of algorithm (4) [11]. When this restriction does
not hold, i.e., when f; lacks strict convexity, an extra modi-
fication is needed. In this subsection, we add the phase lead
compensator into the dynamics (4), which serves to provide
stable zeros and avoid possible oscillations for the algorithm
under general convexity [5].

Define v = col(vy, . ..,vy) with v; € R™ and

=Vfi(z:) — )\?V!]i(iﬂi) — i Vhi(x;)
+ 2 jen; @i (5 — i) = e n, aii (&5 —
We add the phase lead compensator to the integrator in the

primal gradient dynamics (4a), then the dynamics for the ith
agent is reformulated in the frequency domain as

xi(s) = (M;(s) - I,) vi(s) (7

V; =

&) ©
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Fig. 1. The

Block diagram of the ith agent’s dynamics for x;,
generalized transfer function M;(s) represents the cascade connection of
phase lead compensator with the integrator for gradient dynamics of x; to
ensure convergence under general convexity.

iy Vi,

where the generalized transfer function M;(s) is defined by

%
Py
Ak
k=1 S+bk

blo> ... >0 >0 =0, ¢ >0 k=1,...,

M;(s) =
(s) ®

m > 2.
Note that we only apply the phase lead compensator to (4a),

and (8) is a simplified version of the algorithm in [5].
Then, the overall distributed algorithm becomes

p@:—b;;p;;+c;;ui,k:1,...,m (9a)

Z; :ZPL (9b)
=1

vi ==V fi(zi) - sz%(fvi) — i Vhi(z;)
+ ) ai(ry —w) = Y ai(§-&) 90

JEN; JEN;

éi = Z aij(xj - CCZ) (9d)
JEN;

X =2Xigi(x1), fui = ha(x;) (%)

where (9a), (9b) is the state-space representation of (7) and
pt € R™ (k=1,...,m) is an auxiliary state variable. Under
the phase lead compensation, the block diagram of the ith
agent’s dynamics for x;, A;, ; can be described by Figure 1.
We can observe that, algorithm (9) is reduced to algorithm (4)
if M;(s) is replaced by an integrator.

C. Convergence Analysis

We aim to address convergence of system (9) via passivity
analysis in this subsection. To this end, let us first analyze
the passivity of the subsystems included in it. Denote a
fixed point (z*,&*,\*,u*) € H* as the reference point,
v =col (v1,...,vNy) and v* = v(z*, &, \*, u*) = 0. First,
we focus on subsystem (9a)-(9c) and obtain the following
lemma whose proof can be found in [5, Lemma 7].

Lemma 2 ([5]). Under Assumption 1, the system defined by
(9a)-(9c) is passive from ¢; — ¢ to x; — z* with respect to
the storage function S§ = 55 2P+, 2(1:2

s
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ie, S¢ < (x;—2%)T (¢ — ¢F), where ¢; := v; + V fi(x;) and
¢F = v + Vii(x)).

Briefly note that it satisfies that
Z*f 2 — 2" (6 — ¢7).
k= Ck
(10)

Next, we show that the dual gradient of Lagrangian (3) with
respect to \, j preserves passivity.

S¢ = (

K2

Lemma 3. Under Assumption 1, the system given by (9e)
is passive from x; — z* to ¢; — ( wzth respect to SY =
L2 A AN (I — AN D (g — i), e, Y <
(G—C¢) T (zs—2%), where \;In )\, is deﬁned as 0 when \; = 0,

Proof. The storage function SY is smooth and differentiable
for A; on [0, +oc]. By direct calculation, Sy > 0 and SY = 0
if and only if (\;, u;) = (Af, 1f). The time derivative of S7
gives

