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Abstract—This paper presents small signal stability analysis
of distribution networks with electric springs (ESs) installed at
the customer supply points. The focus is on ESs with reactive
compensation only. Vector control of ES with reactive compen-
sation is reported for the first time to ensure compatibility with
the standard stability models of other components such as the
interface inverter of distributed generators (DGs). A linearized
state-space model of the distribution network with multiple ESs
is developed which is extendible to include inverter-interfaced
DGs, energy storage, active loads, etc. The impact of distance of
an ES from the substation, proximity between adjacent ESs and
the R/X ratio of the network on the small signal stability of the
system is analyzed and compared against the case with equiv-
alent DG inverters. The collective operation of ESs is validated
through simulation study on a standard distribution network.

Index Terms—Distributed generation, dynamic model, distri-
bution network, electric spring, small signal stability, state space,
vector control.

I. INTRODUCTION

THE CONCEPT of Electric Spring (ES) was introduced to
regulate the voltage at the point of coupling (PoC) in the

face of intermittency in renewable (wind, solar) power [1]. The
effectiveness of ES is demonstrated through proof-of-concept
experiments with laboratory prototypes [2] and simulation
studies with ES installed in typical distribution networks [3].
The contributions of ES in grid frequency regulation [4], power
quality improvement [5], phase imbalance mitigation [6] and
resilience enhancement [7] are also reported making ES an
attractive prospect in future smart grids.

An ES is a power electronic compensator that injects a
controllable series voltage to decouple the loads from the
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feeder/supply. The loads could either be a cluster of cus-
tomers (domestic/industrial) [8] or individual high power loads
(heating, lighting, appliances etc.) [4]. Either way, mass instal-
lation of ES would result in a very high penetration of power
electronic converters in the distribution network. Adverse
interaction between the distributed generator (DG) inverters
and the distribution network is known to cause small signal
stability problems. This has been reported in the context of
microgrids [9] and distribution networks [10]. Hence, there is
a concern that large penetration of ES, often in close elec-
tric proximity, could affect the small signal stability of the
distribution networks. Distributed control of multiple Electric
Springs (ESs) for the purpose of voltage and/or frequency
regulation has been studied previously [3], [4], [11], [12]. In
these studies, an ES installed in series with a load (or cluster
of loads) was represented as a controllable current or power
source. However, a framework for small signal stability anal-
ysis of a distribution network with multiple electric springs is
yet to be reported. As use of ES for voltage/frequency control
attracts increasing attention, it is important to study the over-
all small signal stability of a distribution network with dense
penetration of ESs under different scenarios which motivates
this paper.

This work follows on from previous papers [13] and [14] on
modelling and stability analysis of ES (Electric Spring with
only reactive compensation (ES-Q), also termed as ES ver-
sion 1 in previous papers). The dynamic model in [13] is not
based on the standard vector control modelling framework.
Hence, the tuning of the controller gains, unlike standard vec-
tor control [15] approach which is widely used for power
electronic converters, are not based on analytical methods.
Moreover, it lacks an inner current control loop which is
necessary for limiting the inverter current within safe lim-
its. However, there are unique challenges in developing vector
control of ES-Q due to two important factors: (a) it has a series
configuration unlike PV inverters and (b) only reactive power
exchange is allowed. These two factors impose a quadrature
constraint between the load current, filter capacitor current and
the inverter current due to which it is not appropriate to align
the d-axis with the PoC voltage (which is commonly done for
shunt converters).

Based on the work done in [13], a linearized state space
model is developed in [14]. However, three important lim-
itations of [14] are: (i) the frequency domain model is not
based on the vector control and hence not compatible with
the standard stability model for other elements such as DG
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inverters etc., (ii) the paper did not report the effect of change
in distribution network parameters on small signal stability and
(iii) the inferences are based on the results from time-domain
simulation without delving into the root cause through modal
analysis. This paper addressed all these issues by proposing
a way of using vector control for ES-Q which can be inte-
grated in the stability model of a distribution network and
microgrid with other DG inverters. A linearized state space
model of a distribution network with vector controlled ES-Q
is presented for stability analysis. The state-space approach is
adopted instead of the impedance-based [16], [17] approach
as the latter, although simple, does not allow participation fac-
tor or mode shape analysis to identify the root cause of the
stability problem.

The original contributions of this paper are as follows:
1) Vector control of ES with only reactive power compen-

sation (ES-Q) is reported for the first time which can be
integrated in the stability model of distribution networks
and microgrids with other DG inverters.

2) Linearized state-space model of the distribution network
with vector controlled ES-Q is developed using the
Component Connection Method [18] which can be eas-
ily scaled up to include more electric springs and DG
inverters.

