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ABSTRACT Isogeometric analysis (IGA), due to its high efficiency and accuracy, can be replaced by the
conventional finite element method in the topology optimizations (TOs). In this paper, we present an efficient
isogeometric TOmethod based on the scheme of bi-directional evolutionary structural optimization (BESO).
The structural response analysis is implemented by the IGA, and the detailed derivation is introduced. Based
on the local support property of the non-uniform rational B-spline (NURBS), a NURBS filter is proposed to
smooth the sensitivity numbers, of which NURBS space is different from that used in the IGA as long as the
element spans keep consistency. Three benchmark numerical examples with different filters and mesh sizes
are presented to validate the stability and mesh-dependency of the proposed isogeometric TO method.

INDEX TERMS Isogeometric analysis (IGA), topology optimization, bi-directional evolutionary structural
optimization, NURBS filter.

I. INTRODUCTION
Topology optimization (TO) is one of the most effective
approaches to find the optimal material distribution in a
design domain in order to obtain the best structural perfor-
mance. Since the pioneer work of Bendsoe and Kikuchi [1],
TO has been widely used to solve the problems in mechan-
ical [2] and many other engineering domains, such as
fluids [3], acoustics [4], heat transfer [5], optics [6], multi-
physics [7] and functional material design [8]–[10]. Many
subsequent approaches have been proposed to solve TO
problems in the past thirty years, such as homogenization
method [1], solid isotropic material with penalization (SIMP)
approach [11], [12], level set method [13]–[17], and evolu-
tionary structural optimization (ESO) approach [18], [19].
Among these, the ESOmethod is one of the most popular TO
approaches due to its simple concept of gradually removing

The associate editor coordinating the review of this manuscript and
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inefficient material from a structure. The ESO method was
first proposed by Xie and Steven in the early 1990s [18].
The idea is based on an empirical concept that structure
evolves towards an optimum by slowly removing elements
with lowest stresses. Later, a new version of the ESOmethod,
named the bi-directional evolutionary structural optimization
(BESO), allows material to be removed and added simul-
taneously [19]. Recently, a extended BESO with smoothed
boundary was proposed by Da et al. [20], where the smooth
topology was determined by a level-set function. Compared
with the ESO, the BESO is more stable and less dependent on
the used parameters, and has been used for a wide range of
applications including both macrostructures and microstruc-
tures [21]–[27], and more details can be found in a recent
BESO review [28].

In general, the finite element method (FEM) [29] is used
for the structural response analysis in the TO. However, using
FEM in TO has to face some drawbacks caused by numer-
ical problems of the FEM, e.g., the disconnection between
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analysis models and geometric models, the low continu-
ity between the elements, and the low efficiency for high-
order elements [30] In recent years, isogeometric analysis
(IGA) [31], [32], where the basis functions of the geo-
metric model are directly used for structural analysis, has
become one of the most efficient methods in a variety of
domains [33]–[40]. Due to the advantages of IGA, e.g., high
efficiency, high accuracy and high continuity, IGA has been
also introduced to TO instead of the FEM to achieve better
performance. For example, high-order elements that is able
to relieve checkerboards [41], [42], [65] can be implemented
in IGAwithout increasing as much computational cost as that
in the FEM.