SY = (M=) gim) + ( — i) hi(w;)
< A7 [9i(2%) + Vi) z%)]
_)‘;2 [9%( )+ng< ) (xz -z )]
+ (i — 1) [Vhi(e)T (2 — 2%)]
= [A2Vgi(xi) — APVgi(2)]T (@ — 2%) + Mgi(2")
A2 () 4 (i — pf) [Vha(aa)T (2 — 27)]
< (G- (2 — 2%),

where the first inequality follows from the convexity of g;
and affine properties of h;, the second inequality follows from
Vhi(z;) = Vh;(z*) and the KKT condition (5b). O

We can also observe from Figure 1 that, the system enclosed
by the solid line is passive from ¢; —¢; to x;—2z* by Lemma 2.
The system within the dashed line is passive from z; — z* to
¢i — ¢} by Lemma 3. Moreover, since the communication part
in (9c), (9d) inherits passivity [3], the overall system (9) can be
seen as a feedback interconnection of passive systems. Then,
we can obtain the following result on convergence.

Theorem 1. Under Assumptions 1 and 2, the trajectories of
system (9) with initial condition \;(0) > 0, Vi € N will
converge to a fixed equilibrium point that solves problem (2).

Proof. Adopt the Lyapunov function candidate V

Yien ST+ Yien 57+ 56— €°I* = 0. Apparently,
is radially unbounded. Denote { = col((y,...,¢N), C*

=<

col(¢f,...,¢x), by Lemmas 2 and 3, the time derivative of
V' satisfies
V<(@—a2)"(¢p— ")+ ((— )z —a)

— (- Lz —a") < — (-2 Lz —2") <0,

where the last inequality follows from the positive semidef-
initeness of L. Then the states are bounded. The set )y :=
{(z,& A\, 1, p)|V < V(0)} is a positively invariant set. Invok-
ing the LaSalle’s invariance principle, the states will converge
to the largest invariant set in {(z, &, A, 1, p)|V = 0} which we
denote as €. in the subsequent, and V=0 only if all the non-
negative terms are zero. Notice that — > ", ka p;C =0
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holds only if p} = 0, Vk =
v; = 0 and thus z; is unchanged. — (z — z*)" L(z —
implies that Lz = 0 and f = 0. Then z satisfies (5¢).

Next, let us look at the dynamics (9e) when the states
converges to .. If \¥ = 0, then the constraint g;(z;) is
inactive, meaning that g;(x;) < 0 when the primal gradient
of £ with respect to z; vanishes, i.e., when (5c) holds. If
AF > 0, recalling the definition of S7, we obtain that \; > 0,
for all ¢ > 0, because if \; — 0, then SY — +oo due
to the term —7)\*2 In \;, which contradicts the fact that V'
is decreasing. Slnce A; is nonzero, g;(x;) should be zero to
ensure stability and boundedness of the dynamics )\1 =2)\;9;.
Similarly, it can be observed that h;(x;) should be zero to
ensure boundedness. Therefore, the KKT condition (5) is
satisfied, i.e., (z,&, A\, u) € H* and is unchanged whenever
(z,&, A\, p, p) converges to €2.. In conclusion, the trajectories
generated by the algorithm will asymptotically converge to a
constant equilibrium point that solves problem (2). O

.,m, which implies that
*) =0

IV. CONSTRAINED DISTRIBUTED OPTIMIZATION WITH
HETEROGENEOUS COMMUNICATION DELAYS

Let us consider the presence of unknown and heterogeneous
inter-agent communication delays in this section. For (i,5) €
£, let the communication delay from agent i to j be denoted
by a constant 7;;. In this case, each agent cannot catch the
current variable of its neighboring agents. Then the algorithm
under delays becomes

Vv, = — Vfl(l'l) — A?Vgl(xz) — ,uthi(xi)
+ 3 a(rf —x) = Y an(l - &) (11a)
JEN; JEN;
&= ai(rf; — x) (11b)
JeN;

(9a), (9b), (%)

where (11a) and (11b) are the modified update expression
against (9¢) and (9d) by replacing the neighbor’s information
with rU, i which denote the information agent ¢ receives
from agent j. The dynamics (11a), (11b) can be rewritten as