3) The developed model is used to analyse the small sig-
nal stability of the distribution network with ES-Q and
compared against the stability with equivalent pene-
tration of DG inverters. The analysis is presented for
a range of scenarios covering low- to medium volt-
age (LV/MV) levels and sparse rural to dense urban
distribution networks.

The study reported in this paper is based on a single phase
network and does not consider the switching model of the
converters, voltage unbalance or harmonics and neglects the
dynamics of the DC link of ES-Q (in state-space model) which
would require a different modelling approach (e.g., dynamic
phasor). State-space model of a three-phase ES [6] could be
derived from that of a single-phase ES and is not considered
separately. Henceforth, an ES with reactive power compensa-
tion (ES-Q) is simply referred to as ‘Electric Spring (ES)’ and
small signal stability is termed as just ‘stability’.

II. VECTOR CONTROL OF ELECTRIC SPRING

The configuration of an ES connected in series with a
resistive-inductive (RL-type) load is shown in Fig. 1 [1]. The
RL-type load is denoted by RNC & LNC and the corresponding
voltage across it is given by Vnc. The ES injects a controlled
series voltage Ves across the filter capacitance (Cf ) to regu-
late the voltage (Vpoc) at the point of coupling (PoC) with the
supply. The equivalent inductance and resistance of rest of the
network including other passive loads is denoted by L1 and
RC, respectively. The source impedance is represented by the
inductance Lg.

A. Current Control Loop

The current control loop is designed based on the dynamics
of the inverter current (Iinj), filter capacitor voltage (Ves) and

Fig. 1. Electric Spring (ES) configuration.

load current (I) which can be represented in a synchronously
rotating (dq) reference frame as follows [15]:

Lf
dIinjd

dt
= Vinvd − Vesd − Rf Iinjd + ω0Lf Iinjq (1)

Lf
dIinjq

dt
= Vinvq − Vesq − Rf Iinjq − ω0Lf Iinjd (2)

Cf
dVesd

dt
= Id + Iinjd + ω0Cf Vesq (3)

Cf
dVesq

dt
= Iq + Iinjq − ω0Cf Vesd (4)

LNC
dId

dt
= Vpocd − Vesd − RNCId + ω0LNCIq (5)

LNC
dIq

dt
= Vpocq − Vesq − RNCIq − ω0LNCId (6)

The current flowing out of the inverter (Iinj) is assumed to
be positive. Considering Iinjd & Iinjq as state variables, Vinvd

& Vinvq as control inputs and Vesd & Vesq are the disturbance
inputs, the current control loop is designed following the stan-
dard method outlined in [15]. The closed loop time constant
(τ ) is chosen to be 0.1 ms to achieve a fast enough response
while ensuring that the controller bandwidth ( 1

τ
) is at least 10

times smaller than the switching frequency.

B. Choice of Reference Frame (d-Axis)

For regulating the point of coupling (PoC) voltage using
vector control of the shunt connected inverters (such as DG
inverter or STATCOM), the d-axis is normally aligned with
the PoC voltage to achieve decoupled control. In this paper,
the focus is on ES with only reactive power compensation
(ES-Q) which injects a voltage (Ves) across the filter capacitor
in quadrature (lead or lag) with the load current (I). In this
case, aligning the d−axis with the PoC voltage (Vpoc) results
in non-zero inverter current (Iinj) on both d and q axes as
shown in Fig. 2.

Thus, it is not possible to force the d-axis component of the
inverter current to zero in order to ensure zero active power
(neglecting filter and inverter losses) exchange in steady-state.
To get around this problem, the d-axis could be aligned either
with the filter capacitor voltage (Ves) or the load current (I).
The latter is ruled out due to the possible implementation chal-
lenges posed by high harmonic content in the load current. So
the d-axis is aligned with the filter capacitor voltage (Ves) as
shown Fig. 3.
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Fig. 2. Phasor diagram with d−axis aligned with PoC voltage.

Fig. 3. Phasor diagram with d−axis aligned with filter capacitor voltage.

This enables the d−axis control loop to maintain the DC
link voltage Vdc while the q−axis loop can be used for regulat-
ing the PoC voltage (Vpoc) or the load voltage (Vnc). However,
it is necessary to maintain a minimum filter capacitor voltage
to allow satisfactory operation of PLL, as discussed later in
Section III-B. In Fig. 3, the filter capacitor voltage (Ves) leads
the load current (Iq) by 90◦ providing inductive compensa-
tion. The ES can provide capacitive compensation if Ves is
made to lag I by 90◦. The compensation mode depends on
the polarity of Ves, unlike a STATCOM, where it is decided
by the phase angle of the injected current with respect to
the PoC voltage. For capacitive compensation, Vesd is aligned
with -ve d−axis and Iq becomes slightly more than Iinjq so
that Icapq now aligns with -ve q−axis, thereby leading Vesd

by 90◦.

