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REVERSE HILBERT TYPE INEQUALITIES

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

(Communicated by M. Krni¢)

Abstract. In this paper, some reverse Hilbert-Pachpatte’s type inequalities involving series of
nonnegative terms are established, which provide new estimates on inequality of this type.

1. Introduction

The well-known Hilbert’s inequality can be stated below ([1, p.226])
THEOREM A. Let a;,b, 20, 0< YT ab < oo and 0 < Z‘f’bz Koo If p>1 and
q=p/(p—1), then
/p s, 1/q

ii’:‘ amby Zal’ ;bg . (1.1)

m—|—n sin n/p T

Hilbert’s inequality and its integral form were studied extensively and numerous
variants, generalizations, and extensions appeared in the literature [2-11] and the ref-
erences cited therein. Some researches on reverse Hilbert inequalities were published
in [12-13] and et al. The latest research on this type of inequality can be found in
the literature [14]. In 1998, Pachpatte [15] proved new inequalities similar to Hilbert’s
inequality (1.1) and the main results are the following theorems.

THEOREM B. Let p > 1,q > 1 and {a,} and {b,} be two non-negative se-
quences of real numbers defined for m = 1,....k and n=1,...,r, where k,r are nat-
ural numbers. Let A,, = Y' a; and B, =Y} b;. Then

k r P npd k 1/2
3, 3 2 <clpakn)( 3 (k-me 1)l )
m=1n= 1 m=1
x (Z (r—n—|—1)(anZ_1)2>l/2 (1.2)
n=1
where
C(p,q.k.r) = %pq(kr)”z. (1.3)
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THEOREM C. Let {ay}, {bn},Am, By be as defined in Theorem A. Let {p,,} and
{qn} be positive sequences for m =1,...,k and n=1,...,r, where k,r are natural
numbers. Define P, =" | ps and Q, =Y, q:. Let ¢ and y be nonnegative, convex,
sub-multiplicative functions defined on Ry = [0,+o0). Then

$ OB (i —_— (,,))2> ”

m=1 m

X (; (r—n+1) (qnw@—:))z)l/z, (1.4)
o (E02)) (B08)) o

The main purpose of this paper is to establish reverse Hilbert-Pachpatte’s type
inequalities of (1.1) and (1.4), these new inequalities provide new estimates on inequal-
ities of these type.

where

2. Lemmas
LEMMA 2.1. [1, p.39] If x and y are positive real numbers and 0 < oo < 1, then

ox® M x—y) <x¥—y* <oy Hx—y). (2.1)

LEMMA 2.2. [16] If a,b are positive real numbers and %—I— é =1land p>1,
then

4\ Veplla s 4 b 22
S(b>a Pz 2.2)
where
p1/(h=1)
0<h#1. (2.3)

" eloghl/=1)’

LEMMA 2.3. If {a;} and {b;} (i=1,...,n) are positive real sequences, then

,, p s, 1/q
Bs(yih)on= (£4) (S11) 2
i=1 i=1 i=1

a’\ . .
where S <;bl‘.’> is as in (2.3), and
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Proof. Let

va? \\ ! va’ \\ !
(&) o, GG)

a= ) = )

and by using Lemma 2.2, we have
S Ya? _aib; S Ya? “p S Ya? ~1/a
Xxbl) Xx/rylla Xb! Xbi
_la [ (al _1+1b‘1 G(Ya )
“pX Xb! qY Xb! '

Yle7 aib,- 1 af 1 b?
S =4 ) v = =+ =
Xbl) xlryl/a” pX " qY

Taking the sum over i from 1 to n, we obtain

1 & (Ya 1 & 1
——— 'S — — Y bi=
XI/PYWZI (qu) XZ YE;

i=1

AT (z)/(zb)/ -

LEMMA 2.4. [2] (Jensen’s inequality) If f(x) is continuous and convex function

Hence

Hence

and p; (i=1,2,...,n) are nonnegative real numbers (not all 0), then
¥ (2?:1171')6:') o 21 pif (%) 2.5)
X pi YLipi
with equality if and only if x| = -+ = X,.

This inequality is reversed if f(x) is concave function.

3. Main results

First, we establish a reverse Hilbert type inequality of (1.1). Our main result is
given in the following theorem.

