Origin of double-peak precipitation hardening in metallic alloys
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Abstract

Whereas conventional precipitation hardening is well-known to feature a single hardness peak,
recently, double-peak precipitation hardening was observed, where the first peak hardness is
higher than the second conventional one, thus offering a new approach to strengthen materials.
Yet, classical precipitation strengthening models fail to predict such high strengthening in the
early aging stage. In this work, molecular dynamics simulations were firstly performed to
obtain a realistic dislocation-precipitate interaction law at the nano-scale, which was
introduced into the discrete dislocation dynamics (DDD) method so as to investigate the
precipitation hardening effects at the micro-scale. The DDD simulations correctly predict the
double-peak hardening, namely, the critical resolved shear stress (CRSS) for a dislocation
passing through a precipitate field first decreases, then increases, and finally decreases, as the
precipitate radius r, increases. Then, a precipitate shearing model was developed, which
agrees well with the DDD simulations and experimental observations. Based on the DDD
simulations and theoretical analysis, the three CRSS regimes were found to be controlled by
-1/2

coherency strengthening ( CRSS o< 7, **” ), chemical strengthening ( CRSS « —rp_l ) and

Orowan mechanism (CRSS « rp‘l), respectively. Finally, a universal law for the inverse
relation between the CRSS and precipitate size at the second, conventional peak was unveiled,
while the first peak was found to occur favorably for rapid precipitation in the early aging
stage. This work provides new insights into precipitation hardening in general and double-

peak hardening in particular, which are of great importance for alloy design.
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1. Introduction

Metallic materials for structural applications are predominantly alloys, such as steels,
aluminum alloys, titanium alloys, and superalloys. The mechanical properties of pure metals
can be improved significantly by the addition of one or more alloying elements, i.e.
precipitation strengthening (Ardell, 1985). In addition, precipitation or aging is also a flexible
processing method with a wide application in industry. Therefore, it is of great significance to
gain a complete understanding of the underlying mechanisms of precipitation hardening, as
well as to construct physical models capable of predicting their effects on the mechanical
properties of metallic alloys.

The conventional age or precipitation hardening curves exhibit a single hardness peak
and two distinct hardening stages. In the first stage, an increasing hardness was observed with
increasing aging time, and it was attributed to dislocations shearing precipitates, while the
second stage beyond the hardness peak results from dislocations bypassing precipitates via the
Orowan looping mechanism, leading to a decreasing hardness. Recently, a double-peak
precipitation hardening was observed in aluminum alloys (Li et al., 2004; Yang et al., 2014;
Zhao et al., 2013) and maraging steels (Pereloma et al., 2004; Shekhter et al., 2004), in which
another peak in hardness occurs before the conventional peak, and, interestingly, the first
hardness peak can even be higher than the conventional one (Li et al., 2004). The first
hardness peak was attributed to profuse co-clusters having 1-2 nanometer thickness, such as
Guinier—Preston (GP) zones in aluminum alloys and Ni-Ti clusters in maraging steels, while
the second peak is due to metastable particles. Surprisingly, the addition of Cd or Sn in Al-Si
alloys was observed to eliminate the second conventional hardness peak, so only the first peak
prevails (Runxia et al., 2010). Since 1961, double-peak precipitation hardening was observed
in many studies (Cook and Nutting, 1969; Kagar and Giileryiliz, 2015; Mimica, 2015;
Nicholson and Nutting, 1961; Silva et al., 2014; Tan and Said, 2009) although it was
overlooked. Despite the existence of only one global hardness peak in most alloys, for
example typically the classical Al-Cu alloys by Ashby et al. (Ashby and Jones, 2013), a local
plateau induced by rapid hardening was always observed before the global peak (Ralston et
al., 2010), which was also attributed to the presence of nano-co-clusters (Starink and Wang,
2009; Xu et al., 2010a; Xu et al., 2010b). It is seen that the strong strengthening effect of the
nano-co-clusters in the early aging stage is probably a universal mechanism in all metallic
alloys. Since the first hardness peak can be higher than the second conventional peak, double-
peak precipitation hardening could be suitably exploited to offer a new approach to strengthen

metallic alloys. However, so far, a mechanistic understanding of the double-peak precipitation
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hardening phenomenon is far from complete, because the classical coherency strengthening
model suggests a negligible strengthening effect of such nano-co-clusters (Ardell, 1985;
Argon, 2007). Thus, there is a pressing need for a fundamental understanding of the co-cluster
strengthening that is responsible for the double-peak precipitation hardening phenomenon.

In a more general context, although age hardening has been studied thoroughly, it is
still of importance to explore precipitation hardening mechanisms for modern materials, such
as magnesium alloys. Recently, driven by the engineering demand of structural weight
reduction, magnesium alloys receive a lot of attention for potential use in automotive,
aerospace and defense applications (Luo, 2013). However, in magnesium alloys, the
precipitation hardening is not as significant as in aluminum alloys. In AZ91 (Mg-9Al-1Zn),
second-phase precipitates of 15% volume fraction lead to an strength increase of G/15 (G is
the shear modulus), whereas in 7075 aluminum alloy with 5% precipitates, the strength is
improved by 0.3G (Hutchinson et al., 2005). The much weaker precipitation hardening in
magnesium alloys is thought to be due to various precipitates with different shapes, and
various dislocation characters, as well as the operation of deformation twinning (Fan et al.,
2018). The current double-peak precipitation hardening could provide an alternative method
to strengthen magnesium alloys.