C. PoC Voltage Control Loop

The inverter current references (Iinjdref & Iinjqref ) are
obtained from the voltage control loop described here. An
approximate small-signal model for PoC voltage dynamics
is presented first based on Fig. 1. The feeder resistance is
neglected for simplicity in tuning the PoC control loop. The
d−axis component of the source current can be expressed as
Igd ≈ ILd (as the d−axis load current component Id = 0)
while the q−axis current is given by Igq = ILq + Iq. Assuming
an ideal PLL, the PoC voltage along d−axis is given by (7),
where the first two terms represent the load effect and the last
term shows the control effect. As the current through the filter
capacitor is negligibly small, an incremental change in load
current is almost equal to a change in the inverter current, i.e.,

�Iq ≈ �Iinjq. Hence, the second term is considered as control
effect.

�Vpocd = Lg
d�ILd

dt
− Lgω0�ILq − Lgω0�Iq (7)

Similarly, the q−axis component of the PoC voltage can be
given by (8) which shows that �Vpocq depends on the rate of
change of the load current.

�Vpocq = Lg
d�Igq

dt
+ Lgω0�Igd

= Lg
d�ILq

dt
+ Lgω0�ILd + Lg

�Iq

dt
(8)

The voltage control loop is typically much slower than the
current control loop. Hence the rate of change of small devi-
ation in the load current ( d�Iq

dt ) is quite small such that the
effect of the small change in control variable �Iinjq can be
neglected in case of �Vpocq. Therefore, the control loop for
the PoC voltage regulation can be represented as in Fig. 4. The
current controller shown in Fig. 4 is a simple representation
neglecting the feed forward and decoupling terms.

The compensator (Kvpoc) for the PoC voltage regulation is
a proportional-integral (PI) controller with kpvpoc = 100 and
kivpoc = 4. The source inductance is Lg = 0.0011H which
includes the transformer leakage and network inductance. A
conservative phase margin of 90◦ is kept to ensure robustness
in the face of varying source impedance and account for the
unmodelled dynamics of the filter, loads and PLL.

D. Phase-Locked Loop (PLL)

For the single-phase PLL considered here, an additional fic-

titious phase was created by introducing a phase delay of
1

4
of a fundamental cycle. A range of different PLL configura-
tions have been reported [19]. However, in stability studies, the
dynamics of PLL is either completely neglected [9], [20] or
simplified by a proportional-integral (PI) controller [21], [22].
For a PI representation of a PLL, the tuning of kp and ki has
little effect on the overall phase margin in the low frequency
range which prompted us to adopt PI based PLL in this study.
The compensator gains are chosen as kp = 0.3 and ki = 0.5
to allow adequate gain and phase margins at low frequencies.

E. DC Link Control Loop

The DC link control loop is designed following the standard
procedure [15]. A proportional-integral compensator is used
with gains kpdc = −2Cdcζω and kidc = −Cdcω

2, where the DC
link capacitor Cdc = 1.5 mF, ζ = 0.707 and ω = 24.16 rad/s.

F. Performance Validation

The performance of the voltage control loop is tested using
the system shown in Fig. 5, modelled in MATLAB Simulink.
The simulation model uses an average model for the converter
based on a controlled voltage source on the AC side and a
controlled current source on the DC side. Switching action
within the converter is not modelled explicitly. The dynamics
of the AC and the DC side are coupled through the ideal power
balance equation, i.e., Pac = Pdc. A 1.8 kVA resistive load Rnew
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Fig. 4. PoC voltage control scheme.

Fig. 5. Test system for validation of PoC voltage controller.

is inserted to reduce the PoC voltage by approximately 5 V.
The transformer and the feeder parameters taken from [23]
correspond to typical figures for distribution networks in the
U.K.. The R/X ratio of the lines is 4.26 (line type D in [23])
and the transformer is rated at 200 kVA.

Electric Spring (ES) with reactive compensation does not
exchange any active power between the ac and the dc side of
the converter (except for supplying filter losses). To ensure
this condition, the filter voltage (Ves) and the load current
(I) always maintains a quadrature relationship. The choice of
mode of operation depends on the system requirement. In case
of under voltage disturbance, the ES switches from inductive
to capacitive mode to provide voltage support. From the pha-
sor diagram in Fig. 3, it is evident that in the inductive mode
of operation Vesd is aligned with the +d-axis and the load
current Iq is aligned with the -q-axis. In order to switch to the
capacitive mode, Vesd needs to realign with the -d-axis while
Iq needs to align with the +q-axis. To enable this transition
process, the ES outputs a zero voltage for 3 cycles after a
disturbance.