[Z] _ {—Vfi(gi) - Ci:|

where (; is defined in Lemma 3, p; := Zje/\/i Dij, Dij =
bij - aij  —Qij

= El and EZ = J J:| (024 In,
|:plj:| ! |: E] gl:| ! |:aij 0 J

e
Define z; := x;—

+pi 12)

m

2%, &= Gim28], D = Dim ) jen Pl =
_ * &—& ripl -
dojen; Dijs Py = aij [ Yo T = r? s Tij =
7T z*
M T Ty L“*—&

)
dynamics under communication delays preserves passivity-like
properties.

} We show that the

Lemma 4. Under Assumption 1, the system given by (11) has
the passzwty like property S; < de/\/ zjp”, where S; =

Sf+5f 5 H& | S¥ and Sg are defined in Lemmas 2 and 3.
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Proof. From the former lemmas, S; > 0. The time derivative
of \S; satisfies

: bi iT i _
S; < = Z;nzz ipk i+ x;{[_vfi(l‘i) - Cz]
+al (G- ) + [T & pi
< —E (G- +aE] (G-¢) - QCipk: Pk
+z7 ZjeN- Qij (gg* - z) + Zje/\/ [“El 51]1?11
;T Z; + 7T flm _
= Zk zczpk k+zjej\f,; L _,_TJ 4 Pij
< Zje/\/i 7}1]“1?” - EjGM Qij Hx T3 H
< Zjej\fi T'ijDij
(13)
where the first inequality follows from (10), (12) and
Lemma 3. O

If state variables are exchanged, then agent 7 at time ¢
receives i = x;(t — Tj;) and rfj = ¢;(t — Tj;) from agent
7 due to the existence of delays. However, this may cause
instability and divergence to the dynamics [3]. Thus, we do
not directly exchange original state variables here. To ensure
stability under delays, a scattering transformation method is
introduced [8], [14]. The scattering transformation in this work
is defined as

1
57 \/T—U(_pij +nrij), 5= (pij +nrij) (14a)

1
V2

55 = (=pji +nrji) (14b)

1 1
5% :\/—277(193‘1‘ +nrji), 7 \/7277
for (i, j) € £, where n > 0. Specifically, 553 denotes the signal
that agent ¢ sends to agent j while s<- represents the signal
j receives from i. The other notatlons are defined similarly.

Due to the delays, these signals should satisfy

S}'—i(t) = sz—;(t —T5;), s%(t) = sj—;(t —T). (15)

Instead of directly exchanging x and &, scattering variables
(14) are exchanged between agent ¢ and j for (i,j) € €&.
Then the input variables 735, r fj for each agent are computed
from these scattering variables. For simplicity, we suppose that
sg(t) = Sz‘_}(t) =0, vt <O.

It has been proved that the system of the scattering trans-
formation inherits passivity properties.

Lemma 5 ([3]). The system consisting of (14) and (15) is

passive from —[pl;, pi;)" 1o [Fl, TE]T with respect to
t 2 2
v =4[ (s “35] = [+
+‘ —5* — HS%(T)—(S;} 2) dr
+5 ()2 + T (5)?
ie, Vij(t) < — T Dij —T1iDji, where 5 := ﬁ (03 — i)

* . 1 * *
0ij = g (p5; +1735)-
Since p;; = pij — pj;, we can easily obtain the following
lemma with p};, p}, replaced by 0 in the proof of Lemma 5.

Lemma 6. The system consisting of (14) and (15) is passive

from —[pl;, pL1" to 7L, TLIT with respect to Vij(t), i.e.,
Vij(t) < =1ipij — Tipii-
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Following the above lemmas, the algorithm with scattering
transformation controllers can be viewed as a feedback inter-
connection of passive systems and hence preserves passivity.
Then, we can obtain the convergence result.