The first isogeometric TO was proposed by Seo et al. [43],
where the trimmed surface analysis technique [44] was
employed for the structural response analysis and the
sensitivity, which was complicated and time-consuming.
Kumar and Parthasarathy [45] used B-spline finite elements
in density-based TO to obtain results that were free from
checkerboard artifacts. Hassani et al. [46] proposed an iso-
geometric approach to TO in which the control point based
SIMP method was employed and the physical fields were
interpolated by Non-uniform rational B-spline (NURBS)
basis functions. Dedè et al. [47] presented IGA for TO
with a phase field model in both 2D and 3D problems, and
demonstrated that IGA was particularly suitable for phase
field problems and allowed exact CAD geometry in the TO.
Different from the above work that focused on using IGA to
replace FEM in TO, Qian [48] presented a density-based TO
whose design space was restricted to the B-spline space, and
the B-spline space was free from checkerboards without addi-
tional filtering, but the computation of the structural analysis
and the sensitivity was still implemented by the conventional
FEM. Moreover, there are several researchers combining
IGA with level-set based TO, Wang and Benson [30], [49]
proposed an isogeometric parameterized level set TO where
the level set function was discretized using NURBS basis
functions and the structural analysis was completed by IGA,
and later extended it to solve geometric constrained problems.
Xia et al. [50] proposed a GPU parallel isogeometric level
set TO, and the speedups achieve two orders of magnitude.
Wang et al. [51] presented an adaptive chaotic particle swarm
algorithm for isogeometric multi-objective size optimization
of functionally graded plates. Jahangiry and Tavakkoli [52]
proposed applied IGA to level set TO and solved three
optimization problems including minimization of the mean
compliance considering a certain amount of materials, mini-
mization of weight with avoiding local stress concentration as
well as minimization of weight and strain energy under local
stress constraints. Recently, IGA was also integrated into an
explicit topology optimization based on moving morphable
components (MMC), where the design variables were a set of
geometric parameters such as coordinates of center, length,
variable thicknesses and inclined angle [53], [54]. Besides,
IGA was successfully used in multi-scale or multi-material
TOs [55], [56]. More details about isogeometric topology

optimization can be found in a recent review [57]. However,
although some researchers also tried to combine IGA and
with BESO, such as the work in reference [58], the optimiza-
tion details were unclear and the example analysis was vague.

In this paper, a NURBS-based isogemetric BESO frame-
work is presented to achieve the optimal structure with min-
imum mean compliance. Apart from the structural analysis
implemented by the IGA, a NURBS filter is proposed to
replace the sensitivity filter of the conventional BESO, and
the different filters are compared in detail. The organization
of the rest of this paper is as follows. Section 2 briefly
introduces the basic theory of the proposed optimization
framework including the BESO and the fundamentals of
IGA. Section 3 describes the isogeoemtric BESO for plane
elasticity problems, as well as the NURBS filter and the
numerical implementation. Thereafter benchmark problems
are presented in Section 4 to demonstrate the efficiency and
stability of the proposed TO method. Finally, conclusion and
future research are discussed in Section 5.

II. BASIC THEORY
A. BI-DIRECTIONAL EVOLUTIONARY
STRUCTURAL OPTIMIZATION
1) STATEMENT OF OPTIMIZATION PROBLEM
The bi-directional evolutionary structural optimization
(BESO) method allows not only removing materials, but also
adding materials. In the original BESO, the optimal topology
is determined according to the relative ranking of the sensitiv-
ity numbers. It is difficult to estimate the sensitivity numbers
of the void elements since no information available for the
void elements which are not included in the finite element
analysis. Therefore, a new version of BESO utilizing material
interpolation scheme with penalization as that in SIMP was
proposed by Huang and Xie [59], and our work is based
on the new BESO. For the minimum compliance problem,
the optimization problem can be stated as follows

Minimize : C =
1
2
u
T
Ku

subject to : V ∗ −
∑N

i=1
Vixi = 0

xi = xmin or 1 (1)

where C is the mean compliance, K and u are the global stiff-
ness matrix and the displacement vector, Vi is the volume of
an individual element, V ∗ is the prescribed structural volume,
ie., the volume fraction. N is the total number of elements,
and the design variable xi denotes the relative density of the
ith element. It is noted that a small value of xmin (e.g., 0.001)
is used to represent the density of a void element.

2) SENSITIVITY ANALYSIS
Using the material interpolation scheme of SIMP into
BESO, Young’s modulus of the intermediate material can be
interpolated as

E(xi) = xβi E0, (2)
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where E0 is the Young’s modulus of the solid material and
β is the penalty factor (typically β = 3).
Based on Equation (2), the sensitivity of the objective

function C with respect to the element density xi can be
found as

∂C
∂xi
= −

βxβ−1i

2
uTi K

0
i ui, (3)

where ui is the element displacement vector, andK 0
i is the ele-

ment stiffness matrix for solid elements. In BESO, a structure
is optimized using discrete design variables. Hence, only two
materials are allowed in the design, and the element sensitiv-
ities for both solid and soft elements can be written as [59]

αi = −
1
β

∂C
∂xi
=


1
2
u
T

i
K0
i ui when xi = 1

xβ−1min

2
u
T

i
K0
i ui when xi = xmin,

(4)

where αi is the sensitivity number of the ith element.