Fig. 6 shows the dynamic response following reduction in
PoC voltage at t =1 s. The compensator switches from induc-
tive mode (I lagging Ves by 90◦) to capacitive mode (I leading
Ves by 90◦) by making the inverter current (Iinj) slightly less
than the load current (I) such that the filter capacitor current
(Icap) now aligns with the negative q−axis. This operation can
be better understood from the phasor diagram in Fig. 3.

Fig. 7(a) shows that I lags Ves by 90◦, i.e., the compensator
works in inductive mode before the disturbance while after the
disturbance it switches to capacitive mode where I leads Ves

by 90◦ (Fig. 7(b)).

Fig. 6. Dynamic response of (a) PoC, load and ES voltages; (b) inverter,
load and filter capacitor current; (c) RMS value of PoC voltage and (d) DC
link voltage.

Fig. 7. ES voltage (Ves) and load current (I) (a) before the disturbance
(inductive mode) and (b) after the disturbance (capacitive mode).

From Fig. 6(c), it is clear that the PoC voltage could not
be regulated at its pre-disturbance level due to violation of the
inverter current limit which is set according to the allowable
voltage variation across the load [11]. This limit for Vnc is
fixed at ±0.1 per unit in this particular case. Deviation in DC
bus voltage after the disturbance, seen in Fig. 6(d), is caused by
additional losses in the filter resistor (Rf ) due to change in Iinj.
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III. LINEARIZED STATE SPACE MODEL (SSM)

The linearized state-space model (SSM) of a distribution
network with ES is developed here. First, the SSM is devel-
oped separately for the following sub-systems (a) PLL (b) PoC
voltage control loop (c) current control loop (d) filter and (e)
network and loads. Then, the Component Connection Method
(CCM) [18] is used to obtain the overall SSM. For simplicity,
only resistive loads are considered and the DC link dynamics
is neglected.

A. PLL

The PI compensator based single phase PLL has one state
variable associated with the compensator (�x1) and another
one corresponding to the integrator (�θ ). The input and output
variables are �Vesq and �ω, �θ where �Vesq denotes the
incremental change in q−axis component of the filter voltage,
�ω denotes the change in PLL frequency and �θ represents
the change in PLL angle. The SSM of PLL is given by (9)
and (10) where kp and ki are proportional and integral gains,
respectively.[

�ẋ1

�θ̇

]
=

[
0 0
ki 0

][
�x1
�θ

]
+

[
1
kp

][
�Vesq

]
(9)

[
�ω

�θ

]
=

[
ki 0
0 1

][
�x1
�θ

]
+

[
kp

0

][
�Vesq

]
. (10)

B. PoC Voltage Control Loop

The block diagram of the voltage control loop is shown in
Fig. 8 which is divided into: outer PI controller (Fig. 8 (a))
and inner integral controller (Fig. 8 (b)). The state variable
associated with the outer loop is denoted by �x21. The input
signal Vpocmag is the measured PoC voltage which can be

expressed in terms of dq−components as
√

V2
pocd + V2

pocq. This
non-linear term has been linearized about a stable operat-
ing point Vpocmag0 which results in

( Vpocd0
Vpocmag0

�Vpocd
)

for an
incremental change in d− axis component. Similar expres-
sion can be obtained for an incremental change in the q−axis
component. Thus, the SSM of the outer loop (Fig. 8 (a))
is given by (11) and (12). kpv and kiv are the proportional
and integral gains of the voltage control loop compensator,
respectively. In Fig. 8 (a) the symbol for the sum is consid-
ered −Vpocmagref + Vpocmag based on the operating principle
of electric spring. An increase in PoC voltage magnitude (due
to disturbance) results in a positive error thus increasing the
voltage reference set point across the load (Vncref ). This way
the power consumption (both active and reactive in case of
non-unity power factor load) of the load increases to regulate
the PoC voltage back to its reference value.

[
� ˙x21

] = [
0
][

�x21
] +

[
Vpocd0

Vpocmag0

Vpocq0
Vpocmag0

][
�Vpocd

�Vpocq

]

(11)[
�Vncref

] = [
kiv

][
�x21

] +
[

kpvVpocd0
Vpocmag0

kpvVpocq0
Vpocmag0

][
�Vpocd

�Vpocq

]

(12)

The state variable associated with the inner loop is denoted
by �x22. The outer loop sets the reference for the inner loop

Fig. 8. Block diagram of (a) PoC and (b) load voltage control loops.

which is updated by the maximum load voltage Vnc0, (i.e.,
minimum voltage across the filter capacitor) corresponding to
the operating point Vpocmag0. A minimum voltage is required
across the filter capacitor to ensure satisfactory operation of
the PLL. The minimum filter capacitor voltage is considered
to be 50 V in this study. The tuning of the PLL is carried
out considering this minimum voltage. The choice of 50V is
prompted by the fact that a sufficiently high value would ease
the tuning of the PLL parameters to achieve an acceptable
dynamic response. However, in practice this minimum filter
voltage can be well below 50V depending on the type of PLL
and the tuning of its compensator.