As is well-known, precipitation hardening is mainly realized by the resistance of
precipitates on dislocation motion. As such, discrete dislocation dynamics (DDD) simulations
(Arsenlis et al., 2007; Benzerga et al., 2004; Ghoniem et al., 2000; Kubin et al., 1992; Liu et
al., 2009; Van der Giessen and Needleman, 1995; Zbib and Diaz de la Rubia, 2002) can be an
effective tool to study precipitation hardening. In the DDD method, dislocations are coarse-
grained as discrete lines, where a number of physical dislocation mechanisms are taken into
account, i.e. dislocation multiplication, long-range interaction, annihilation, dislocation glide,
cross-slip, junction as well as jogs. In the past two decades, DDD was extensively employed
to study various aspects of dislocation mediated plasticity, such as dislocation behaviors (EI-
Awady, 2015; Gao et al., 2011; Liu et al., 2017), grain boundaries (Fan et al., 2015a),
precipitates (Zalezak et al., 2017; Zhang and Ngan, 2018), twin boundaries (Fan et al., 2015b)
as well as crack (Huang et al., 2014). In 2003, three dimensional (3D) DDD was firstly used
to study dislocation—precipitate interactions, but the precipitates were simplified to be
impenetrable to dislocations (Shin et al., 2003). Then, Huang et al. proposed a penetrable y/y’
interface model in 3D-DDD to explore the shearing of precipitates by dislocations in
superalloys (Huang et al., 2012). Takahashi and Ghoniem introduced an elastic stress field
around a coherent precipitate into DDD method and studied the size effects of precipitates
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(Takahashi and Ghoniem, 2008). Recently, Lehtinen et al. employed a Gaussian function to
model the interaction potential between dislocations and precipitates (Lehtinen et al., 2016),
and showed that the critical stress increases with decreasing precipitate spacing. In the
previous DDD work, however, they all failed to capture the double-peak precipitate
hardening. This is because the realistic dislocation-precipitate interaction is really complex, as
discussed below in the section of dislocation-precipitate interaction model. The previous
precipitate models could describe some specific characters of precipitates, but cannot reflect
the full characters of precipitates.

In order to address the aforementioned issues, molecular dynamics (MD) simulations
were firstly performed to obtain a realistic dislocation-precipitate interaction law, which was
introduced into DDD method to study the interactions between dislocations and a precipitate
field at multi-scales. The focus is on the precipitate size effects on the material strength to
mimic the actual age-hardening process and especially the double-peak precipitation
hardening. Based on the multi-scale simulation results, a physical model for the precipitate
shearing is proposed, which shows good agreement with the DDD simulations and
experimental observations. The reminder of this paper is organized as follows. The
computational methods and models are introduced in Section 2. The main results are

presented and discussed in Section 3. Finally, concluding remarks are made in Section 4.

2. Methods and models
2.1 DDD simulation setup

In order to obtain a fundamental understanding of precipitation hardening, a
dislocation and an array of precipitates are introduced into a cubic simulation cell in DDD
simulations, as shown in Fig. 1A. The precipitates have a uniform radius 7, and spacing /.
Since edge dislocations usually have higher mobility than screw counterparts in FCC/BCC
crystals and would therefore be the main carriers of plastic deformation, the simulated
dislocation is of edge character (Ghoniem et al., 2000). Periodic boundary conditions are
applied along the three directions. A pure shear stress is applied on the top and bottom
surfaces to drive the dislocation towards the precipitates. To avoid loading rate effects on the
dislocation-precipitate interactions as observed in (Lehtinen et al., 2016), a quasi-static
loading scheme is employed. Firstly, an initial shear stress is applied, which is high enough to
move the dislocation towards the precipitates, but not shear or bypass the precipitates. This

configuration is then relaxed for 100000 steps, before the shear stress is intermittently



increased by 1 MPa/20000 steps. The 20000 relaxation steps were found to be long enough
for a full relaxation during each stress increment. Once the dislocation bypasses or shears the

precipitates, the instantaneous shear stress is defined as the critical resolved shear stress

(CRSS).
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Fig. 1. Simulation cells used for DDD and MD simulations. (A) Schematic of the DDD simulation cell
showing a dislocation and an array of spherical precipitates. The resistant stress on the dislocation is
calculated in MD simulations, as shown in (B-D). (B) is a schematic of a spherical precipitate and a
dislocation loop, which is an ideal configuration to calculate the resistant stress, but difficult to be
realized in MD simulations. Instead, we make a slice with a disc precipitate and short dislocation, as
shown in (C) from MD simulations. The resistant stress field as computed in MD simulations is shown
in (D) as a function of the distance between the dislocation and precipitate interface.

All the DDD simulations were performed using the open source software, ParaDiS,
developed in Lawrence Livermore National Laboratory (Arsenlis et al., 2007). In the ParaDiS,
dislocations are treated as line defects, which are discretized into dislocation line segments.
Under the external applied loading, 6.y, all dislocation line segments considered in the

simulation cell sense a total force per unit length equal to
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where b is the Burgers vector of the dislocation segments, § is the dislocation line direction,
04is 1S the long-range interaction stress between the current dislocation and others in the
system, @y, is the resistant stress from precipitates, Fger is the dislocation self-force, and Fy, is
the lattice friction force. Under this total force, each dislocation line segment glides with a
velocity calculated using a linear mobility law

v=F/B (2)
in which B is a drag coefficient. During dislocation glide, short-range dislocation interactions
are taken into account, including cross-slip, junction and jog formation, annihilation as well as
multiplication. In recent years, ParaDiS was employed frequently to model crystal plasticity in
various situations, such as micropillars (Hussein et al., 2015), grain boundary strengthening
(Fan et al., 2011), precipitation hardening (Lehtinen et al., 2016), deformation twinning (Fan
et al., 2016), and so on.

2.2 Dislocation-precipitate interaction model

In ParaDiS, while various mutual interactions between dislocations were considered
thoroughly, the interactions of dislocations with precipitates were not fully accounted for.
Although several DDD studies were conducted to realize the precipitate shearing by
dislocations (Huang et al., 2012; Lehtinen et al., 2016; Takahashi and Ghoniem, 2008), the
double-peak precipitate hardening was not captured due to the lack of consideration of the full
characters of precipitates. Therefore, a physical dislocation-precipitate interaction model is
crucial for the current predictions of precipitation hardening.

Since the discovery of age hardening a century ago by Wilm (Wilm, 1911), much
attention was directed towards understanding the precipitation hardening mechanisms. As
reviewed by Argon (Argon, 2007) and Ardell (Ardell, 1985), various strengthening
mechanisms were identified. These mechanisms can be grouped into two categories: hard-
contact interactions and soft-contact interactions. The former includes chemical strengthening,
stacking-fault strengthening and atomic-order strengthening. Chemical strengthening arises
from the energy increase associated with the ledges on the precipitate-matrix interfaces
sheared by dislocations. Stacking-fault strengthening originates from the energy change of the
penetrating dislocations due to the stacking-fault energy difference between the precipitate
and matrix. Atomic-order strengthening results from the energy consumption required for the
formation of anti-phase boundaries (APB), which occur for ordered coherent precipitates,
such as Ni3Al in Ni-based superalloys. On the other hand, the soft-contact interactions include

coherency strengthening and modulus misfit strengthening. Coherency strengthening is due to



the stress field sensed by the approaching dislocations around the coherent precipitates, as a
result of the size misfit between the precipitate and matrix. Modulus misfit strengthening
appears when the shear modulus of the precipitate differs from that of the matrix, which
affects the line energy of the dislocation as it approaches the precipitate. In addition to the
above-mentioned mechanisms, the misfit dislocation network formed on the precipitate-
matrix interface could also produce a stress field near the interface and be a potential
strengthening mechanism (Aaronson, 1974; Huang et al., 2012; Singh et al., 1988; Zhu et al.,
2013).