3) MESH-INDEPENDENT FILTER
To avoid numerical instabilities such as checkerboard and
mesh-dependency, a filter technique is usually applied
to smooth the sensitivity number. The BESO mesh-
independency filter works similarly as the sensitivity filter in
the SIMP method, which can be expressed by

α̂i =
1∑

j∈Ni Hij

∑
j∈Ni

Hijαj, (5)

where Ni is the set of elements j for which the center-to-center
distance rij to element i is smaller than the filter radius rmin
and Hij is a weight factor defined as

Hij = max
(
0, rmin − rij

)
. (6)

To improve the convergence, the sensitivity number can be
averaged with its historical information [59], which is simply
expressed by

α̃i =
1
2
(α̂i,k−1 + α̂i,k ), (7)

where k is the current iteration number.

B. EVOLUTION PROCEDURE
In BESO, the topology gradually evolves by iterations, and
the following equation is used to determine the structural
volume of the next iteration.

V k+1
=

{
max

(
V k (1− ER) ,V ∗

)
when V k > V ∗

min
(
V k (1+ ER) ,V ∗

)
when V k

≤ V ∗,
(8)

where V∗ is the objective volume, Vk is the resultant volume
of the kth iteration, Vk+1 is the target volume for the next
design (i.e., the next iteration), ER denotes the evolutionary
rate that defines the maximum variation of the volume in one
iteration.

The evolution will be stopped when the convergence cri-
terion is satisfied, and the optimal structure is obtained.

The convergence criterion is defined as a function of the
variation of the objective function as∑N

i=1 (Ck−i+1 − Ck−N−i+1)∑N
i=1 Ck−i+1

< ε, (9)

where k is current iteration number, ε is a preset convergence
error and N is an integer number which are set to 0.001 and 5
respectively in this work. It should be noted that there is at
least 10 iterations when the integer N is set to 5 according
to Equation (9).

C. SUMMARY OF NURBS
Non-uniform rational B-splines (NURBS), constructed from
B-splines, are commonly used in computer-aided design
(CAD) and computer graphics (CG) [60]. A knot vector
4 =

{
ξ1, ξ2, . . . , ξn+p+1

}
is a sequence of non-decreasing

real numbers in the parametric space, where n and p are the
number of control points and the spline order respectively.
The interval [ξ1, ξn+p+1] is a patch and the knot interval
[ξ1, ξi+1) is a span.
According to the Cox-de Boor recursion formula [61], the

B-spline basis functions Bi,p (ξ) can be defined as

Bi,0(ξ ) =

{
1, if ξi ≤ ξ < ξ i+1

0, otherwise,

Bi,p(ξ ) =
ξ − ξi

ξi+p − ξi
Bi,p−1(ξ )+

ξi+p+1 − ξ

ξi+p+1 − ξi+1

×Bi+1,p−1(ξ ), (p > 0) , (10)

where we define the convention 0/0 = 0.
Dividing B-spline basis functions by a positive weight wi,

a NURBS basis function can be defined as

Ni,p(ξ ) =
Bi,p(ξ )wi∑n
j=1 Bj,p(ξ )wj

. (11)

There are four important properties of NURBS basis func-
tions: (1) Nonnegativity: Ni,p(ξ ) ≥ 0; (2) Partition of
unity:

∑n
i=1 Ni,p(ξ )= 1; (3) Local support: Ni,p (ξ) = 0 for

ξ /∈ [ξ i, ξi+p+1); and (4) Differentiability: Ni,p (ξ) is p − k
times differentiable where k is the multiplicity of the knots.