THEOREM 3.1. Let 0< p< 1,0< ¢ < 1 and {an} and {b,} be two non-negative

and decreasing sequences of real numbers defined for m=1,2,... kandn=1,2,...,r
where k,r are the natural numbers and define A, =Y as, By =Y b and Ag =
By =0. Then

4 Sp q,k,r,m,nAf;BZ
(mn)l/Z
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L 12 . 12
C(p,q,k,r) Z (k—m+1)(anAP 1?2 (r—n+1) Z (b,BI7) ,
m=1 n=1
3.1)

where C(p,q,k,r) is as in (1.3), and

ryi (bB) kxm (aAl )2
Sﬂ%hhmﬁ =S 1 N % — 1
S (BB r—141) )\ Zh (@Al T (k—s+ 1)

o a2\ o nBP
(@Al )2 Sr (6B )
where
S 7’”(%145_22 =max< S 7’”(‘1114?_1,)12 ) 7m(amAﬁ,_i)l2 )
Ly (asAYT)? Ly (asAYT)? > (asAL)?
—1\2 q—1\2 -1\2
() ) )
S (BB )2 S (bB)? S (bB)?

and S is as in (2.3).

and

Proof. From Lemma 2.1, we obtain

k—1
Z pAm-H Am+1 Z m+1 m
m=0 m=0
Namely
k—1 o
Ai Zp 2 am-‘rlquJrl' (3.2)
m=0

By replacing m with s first, and then replacing k with m in (3.2), we have

m
AL >p N a Al m=1.2,.. k.
s=1

—1\2 p=1y2
m(a, A ) m(ayAy ) _1
J ( m p—1y2 Alr:' % p § m p—1\2 'ClsAf .
s=1 (a.\'A.\' ) s=1 s=1 (a.\'A.\' )

Because of

Hence

M=

— = = = — .
" (a,AP )2 " (a,AD")2

WV
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On the other hand, S function is decreasing on (0, 1) and increasing on (1,e0). So, we

p—1\2 12
know that one of the S <;:(C’(1Aip)l)> a, AP and S (%) a, AP~ is maxi-
s=1 s=1\ds

mum. Therefore

uAp—12 m ¢A€_12
S M ASJPZ S M ~asA§”1 ) (3.3)
(@AY )? s=1 i (asAS)?
Similarly
b,BY')? L b ')? -
S M B> qE M BB, (3.4)
X (bB)? =1 X (0B

—1 —1
where S M and S M are defined in Theorem 3.1. From (3.3)
237:1(%"45 )2 ;1:1(}%3;] )2

and (3.4), and in view of Lemma 2.3, we have
—1 —1
o @Al )\ o[ nBBT? N,
" (aAlT)? L (bB2 )
AP 1 n qul 2 -
>pq2 (‘171 @AV 1) Y S M B! x 1
Li(asA)? =1 o (bB)?

m 2, 5\ /2
>pq(mn)'/? (2 (asAgl)2> : (2 (b,B,q‘1> ) . (3.5)
t=1

s=1

Multiplying both sides of (3.5) by

S k35 (asA.{?_l)z S r¥i (st?_l)z
> (a Al (k—s+1) Sy (be B2 (r—t+1) )

s ryi (BB s kX (a0
S (0B 2 (r—1+1) )\ Sh (@Al )2 (k- s+ 1)
S m(a,Al")? ¢ n(b,BI")? A
m (a0 )2 (BB )

oo kS (@Al A
>pq(mn)'/%s = Y (aAl™)

S5 (a AP 2 (k—s+1) ) \S

ry_ (0B~ ! )? i 2 '
S( L ) (2 (b8t ) ) . (3.6)
i (BBl )2 (r—1+1 =1

we have
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Dividing both sides of (3.6) by (mn)l/ 2 first and then taking the sum over n from 1 to
r and the sum over m from 1 to k, and by using Lemma 2.3, we obtain

o ¥ SpakrmrAnBi

2 2 (mn)l/z

m=1n=1

kS (a,Al ) v
>pq2 ( ~ i (@AY ) (Z(asAf_l)2>

- A2 (k—s541)

r ry (bBIT?
% Zs< - t ql_l 2t
S\ (BB 2 (=14 1)

& k™ (aAP1)? )
— S S
pqmz:{l <2§nl 2_’31:1(61514571)2 s

» is( S () )

S (BBl

n=1

k 2, 1/2
=2C(p,q,k,r) <Z(aSAf_l)2(k—s+l)> (2(b,3§11)2(r—t+1)>

=1
12

12

m=1

where C(p,q,k,r) is asin (1.3), and

n3r | (bBl ') m3m (a,AD")?
Sp7q7k-r~m7n =S 1 N 1
" S BB (r—141) )\ 3 (@Al (k- s+ 1)

¢ m(a, AL )2 ¢ n(b,BI )2 .
T:l(asAf_l)z z?:l(st?_l)z

This completes the proof. [

REMARK 3.1. From (1.2) in Theorem B, we may estimate the following product
and can get a lower bound.

r

<m§=’1 (k=m-+ 1) (ant?")’) 1/2( Y (r—n+ 1)(an2‘1)2)1/2 3.7)

n=1

Namely

<i (k—m+1)(anAl ") ) (i (r—n+l)(anZ*1)2>1/2

m=1 n=1



REVERSE HILBERT TYPE INEQUALITIES 861

AP B}
m+n

>(C(p,q,k,r)) 122

m=1n=1

On the other hand, from (3.1) in Theorem 3.1, we have

n=1

L 12, 1/2
(2 (k—m+1)( amAl,;l)2> <Z(r—n+1)(bn3,'gl)2>

[u—y

oS Ab B
<5(C(p,q,k,r))""! 2 ¥ wﬂn'ﬂ"

2 m=1n=1 m

This is just an upper bound of the product (3.7).
Next, we establish a reverse Hilbert type inequality of (1.2). Our main result is
given in the following theorem.