The hard-contact interaction operates as short-range interactions between the
precipitate interfaces and dislocations, where the interfaces are resistant to dislocations.
Therefore, this resistance can be realized by an interface strength, t;,,. On the other hand, the
soft-contact one produces hardening effects via a stress field around the precipitates. The
resistant stress decays rapidly with the increasing distance from interface, but follows
different mathematical functions for different strengthening mechanisms. The resistant stress
from a coherent interface follows a power function (+°) (Argon, 2007), while that from a
misfit dislocation network obeys an exponent function exp(-(r-rp)) (Hirth and Lothe, 1982),
where 7 is the distance from the precipitate center, and r, is the precipitate radius. An explicit
stress field from modulus misfit strengthening is unknown. Therefore, so far, a closed form
function exactly describing the stress field around a precipitate is still unavailable.

To obtain a phenomenological stress field and introduce it into the DDD method, we
performed molecular dynamics (MD) simulations to calculate the repulsive stress on a
dislocation approaching a precipitate. This is a coarse-grain treatment, in which we do not
need to consider specific interaction types. The MD simulation was performed using the open
source “LAMMPS” code (Plimpton, 1995). Figure 1B is a schematic of a spherical precipitate
and dislocation loop, which are an ideal configuration to calculate the resistant stress around a
spherical precipitate, but difficult to be realized in MD simulations. Instead, we employed a
slice in Fig. 1B, which is a simulation cell with a disc precipitate and short dislocation, as
shown in Fig. 1C exported from MD simulations. The simulation cell has dimensions of X =
42 nm, Y = 160 nm and Z = 60 nm, and contains ~3.4 million atoms. Periodic boundary
conditions are imposed in the X-Y plane, while free surface boundary conditions are imposed
along the third direction. The periodic boundary conditions in the X-direction are able to
eliminate the precipitate end effects on the dislocation-precipitate interactions. To have
generality, three atomic potentials were used for three typical alloy systems, including NizAl
precipitate in Ni-Al alloys (Purja Pun and Mishin, 2009), Al3sMg precipitate in AI-Mg alloys
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(Liu and Adams, 1998) and Ag-rich precipitate in Al-Ag alloys (Zhou et al., 2004). In
experiments, different precipitates were observed to have different atomic structures, such as
L1, structure (He et al., 2016). However, in MD simulations, it is difficult to introduce the
complex atomic structures, especially for the current disc precipitates with curved interfaces.
Therefore, the precipitates are introduced by substituting the matrix atoms with the alloying
atoms according to the precipitate component. All the precipitates are 8-10 nm in diameter.
The dislocation is introduced by initializing all atoms according to the Volterra field (Fan et
al., 2017). As is well-known, the precipitate has a different resistant stress on the dislocation
when hit at a different position. Here the dislocation is placed in two positions by changing
the dislocation vertical coordinate /4, with respect to the precipitate center. 4, = 0 when the
dislocation hits the precipitate center, while /,= r,/2 when dislocation hits the hemisphere.

At the beginning of MD simulations, energy minimization is performed on the entire
simulation cell to reach a zero-pressure state at temperature of 0 K. The dislocation is initially
placed far away from the precipitate. A pure shear stress is then imposed on the free surfaces
using NVE ensemble to drive the dislocation towards the precipitate. As is well-known, the
loading rate in MD simulations is usually at the order of 10%s and cannot be used here to
study the repulsive stress in equilibrium. So we employed a quasi-static loading scheme. We
repeatedly increase the applied shear stress by an increment of 6.9 MPa in 20 ps (20000 steps)
only when the dislocation reaches an equilibrium state (i.e. dislocation displacement is less
than 1 nm in 20 ps). Such low loading rate was observed to introduce weak inertial effects
(Fan et al., 2015c). The shear stress is applied continually until the dislocation shears the
coherent precipitates. Under the quasi-static loading, the dislocation position can be easily
monitored in MD simulations to calculate the dislocation distance from the precipitate
interface.

In Fig. 1D, the resistant stress is shown as a function of the distance between the
dislocation and precipitate surface. It is clear the resistant stress becomes strong as the
dislocation is approaching the precipitate for the three alloy systems. To obtain a closed form
function describing the resistant stress, then an exponential function is employed to fit the data,

as follows,

r—

Tp = Tin exp(—k —2) 3)

which is shown to well match the stress field. 7;, is the interface strength, k represents the

decay rate of the resistant stress, r is the distance from the precipitate center, r, is the



precipitate radius, b is the magnitude of the Burgers vector. All the fitting parameters are
shown in the legend of Fig. 1D.

From Fig. 1D and the fitting parameters, it is seen that the precipitation hardening
effect is strong in NiAl alloys, and weak in AlAg alloys. This is mainly controlled by the size
misfit between the matrix and precipitate, such as lattice constant is 40.5 A for Al, 40.85 A for
Ag, 35.2 A for Ni. In addition, the precipitate has a slightly strong resistant stress on the
dislocation when the dislocation intersects its hemisphere. This is likely due to that the stress
from coherency strengthening mechanism increases with increasing distance from the
precipitate center (Argon, 2007). It should be noted that, although the introduced precipitate is
fully coherent with the matrix, the stress field follows an exponent function for the three
considered alloys rather than the field from coherency strengthening model (Askari et al.,
2013). In addition, the coherency strengthening model suggests that the resistant stress should
be zero at /1,= 0, while the resistant stress is considerable in MD simulations. We can see the
stress field of coherent precipitates cannot be described by the coherency strengthening model
any more (Askari et al., 2013). This is because in addition to the coherency strengthening
mechanism, other strengthening mechanisms coexist there, such as chemical strengthening,
stacking-fault strengthening and modulus misfit strengthening. As such the current MD
simulations are more accurate than the stress field predicted analytically through any specific
strengthening model.