For a resistive load, Vnc0 =
√

V2
pocmag0 − 502 which is lin-

earized as before and is expressed as
Vpocd0√

V2
pocmag0−502

�Vpocd for

an incremental change in d− axis component. Similar expres-
sion can be obtained for an incremental change in the q−axis
component. The load voltage magnitude feedback term Vncmag

is also linearized in a similar way around Vncmag0. The SSM
of the inner loop (Fig. 8 (b)) is given by (13) and (14). In (14)
(and other equations henceforth), zero in bold letter denote a
matrix of appropriate dimension.

[
� ˙x22

] = [
0
][

�x22
] +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−Vncd0
Vncmag0−Vncq0
Vncmag0
Vpocd0√

V2
pocmag0−502

Vpocq0√
V2

pocmag0−502

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

⎡
⎢⎢⎢⎢⎣

�Vncref

�Vncd

�Vncq

�Vpocd

�Vpocq

⎤
⎥⎥⎥⎥⎦ (13)

[
�Iinjqref

] = [
2.5

][
�x22

] + [
0
]
⎡
⎢⎢⎢⎢⎣

�Vncref

�Vncd

�Vncq

�Vpocd

�Vpocq

⎤
⎥⎥⎥⎥⎦. (14)

C. Current Control Loop

The structure of the current control loop adopted here is
standard for any power electronic converter. The state vari-
ables associated with the PI controllers in d and q axis loops
are denoted by �γd and �γq, respectively and the controller
gains (same for d and q axis loops) are kpc and kic. The SSM
of the current controller is given by (15) and (16). The incre-
mental changes in the current control loop reference values
are denoted by �Iinjdref & �Iinjqref while the change in the
inverter currents and filter voltages are expressed as �Iinjd &
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�Iinjq and �Vesd & �Vesq, respectively.

[
�γ̇d

�γ̇q

]
= [

0
][�γd

�γq

]
+

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0
0 1

−1 0
0 −1
0 0
0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

T⎡
⎢⎢⎢⎢⎢⎢⎣

�Iinjdref

�Iinjqref

�Iinjd

�Iinjq

�Vesd

�Vesq

⎤
⎥⎥⎥⎥⎥⎥⎦

(15)

[
�Vinvd

�Vinvq

]
=

[
kic 0
0 kic

][
�γd

�γq

]

+

⎡
⎢⎢⎢⎢⎢⎢⎣

kpc 0
0 kpc

−kpc ω0Lf

−ω0Lf −kpc

1 0
0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

T⎡
⎢⎢⎢⎢⎢⎢⎣

�Iinjdref

�Iinjqref

�Iinjd

�Iinjq

�Vesd

�Vesq

⎤
⎥⎥⎥⎥⎥⎥⎦

. (16)

D. Filter

The SSM of the filter part of the ES can be obtained from
the dynamics of the inverter current (Iinj) and filter capacitor
voltage (Ves) given by (1), (2), (3) and (4). The state variables
are the d− and q− axis components of the inverter current
(Iinjd, Iinjq) and the filter capacitor voltage (Vesd, Vesq). The
equations are linearized around Iinjd0, Vesd0 (and similarly for
the q− axis) to derive the SSM of the filter as in (17) and (18).
The filter resistance, inductance and capacitance are given by
Rf , Lf and Cf , the load resistance is given by RNC and ω0
denotes the nominal frequency of the network.

⎡
⎢⎢⎣

� ˙Iinjd

� ˙Iinjq

� ˙Vesd

� ˙Vesq

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

−Rf
Lf

ω0 − 1
Lf

0

−ω0 −Rf
Lf

0 − 1
Lf

1
Cf

0 0 ω0

0 1
Cf

−ω0 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

�Iinjd

�Iinjq

�Vesd

�Vesq

⎤
⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎣

Iinjq0
1
Lf

0 0 0

−Iinjd0 0 1
Lf

0 0

Vesq0 0 0 1
Cf RNC

0

−Vesd0 0 0 0 1
Cf RNC

⎤
⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎣

�ω

�Vinvd

�Vinvq

�Vncd

�Vncq

⎤
⎥⎥⎥⎥⎦ (17)

⎡
⎢⎢⎣

�Iinjd

�Iinjq

�Vesd

�Vesq

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

�Iinjd

�Iinjq

�Vesd

�Vesq

⎤
⎥⎥⎦ + [

0
]
⎡
⎢⎢⎢⎢⎣

�ω

�Vinvd

�Vinvq

�Vncd

�Vncq

⎤
⎥⎥⎥⎥⎦.