Theorem 2. Under Assumptions 1 and 2, the trajectories of
system (11) with controller (14), (15) and initial condition
Ai(0) > 0, Vi € N will asymptotically converge to a fixed
equilibrium that solves problem (2).

Proof. Step 1: We adopt the Lyapunov function candidate
V =Y ien Si+ 2 jyee Vij» where S; and V;; are defined in
Lemma 4 and Lemma 5, respectively. Obviously, V > 0 and
is radially unbounded. By following Lemma 4 and Lemma 5,
the time derivative of V' satisfies

V<Z Z*Pk Pl —

ieEN k=2 k

> el =rl p <o
JEN;

(16)
Then the system states are bounded. The set Qg :=
{(z,&,\, 11, p)|[V < V(0)} is a positively invariant set. By the
LaSalle’s invariance principle for delay systems [15, Theorem
5.17], the states will converge to the largest invariant set Q. in
{(z,&,\, 11, p)|V = 0}, which implies that {; = 0, z; = rZ,.
Moreover, v; = 0 implies that x; remains unchanged.

However, these results derived from (16) are insufficient to
conclude the optimality yet. To this end, let us go back and
rearrange the time derivative of V.

Step 2: Reformulating the term JEN: [a’cz EZ] p;; from
(13), we have

Yjen: [T & pij
o — T r o — T
— =T R . . 1.
- ZjEM TijPij ZJ—GNi |:7a7é _ gZ:| El] |:7,.f] £z:|

ij
T
0 T — i
-3 Bl
St e * ] Bl 7]
_ N T

= Xjen: TP — Ljen S (& —&) (5
S e e

When the states are in Q,, it is already shown that x; = r”
constant. Thus, following the time derivative of V' along with
Lemma 6, we have

V=>" {—Zmp?;Tpi + (i
iEN

k=2

— )

— ;) hi(;)

+ (A= NP gi(ay) — @t [Vfi(x:) + >\12V9i($i)]
= |
JEN;
= > { - (Vi) + NVailad)] + O = X)gi(a)
ieN

(s — () }

2 *2 T —T
(W =2?) Ve, + dTVL,
Eg(xa/\au)+£g(xv)‘aﬂ)7£g(x7)‘*>ﬂ*)

=3V, L, +
Sﬁg(x*v)‘nu’) -
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:Eg(.%'*,A“U/) - ‘Cg(x*a )\*,M*)
+ ﬁg(x*a )\*,M*) - ﬁg(xa A*vﬂ*)

where A\? := Ao\ and \*? is defined similarly, £, (z, \, y1) :=
f(@)+>en [A\2gi(xi) + pihi(x;)] is a Lagrangian, the third
equality follows from the fact that £, is convex with respect to
z and concave with respect to (A2, u). Then (z*, \*?, 1i*) can
be seen as a saddle point to L. It satisfies that Ly(z*, A, p) <
Lg(x*, A", ") < Lg(z, A", u*). These equalities hold when

V=0,ie.,
> (2= A) gz + (i — ) hi(z") = 0
ieN

Mok

iEN

(17a)

(=) = 32 { filws) + X Pgi() + i ha(e) . (17b)
1EN
Here, since x; is unchanged, it is clear from (9e) that h,;(z;) =
0 otherwise f1; is unbounded, Vi € N, then Y, \- pufhi(z;) =
0. Therefore, if \i?g;(x;) = 0, Vi € N/, then we can conclude
from (17b) that x; is the optimal solution. If \* # 0, then \; >
0, Vt > 0. This is because if \; goes to zero, then V = 400
due to the term 7%)\32 In)\; in Sf , which contradicts the fact
that V' is decreasing. We will reason by cases in the following.

1) If gi(2*) < 0, then \¥ = 0, \%g;(x;) = 0 holds.