Even though not all the strengthening mechanisms coexist in a given alloy, generally,
there are at least one soft-contact and one hard-contact interactions between the dislocations
and precipitates. Therefore, Eq. (3) should represent a general stress field applicable to any
type of precipitates, while the particularity of the interface of one given precipitate type can be
realized by adjusting the interface strength 7;, and stress decay rate k. Here, the interface
strength 7;, controls the short-range interactions such as chemical strengthening, while &
controls the strength of long-range interactions, such as the coherency strengthening. A

smaller value of & yields a stronger coherency strengthening.

3. Results and Discussions

3.1 DDD simulations of precipitation hardening at constant precipitate

volume-fraction
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Fig. 2. DDD simulation results. (A) DDD computed CRSS as a function of the precipitate radius r,
and resistant stress decay rate k. Remaining figures are DDD simulations of the interactions
between a dislocation and precipitates with radii (B) 126, (C) 505 and (D) 100b, which are
corresponding to the three regimes in (A). In each case, a sequence of snapshots at different
applied shear stresses is shown.

In the DDD simulations, the following material properties were adopted to mimic the
properties of aluminum alloys, in which precipitation strengthening is typical: shear
modulus G = 26 GPa; Poisson ratio v = 0.33; and magnitude of the Burgers vector b =
0.25 nm (Hou et al., 2008). The drag coefficient, B, is set to be 1.6x107 Pa s, which is
relatively high to stabilize the dislocation during the intermittent relaxation of quasi-static
loading. The interface strength, 7;,, is 500 MPa. The precipitate volume fraction f;, is kept

constant at 1%, which results in an average precipitate spacing of l, = Br,, where

= 3/4n/3 fp = 7.48 is the precipitate spacing-to-radius ratio. Here, the precipitate radius
was changed in the range of 7,= 30 ~ 10000, and the decay rate k£ = [0.125, 0.25, 0.5, 1] to

70 MPa

30 MPa

study their effects on the CRSS for a dislocation to shear or bypass an array of precipitates.

During the aging process in experiments, the precipitate radius increases, accompanied by
the changes in the precipitate volume fraction, precipitate spacing and interface strength.
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To quantify the dependence of precipitation hardening on these variables, current
simulations were carried out in iso-parametric conditions (i.e. quantifying the hardening
effect as a function of precipitate radius by fixing the volume fraction, interface strength at
specific values), while the influence of other parameters will be discussed in following
sections. It should also be noted that in real alloys the precipitates may not have a sphere
shape, especially for small coherent precipitates in the early aging stage. However, the
dislocation-precipitate interaction mechanisms for spherical precipitates can provide the
basis for predicting the interactions with plate-like or rod-like precipitates. A precipitation
hardening model developed from DD simulations of spherical precipitates can thus be
used to predict the hardening effects of other precipitates by introducing the geometrical
information. Therefore, here we start with spherical precipitates.

The CRSS predicted from DDD simulations for different precipitate radii and stress
decay rates is plotted in Fig. 2A. It is observed that the CRSS versus precipitate radius
displays three regimes for any given stress decay rate. With the increasing precipitate
radius, the CRSS firstly decreases, then increases, and finally decreases. In addition, the
CRSS is observed to increase with the decreasing stress decay rate, and this is significant
only for small precipitates (r, < 75b). When the precipitate radius is larger than the critical
value r, ~ 75b, the stress decay rate has a negligible influence on the predicted CRSS, and
all curves coincide. The distinct regimes observed on the CRSS-precipitate radius curves
indicate that different dislocation mechanisms must be in effect. As shown in Figs. 2B-D,
in the first two regimes, dislocation cutting the precipitates is the controlling mechanism,
while dislocation bypasses the precipitates by the Orowan mechanism in the third regime.
The CRSS at the transition from dislocation shearing to bypassing is typically referred to
as the second precipitation hardening peak, which is observed to be weakly influenced by
the stress decay rate. The latter two regimes agree well with previous observations, and
have been studied extensively, whereas the first regime was not previously observed or
predicted from simulations. In the first regime, the CRSS increases remarkably with
decreasing precipitate radius. This is possibly indicative of the first precipitation
hardening peak in the double-peak precipitation hardening observed in experiments (Li et
al., 2004; Pereloma et al., 2004; Shekhter et al., 2004; Yang et al., 2014; Zhao et al., 2013).
Moreover, the first regime is affected greatly by the stress decay rate. For a low stress
decay rate (large coherency strain), the strengthening in the first regime is strong, and can
even be higher than the second hardening peak, which agrees with experimental
observations (Li et al., 2004). On the other hand, for a high stress decay rate and small
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coherency strain, the stress in the first regime is low, indicating that the first hardening
peak does not occur. This could explain why double-peak hardening was not commonly
observed. It is worth noting that in Fig. 2A, the precipitate volume fraction is kept
constant, thus, the CRSS is very high for small but profuse precipitates. In experiments,
the precipitate volume fraction also changes as the precipitates grow during the aging
process, and this will be considered in a latter section.

The interaction details between dislocations and precipitates are shown in Figs. 2B-D.
The precipitates have radii of 125, 50b and 100b, which are representative cases for the
three regimes in Fig. 2A. In each case, a sequence of snapshots at different applied shear
stresses is shown. In Fig. 2B, under a low stress of 30 MPa, the dislocation glides towards
the precipitate and begins to sense the resistant stress field from the precipitate. At a shear
stress of 80 MPa, the dislocation begins to bow between the precipitates. With increasing
applied stress, the dislocation glides forward while meeting stronger resistant force from
the precipitate, and finally, the dislocation touches the interface at a shear stress of 115
MPa. The dislocation segment then shears the interface and glides into the precipitate,
cutting the whole precipitate. The interaction process for 7, = 500 is similar to the case of
r, = 12b, as shown in Fig. 2C. The main difference is that the dislocation bows
significantly between the precipitates due to the fact that the precipitate spacing also
increases with increasing precipitate radius for a constant volume fraction.

For the case of r, = 10056 shown in Fig. 2D, the dislocation bows and then loops
around the precipitate, and at a shear stress of 70 MPa, it begins to wrap the precipitate.
Further increase in the applied stress leads to further bowing of the dislocation, and at a
shear stress of 110 MPa, the dislocation surrounds half of the precipitate interface. As is
well-known, this is the critical configuration for bypassing, and the dislocation further
wraps the precipitate and eventually pinch-off occurs without any further stress increase.
This is in agreement with the Orowan mechanism, and finally a dislocation loop
surrounding the precipitate is left.