To represent a surface, two-dimensional NURBS basis
functions of order p in ξ direction and order q in η direction
are constructed as

N j,q
i,p (ξ, η) = Ni,p(ξ )Nj,q(η), (12)

and a NURBS surface is a bivariate piecewise rational func-
tion in the form of

S (ξ, η) =
∑n

i=1

∑m

j=1
N j,q
i,p (ξ, η)Pi,j, (13)

where Pi,j are the control points, and the patch for this surface
is [ξ1, ξ2, . . . ξn+p+1]× [η1, η2, . . . ηm+q+1].
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III. ISOGEOMETRIC BESO
A. ISOGEOMETRIC ANALYSIS
In the isogometric BESO, the isogeometric analysis (IGA)
is used to replace FEM in the numerical computations of
a given physical field. In NURBS-based IGA, the NURBS
basis functions (e.g., Equations (11) and (13)) represent the
CAD models which are directly used in structural analysis
as shape functions. Hence, a variable x (e.g., coordinate,
displacement, or force) whose parametric coordinate is (ξ, η)
can be evaluated from the control point values

x (ξ, η) =
∑

i
Ni(ξ, η)xi, (14)

where Ni and xi are the basis function and the variable value
of the ith control point, respectively.

For the minimum compliance problem (a linear elasticity
problem), the discrete equilibrium equation to be solved can
be written as

Ku = F, (15)

in which K is the global stiffness matrix, u is the displacement
vector and F is the external force vector associated with
the control points. In terms of the NURBS interpolation,
the elementary stiffness matrix Ke constructing the global
stiffness matrix K can be written as

Ke =

∫
�e

BTDBd� =
∫
�̄e

BTDB |J1| |J2|d�̄, (16)

where B is the strain-displacement matrix and D is the stress-
strain matrix, �e and �̄e are the physical and integration
domains of the element. It should be noted that there are two
Jacobians J1 and J2, which indicate the transformation rela-
tionship thatmap integrals from theNURBS parametric space
to the physical space, and from the integration parametric
space to the NURBS parametric space respectively.

For the sake of simplicity, we only consider 2D plane
stress problems in this research work. Therefore, the stain-
displacement matrix B is written as

B =


∂N1

∂x
0 · · ·

∂Nn
∂x

0

0
∂N1

∂y
· · · 0

∂Nn
∂y

∂N1

∂y
∂N1

∂x
· · ·

∂Nn
∂y

∂Nn
∂x

 , (17)

and [
∂Ni
∂x

∂Ni
∂y

]
=

[
∂Ni
∂ξ

∂Ni
∂η

]
J−11 , (18)

where Ni is the ith basis function of the NURBS element, and
the Jacobian J1 is formulated as

J1 =


∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

 . (19)

FIGURE 1. Illustration of the relation between a control point i and its
corresponding elements.

For isotropic materials, the stress-strain matrix D may be
written as

D =
E

1− v2

 1 v 0
v 1 0

0 0
1− v
2

 , (20)

where E is the Young’s modulus and v is the Poisson’s ratio.
The Jacobian J2 is expressed as

J2 =


∂ξ

∂ξ̄

∂η

∂ξ̄
∂ξ

∂η̄

∂η

∂η̄

 =
 ξi+1 − ξi2

0

0
ηj+1 − ηj

2

 . (21)

where (ξ̄ , η̄) are the parametric coordinates of the Gauss
quadrature domain.

B. CONTROL-POINT BASED BESO
In the original BESO, the element-based sensitivity of the
objective function C is calculated by Equation (3) and the
corresponding sensitivity numberαi is calculated by Equation
(4). When the IGA is used, the design variables should be
changed from element densities to control point densities, and
the sensitivity of a control point is written as

∂C
∂ x̃i
=

∑
j∈ei

∂C
∂xeij

∂xeij
∂ x̃i
=

∑
j∈ei

−
β
(
xeij
)β−1

2
uTeijK

0
eijueij

∂xeij
∂ x̃i

. (22)

where x̃i denotes the variable (i.e., density) of the ith control
point, ei is the element set on which the ith control point
influences, eij is the jth element of ei. Figure 1 gives an
illustration of a control point and its corresponding elements,
which is based on a NURBS patch

[0, 0, 0, 0.2, 0.4, 0.6, 0.8, 1, 1, 1]

× [0, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1].
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Since the density is constant in an element, an element
density xi is represented by the density at the element center
x(ic), which is calculated by

xi = x(ic) =
∑

j∈ci
Ncij (ic)x̃cij , (23)

where ic denotes the center of the ith element, ci is the control
point set that influences elementi, cij is the jth control point of
ci, and Ncij (ic) is the NURBS basis function of control point
cij corresponding to the center of element i. Figure 2 gives
an illustration of an element and its corresponding control
points, which is based on the same NURBS patch as that
in Figure 1.