(18)

E. Network and Loads

The simple network shown in Fig. 5 with three segments
and an ES is considered here. The load Rnew used for creating
disturbance is modelled as a current source Is with a high resis-
tance (Rhigh) in parallel. The transformer impedance (Rtr and

Ltr) is merged within R1 and L1 in (19) and (20), as shown at
the top of the next page. The line resistance R3 is merged with
the equivalent load (RC) while the inductance L3 is neglected.
The state variables are the d− and q− axis components of
the line currents flowing through L1 and L2. The SSM of the
network and the load is given by (21) and (22) with Aline, Bline,
Cline and Dline expressed as in (19), (20), (23) and (24). The
incremental change in the source voltage (and the disturbance
current) is denoted by �Vsd & �Vsq (�Isd & �Isq).

⎡
⎢⎢⎣

� ˙IL1d

� ˙IL1q

� ˙IL2d

� ˙IL2q

⎤
⎥⎥⎦ = Aline

⎡
⎢⎢⎣

�IL1d

�IL1q

�IL2d

�L2q

⎤
⎥⎥⎦ + Bline

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

�ω

�Vsd

�Vsq

�Isd

�Isq

�Vesd

�Vesq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(21)

⎡
⎢⎢⎢⎢⎢⎢⎣

�IL1d

�IL1q

�IL2d

�IL2q

�Id

�Iq

⎤
⎥⎥⎥⎥⎥⎥⎦

= Cline

⎡
⎢⎢⎣

�IL1d

�IL1q

�IL2d

�L2q

⎤
⎥⎥⎦ + Dline

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

�ω

�Vsd

�Vsq

�Isd

�Isq

�Vesd

�Vesq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(22)

Cline =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 RC

RC+RNC
0

0 0 0 RC
RC+RNC

⎤
⎥⎥⎥⎥⎥⎥⎦

(23)

Dline =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 − 1

RC+RNC
0

0 0 0 0 0 − 1
RC+RNC

⎤
⎥⎥⎥⎥⎥⎥⎦

(24)

Once the SSM is developed for the individual sub-
systems (9)-(24), their A, B, C, D matrices are arranged
together to form block-diagonal matrices. As an example,
for four sub-systems, a block-diagonal state matrix A =
diag(A1, A2, A3, A4) is formed (and similarly for B, C, D
matrices). Further, a matrix LT is formed to capture the alge-
braic relationship between the inputs and outputs of all the
subsystems. Finally, the state matrix of the whole system (F) is
computed as (25). More details of this Component Connection
Method (CCM) can be found in [18].

F = A + BLT(I − DLT)C−1 (25)

The SSM for a simple network with one ES can be easily
scaled up to include any number of network segments and ESs
using CCM by simply repeating the equations for individual
subsystems. This is used for the study case discussed next
in Section IV where four network segments and two ESs are
considered, as shown in Fig. 10.

Presence of more than one converter requires that all the
variables are expressed in a common reference frame. This is
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Aline =

⎡
⎢⎢⎢⎢⎢⎣

−R1+Rhigh
L1

ω0
Rhigh

L1
0

−ω0 −R1+Rhigh
L1

0
Rhigh

L1
Rhigh

L2
0 − 1

L2

(
R2 + Rhigh + RNCRC

RNC+RC

)
ω0

0
Rhigh

L2
−ω0 − 1

L2

(
R2 + Rhigh + RNCRC

RNC+RC

)

⎤
⎥⎥⎥⎥⎥⎦

(19)

Bline =

⎡
⎢⎢⎢⎢⎣

IL1q0
1

L1
0 −Rhigh

L1
0 0 0

−IL1d0 0 1
L1

0 −Rhigh
L1

0 0

IL2q0 0 0
Rhigh

L2
0 − 1

L2

RC
RC+RNC

0

−IL2d0 0 0 0
Rhigh

L2
0 − 1

L2

RC
RC+RNC

⎤
⎥⎥⎥⎥⎦ (20)

achieved by the frame transformation method provided in [20].
As an example, the filter voltage Ves can be expressed on a
common reference frame ‘DQ’ according to (26), where TS

and TC are the transformation matrices given by (27) & (28)
and �δ is the incremental change in the phase angle difference
between the reference frame of the respective inverter and the
common reference frame ‘DQ’. In (27) & (28), Vesd0, Vesq0
& δ0 represent the corresponding values at a stable operating
point. [

�VesD

�VesQ

]
= TS

[
�Vesd

�Vesq

]
+ TC

[
�δ

]
(26)

TS =
[

cos(δ0) −sin(δ0)

sin(δ0) cos(δ0)

]
(27)

TC =
[−Vesd0sin(δ0) − Vesq0cos(δ0)

Vesd0cos(δ0) − Vesq0sin(δ0)

]
. (28)

F. Validation of Linearized State Space Model

The developed SSM is validated by comparing the dynamic
response of the state variables with respect to that of the non-
linear model developed in MATLAB Simulink. At t = 1sec, a
100 W disturbance was introduced through Rnew (Fig. 5) for 3
cycles. Fig. 9 shows the comparison for six state variables
associated with the filter capacitor and the network induc-
tances. The responses match closely confirming the validity
of the SSM.