3.2 Analytical precipitation hardening model based on precipitate shearing

While the DDD simulations in Fig. 2A successfully capture the dislocation shearing
precipitates and predict the double-peak precipitation hardening, the detailed dependence
of such important phenomena on material species would be better revealed by an

analytical model. Since the Orowan bypassing mechanism has been studied thoroughly in
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the past, the focus here will be on the case of dislocation shearing precipitates, which

occurs in the first two regimes in Fig. 2A.
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Fig. 3. Precipitate shearing model. (A) Schematic of the interaction between a dislocation and a
precipitate at the critical moment the dislocation shears precipitate. (B) Comparison between the
CRSS predicted from DDD simulations (discrete data symbols, from Fig. 2A) and the analytical
precipitate shearing model and Orowan model (curves). (C) CRSS predicted by the precipitate
shearing model, coherency strengthening model, and chemical strengthening model.

Table 1. Definition of the parameters used in the model.

Parameters Symbol | Parameters Symbol

Resistant stress field from the Tp Applied shear stress T

precipitate

Interface strength Tip Decay rate of the resistant stress k

Precipitate radius T Precipitate spacing ly

Thickness of the equivalent stress t* Resistant stress in the equivalent Tp

zone stress zone

Critical resolved shear stress Tcrss | Span of the dislocation within the s
stress zone

Magnitude of the Burgers vector b Dislocation tension force T

Radius of curvature of the p Radius of curvature of dislocation Pp

dislocation within the equivalent stress zone
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For a dislocation approaching an array of precipitates, as shown in Fig. 1A and Fig.
3A, the dislocation experiences two forces due to the applied shear stress t and the

resistant stress field from the precipitates. Force equilibrium requires that

1p/2 1p/2
f_‘l’p/z T, bdx = f_lfp/z th dx = Tbl, (4)

where T is the applied stress, 7, is the resistant stress field from the precipitate.

p

Consideration of the line tension for any infinitesimal dislocation segment gives

T
= T= (5)

where T is the line tension force and p is the radius of curvature. Unfortunately, an
analytical solution of the stress is unattainable because 7, has a complex expression.

To obtain a closed form solution, the precipitate stress field 7, is replaced by a
constant equivalent stress T, = Tj, that acts over an effective stress zone thickness t
outside the precipitate, as shown in Fig. 3A. The thickness ¢ is where Tp = Tin/2, which

gives t* = In(2)b/k. Egs. (4) and (5) are then simplified significantly into

TinS = Tl (6)
T
Tn =T =5, (7

where p, is the radius of curvature of the dislocation within the stress zone, and s is the
span of the dislocation within the stress zone, as shown in Fig. 3A. At the critical
moment of the precipitate being sheared, the dislocation is able to penetrate the stress
zone and touch the precipitate interface at point B. For a small precipitate, the
dislocation bends slightly at precipitate, as shown in Fig. 2B, and

s~ 2AB (®)
According to the geometry for AAOB and AAO’B,

ABZ4+13—(rp+t")? 4B

cos(£ABO) = T 2o 9)
Substituting the parameters p, and AB in Eq. (9) with Egs. (6-8) yields a final cubic
equation
3 —Mt2-=N=0 (10)
where
M=t N=4ri2n%““*l—gzrp) (11)

Solving Eq. (10), the CRSS is found to be
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Terss = §<M + M23\/2M3+27N+3\/212M3N+81N2 + 3\/2M3+27N+3\/2m> (12)
which is the only positive real root of Eq. (10). Since the current model is associated
with the dislocation shearing precipitates, it is referred to as precipitate shearing model.
The definition of all the parameters is listed in Table 1.

A comparison between the current precipitate shearing model and DDD simulations

is made in Fig. 3B. In addition, the Orowan model is shown as well,

2T
Torowan = 305 (13)

We can see that dislocation shearing in the first two regimes is easier than dislocation
bypassing, so precipitate shearing occurs. In the third regime, the Orowan model is
lower than the precipitate shearing model, so dislocation bypassing occurs preferentially.
As shown in Fig. 3B, the two models agree well with the DDD predictions of CRSS for
all the stress decay rates considered.

In Fig. 3B, the CRSS for k = 10 and 1000 predicted from the precipitate shearing
model is shown as well. It is observed that the CRSS curve of k = 1000 shows the
second regime only, and is zero below a critical precipitate radius of r, ~ 53b. As
discussed above, in Eq. (3) the interface strength 7;, controls hard-contact interactions
(i.e. typically chemical strengthening), while k is related to soft-contact interactions,
such as coherency strengthening for small precipitates. When k = 1000, the stress
decays very fast and almost no coherency strengthening exists. So the chemical
strengthening leads to the increasing CRSS with increasing precipitate radius, which is
valid only in the second regime and agrees well with the previous observations (Ashby
and Jones, 2013). Therefore, at the limit of k — oo, Eq. (12) becomes a model for

chemical strengthening

T

Tchem = Tin — a

(14)
Comparing between Egs. (7) and (14), it is clear that the radius of curvature of the
dislocation shearing the interface becomes the precipitate radius 7;,, indicating that the
dislocation always surrounds the precipitate interface. Therefore, this term T/br;, is the
stress produced by dislocation line tension due to the curvature of dislocation, which helps
the dislocation overcome the interface strength t;,. However, with the decreasing

precipitate radius, T.,e, becomes negative below a critical precipitate size of T/(btjy,).

This suggests that the dislocation is able to shear the interface of strength 7;,, with the aid
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of line tension force T/br,, and thus T ey, can be approximated as zero. In previous
studies (Ardell, 1985), the chemical strengthening effect was claimed to be expressed by
Tchem X rp_l , which, however, conflicts with the experimental observations. Thus,
chemical strengthening was claimed to have a minor contribution to age hardening (Ardell,
1985). In contrast, here, the chemical strengthening effect shown in Eq. (14) affects
significantly the second regime and second hardening peak, as discussed later.

Because the chemical strengthening effect dominates in the second regime only, the
first regime mainly results from soft-contact interactions (i.e. coherency strengthening).
With the decreasing decay rate k, the coherency strengthening becomes strong, and the
first regime becomes remarkable. Therefore, it can be concluded that the first precipitation
hardening peak observed in experiments is a result of strong coherency strengthening.
Since coherency strengthening dominates for small precipitates, a simple coherency
strengthening model can be derived. In Fig. 2B, the dislocation bends slightly when
penetrating small precipitates. As a result, the dislocation can be simplified as a straight
line, and according to Eq. (6),

2ty +t*? =

,/ P 2t V2 |t

2 Tin = 2 Tin = —Tin (15)
lp B 4

Tcoh = Iy

/

It is clear 7.} is proportional to rp_l 2, and increases with decreasing precipitate radius. It

is worth noting that in previous studies the coherency strengthening model was

represented by T.,p X ri/?