FIGURE 2. Illustration of the relation between an element i and its
control points.

Based on Equation (23), the sensitivity of xi with respect
to a design variable x̃k is calculated by

∂xi
∂ x̃k
= Nk (ic), (24)

and thereby
∂xeij
∂ x̃i

in Equation (22) can be obtained according
to the above equation.

When the sensitivities are obtained, the sensitivity number
based on the NURBS control points can be written as

α̃i = −
1
β

∂C
∂ x̃i
=

∑
j∈ei

(
xeij
)β−1
2

uTeijK
0
eijueijNi(eijc), (25)

where ei is the element set on which the ith control point
influences, eij is the jth element of ei, xeij = 1 when element
eij is a solid element and xeij = xmin when element eij is a
void element.

C. NURBS FILTER
In Section 2, a mesh-independent filter as Equation (5) is
required to avoid numerical instabilities, where the weight
factor Hij is defined as a distance-based hat function that is
in inverse proportion to the distance. In the BESO based on
control points proposed, we do not need a distance-based
hat function filter since the NURBS basis functions can
replace this distance-based hat function, and such filter is
called NURBS filter in this work. It shows the tensor prod-
uct NURBS basis function corresponding to control point i,

FIGURE 3. The tensor product NURBS basis function corresponding to
control point i of Figure 1.

where we can find that the NURBS basis function is a natural
distance-based hat function.

In Equation (25), the NURBS basis function works as a
weight function, i.e., the sensitivity number is the spatial
average of the adjacent NURBS basis functions, which cor-
responds to the weight function Hij in Equation (5). The
difference between NURBS filter and the conventional
distance-based filter is that the NURBS basis function is
piecewise polynomials of order p × q, but the weight func-
tion Hij is a linear distance function controlled by the filter
radius r. Note that we do not need to define a filter radius for
the NURBS filter with the help of the local support property
of the NURBS basis function.

FIGURE 4. Influence region comparison of different NURBS orders
p and q: (a) p = q = 2 and (b) p = q = 3.

Since no filter radius is defined in the NURBS filter,
the influence region of a NURBS basis function is a rectangu-
lar region, e.g., the (p+1)× (q+1) knot spans, and Figure 4
shows an example of influence regions corresponding to
different NURBS orders. In this work, we can use different
p and q for IGA computation and NURBS filter as long as
the NURBS spans keep constant. Therefore, we can only
increase the order of the NURBS filter without changing
the NURBS order of the IGA. It should be noted that the
sensitivity numbers corresponding to the control points of
the NURBS filter may be different from the control points
of the IGA used in the structural response analysis.
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FIGURE 5. Flowchart of the isogeometric BESO procedure.

D. OPTIMIZATION PROCEDURE
The evolution procedure of the isogometric BESO is sim-
ilar to the conventional BESO, but the structural response
analysis is implemented by the NURBS-based IGA, and the
sensitivity numbers are based on the control points of the
NURBS filter. It can be outlined as follows:

Step 1. Generate NURBS spacesNS1 andNS2 for IGA and
NURBS filter respectively.

Step 2. Define isogeometric BESO parameters such as
objective volume V ∗, evolutionary ratio ER, and penalty
exponent β.

Step 3. Set up materials properties such as Young’s modu-
lus E and Poisson’s ratio v, and boundary conditions such as
force and support.

Step 4. Analyze the structural response by IGA based on
NS1 (Section 3.1).