IV. FREQUENCY-DOMAIN ANALYSIS

The modelling framework discussed in Section III is used
to obtain the SSM of the study system shown in Fig. 10. The
dq-frame corresponding to the first electric spring (ES1) is
considered to be the common frame and all other quantities are
referred to this using the previously discussed transformation
technique (26), (27) & (28).

Eigen value analysis of the state matrix (25) of the study
system shown in Fig. 10 confirms that there are 32 state vari-
ables. There are two high-frequency modes of 472.31 Hz &
369.63 Hz and a third mode (56.07 Hz) close to the fundamen-
tal frequency. Participation factor analysis reveals that the filter
capacitor voltage of both ESs (Ves1 & Ves2) and the current
through the network segment 1 (IL1) and 2 (IL2) have domi-
nant participation in the two high-frequency modes (472.31 Hz
& 369.63 Hz) while the 56.07 Hz mode is mainly associated
with the filter capacitor voltage.

Varying the network parameters, such as the length of the
line segments and R/X ratio, over a certain range shows
movement of the critical system modes obtained from the
eigen values of the system state matrix. This study helps
to ascertain the overall small signal stability of the system
under different scenarios. Although the study system shown
in Fig. 10 is simple, varying the length of line segments 1, 2
and 3 and the R/X ratios cover a wide range of distribution
network scenarios. For instance, the length of line segment
1 and 2 indicates the location of the ES with respect to the
substation while the length of line segment 3 signifies the prox-
imity of adjacent ESs. Similarly, a range of R/X ratio can be
chosen to represent a dense urban (R/X ≈ 4) to sparse rural
(R/X ≈ 10) low-voltage (LV) network as well as the medium-
voltage (MV) level (R/X ≈ 1) with industrial/commercial
customers.

Stability of the distribution network with ES (inverter in
series with the customer load) is compared against the case
where PoC voltage is regulated by shunt (connection with
respect to the customer load) converters such as STATCOM
or DG inverters. The inverters in both cases are chosen to
be equivalent in terms of PoC voltage regulation capability.
The SSM of the network with DG inverters is fairly well
reported and hence, not included in this paper. The readers
can refer to [9] for details. The SSM of the study system
shown in Fig. 10, but with the two ESs replaced by equiv-
alent DG inverters, reveals the presence of four modes with
frequencies of 4798.3Hz, 4695Hz, 1124.46Hz and 996.23Hz
which are much higher than the case with ES.

A. Distance From Substation

The impact of distance of the ES or shunt converter from
the substation is investigated by varying the length of line seg-
ments 1 and 2 which are separated by a unity power factor
load. The length of the remaining line segments are kept the
same as the base case (as in Fig. 10) and the R/X ratio of all
segments are fixed at 4.26. The impact of varying the lengths
between 0.1km to 2km on the 472.31Hz & 369.63 Hz modes
is shown in Fig. 11(a) for ES. The frequency of both modes is
significantly higher for ESs located farther away from the sub-
station. However, the real part remains well beyond −4000s−1

(i.e., far away in the left half of s-plane) without posing any
threat to network stability.
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Fig. 9. Comparison of dynamic response of state variables in linearized state
space model and non-linear model due to a small disturbance.

Fig. 10. Study system with two ESs used for frequency-domain analysis.

Fig. 11. Root locus with (a) ES and (b) DG inverters when length of L1 &
L2 is varied from 0.1km to 2km (red to blue) while keeping the other line
parameters constant.

Fig. 11(b) shows the impact with ESs replaced by equivalent
DG inverters. In this case, increasing distance from the sub-
station causes the high frequency modes (> 4 kHz) to move
away from the imaginary axis. It is worth noting that with ES
the modes are much farther away in the left half of the s-plane
compared to the case with DG inverters.

B. Electrical Proximity

The length of line segment 3 is varied to represent the
electrical proximity between adjacent ES or DG inverters. A
single ES will typically be installed at the PoC of a cluster

Fig. 12. Root locus with (a) ES and (b) DG inverters when length of L3 is var-
ied from 0.1km to 2km (red to blue) while keeping the other line parameters
constant.

Fig. 13. Root locus with (a) ES and (b) DG inverters when R/X ratios of
L1 & L2 are varied from 1 to 10 (red to blue) while keeping the other line
parameters constant.

of customers instead of individual customers to exploit the
load diversity. Depending on the number of customers within
a cluster, the distance of separation between adjacent ESs will
vary. Fig. 12(a) shows that separation distance has hardly any
effect on the frequency of the mode while the real part remains
beyond −3500s−1, thus posing no threat to system stability.