» » and suggests a negligible hardening effect of small

precipitates, which, however, exhibits a poor agreement with experiments (Ardell, 1985;
Argon, 2007). Thus, the current model should provide new insights into the coherency
strengthening effects.

A comparison between the precipitate shearing model (Eq. 12), the chemical
strengthening model (Eq. 14) and the coherency strengthening model (Eq. 15), is made in
Fig. 3C. For small precipitates with 7, < 20b, the CRSS is dominated by coherency
strengthening, while chemical strengthening dominates for large precipitates. As a result,
the sum of Egs. (14) and (15) would serve as a good approximation of the precipitate
shearing model.

3.3 Prediction of double-peak hardening under realistic aging conditions

The above theoretical considerations show that, on increasing precipitate size at

constant precipitate volume fraction, the alloy strength in general first exhibits a drop due
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to precipitate shearing, followed by the conventional hardening peak corresponding to
precipitate bypassing via the Orowan process. The occurrence of the initial strength drop
is found to be an intricate result of the precipitate-matrix interfacial strength, the stress
zones around the precipitates and their spacing, and the local curvature of the interacting
dislocation. With now the basic mechanics of the double-peak hardening elucidated, we
can proceed to predict realistic aging curves under experimental conditions. However, at
this juncture, it is important to realize that the theoretical predictions above are based on
the conditions of constant precipitate volume fraction and spherical precipitate shape,
while in real, experimental aging conditions, both the size and volume fraction of the
precipitates evolve with aging time, and precipitate shape may not be spherical. The
kinetics driven evolution of the precipitate size and volume fraction with aging time, and

the effects of precipitate shape on the CRSS need to be considered.
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Fig. 4. Comparison between the precipitate shearing model and experiments. (A) Schematic of the
interaction between a dislocation and plate-like precipitates. (B) Schematic of the variation of the
mean precipitate size with aging time. The latter two figures show a comparison between the age
hardening curves predicted by the current model and observed in experiments of (C) Al-Si alloys
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with double-peak hardening (Li et al., 2004), (D) Al-Cu—Mg alloys with rapid hardening (Ralston
etal., 2010) and Al-Ag alloys with conventional hardening (Lourdjane et al., 2016).

In typical alloys exhibiting double-peak hardening such as Al-Si alloys, the
precipitates are in a plate-like shape (Li et al., 2004). Suppose that the precipitates have a
large size S (length) and a small size S (thickness) as illustrated in Fig. 4A, and S;=4 S,,
where A is the precipitate aspect ratio and equals typically 20. The edges of the precipitate
plates may also be regarded as semicircular with radius r, = S¢/2. Therefore, for a given

precipitate volume fraction f;, and precipitate size ry, the precipitate spacing [, as seen by

a traveling dislocation is given by:

2
I :rpf/%zﬁrp (16)

As aforementioned, both f, and 1, evolve during aging. According to the Johnson-
Mehl-Avrami-Kolmogorov model, the precipitate volume fraction f;, grows with the aging

time t as

=1 - exp(—ko()") (17)

where f, is the precipitate volume fraction in the equilibrium state, ky is a constant
controlling the precipitation rate, and t, = 1 h is a reference time constant. The evolution
of the precipitate size 7, is quite complex, which is associated with precipitate nucleation,
dissolution, growth and coarsening. In the early aging stage, driven by the supersaturated
solid solution, the solute atoms congregate to form precipitates. According to the balance
between the interface energy and chemical free energy, a critical nucleation size r* was
identified, below which the precipitates would dissolve and above which they would grow.
With increasing aging time, the solute atoms continue to congregate, since the solute
concentration is higher than the equilibrium value, leading to precipitate growth. Then, the
precipitates stop growing as the solute concentration decreases progressively. Finally, the
smaller precipitates shrink, and redeposit onto larger ones, following the Ostwald ripening
mechanism (coarsening). Although theoretical analysis suggested that the precipitate size
for growth follows 7, o v't, and the size for coarsening is 7;, Vt, an explicit function of
the mean precipitate size evolvement is unavailable because these processes occur
simultaneously rather than one after another.

The experimental observations showed that the first hardening peak is a result of GP
zones or co-clusters (NiTi) having sizes of ~1 nm in the Al-Si based alloys (Li et al.,
2004), 2024 aluminum alloys (Zhao et al., 2013), Al-Cu—Mg alloys (Deschamps et al.,
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2011) and maraging steels (Pereloma et al., 2004). In the above, we have shown that the
CRSS in the early aging stage increases with decreasing precipitate size. Hence, the first
CRSS peak must occur at the smallest possible precipitate size, i.e. the critical nucleation
radius 7* = 0.5 nm. Since the precipitates below r* dissolve, the stable precipitate radius is
always r* before the first hardening peak at time #,; as shown in Fig. 4B. After #,;, both
precipitate growth and coarsening occur simultaneously. After the second hardening peak
at time £, only precipitate coarsening occurs. Therefore, we adopt a simple three-segment
curve to represent the mean precipitate radius, with rate k, being smaller than k;, as shown
in Fig. 4B. The linear relationship was observed as well in experiments (Sankaran and
Laird, 1977). In the experiments compared with current model, #,;=5h and £,, =11 h.
With the precipitate size 1, and volume fraction f;, evolving according to Fig. 4B and
Eq. (17) respectively, the precipitate spacing [, calculated from Eq. (16) was used in Egs.
(11) and (12) to calculate the CRSS. A direct comparison between the aging curve
predicted by the current model and typically observed in Al-Si alloy experiments (Li et al.,
2004) is shown in Fig. 4C. The current model was used to predict the CRSS before £,
(precipitate shearing), while the curve after #,, was predicted from the Orowan model
(precipitate bypassing). The current model agrees well with the experimental results,
particularly the double-peak hardening. The first peak is induced by the dense nano-
precipitates in the early aging stage, while the second one is a result of the transition from
dislocations shearing the precipitates to bypassing them. It can be concluded that the first
hardening peak is a physical strengthening mechanism, and would have important
implications for designing metallic alloys for strength applications. However, in the
traditional experiments of aluminum alloys, such as Al-Cu alloys, the double-peak
hardening is not obvious. Despite this, a rapid hardening in the early aging stage was
commonly observed, resulting in a plateau before the hardening peak (Ashby and Jones,
2013; Ralston et al., 2010). In Fig. 4D, the current model is employed to predict such rapid
hardening. Here the precipitate size is predicted by the Lifshitz-Slyozov-Wagner model
(r, =49 Vt) in the entire aging process. Good agreement is seen between the rapid
hardening curves from the current model and experiments. Furthermore, the rapid
hardening is eliminated if the precipitation rate is decreased for small values of k, and f,.
If the precipitation rate is high for large k, and f,, the rapid hardening changes into the
first peak in double-peak hardening. It is seen that the occurrence of the first hardening

peak or rapid hardening is controlled by the precipitation rate in the early aging stage.
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3.4 A universal law for the conventional hardness peak