Step 5. Calculate the sensitivity numbers of control points
in NS2 (Equation (25)).
Step 6. Determine the target volume for the next design,

which is calculated by Equation (8). Here the volume is
calculated by

∑n
i=1 Ṽix̃i where Ṽi and x̃i are the equivalent

volume (the equivalent volumes of all control points are equal
in this work) and density of the ith control point of NS2.

Step 7. Update the design variables, i.e., the densities of
control points ofNS2. The control point density is set to 1 and
xmin for ‘‘solid’’ control points and ‘‘void’’ control points,
respectively, which can be determined by the target material
volume and ranking of the sensitivity number. After the new
control point densities are obtained, Equation (23) is used to
calculate the new element densities.

Step 8. Repeat Steps 4-7 until the objective volume V ∗ and
the convergence criterion (Equation (9)) are satisfied.

Figure 5 shows the flowchart corresponding to the above
procedure. It should be noted that the element densities (not
the control point densities) are used in IGA to calculate the
stiffness matrix in this work, and the element densities are
calculated based on Equation (23).

IV. NUMERICAL EXAMPLES
Three benchmark examples for minimum compliance design
are examined in this section with the goal of demonstrating
the advantages of the proposed isogeometric BESO scheme.
All examples are run on a laptop computer with CPU Intel
Core i5-6200U of 2.40 GHz, RAM of 8 GB, and software
MATLAB (Natick, Massachusetts, U.S.A). The Young’s
modulus for the solid material is 1.0 and the Poisson’s ratio
is 0.3. A Gauss quadrature rule of 3× 3 is used for quadratic
isogeometric elements. The evolutionary ratio ER is set to 0.2,
penalty exponent β is set to 3, and the convergence criterion
as Equation (9) is set to 0.001.

FIGURE 6. The design domain and parameter setting of the cantilever
beam.

A. CANTILEVER BEAM
The cantilever beam problem is one of the most widely used
TO benchmark problems [62], [63]. As shown in Figure 6,
the cantilever beam is fixed on the left-hand side and
loaded with a vertical point force at the center of the right-
hand side. The design domain is discretized by a mesh
of 80×40 quadratic NURBS elements (i.e. NURBS orders
p = q = 2 for the IGA), and the volume fraction is
set to 0.5, i.e. the result volume should be 50% of the
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TABLE 1. Compliance and number of iterations for the TOs corresponding to Figure 7.

volume of design domain. Three different NURBSfilters with
p = q = 2, p = q = 3 and p = q = 4 are used separately
to demonstrate effectiveness of the NURBS filter, which are
also compared with the distance-based filters with filter radii
r = 1.5el, r = 2.5el and r = 3.5el (el is the length of
an element edge and such filtering region can be regarded
as approximate equivalent to that of the abovementioned
NURBS filters). Since the filtering region of NURBS fil-
ter is rectangle while that of SIMP filter is circular, it is
approximate but not total equivalent for the filtering region
of NURBS filter and SIMP filter with corresponding param-
eters. Since the distance-based filter is usually used in the
SIMPmethod, we call it SIMP filter for short herein. Besides,
the design variables are the element densities in the SIMP fil-
ter one, which is the same as the SIMP topology optimization.

FIGURE 7. The optimization results of the cantilever beam: (a) NURBS
filter with p = q = 2, (b) SIMP filter with r = 1.5el , (c) NURBS filter with
p = q = 3, (d) SIMP filter with r = 2.5el , (e) NURBS filter with p = q = 4,
and (f) SIMP filter with r = 3.5el .

Figure 7 shows the optimization results of the cantilever
beam. From Figures 7(a), (c) and (e), it can be found that
the optimization results of the NURBS filters with differ-
ent influence regions are very similar, which demonstrates

FIGURE 8. The design domain and parameters of quarter annulus
structure.