2) If g;(2*) = 0, then A} can be nonzero. Note that z; is a
constant. Then g;(x;) < 0 or else A; will be unbounded
according to the dynamics )\i = 2\g;(x;).

a) If gi(x;) = 0, A\%g;(x;) = 0 holds.
b) If g;(x;) < 0, then \; should be zero to render a
stable equilibrium point, which contradicts the fact

that A\; will not approach 0, V¢ > 0.
Therefore, A\!%g;(z;) = 0 holds, and 3, fi(2;) is the
optimal value, which means that x; = x;, Vi, j is an optimal
solution. L]

Remark 1. The LaSalle’s invariance principle plays a crucial
role, which allows the analysis in step 2 of the proof. Such
an application of the LaSalle’s invariance principle under
delays is made valid thanks to the algorithmic dynamics (4)
for the generalized Lagrangian that preserves smoothness
and passivity. It should also be noted that the passivity-
based phase lead compensation technique eliminates possible
oscillations and ensures the convergence with cost functions
not necessarily strictly convex.

V. APPLICATION TO TARGET MATCHING PROBLEM

Let us consider an environmental-monitoring problem that
is formulated as a target matching problem [16].

N M
zrlr,:gloz Zzlk lwi — gl

- l 1 k=1

M

s.t. Zzlkzl, k=1,...,M, > zp=1,1=1,...,N
=1 k=1

(18)

where z = col(z1,...,2x) € RVM is the decision variable
with z; = col(z1, ..., z1p) € RM, and N, M are the number
of Robots and Targets, respectively. The variable z;;, € R
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denotes the matching label for Robot ! and Target k. The
term ||w; — ¢x| denotes the distance from Robot [ to Target
k, which is regarded as a constant (given by sensing). Note
that the linear programming problem (18) with continuous
variables is a strictly relaxation from integer programming.
The optimal solution for zj; is either 1 or 0, which implies
the matching status between Robot [ and Target k£ [16]. We
reformulate (18) as a consensus-based distributed optimization
problem and use notation x;(;) to denote the estimation of z;y
from agent .

Consider an area of 100 x 100[m?] with N = 5 Robots
and M = 5 Targets. The positions of Robots and Targets are
shown in Figure 2(a). The communication graph is set to be a
ring graph with a;; = 4, V(4, j) € £, the other parameters are
defined as m = 2, by, = 5, ¢ = 1, ¢, = 10, n = 1, the initial
condition is (x4, &, A, 144, p)lt=0 = (0,0,0.01,0,0) and the
stepsize is set to 0.001 in Simulink. The trajectories of of z;,
1 = 1,...,5 in algorithm (9) without communication delay
converge to the optimal solution, as shown in Figure 3(a),
which validates Theorem 1.

Next, we assume that there exist unknown and heteroge-
neous constant delays between any two neighboring agents.
The communication delays can bring in instability for al-
gorithm (9) (see, e.g., [3]). Thus, let us adopt algorithm
(11) with scattering transformation (14) to enhance robustness
against delays, and consider heterogeneous communication
delays T;; € [0.2,0.3] [s], V(¢,7) € €. The trajectories of z;,
i = 1,...,5 converge to the optimal solution as shown in
Figure 3(b), validating Theorem 2. Note that the agents’ states
diverge for the present delays in the absence of the scattering
transformation. Therefore, the scattering transformation serves
as a key technique for delay robustification. The corresponding
results are shown in Figure 2(b), illustrating the matching
between Robots and Targets.

VI. CONCLUSION

We have addressed the distributed constrained optimization
problem under inter-agent communication delays from the per-
spective of passivity. We have proposed smooth optimization
dynamics incorporating scattering transformation and proved
the robustness against unknown and heterogeneous delays.
Future work will include the extension to coupled constraints,
geometric constraints, and directed communication graphs.
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(a) Robots and Targets positions. (b) Matching results.

Fig. 2. Robots and Targets in the 100 x 100[m?] area.
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(a) The algorithm (9) without com- (b) The algorithm (11) with scatter-
munication delay. ing transformation under heteroge-
neous communication delays.

Fig. 3. The trajectories of x;, ¢ =1,...,5.
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