Here, we present a further prediction from the precipitate shearing model, which
concerns a novel universal law for the second (conventional) hardness peak. As shown in
Fig. 2, the influence of the stress decay rate k on the CRSS diminishes as the precipitate
size increases. Therefore, when calculating the second hardening peak, the stress decay
rate k£ can be approximated as infinity. As a result, the precipitate size and CRSS at the
second hardening peak can be determined by the intersection point between Eqgs. (13) and

(14):

T
Tpeakz = %; (18)

2 2y

Tpeakz = ETm = E
where [ is the precipitate spacing-radius ratio, which equals \/%, : %, and 3\/% for
sphere, rod and plate shaped precipitates, respectively. Eq. (18) clearly shows that the
second hardening peak is mainly dependent on the interface strength t;, or interface
energy y, and the precipitate geometric parameter 5. While chemical strengthening was
previously claimed to play only a minor role in age hardening (Ardell, 1985), the results
here indicate that chemical strengthening strongly influences the second hardening peak.
As an important universal trend, the following relation between the second CRSS peak

and precipitate radius at which the peak occurs can be obtained from Egs. (18):

Tpeak2 I'peak2 —
Tpeste Tpeale _ (19)

where n = § — 2. To validate this law, a large number of experimental data on the
second CRSS peak and precipitate radius of Al, Fe, Cu and Ni alloys are plotted in a log-
log manner in Fig. 5 and listed in Table Al. In Fig. 5, the experimental data mostly fall

within a narrow band describable by 1 %Takzrpeb%kz ~ (, which is in good agreement with

Eq. (19). However, the fitting constant C is 0.34+0.024 and lower than the unity in Eq.
(19). This is not unreasonable since the interface strength is constant for all precipitates
in the current model, while it may increase by several times for incoherent, large
precipitates. Therefore, the transition from precipitate shearing to bypassing would occur
earlier during experimental aging process, leading to lower peak stress and precipitate
radius. In addition, the current model is derived from one dislocation passing through an
orderly precipitate field, while in experiments, precipitates have a random distribution

and result in a weaker hardening effect. Therefore, Eq. (19) should be the upper limit of
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the CRSS peak and precipitate size, as demonstrated clearly by Fig. 5. To the best of our
knowledge, this is the first analytical model to predict the maximum strengthening
effects achieved by aging or precipitation, which is of general significance for the design

of metallic alloys for strength applications.
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Fig. 5. The relationship between the second CRSS peak and precipitate radius. References and
data of this figure are listed in Table Al in Appendix A.

Since the coherency strengthening effect dominates for small precipitates in the early

aging stage, the first CRSS peak can also be predicted from Eq. (15):
Tpeakl = r (20)

Vatrr+t+? 3nfp |t t*
— b 2
Tin = |5 JGD° T 22Tin

lp

Tpeakl = 2
It can be seen that the first CRSS peak is related to the effective stress zone thickness t*
and the volume fraction f, of the precipitates. Therefore, the double-peak hardening

occurs favorably for those alloys having large coherency strain and rapid precipitation.

Assuming t* =~ r*, we can obtain the following relationship between the two CRSS peaks

Tpeak1 = I3 fpeak1 (2 1)
Tpeak2 fpeak2
The first CRSS peak, Tpeak1, €xceeds the second peak, Tpeakz, at volume fraction freary >

0.33 fpeakz, indicating that in order to observe the first hardening peak, rapid precipitation
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in the early aging stage is required. This was already proven in the Al-Si alloy
experiments (Li et al., 2004), where the first hardening peak becomes remarkable at high
temperatures as a result of high precipitation rate. Since the first hardening peak provides
a new approach to strengthen materials, future efforts could be made towards accelerating
the precipitation in the early aging stage and adding those alloying elements that would
induce a large coherency strain. As shown in Ref. (Runxia et al., 2010), the addition of
Cd/Sn in the Al-Si alloys was observed to accelerate the precipitation in the early aging
stage and, as a result, the aging curves showed enhanced first hardness peak and negligible

second one.

4. Summary and conclusions

In this work, molecular dynamics simulations were firstly conducted to reveal a
coarse-grained force law between dislocations and precipitates, which was then introduced
into discrete dislocation dynamics method to study the interaction between a dislocation
and an array of spherical precipitates at multi-scales. The discrete dislocation dynamics
simulations showed that the critical resolved shear stress (CRSS) for a dislocation passing
through a precipitate field with a constant volume fraction can be divided into three

regimes. The first regime is a decrease with increasing precipitate radius, as a result of the

/

coherency strengthening mechanism (7. & =% in Eq. 15), while the second regime is

p
an increase associated with chemical strengthening (T.pem X —rp_l in Eq. 14). These two
regimes are governed intricately by the precipitate-matrix interface strength, the stress
zones around the precipitates and their spacing, and the local curvature of the interacting
dislocation. The decrease of CRSS in the third regime is attributed to the conventional
Orowan mechanism (Torowan & 7, * in Eq. 13). Then, a precipitate shearing model (Eq. 12)
was proposed, and found to agree well with the discrete dislocation dynamics results.
From the current simulations and precipitate shearing model, it is shown that alloy
materials are significantly hardened by nano-precipitates in the early aging stage. As a
result, the first hardening peak is a physical strengthening mechanism, in addition to the
second hardening peak observed conventionally. By introducing variations of the
precipitate size and volume fraction with aging time, the aging curve with double CRSS
peaks predicted by the current model agrees well with that observed in experiments. In
addition, even though double-peak CRSS is not always observed in experiments, rapid