the stability of the NURBS filters proposed in this work.
From Figures 7(b), (d) and (f), it is easy to find that the
final optimized structures are a little different between each
other, especially for the result of Figure 7(f). The reason for
this is that different filter radii influence the results of the
optimization, but the NURBS filter is more stable than the
SIMP filter in isogeomtric BESO. The optimization is more
sensitive in the isogeomtric BESO with SIMP filters caused
by the unmatched regions of control point and filter (i.e., the
influence region of a control point is rectangular but the fil-
tering region of SIMP filter is circular). Therefore, we have to
manually choose a suitable filter radius to obtain the optimal
result if SIMP filter is adopted, and this can be avoid by
using the NURBS filter. Another thing can be observed is
that there are some grey elements in Figures 7(a), (c) and (e).
The major reason for this is that the design variables of
the isogeomtric BESO with NURBS filters depend on the
control points, but the visualization of the results are based
on the elements, and the interpolation between the control
point densities and the element densities as Equation (23) will
result in medium densities, i.e., the grey elements. The grey
elements can be avoided if we could design a new visualiza-
tionmethod based on the control points. In isogeomtric BESO
with SIMP filters, although the structural response analysis
is implemented by IGA, the design variables still depend on
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FIGURE 9. The final results of the quarter annulus structure: (a) mesh of 60× 30 elements, (b) mesh of 80× 40 elements, and
(c) mesh of 100× 50 elements.

the elements, so that almost only black elements are shown
in Figure 7(b), (d) and (f). It should be noted that there are also
very few grey elements in Figures 7(b), (d) and (f), which are
caused by the modified sensitivity number as Equation (7),
and the grey elements represent the difference between the
final results and the results from the previous iteration.

Table 1 shows the compliance values and the number of
iterations for the TOs shown in Figure 7. It can be found
that the compliance becomes smaller when NURBS order
increases in the isogeometric BESO with NURBS filters
(32.13→ 31.97→ 31.38), and the convergence speed grad-
ually decreases (number of iterations: 53→ 60→ 71). For
the SIMP-filter based method, the compliance decreases first
and then increases, but the convergence speed increases first
and then decreases. This further demonstrates the higher
stability of the NURBS filters. It is noted that the compliance
results obtained by NURBS filter method is lower than the
SIMP filter method under the approximate filtering region,
this is because the NURBS filter is similar to the IGA shape
functions (i.e., NURBS basis functions), whichmakes it more
suitable to obtain a lower-compliance result. In contrast, the
distance-based SIMP filter is unmatched with the shape func-
tion. Therefore, it is recommended to use NURBS filters for
the isogeometric BESO.

B. QUARTER ANNULUS STRUCTURE
To demonstrate that the isogeometric BESO can avoid spatial
discretization error, a quarter annulus example with curved
boundaries is utilized as shown in Figure 8. A concentrated
force is horizontally loaded at left-top corner while the bot-
tom edge is fixed. The design domain is discretized with
60× 30, 80× 40 and 100× 50 quadratic NURBS elements,
respectively, and the NURBS filter (p = q = 2) is used.

The final optimized results of isogeometric BESO with
NURBS filter method based on different mesh sizes are
presented in Figure 9. The perfect curved outer boundaries
demonstrate that no spatial discretization error exists in iso-
geometric BESO. However, although IGA directly uses the

exact CAD model and no spatial discretization error exists,
but the visualization here is based on the pixel mesh inter-
polated by the control points that will cause some bound-
aries looks non-smooth (the pixel mesh consists of curved
elements). From Figure 9, it can be observed that more details
are generated for the finer meshes. The reason for this is that
the NURBS filters for these cases use the same order (i.e.,
p = q = 2) but the filtering regions are different due to
the different mesh sizes. To avoid such mesh dependence,
we should increase the orders of NURBS filters for the finer
meshes to keep the filtering region unchanged, which is
studied in the third benchmark problem.

FIGURE 10. The design domain and parameters of Michell type structure.

C. MICHELL TYPE STRUCTURE
The third benchmark problem used to evaluate results of
TOs is illustrated in Figure 10, which is commonly used
to evaluate the merit of a TO method [18], [55]. A fixed
constraint is applied at the bottom-left corner and a roller
constraint at the bottom-right corner. In this example, we aim
to compare the results of different mesh sizes. The design
domain is discretized with 60× 30, 80× 40 and 100× 50
quadratic NURBS elements, respectively, and the NURBS
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FIGURE 11. The optimization results and convergence history of the Michell type structure: (a) optimization result of
60× 30 elements, (b) convergence history of 60× 30 elements, (c) optimization result of 80× 40 elements,
(d) convergence history of 80× 40 elements, (e) optimization result of 100× 50 elements, and (f) convergence history
of 100× 50 elements.

filter method is used. In order to make the influence region of
the NURBS filter equal for different mesh sizes, the NURBS
orders of the filter are adopted p = q = 2, p = q = 3 and
p = q = 4 corresponding to the above cases, respectively.