THEOREM 3.2. Let {an},{bn} be two non-negative sequences of real numbers
defined for m=1,2,....k and n=1,2,...,r where k,r are the natural numbers. Let
{pm} and {q,} be two positive sequences. Let ¢ and y be two nonnegative, concave
and super-multiplicative functions defined on R, and define

. m(pw(%))z o nlav()
An=3S 3 | Bi=2S 7’
s=1 (ps¢< )) =A\Zm (‘”’(%»

1y

and

qi-

2 2
P O B G ) TR (1 U )
Az (e (3)) AT (o (3))

Then

Srmn
zzk 0@ 1)2”

m=1n=

1/2

M(kﬂ(_g(m(g))2<k_s+l>)”2(;(q,w(g))u_,m) |

(3.8)

where M(k,r) is as in (1.5), and

St (o (2 ))22 ks 1) (¢ Eam)>22
(b (52) ) 222 (0 ()

Sk.,r.,mm =
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o[z (g (2)) (1) (122)7
(2 () )zt v (2))

)

and S(+) is as in (2.3).

Proof. From Lemmas 2.3 and 2.4, and in view of ¢ is a super-multiplicative func-
tion, we obtain

PmZ{"lS< m(mq)(%a) )ps s/Ds
_ _ Zzl(Pv‘b(p—i))
(P(Am) (Z) “ 2
21—1S< m(p‘q)(l’%)) 2>Ps
it (oo (5))
X;S<m@ﬂ%» )M%ms
> 9(Ba)o ()
(L

1P
>Wﬂ0is( (M¢@)
N (Z)g;n)mlﬂ (g (WP (%))3 , (3.9)

y(B,) > "’(QQn”)n”2 (; (qw(l;—))z) . (3.10)

Multiplying both sides of (3.9) and (3.10), respectively, by

S 2.]5:1 (Ps(l) (%))22 (k—s+1)- (%)22
<2ﬁ11 (@) ) D (ps(p <;{7i>>

[zl (@) e (o)
(s () ) 2 v (2)

Similarly

and

)
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and then multiplying these two inequalities, we have

Dividing both sides of (3.11) by (mn) 1/2 first and then taking the sum over n from
1 to r first and then the sum over m from 1 to k, and by using the inequality in Lemma
2.3, we obtain
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5 (v () (2 g (e g
Eww fq,my) ! (B GD)

Qn

1/2

= (oo (I%j))z(k—H 1 (¢gnm>>2
(zher (o)) 3 (oo (3)
i1 (%W(%>)2(r—t+1)<‘I/(an)>2
( =t (%)3 sty (av (%))

REMARK 3.2. From (1.4) in Theorem C, we may estimate the following product
and can get the lower bound.

(;l (k—m+1) <pm¢ (;’7—“))2> " (21 (r—n+1) (qnuf (Z—)f)

Namely

<;<k—m+l><pm¢<z—:>>2>”<,;<r—n+l><w<z—:>>2>

O(An)y(Bn)
M(k,r)) 122 m+n .

m=1n=1

Sk,r,m,n =

xS

1/2
(3.12)

12

On the other hand, from (3.1) in Theorem 3.2, we have

(3 6men (oo (2))) (B im0 (ww(2)))

12

(3.13)
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kr 12 ZSkrmn(b 1/)2 ( ) (314)

NI'—‘

m=1n=1

This is just an upper bound of the product (3.12).

THEOREM 3.3. Let {am},{bn} be two non-negative sequences of real numbers

defined for m=1,2,....k and n=1,2,...,r where k,r are the natural numbers. De-
fine
m 2 n 2
ma nb
A;":ES< g 2) BL:ES(Y tb2>bt
s=1 s=145 =1 t=1"t
Then
g ‘ /2 7 1/2
krmn 1/2 2 2
rnz{li;l 172 " 2(/(7‘) / Wzlam(k_m_Fl) r;bn(r_n+l) )
where

g Bk st 1) (S BRr—i 1)
S5m,n kz;n:l a? rz;q:l b,2 .

and S(-) is as in (2.3).

y.

Proof. This follows immediately from Theorem 3.2 with ¢(x) = x and y(y) =
U
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