hardening is commonly observed in the early aging stage, and the current model is able to
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predict such rapid hardening as well. Finally, based on the current precipitate shearing
model, analytical expressions of the two CRSS peaks were deduced. The second CRSS
peak was found to follow an inverse relationship with the precipitate size at peak strength,
and this trend is in good agreement with experimental data from a large pool of studies.
By comparing the two CRSS peaks, the first CRSS peak is found to occur favorably for
those materials with large coherency strain and rapid precipitation in the early aging stage.
Since the first hardening peak provides a new approach to strengthen materials, future
efforts could be made towards accelerating the precipitation in the early aging stage and

adding alloying elements that could induce large coherency strain.
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Appendix A
Table Al. Experimental data of Al, Fe, Cu and Ni alloys. All the data are used in Fig. 5.
Material Precipitate | Large Small CRSS Volume
shape size (nm) | size (nm) | (MPa) | fraction 1
: 53.18 2.45 74.69 0.15 27.29
Acust g\ye;g(l%- plate | 7785 | 262 | 6042 | 0.5 34.11
’ 79.19 2.09 45.25 0.15 40.53
Al-Cu (Tsuji et al.,
2004) plate 479.47 6.37 23.80 0.038 103.67
Al-Zn-Mg
(Deschamps et al., sphere 7.56 7.56 65.24 0.035 7.87
1999)
Al-Zn-Mg-Cu
(Deschamps et al., sphere 5.12 5.12 95.72 0.043 6.88
1999)
Al-Zn—-Mg—Cu
(Fribourg et al., sphere 7.88 7.88 111.5 0.061 5.48
2011)
Al-Li-Cu (Huang and sphere 21.74 21.74 42.30 0.066 5.15
Ardell, 1988) P 16.87 16.87 40.89 0.043 6.91
Al-Mg-Si (Myhr et rod 65.65 328 | 7808 | 00118 | 2001
al., 2001)
Al-Cu-Mg (Liu et al., plate 179.78 6.0 48.18 0.032 58.75
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2003)

Al-Mg-Si (Liu et al.,

2003) rod 54.46 161 | 5412 | 0016 21.69

86.04 478 | 3027 | 0.0072 23.04

42.56 3.14 60.8 | 0.0064 21.70

Al-Mg-Si 44.39 4.25 463 | 0.0056 2071
(Smébraten, 2011) rod 71.75 573 | 40.87 | 0.0047 23.58
67.14 532 | 5737 | 0.0078 19.66

87.6 625 | 3263 | 0.007 2125

18.4 184 | 1946 | 0.0124 14.55

Al-Ge-Si (Gan, 2006) |  sphere 15.7 157 | 1085 | 00122 14.69
152 152 125 | 00114 15.26

ALEr (Zhang ot al 5.48 548 | 2953 | 0.0015 45.59
So1ay 7| sphere 5.09 509 | 2848 | 0.0015 45.59

271 271 | 2927 | 0.0015 45.59

276 276 | 4258 | 0.007 20.03

Al-Mg-Sc (Marquis, 6.12 6.12 49.6 0.007 20.03
2002) sphere 2.67 267 | 7165 | 0.007 20.03

3.53 353 | 81.44 |  0.007 20.03

Al-Mg-Si (Cuniberti . 17.6 4 114.84 | 001 12.03
etal., 2010) 0 29 3.6 102.64 0.01 15.17
5.94 594 | 6154 | 0.0027 33.47

47 47 848 | 0.0069 20.19

Al-Sc-Zr (Fuller, 28.8 28.8 13 0.0029 32.22
2003) sphere 8 8 86 0.0066 20.69

475 475 7.9 0.0029 32.22

9.06 9.06 62 0.0067 20.52

Al-Ti-Zr (Tsau and 7.07 707 | 80.83 0.05 6.24
Chen, 2002) sphere 6 6 75.45 0.05 6.24
A&ﬁfﬁ ﬁi‘:"llg 635)‘1 sphere 12.12 12.12 28 0.018 11.74
Al-Mg-Si-Cu 68.03 3.4 408 | 0.0072 23.93
(Esmaeili et al., rod 66.45 3.3 41.5 0.0072 23.93
2003) 69.50 3.47 397 | 0.0072 23.93

26 26 1223 | 0.004 27.14

Al-Li (Noble et al., 2 2 71.83 | 0.043 6.89
1982) sphere 20 20 93.98 0.128 3.15

26 26 92.46 0.22 1.93

Ag;ﬁf%;f:;gi?iﬁﬁ;gfr sphere 7 7 941 | 0012 14.83
‘AiZigjéfﬁggéfd plate | 13504 | 209 | 3049 | 0.0055 180.3
Al'i‘i'ﬁf‘{’;gg%scmt plate 31.48 279 | 700 0.06 23.71
Fe-Ni-Cr-Ti sphere 15.27 1527 | 2235 0.095 3.98

(Thompson and
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Brooks, 1982)
Fegl‘fpf‘i‘;fgnd sphere 3.6 3.6 | 18327 | 0.013 14.17
Fe-Cu-Ni-Mn 341 341 | 14519 0.0018 42.07
(Osar?ggj)et al, sphere 2.77 277 | 1331 | 0.0004 90.16
Fe'cua(lDezso‘gl;)mps ' | sphere 6.4 6.4 105 0.003 31.65
Fe-Cu-Mn
(Deschamps et al., sphere 4.6 4.6 85 0.0032 30.58
2003)
Fe'cua(lDzs(;’élf)mps | sphere 6.4 64 | 925 | 00044 | 25.79
Eiigcﬁ?ize;oﬁ%‘; sphere 1.61 1.61 | 16245 | 0.0022 37.74
Fe'l\zt'lﬁn %gf)loma plate 16.5 6.7 184.67 0.16 4716
If(fnz;ciﬁfkl 31;‘21) sphere 6.92 692 | 45438 | 0.028 9.01
N;lﬁléi?‘ln;%kl sphere 20 20 | 26758 | 0245 1.72
Ni-Al (Ardell, 1985) | sphere 22.46 2246 | 922 0.07 4.97
Ni-Al (Phillips, 1966) | sphere 15.41 1541 | 18457| 023 1.84
Cu-Co (Amin et al., N 13 13 56.9 0.016 12.57
1975) sphere 22 22 456 | 0.0124 14.55
C“'C§’9(§5h)ﬂhps’ sphere 9.8 9.8 76.62 | 0.025 9.66
C“‘le(l\/llggsg)um | sphere 10 10 | 3787 | 0012 14.83
Cu-Mn (Yeomans
and McCormick, sphere 21.22 21.22 49.06 0.075 4.73
1978)
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