Figure 11 shows the optimization results and the
convergence history over the iterations. Compared with

Figure 11(a), (c) and (e), it can be found that all the optimized
structures are consistent, eliminating the mesh dependence,
which demonstrates the validity of the mesh-independent
NURBS filter. The number of iterations increases with the
growth of the number of elements, and the reason for this is
that more elements with more degrees of freedom (DOFs)
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FIGURE 12. The results of the Michell type structure in the first five iterations: (a) mesh of 60× 30 elements, (b) mesh of
80× 40 elements, and (c) mesh of 100× 50 elements.

need more iterations to achieve the convergence criterion.
In numerical computation, more elements are able to obtain
a more accurate result, and for the Michell type structure
subjected to a concentrated force, the maximum stress will
increase when finer elements are used. Therefore, the mean
compliance value gradually increases with the element
increasing (7.48→ 7.55→ 7.59). It should be noted that
mean compliance will be almost the same when the element
size is small enough, as the computational accuracy of IGA
is high enough with such small element size.

From Figures 11(b), (d) and (f), It can be found that there
is a small oscillation in the objective function curve before
the 5th iteration, especially for the curve of Figure 11(b).
The reason for this is that the structural topology changes
very fast in the first 5 iterations (as shown in Figure 12) and
the volume fraction gradually achieve the objective volume
fracture, which may cause the convergence oscillation as that
between the 3th and the 4th iterations, i.e., the objective
function value of the 3th iteration is a little smaller than
that of the 4th iteration. After the 5 iterations, the major
structure has been obtained, and all left the iterations
(19, 25 and 29 iterations for 60× 30, 80× 40 and 100× 50
cases respectively) work on modifying the detail structure
until the optimal structure is obtained. Comparing the opti-
mization results of the 5th iteration in Figure 12 to the
final optimal results in Figure 11, we can observe that they
are similar, which means we only need several iterations to
obtain a coarse but instructive optimization result without
using too much time to implement the whole optimization
procedure. Therefore, for a complex engineering optimiza-
tion problem, we can only implement the initial iterations
to evaluate the result first, and then make some necessary
modification in terms of the coarse result before imple-
menting a complete optimization, which will improve the
efficiency.

V. CONCLUSION
This paper presented an isogeometric TO based on the BESO
scheme for minimum compliance problems. In the proposed
method, sensitivity numbers are calculated based on the
NUBRS control points, and the structural response analysis
is implemented by the isogeometric analysis (IGA) which
directly uses exact geometry in the analysis and avoids the
spatial discretization error of the conventional FEM. Besides,
a NURBS filter whose NURBS space may be different from
that used in the IGA. By changing the spline order of the
NURBS filter, we can change the influence region of the
filter. Three benchmark examples were tested in this work
to verify the isogeometric TO method. In the cantilever
beam example, we compared difference between the NURBS
filter and the distance-based SIMP filter by modifying the
influence region of the filters, and proved that the proposed
NURBS filter is more stable and suitable for the isogeo-
metric TO. In the Michell type structure, we further demon-
strated the validity of the NURBS filter by different meshes
and analyzed the convergence history of the isogeomet-
ric TO. By comparing with the topology evolution in detail,
we concluded that the structural topology majorly changed
in the initial iterations, most of the iterations were spent in
the details improvement. In the quarter annulus structure,
we demonstrated that no discretization error exists in isoge-
ometric BESO, and further discussed the mesh dependence
phenomenon of the NURBS filter. While the current work
focuses on the minimum compliance problems only, further
work will expand the proposed method to other fields, as well
as the extension to more complex engineering problems [64].
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