Fig. 12(b) shows that DG inverters in close electrical prox-
imity will result in very high frequency modes (> 10 kHz).
With increasing separation, the frequency reduces but the
modes migrate closer to the imaginary axis.

C. Distribution Network Voltage Level

The R/X ratio of the line segments 1 and 2 is varied between
1 (MV level) to 10 (LV level-sparse rural network). The state
variables associated with line segments 1 and 2 have dominant
participation in the 472.31 Hz & 369.63 Hz modes present in
the case of ES. This results in a large shift in those modes seen
in Fig. 13(a). For higher R/X ratios, the modes move farther to
left of the s-plane due to larger damping introduced by higher
resistance. Similar effect is observed in Fig. 13(b) in case of
DG inverter except that the frequencies increase slightly for
higher R/X unlike the case with ES where it reduces slightly.

Fig. 14 shows the effect of varying the R/X ratio of line
segment 3 while keeping other line parameters constant. The
state variable associated with this line segment shows very
limited impact on the three system modes (Fig. 14(a)) com-
pared to varying the R/X of line segment 1 & 2 (Fig. 13(a)).
For the case with DG inverter, varying the R/X ratio of line
segment 3 actually shows movement of the high frequency
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Fig. 14. Root locus plot with (a) ES and (b) DG inverters when R/X ratio of
L3 is varied from 1 to 10 (red to blue) while keeping the other line parameters
constant.

mode whereas, limited movement is observed for the lower
frequency mode compared to Fig. 13(b).

From the discussion in Sections IV-A–IV-C, it can be con-
cluded that the installation of ESs at different locations with
respect to the substation, with varying electrical separation and
at MV and LV levels will not pose any threat to distribution
network stability. In fact, the situation is more stable (modes
are farther to the left of s-plane) with ES than equivalent pene-
tration of DG inverters. Unlike the case of a microgrid [9], the
choice of voltage droop gain did not have a major influence
on stability in this case due to the stiff (or strong) upstream
system mimicked by the voltage source in Fig. 5 & 10.

The small signal analysis presented here is based on a sim-
ple network. However, it covers a wide range of scenarios
encountered in practical distribution networks. For example,
the impact of different distance of an ES from the substation
is captured by varying the length of the line segments 1 and 2
while maintaining the R/X ratio and the length of other lines
constant. Similarly, the impact of electrical proximity between
adjacent ESs is investigated by varying the length of the line
segment 3 while keeping the length and R/X ratio of other
lines constant. Voltage level (e.g., MV or LV) and topology
(e.g., dense urban, spare rural network) of distribution network
is accounted for in the study by varying the R/X ratio of the
line segments. The results presented in this section are thus
extendible for the simulation study presented in the following
section on a typical urban distribution network.

V. SIMULATION STUDY

The capability of a group of ES to regulate the PoC volt-
age is demonstrated on a typical urban distribution network
adopted from [23]. There are four main feeders and several
lateral feeders as shown in Fig. 15. The total load on the sub-
station transformer (11/0.4 kV, 500 kVA) is 431.3 kW (at 1 p.u.
voltage) which is equally divided among the residential cus-
tomers. The feeder lengths and the rating of the load clusters
are mentioned in Fig. 15 together with the cable type [23] for
each segment.

For this study, load clusters U1, U11, U13 and U18 are each
equipped with one ES each. An under-voltage disturbance is
introduced at the location marked by an arrow in Fig. 15. This
reduces the PoC voltages as shown in Fig. 16(a). The voltage
injected by the ESs reduces the deviation in PoC voltage from

Fig. 15. Low voltage network for simulation study [23].

Fig. 16. Variation of PoC voltage (a) without ES, (b) with ES.

the nominal value as shown in Fig. 16(b). This is achieved at
the expense of reduced voltage across the loads which are still
maintained within the stipulated limits. The ESs at U11 and
U13 are unable to restore the PoC voltages back to the nominal
value as their combined capacity is not adequate considering
the severity of the voltage disturbance.

VI. CONCLUSION

This paper shows that Electric Springs installed in distri-
bution networks are not likely to threaten the small signal
stability of the system. In fact, the stability margin with ES
installed is more than the case with equivalent penetration
of shunt converters such as DG inverters. The distance of
an ES from the substation, proximity between adjacent ES
installations and the R/X ratio of the distribution feeder influ-
ence the stability. However, for a wide range of distance,
proximity and R/X ratios representing low- to medium volt-
age levels and typical dense urban networks to sparse rural
feeders, the distribution network was found to be stable. The
linearized state-space model of vector controlled ES presented
in this paper could be incorporated into the stability models
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of microgrids to study how droop control of ES (required for
appropriate sharing of voltage control burden [24]) impacts
the overall stability.
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